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Abstract

Matroids were introduced in 1935 by Hassler Whitney to provide a way to abstractly capture
the dependence properties common to graphs and matrices. One important class of matroids
arises by taking as objects some finite collection of one-dimensional subspaces of a vector
space. If, instead, one takes as objects some finite collection of subspaces of dimensions at
most k in a vector space, one gets an example of a k-polymatroid.

Connectivity is a pivotal topic of study in the endeavor to understand the structure of
matroids and polymatroids. In this dissertation, we study the notion of connectivity from
several angles. It is a well-known result of Tutte that, for every element = of a connected
matroid M, at least one of the deletion and contraction of x from M is connected. Our first
result shows that, in a connected k-polymatroid, only two such elements are guaranteed.
We show that this bound is sharp and characterize those 2-polymatroids that achieve this
minimum.

It is well known that, for any integer n greater than one, there is a number r such that
every 2-connected simple graph with at least r edges has a minor isomorphic to an n-edge
cycle or Ky,. This result was extended to matroids by Lovész, Schrijver, and Seymour
who proved that every sufficiently large connected matroid has an n-element circuit or an n-
element cocircuit as a minor. As our second result, we generalize these theorems by providing
an analogous result for connected 2-polymatroids. Significant progress on the corresponding
problem for k-polymatroids is also described.

Finally, we look at tangles, a tool that has been used extensively in recent results in
matroid structure theory. We prove that a matroid with at least two elements is a tangle
matroid if and only if it cannot be covered by three hyperplanes. Some consequences of this
theorem are also noted. In particular, no binary matroid of rank at least two is a tangle

matroid.
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Chapter 1
Preliminaries

In this chapter, we introduce basic graph, matroid, and polymatroid terminology that
will be needed throughout this dissertation. The language used for graphs, matroids, and

polymatroids closely follows [3], [14], and [16].

1.1 Fundamental Graph Definitions

A finite multigraph (or, in this dissertation, a graph) G is a pair (V, E), where V is a finite
set and FE is a finite multiset whose elements are unordered pairs of elements in V. The
elements of V' are the vertices of GG, while the elements of E are the edges of G. We denote
the vertex set and edge set of a graph G by V(G) and E(G), respectively. The number of
vertices in a graph is its order.

In a graph G, a vertex v € V(G) is incident with an edge e € E(G) if v € e. Two
not-necessarily-distinct vertices, u and v, are adjacent if {u,v} € E(G). In such a case, we
say that the edge {u, v} has endpoints u and v. An edge whose endpoints are the same vertex
is a loop. Two distinct edges e and f are adjacent if they share an endpoint and are parallel
if they share two distinct endpoints. A graph that has neither loops nor parallel edges is a
simple graph. For a vertex v, the number of edges incident with v is the degree of v, where
loops are counted twice. A vertex of degree zero is an isolated vertex.

The deleting of edges and vertices, and contracting of edges from graphs are important
tools when working in graph theory. Deleting an edge from a graph is achieved by removing
that edge from the edge set of the graph. Deleting a vertex from a graph is done by removing
the vertex from the vertex set along with deleting all edges incident with that vertex. Finally,
the contraction of an edge e = {x,y} is obtained by replacing the edge e with a vertex v,

that is adjacent to all the former neighbors of z and y. Formally, if e € E(G), then the edge



deletion of e from G is the graph G\e = (V, E —e). If G = (V, E) is a graph and v € V(G),
then the vertex deletion of v from G is the graph G\v = (V —wv,{e € E : v & e}). The
contraction of e = {x,y} from G is the graph G/e = (V', E'), where V' = (V\{z,y}) U {v.}

and

E' ={{v,w} € E: {v,w}n{z,y} =2} U{{v.,w} : {z,w} € E\{e} or {y,w} € E\{e}}.

Let G = (V, E) and G’ = (V', E’) be two graphs. If there exists a bijection o : V" — V'
with {z,y} € E if and only if {o(z),0(y)} € E’ for all z,y € V, then G and G’ are
isomorphic, written G = G'. In this dissertation, we will not distinguish between isomorphic
graphs and will thus write G = G’ rather than G = G'.

Let H and G be graphs. If H can be obtained from G by a series of vertex deletions,
then H is an induced subgraph of G. If H can be obtained from G by a series of vertex and
edge deletions, then H is a subgraph of GG. Finally, if H can be obtained from G by a series

of vertex deletions, edge deletions, and contractions, then H is a minor of G.

1.2 Some Important Classes of Graphs

A simple graph in which every two distinct vertices are adjacent is a complete graph. The
complete graph of order n is denoted by K,. A graph G = (V, FE) is called bipartite if V'
can be partitioned into two classes such that no two vertices in the same class are adjacent.
A bipartite graph in which every two vertices from different partition classes is adjacent is
called a complete bipartite graph. If G is a complete bipartite graph whose partitions are of
size m and n, then we write G = K,,, ,,.

A path is a nonempty graph P = (V, E) with

V =A{zo,x1,...,2%} and E = {{zo, 21}, {x1, 22}, ..., {zp_1, 2k }},

where all the x; are distinct. The number of edges in a path is its length. The path of length

r is written as P,. The vertices xy and x; are called its ends or end vertices. Two or more
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paths are independent if none of them contains a non-end vertex of another. If a graph G
contains a path P as a subgraph, then we say that the ends of P are linked by P. If every
every two distinct vertices in GG are linked by a path P, then G is connected. Otherwise, G
is disconnected. Given a path P with distinct end vertices zy and xj, if we add the edge
{0, 1}, then the graph C = (V(P), E(P) U{xo, x}) is a cycle.

We now look at several classes of graphs that will come up in matroid theory: theta
graphs (©-graphs), tight handcuffs, and loose handcuffs. A O-graph is a graph consisting
entirely of three independent paths that all share the same pair of distinct end vertices.
A tight-handcuffs graph consists entirely of two cycles with exactly one common vertex.
Finally, a loose-handcuffs graph consists of two vertex-disjoint cycles and a path, where the

path is disjoint from the cycles except that each endpoint lies in a different cycle.

1.3 Fundamental Matroid Definitions

In this section, we give basic matroid definitions. Note that we will often, in this section
and throughout this dissertation, denote a singleton {x} as = and a pair {x,y} as zy. A

matroid M is an ordered pair (F,Z) where E is a finite set and Z is a collection of subsets

of F satisfying the following conditions.

(1) o e
(I2) If I € Zand I’ C I, then I' € T.

(I3) If I; and Iy are in Z and |I;| < |I3|, then there exists an element e € Iy — I; such that

I, Ue is a member of 7.

The set E or E(M) is the ground set of M, while the members of Z are the independent sets
of M. A subset of F that is not in Z is called dependent. A minimal dependent set is a circuit.

A maximal independent set is a basis. If B is a basis of a matroid M and e € E(M) — B,



then the set B U {e} contains a unique circuit, C(e, B), called the fundamental circuit of e
with respect to B.

For a subset X of E, all maximal independent sets in X have the same cardinality, which
is the rank, r(X), of X. If r(X) = r(E), then X is a spanning set. A function r : 28 — 7Z is

the rank function of a matroid M = (F,Z) if and only if it satisfies the following properties.

(R1) 0 <r(x) <1 foreach x € E.
(R2) r(X) <r(Y) whenever X CY C E.

(R3) r(X)+r(Y)>r(XUY)+r(XNY)foral XY C E.

The rank function r of a matroid with ground set F uniquely determines the matroid. We
will thus often, especially in this dissertation, define a matroid in terms of the rank function
rather than the independent sets. In this case, we will write a matroid as M = (E, r) instead
of (E,Z). We will also often write r(M) for r(E(M)) and call (M) the matroid’s rank.

We borrow much matroid language from graphs. For a matroid M = (E,r), if x € E
such that r(z) = 0, then x is a loop. If z,y € E are distinct elements such that r(z) =
r(y) = r(xy) = 1, then z and y are parallel elements. A parallel class is a maximal subset X
of E(M) such that any two distinct members of X are parallel. A parallel class is trivial if it
contains just one element. A matroid that has neither loops nor parallel elements is simple.
A matroid is connected if and only if its ground set cannot be partitioned into two nonempty
sets X and Y such that r(X) +r(Y) =r(X UY).

For a matroid M = (E,r), the closure of a set X C E, denoted cly(X) or cl(X), is the
set c(X)={x € F:r(XUzx)=r(X)}. Ifaset X equals its closure, then X is a flat. A
line is a rank-2 flat and a flat of rank r(M) — 1 is a hyperplane.

If My = (Fy,Z;) and My = (FE5,Z,) are matroids for which there is bijection o : By — FEj

such that X C Ej is in Z; if and only if o(X) is in Z,, then M; and M, are isomorphic.



1.4 Some Important Examples of Matroids

One useful class of matroids are those matroids whose independent sets are exactly the sets
of at most a certain cardinality. Let m and n be nonnegative integers such that m < n.
The uniform matroid U,,,, is that matroid whose ground set E has n elements and whose
independent sets consist of all subsets of E with at most m elements.

Another important class of matroids are the representable matroids. For an m X n matrix
A over a field F, let E be the set of column labels of A, and let Z be the set of subsets X
of E for which the multiset of columns labeled by X is a set and is linearly independent
in the vector space V(m,F). Then M[A] = (E,Z) is a matroid and, in particular, M[A] is
the vector matroid of A. If M is isomorphic to the vector matroid of a matrix over a field
F, then M is representable over F or is F-representable. A matroid is representable if it is
representable over some field. Let GF'(q) be the unique finite field on ¢ elements. If a matroid
is GF'(2)-representable or GF'(3)-representable, then it is binary or ternary, respectively.

Within the class of representable matroids are projective geometries. These matroids are
often thought of as the matroid analogues of complete graphs. Let A be an m X n matrix
over GF(q). A loop in M[A] has a corresponding column equal to the zero vector in A. A
pair of elements = and y are parallel in M[A] if and only if the corresponding columns of
A are scalar multiples of one another and neither is zero. If we require M|[A] to be simple
and rank r, it becomes evident, then, since GF(q) has only a finite number of elements,
that there is a maximum number of columns possible in A and thus a maximum number
of elements possible in a simple rank-r GF(q)-representable matroid. Formally, if M is a

rank-r simple G F'(q)-representable matroid, then

(1.1)

A rank-r simple matroid that is GF(q)-representable and for which equality holds in Equa-

tion 1.1 is a projective geometry and is denoted by PG(r — 1, q).



Finally, we look at bicircular matroids. The bicircular matroid of a graph G, denoted by
B(@G) is the matroid on F(G) whose circuits consist precisely of the edge sets of all ©-graphs,

all loose handcuffs, and all tight handcuffs.

1.5 Matroid Operations

The dual of a matroid is a useful tool throughout matroid theory. Let M = (E,r) be a

matroid. Define a new matroid function r* by
r(X) = [ X[+ r(E - X) —r(E),

for all X C E. It is easily checked that r* is a matroid rank function on E. The matroid
(E,r*) is denoted by M* and is called the dual matroid of M. If a set C' is a circuit of M*,
then it is a cocircuit of M; if X is an independent set of M*, then it is a coindependent set of
M. Note that a set X is a hyperplane in M if and only if £ — X is a cocircuit of M. Also,
M = (M*)*; that is, the dual of the dual of a matroid is the original matroid.

Let M = (E,I) be a matroid and suppose that X C E. The pair
(X {ICX:T€eT})

is a matroid M|X called the restriction of M to X. Similarly, we call the matroid M\ X =
M|(E — X) the deletion of X from M. Matroid contraction is defined as the dual of deletion.
Formally, if M = (E,r) is a matroid and X C F, then M/X = (M*\X)* is the contraction
of X from M. The rank function 7/ x of M/X is given by the following, where we use the

notation /X to denote the rank function of M/X.
r/X(A)=r(XUA) —rX),

for all A C E. For a matroid N, if N =2 M/C\D for disjoint sets C, D C E, then N is a
minor of M. Observe that the order in which deletion and contraction is done does not affect
the resulting matroid. If M is a matroid, then si(M) is the corresponding simple matroid

in which all loops and all but one member of each parallel class in M have been deleted.
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If we restrict deletion such that we are only allowed to delete one member of a two-
element circuit, then we have the operation parallel deletion. If a matroid N can be obtained
from a matroid M by a series of contractions and parallel deletions, then N is a parallel
manor of M.

Let C be a class of matroids. If, for any M € C we have, for all X C E(M), that both
M\X and M/X are members of C, then C is a minor-closed class of matroids. If M is a
matroid not in C, but, for any x € E(M), we have that both M/x and M\z are in C, then
M is an excluded minor of C. The terms parallel-minor-closed class and excluded parallel
minor are defined analogously.

If a matroid () can be obtained from a matroid M by adding new elements to ) and then
contracting these new elements, then we say that @ is a quotient of M. Formally, a matroid
@ is a quotient of M if there exists a matroid N such that N/X = @ and N\X = M for
some X C E(N). If (Ey,re) and (Es,re) are two matroids and f : Ey — Fj is a map with

the property that the preimage of each flat in M is a flat in M, then f is a strong map.

1.6 Fundamental Polymatroid Definitions

Let M be a matroid with ground set E and rank function r. The pair (E,r) is an example
of a 1-polymatroid. In fact, the class of 1-polymatroids is exactly the class of matroids. For
an arbitrary positive integer k, we now define a k-polymatroid noting that it is very much
like a matroid but allows individual elements to have ranks up to k.

Let E be a finite set and f be a function from the power set of E into the integers. We
say that f is normalized if f(@) = 0; f is submodularif f(X)+ f(Y) > f(XUY)+ f(XNY)
for all X, Y C E; and f is increasing if f(X) < f(Y) whenever X CY C E. We call the pair
(E, f) a polymatroid Q if f is normalized, submodular, and increasing. The set E is called
the ground set of Q while f is the rank function. For a positive integer k, a polymatroid

(E, f) is a k-polymatroid if f(z) < k for all z in E.



For ease of notation, a rank-1 element of a k-polymatroid is called a point; a rank-0
element of a k-polymatroid is called a loop. Let a and b be elements of a k-polymatroid
with rank function f. If f(ab) = f(a) = f(b), then we say that a and b are parallel; if
f(ab) = f(a) + f(b), we say that a and b are skew; and if f(ab) < f(a)+ f(b), we say that a

and b intersect.

1.7 Some Important Examples of Polymatroids

An important way to obtain a k-polymatroid from a matroid is as follows. Given a matroid
M with ground set S and rank function r, we obtain a k-polymatroid Q = (F, f) by taking
E to be some subset of the set of flats of M of rank at most £ and letting f(X) =r (UmeX :v)
for all subsets X of E. Indeed, every k-polymatroid can be obtained in this way (see, for
example, [12, 14]). This fundamental fact allows us, in particular, to think of a 2-polymatroid
as an arrangement of loops, points, and lines of a matroid.

Another natural class of 2-polymatroids arises from graphs. To see this, let G be a graph
and set F = E(G). For a subset X of F, define a function f by f(X) = |V(X)| where V(X)
is the set of vertices of G that meet some edge of X. Then (FE, f) is a 2-polymatroid. We
will call the 2-polymatroids that can be represented in this way Boolean and note that there
is a one-to-one correspondence between the class of Boolean 2-polymatroids and the class of
graphs without isolated vertices [17].

Finally, we consider k-polymatroids that are derived from other polymatroids. Let Q; =
(E, fi) and Qs = (E, f2) be k-polymatroids on the same ground set. It is not difficult to
check that (E, f) is a 2k-polymatroid where f(Z) = fi(Z)+ fo(Z) for all Z C E. We denote
(E, f) by Q1+ Qs or, when Q; = Q,, by 2Q;. We are not limited, however, to a sum of only
two polymatroids. For example, the sum of k copies of the matroid U,,_; 5, denoted kU, _1 »,

is a k-polymatroid consisting of n rank-k elements placed as independently as possible in

rank kn — k.



1.8 Polymatroid Operations

One attractive feature of k-polymatroids is that there are notions of duality, deletion, and
contraction that retain many of the nice properties of the same notions in matroids. Let

Q = (E, f) be a k-polymatroid. For all subsets X of E, let
[1(X) =k X[+ f(E—-X) - f(E).

Then (E, f*) is a k-polymatroid Q*, which, following [16], we call the k-dual of Q.

For a subset X of I, define fo\x and fg,x, for all subsets A of E—X, by fo\x(4) = f(A)
and fo/x(A) = f(XUA) = f(A). Let Q\X = (F - X, fo\x) and Q/X = (E - X, fo/x).
It is common to write f\X instead of fo\x and f/X instead of fg/x. It is easy to verify
that both of @/X and Q\X are k-polymatroids, and that @\ X = (Q/X)*. We call Q\ X
and Q/X the deletion and contraction of X from Q. We note that the k-dual is the unique
involutary operation on k-polymatroids that interchanges deletion and contraction (see [20]).

For a polymatroid Q = (£, f), the connectivity function Ay of f is defined, for all subsets
X of E, by \¢(X) = f(X)+ f(E—X) — f(E); and the local connectivity function M¢(X,Y")
is defined, for a pair of subsets X and Y of E, by f(X)+ f(Y)— f(XUY'). When there is no
potential for creating ambiguity, we may write M and A in place of My and As. The following
properties of the connectivity function and the local connectivity function for polymatroids

will be used throughout the dissertation and are provided in [1, §2].

Lemma 1.8.1. If A, B, C, and D are subsets of the ground set E of a k-polymatroid (E, f),

then the following hold:
(i) MA)+ X(B) > AMAUB)+ ANANB);
(i) If AC B and C C D, then M(A,C) <T1(B, D).

Following Matus [13], we say that a k-polymatroid Q = (E, f) is connected or 2-connected

if Af(X) > 0 for all nonempty proper subsets X of E; otherwise, Q is disconnected. If

9



A¢(X) =0, then X is a separator; it is nontrivial if X ¢ {@, E}. When X is a nontrivial
separator, (X, E — X) is called a 1-separation of Q. It is straightforward to check that Q is
connected if and only if Q* is connected (see [15]).

Suppose Q1 = (F1, f1) and Qs = (Fs, f) are k-polymatroids on disjoint ground sets. Let
Q1D Qs = (Ey1 U Ey, f) where f(Z) = fi{Z N EY) + fo(ZNE,) for all Z C By U Es,. Tt is
well known and easily checked that Q; @ Qs is a k-polymatroid. Following [2], we call it the
direct sum of Q1 and Q. If Qp is connected, we say that it is a connected component of Q.
In this case, we will often also refer to the ground set of O as a connected component of Q.
Evidently, a k-polymatroid is connected if and only if it cannot be written as a direct sum

of two k-polymatroids with nonempty ground sets.

10



Chapter 2
Non-Essential Elements in
k-polymatroids

2.1 Introduction

A classical result of Tutte is that, for every element x of a connected matroid M, either
M\z or M/z is connected. This property of being able to either delete or contract any
element while maintaining connectivity, however, does not hold for k-polymatroids. We call
an element x of a connected k-polymatroid essential if both its deletion and contraction from
the k-polymatroid destroy connectivity. In this chapter, we show that every k-polymatroid
has at least two elements that are non-essential, show that this bound is sharp for each
integer k exceeding one, and characterize all 2-polymatroids with exactly two non-essential
elements. Much of the work here appears in [9].

Additional motivation for this chapter comes from the desire to find the unavoidable
minors for connected 2-polymatroids, which is done in chapter 3. This study of essential
elements turns out to be a crucial step in that endeavor. In fact, one may divide the class of
unavoidable minors for connected 2-polymatroids into two categories: those that resemble
circuits and cocircuits in matroids, and those that have exactly two non-essential elements.

The main results, Theorems 2.3.3 and 2.3.9, are stated and proved in Section 2.3. The
concepts of 2-sum and parallel connection for k-polymatroids, ideas that play an important

role in the proofs of the main results, are studied in Section 2.2.

2.2 Parallel Connection and 2-Sum

Here, we expand upon the notion of parallel connection for polymatroids that is given in [13].

This operation for polymatroids is a generalization of that for matroids in that it consists

11



of sticking together two polymatroids as freely as possible across a designated element of
each. Below, we give a formal definition that mimics the language of parallel connection for
matroids.

Suppose Q1 = (F1, f1) and Qy = (Fs, f) are k-polymatroids on disjoint ground sets. Let
Q1D Qs = (Ey1 U Ey, f) where f(Z) = fi{Z N EY) + fo(ZNEy) for all Z C By U E,. Tt is
well known and easily checked that Q; @ Qs is a k-polymatroid. Following [2], we call it the
direct sum of Q1 and Q,. Evidently, a k-polymatroid is 2-connected if and only if it cannot
be written as a direct sum of two k-polymatroids with nonempty ground sets.

Next, suppose Q1 = (Fy, f1) and Qs = (Es, f2) are k-polymatroids with £y N Ey = {p}
and fi(p) = fo(p). Let P(Q1, Qa) = (Ey U Ey, f) where, for all A C E| if Ay = AN FE; and
Ay = AN Es, then

f(A) = min{ f1(A1) + f2(A2), f1(A1Up) + f2(A2Up) — fi(p)}.

A routine check shows that P(Q;, Qs) is a k-polymatroid. We call this k-polymatroid
the parallel connection of Q; and Qy with respect to the basepoint p. When Q; and Qs are
matroids, this definition of parallel connection coincides with that for matroids. A limitation
of our definition of P(Q;, Qs) is that it requires the basepoints to have the same rank. To
rectify this, we extend the matroid operation of principal truncation (see, for example, [14,
Section 7.3]).

Intuitively, the principal truncation of an element p is achieved by adding a point on p as
freely as possible and then contracting the added point. To define this operation formally,
let @ = (E, f) be a polymatroid with p € E and let f, be the function defined, for all subsets
A of E, by

fX) =1, if f(XUp) = f(X);

fp(X) =
f(X), otherwise.

It is not difficult to check that (E, f,) is a polymatroid. We denote it by 7,,(Q) and say

that it is obtained from Q by truncating p. This operation can be repeated. For a positive
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integer n, we define T)'(Q) = T,(T;}~(Q)) where T))(Q) = Q. It is an easy exercise to verify

that TI?(Q) has rank function f} defined, for all X C E, by

max{f(XUp)—n,O}, lff(XUp)—f(X)Sn,
fr(X) =
f(X), otherwise.

Suppose Q1 = (Ey, f1) and Qs = (Es, fo) are polymatroids with E; N Ey = {p}. Let
n = fa(p) — fi(p) > 0. We expand the notion of parallel connection to this case by setting
P(Q1, Q) to be P(Q,T)(Q2)). When Q; and Q, are matroids such that p is a loop of Q,
and a non-loop of Q,, this definition coincides with that for matroids.

The following familiar properties of parallel connection hold for k-polymatroids.

Proposition 2.2.1. Let Q) = (E1, fi) and Qs = (Es, f2) be two polymatroids for which

EyN Ey={p}. Then

(1) P(Q1,Q2)/p= Q1/p® Qa/p; and

(it) for all e € By —p, P(Q1,Qs)/e = P(Qi/e, Qs) and P(Q1, Qo) \e = P(Qi\e, Q).

Proof. The proof of this proposition is not significantly different from the proof of the cor-

responding result for matroids (see, for example, [14]) and is omitted. O

The following result of Oxley and Whittle (see [15, Theorem 3.1]) is used throughout this

chapter.

Lemma 2.2.2. Let Q = (E, f) be a connected k-polymatroid where |E| > 2 and let A be a

nonempty proper subset of E. If
fLA) + f(E = A) = f(E) <min{f(X) + f(E - X) - f(E): @ # X C E},

then at least one of Q/A and Q\A is connected. O

13



From this lemma, we obtain the following result on non-essential elements. Recall that an

element e of a connected k-polymatroid Q is non-essential if either Q\e or Q/e is connected.

Proposition 2.2.3. If Q = (FE, f) is a connected k-polymatroid and e € E with f(e) =1,

then e is non-essential.
Proof. This is an immediate consequence of Lemma 2.2.2. O

Theorem 2.2.4. Suppose Qi = (E1, fi) and Qs = (Es, f2) are k-polymatroids such that
Ey N Ey = {p} where fi(p) = fo(p). Then both Q1 and Qo are connected if and only if

P(Q1, Qs) is connected. Further, if P(Q1, Q2)\p is connected, then P(Q1, Qs) is connected.

Proof. 1f (X,Y Up) is a l-separation of Qy, then it is not difficult to check that (X, E, UY)
is a l-separation of P(Q;, Q) and that (X, (F2 —p) UY) is a 1-separation of P(Qy, Q2)\p.
On the other hand, suppose (X,Y U p) is a l-separation of P(Q;, Qs), and f3 is the rank
function for P(Qq, Qs). Let X; = X N E; and Y; = Y N E; for each i € {1,2}, and observe

that

f3(X) = min{ f1(X1) + f2(X2), (X1 Up) + fo(X2 Up) — fi(p)};
fs(YUp) = fiY1Up) + fo(Y2Up) — fi(p); and

[3(E1 U Ey) = f1(Ey) + fo(Es) — fi(p).

If f1(X1)+ fo(X2) < fi(X1Up)+ fo(XoUp) — fi(p), then since f5(X)+ f3(Y'Up) = f3(E1UE;),

we have
(X)) + fo(Xe) + iYAUD) + fa(YaUp) = fi(Er) + fo( Ea).

As f;(X;)+ fi(YiUp) > fi(E;) for each i € {1,2}, it follows that (X;,Y;Up) is a 1-separation
for each i € {1,2}. On the other hand, if f;(X1)+ f2(X2) > fi(X1Up) + fo(X2Up) — fi(p),
then, as f3(X) + f3(Y Up) = f3(Ey U Ey), we have

fiX1Up) + fo(XoUp) + i(Y1Up) + fo(YaUp) — fi(p) = f1(E1) + f2(E2).
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From submodularity again, it follows that fo(p) = fi(p) = 0, and thus Q; and Qs are

disconnected. O

In addition to parallel connection, we make use of the 2-sum operation. Let O; and
Q, be k-polymatroids on ground sets E; and Es, respectively, with E; N Ey = {p}. If
fi(p) = fo(p) = 1 and p is not a separator for either Q; or Qy, then the 2-sum of Q; and Qs
is defined to be P(Q1, Q2)\p and denoted Q; @9 Q. The following shows some fundamental

connectivity properties of this 2-sum operation.

Corollary 2.2.5. Suppose Q, = (Ey, f1) and Qo = (Es, fa) are k-polymatroids such that

Ey N Ey = {p} where fi(p) = fa(p) = 1. Then the following are equivalent.
(i) Q1 and Qs are both connected;

(11) Q1 Bo Qo is connected;
(111) P(Qq,Qs) is connected.

Proof. Using Theorem 2.2.4, we have only to show that (i) implies (7). From Proposi-
tion 2.2.1, we observe that P(Q;, Q2)/p is disconnected. Since fi1(p) = fao(p) = 1, we use
Proposition 2.2.3 to see that p is non-essential and therefore that P(Q;, Q2)\p = Q1 @9 Qo

is connected. [

We say that a k-polymatroid Q is 3-connected if and only if it cannot be written as a 2-
sum of a pair of k-polymatroids each with fewer elements than Q. The following proposition

allows us to give an alternative definition.

Proposition 2.2.6. Suppose Q = (E, f) is a k-polymatroid for which there exists a partition
(X1, X2) of E such that f(X1)+ f(Xa) = f(E)+1 and min{| X |, | Xs|} > 2. Then there are
polymatroids Q1 and Qg on ground sets X1 U p and Xy U p, respectively, where p is a new

point not in E, such that Q = Q1 o Qs.
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Proof. For (i,7) € {(1,2),(2,1)}, let Q; = (X;Up, f;) where f; is defined, for all A C X; Up,
by
f((A=pUX)) - f(X;)+1 ifpe A
fi(A) =
f(A4) if p & A

It is routine to check that f; is a k-polymatroid. Let f3 be the rank function of P(Q1, Q,).
Since Q; @2 Qo = P(Qy, Q2)\p, it suffices to show that f35(A) = f(A) for all subsets A of E.

Choose such a subset A, let A; = AN X; for ¢ € {1,2}, and note that

f3(A) = min{fi(A1) + fo(A2), f1(A1Up) + f2(A2Up) — fi(p)}
= min{f(A1) + f(A2), f(A1 U Xs) + f(A2U Xy) — f(E)}.
Observe that if U and V are disjoint subsets of E with S C U and T'C V, then
fO)+f(V)+ f(SUT) > f(U)+ f(SUV) + f(T)
> f(UUV)+ f(S)+ f(T).

Rearranging this inequality provides that
fO)+ (V)= fUUV) = f(S) + f(T) = f(SUT). (2.1)
Since f(X1) + f(X2) = f(F) + 1, we have from (2.1) that

f(ALU Xo) € {f(A1) + f(X2), (A1) + f(X2) — 1},

with f(A2UX;) behaving similarly. If f(A;UX5) = f(A;)+ f(X2), then another application
of (2.1) shows that

f(A) + f(Az) = f(A1 U Ay).

From submodularity, we have that f(A; U Xs) + f(A2U X3) — f(E) > f(A; U As), and it
follows that f3(A) = f(A1) + f(A2) = f(A), as desired. By symmetry, then, we have only

to consider when f(A; U Xy) = f(A1) + f(X2) —1and f(A U Xy) = f(As) + f(X1) — 1. In
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this case, we observe that

fAD) + f(A2) = F(ALUXo) + f(X1 U Ag) — f(X7) — f(X2) +2
= f(ALUXo) + f(X1UAy) — f(E)+1
> f(E)+ f(A) - f(E) +1
— f(A) 41

From this, it follows that

f3(A) = f(ALUX,) + f(X1 U Ay) — f(E) = f(A1) + f(A2) — 1,

and with an application of (2.1), that

f(A) + f(A2) = f(A) + 1.
Combining these equations yields that f3(A) = f(A) and the conclusion holds. O

Corollary 2.2.7. A k-polymatroid Q = (F, f) is 3-connected if and only if for any partition
(X,Y) of E with f(X)+ f(Y) = f(E)+1, either | X| =1 or |Y]| = 1. O

From this, it is clear that a k-polymatroid Q is 3-connected if and only if O* is 3-
connected. Our final result shows that 2-summing commutes for k-polymatroids. We omit

the proof since it involves a routine, but tedious, exhaustive case-check.

Proposition 2.2.8. Fori € {1,2,3}, let Q; = (E;, f;) be a k-polymatroid for which EyNEy =
{pl} and ExNE3 = {pQ} with fl(pl) = f2<P1) = f2(p2) = f3(P2) = 1. Then Q1@2(QQ@QQ3) =
(Q1 By Q2) B2 Q3. O]

2.3 Non-Essential Elements

Recall that an element e of a connected k-polymatroid Q is non-essential if either Q\e

or Q/e is connected. Tutte showed in [19] that every element of a connected matroid is
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non-essential. We expand this result to k-polymatroids by determining the number of non-
essential elements that are guaranteed to exist in any k-polymatroid. To do so, we make

extensive use of the truncation operation defined in the previous section.

Lemma 2.3.1. Let Q = (E, f) be a connected k-polymatroid with e € E. Then T,(Q) is

connected if and only if Q is connected with f(e) > 1.

Proof. Let (A, B) be a partition of F with e € A and B nonempty. Suppose T,(Q) is
connected. Then certainly f(e) > 1 or else e would be a loop in 7.(Q). To show that Q is

connected, observe that

f(A) + f(B) = fo(A) + f(B) +1
> fe(A) + fe(B) + 1
> f(E)+1

= [(E).

We now assume that Q is connected with f(e) > 1. Then

fe(A) + fe(B) = f(A) + f(B) =2 = f(E) =1 = [.(E),

and it thus suffices to consider the case when both f.(B) = f(B) — 1 and f(A) + f(B) =
f(E) + 1. From the first of these equations, we have f(B Ue) = f(B) and so, from the

second equation, get f(A) + f(BUe) = f(E) + 1. It follows from submodularity that
f(E)+ fle) < f(A) + f(BUe) = f(E) +1,
and therefore f(e) < 1. O

Lemma 2.3.2. Let Q = (E, f) be a k-polymatroid with e € E and disjoint sets C; D C E—e

such that f(C'Ue) > f(C). Then T,(Q)\D/C =T, (Q\D/C).

Proof. Let X C E—(CUD). It is straightforward to show that f.\D/C(X) = (f\D/C)(X).

O
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Theorem 2.3.3. Fvery connected k-polymatroid having at least two elements has at least

two non-essential elements.

Proof. Let Q = (E, f) be a connected k-polymatroid with |E| > 2. We proceed by induction
on the rank of Q. If f(E) = 0, then Q is not connected and we are done. Thus we assume
the theorem holds for polymatroids of rank less than that of Q. If possible, choose e € F
such that f(F —e) < f(E). If each e € E satisfies f(F —e) = f(E), then choose e € E such
that f(e) = max{f(x) : x € E}. If f(e) = 1, then Q consists entirely of rank-1 elements
and so consists entirely of non-essential elements by Proposition 2.2.3. Otherwise, we use
Lemma 2.3.1 to see that T,(Q) is a connected k-polymatroid with at least two elements and
rank one less than the rank of Q. By induction, then, we may pick two elements a,b € E
that are non-essential in 7,(Q). By combining Lemmas 2.3.1 and 2.3.2, we note that if an
element of E — e is non-essential in 7,(Q), then it is non-essential in Q. Therefore we need
only show that either e is non-essential in O, or there are two elements x,y € E — e that
are non-essential in 7,(Q). Clearly, if a,b € E — e, then we are done. Thus assume that e is
non-essential in 7,(Q). If f(E —e) < f(E), then it is not difficult to show that e is essential
in Q. Hence assume that f(E —x) = f(F) for all z € E. If T,(Q)/e is connected, then,
as T.(Q)/e = Q/e, the theorem holds. Hence we may assume that 7.(Q)\e is connected.
If |E| = 2, then the result is obvious and so T,(Q)\e is a connected k-polymatroid with at
least two elements. Let z and y be non-essential in 7,(Q)\e.

If T.(Q)\{e, z} is connected, then T,(Q)\{x} is connected unless

fe(e)+fe(E_{e7x}):fe(E_x):fe(E)' (22)

In this case, suppose (A U x, B) partitions E — e non-trivially such that

fle(AUz) + f/e(B) = f/e(E —e).
Then
f(AU{e,z}) + f(BUe) = f(E)+ f(e). (2.3)

19



Observe, however, that (2.2) implies that f(e) + f(E — {e,z}) = f(£) and thus, since
B C E—{e,x}, that f(e)+ f(B) = f(BUe). Applying this to (2.3) shows that (AU{e,z}, B)
is a l-separation of Q, a contradiction. It remains to consider the case when 7.(Q)\e/x is
connected. By a similar argument to the above, we have that (e, F — x) is the only possible
1-separation of T,(Q)/x. If Q/x is connected, we are done. Thus assume that (AUe, B) is a
1-separation of Q/x. Since (f/z).(AUe) = f/x(AUe)—1and (f/x)e(E—z) = f/x(E—x)—1,
it follows that

(f/w)e(AUe) + f/2(B) = (f/x)e(E — ). (2.4)
Now, either f/xz(B) = (f/z).(B) or f/x(B) = (f/x).(B) + 1. Observe that if f({z,e}) =
f(z), then Q\e is connected and we are done. Thus f({z,e}) > f(z) and we have, from

Lemma 2.3.2, that T,(Q/z) = T.(Q)/x. Thusif f/x(B) = (f/z).(B)+1, then (2.4) becomes

fer(AUe) + feo/x(B) = fe/2(E —x) =1,

contradicting the submodularity of T.(Q)/z. On the other hand, if f/z(B) = f./x(B), then

fe/r(AUe) + fo/x(B) = f./x(E — x).
As (e, E — x) is the only possible 1-separation of T.(Q)/z, it follows that A = @&. Then,
since (AU e, B) is a l-separation of Q/x,
flz(e) + fle(E —A{e,x}) = f/x(E — ).

Since f/x(E —{e,z}) = f/x(E — x), it follows that f({z,e}) = f(e) and thus Q\z is

connected. O

We now know that every connected k-polymatroid has at least two non-essential elements.

The next example shows that this bound is sharp.

Example 2.3.4. Choose integers £ > 1 and n > 1. Let E be a set with |E| = k and

choose distinct elements a,b ¢ E. Take M = (E U {a,b},r) to be a matroid isomorphic to
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Uy k+1 @ Upy where b is the loop and Q = (E'U {a, b}, f) to be a n-polymatroid isomorphic
to nUk g1 @ Ups where a is the loop. Then the (n + 1)-polymatroid M + Q has a and b
as its only non-essential elements. If n = 1, then we denote M + Q by S for each k. The

2-polymatroid Sy is shown geometrically in Figure 2.1 for k € {1, 2, 3}.

Figure 2.1: S for k € {1,2,3}

Lemma 2.3.5. If Q = (FE, f) is a connected 2-polymatroid and, for some e € E, both f\e
and f /e are not connected, then f(E) = f(E—e), f(e) =2, and f(X)+f(E—-X)—f(E) =1

for some set X C E.

Proof. This is an immediate consequence of Lemma 2.2.2. O

If Q = (F, f) is a 2-polymatroid and = € E such that f(E—z) = f(E)—1, then f*(e) =1
and we say that e is a copoint. In the following theorem, we show that the polymatroids
given in Example 2.3.4 when n = 1 are the only 3-connected 2-polymatroids with exactly
2 non-essential elements and no copoints. After obtaining this result, it is not difficult to

remove the no-copoints requirement, which is done in Corollary 2.3.7.

Theorem 2.3.6. If Q is a 3-connected 2-polymatroid with at least three elements, no co-

points, and exactly two non-essential elements, then Q is isomorphic to Sy for some k.

Proof. Let @ = (E, f) be a 3-connected 2-polymatroid with an essential element a. Choose a
nontrivial partition (X,Y") of E—a with | X | maximal such that f(XUa)+f(YUa) = f(E)+2.

A partition of this type is a 1-separation of Q/a and thus exists. Similarly, choose a partition
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(A, B) of E — a with |A| maximal such that f(A)+ f(B) = f(F). Then

2f(E) +2= f(A) + f(B) + f(X Ua) + (Y Ua) (2.5

> f(AUX Ua)+ f(BNY)+ f(BUY Ua) + f(AN X)

and
2f(E)+2=f(A)+ f(B)+ f(XUa)+ f(Y Ua) 26)
2.6
> f(AUY Ua)+ f(BNX)+ f(BUXUa)+ f(ANY).
Since Q is 3-connected, we get from (2.5) that at least one of |[A N X| and |[BNY| is less

than 2. In fact, for some k£ > 1,

(|JAnX|,|BNY]) €{(0,k),(0,0),(1,1),(k,0)}.

If AN X| =0 and |BNY| is nonzero, then (2.6) tells us that, since neither ANY nor BNX
may be empty, both must be singletons. Thus A = (X NA)U(YNA)=ANY and Ais a
singleton. However, B then contains at least two elements, contradicting the maximality of
A.

Next, we assume both A N X and BNY are empty. Again, from (2.6), we get that
|ANY| = |BNX|=1. Letx € BNX and y € ANY. Since f(AUY Ua)+ f(BNX) = f(E)+1,
we have that f({a,y}) + f(x) = f(E) + 1. As Q has no copoints, it follows that f(z) =1
and similarly that f(y) = 1. It follows, since f(A) + f(B) = f(F), that f(E) = 2, so
ffa,y}) = f({a,z}) = 2. 1If f({z,y}) = 1, then f({z,y}) + f(a) = f(E) + 1, which is
impossible since f(a) = 2. Therefore, Q = ;.

Now, we assume [ANX|=|BNY|=1and let ANX = {z}; BNY = {y}. From (2.6)
and the maximality of A and X, we have |[ANY|=|BNX|<1. If |[AnY|=|BNnX|=0,
then, similarly to the previous case, we have that Q@ = S;. We thus assume [ANY| =
|IBNX|=1andlet {w} =BNX and {z} = ANY. From this, we may use (2.5) and (2.6)
to get f(w) = f(2) = f(x) = f(y) = 1. As rank-1 elements are always non-essential, this

contradicts that Q has exactly two non-essential elements.
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Finally, we consider the case when |[BNY| = 0 and AN X is nonempty. Arguing as
above, we find that each of BN X and ANY consists of a single rank-one element, which we
call z and vy, respectively. Using (2.5), (2.6), and the 3-connectedness of Q, we are able to
find that f({a,y}) = 2, f({a,2,y}) =3, F(E — {a,2}) = f(E) — 1, F(E — {a,y}) = F(E),
f(E—A{a,z,y}) = f(E) — 1, and f({a,z}) = 3. Indeed, as x and y are points, they are
the sole non-essential elements of Q. Thus we may choose b € E — {a, z,y} and note that b
must be essential. If we repeat the previous steps of this proof using b instead of a, we come
to the conclusion that b satisfies f({b,y}) = 2, f({b,z,y}) =3, f(E —{b,z}) = f(F) — 1,
f(E—=Aby}) = f(E), f(E—{bx,y}) = f(F)—1, and f({b,x}) = 3. As b was chosen
arbitrarily, we have that these equations are satisfied for all p € E — {x,y}.

Since, for each p € E—{xz, y}, we have that f({p,y}) = 2, it follows that f(EF—z) < |E|-1
and thus f(E) < |E|— 1. If possible, choose a minimal set P C E — {x,y} for which f(P) <
|P| and let b € P. By the minimality of P, we have f(P —b) > |P —b|+ 1 = |P| > f(P)
and thus f(P —b) = f(P). Recall, however, that f(x) + f(F — {b,xz}) = f(F). Since
P—bC E—{b,z}, it follows that f(E —x) = f(E — {b,x}), contradicting the connectivity
of Q. Therefore, for all L C E — {x,y}, we have f(L) = |L| + 1 and thus f(F) = |E| — 1.

It then follows that Q = §g|_s, as desired. O

In a connected 2-polymatroid Q@ = (E, f), if x € FE has f(x) = 1, then we may turn z
into a copoint by defining Q¢ = (E, f¢) where, for all X C E., we have
f(X)+1 ifeeX;

fX) =
f(X) otherwise.

We call this operation element expansion.
Corollary 2.3.7. Every 3-connected 2-polymatroid on at least three elements with exactly

two non-essential elements can be obtained from some S,, by performing a sequence of element

ETPANSLONS.
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Proof. Suppose Q@ = (E, f) is such a 2-polymatroid having {z1,xs,...,2,} as its set of
copoints. Let R = Ty (Ty, (- -+ T3, (Q)) - -+ ). It is not difficult to check that R is 3-connected
and we can use Lemmas 2.3.1 and 2.3.2 to see that R has exactly two non-essential elements.
From Theorem 2.3.6, we have that R is isomorphic to &, for some n. The conclusion

follows. O

We conclude by characterizing all those 2-polymatroids with exactly two non-essential

elements. The following proposition will be helpful to this end.

Proposition 2.3.8. Let Q) = (Ey, f1) and Qs = (Es, f2) be connected k-polymatroids such
that Ey N Ey = {p} and fi(p) = fo(p) = 1. An element x in (Ey U Ey) — p is non-essential

in either Q1 or Qs if and only if x is non-essential in Qy Bo Os.

Proof. From Proposition 2.2.1,

(Q1 @2 Do)\ = P(Q1, Q2)\{z,p} = P(Qi\z, Q2)\p = (Q1\z) B2 Qo.

Similarly, (Q1 &9 Q2)/x = (Q1/x) @9 Q2. By combining these equations with Corollary 2.2.5,

we obtain the proposition. O

The connected 2-polymatroids with exactly two non-essential elements consist of the
members of {S, Sy, ...} along with paths of 2-sums of such 2-polymatroids where the base-

points of the 2-sums are non-essential in both summands.

Theorem 2.3.9. Let Q be a connected 2-polymatroid with at least three elements. Then Q
has exactly two non-essential elements if and only if, for some n > 1, there is a sequence

Q1, 9, ..., Q, of 2-polymatroids such that
(1) each Q; is isomorphic to some member of {Uy o+ Uy1,81,S2,...};

(ii) if eithern =1 or2 <i <n-—1, then Q; is isomorphic to some member of {S1,Sa,...};
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(11i) the ground sets of Qi,Qs,...,Q, are disjoint except that, for each i in {1,2,...,

n — 1}, the sets E(Q;) and FE(Q;y1) meet in a single rank-1 element; and

(iv) Q= Q1 By Qo Dy ... By Qp.

Proof. If we have a sequence satisfying the four conditions, Proposition 2.3.8 implies that
Q has exactly two non-essential elements. For the converse, we proceed by induction on
the rank of E. If f(E) = 1, then, since |E| > 2 and Q is connected, it follows that Q
consists of |F| points, each of which must be non-essential, a contradiction. Thus assume
f(F) > 1 and that the conclusion holds for 2-polymatroids of rank less than f(E). If Q
is 3-connected, then, from Corollary 2.3.7, there are three possibilities: n = 1 with Q;
isomorphic to some member of {S1,Ss,...}; n = 2 with Q; isomorphic to Uy o+ Uy 1 and Qy
isomorphic to some member of {S;,Ss,...}; or n = 3 with both Q; and Qs isomorphic to
Uy 2+U;p 1 and Qy isomorphic to some member of {S;, Sy, .. .}. We thus assume that Q is not
3-connected. Choose a non-trivial partition (X,Y’) of E such that f(X)+ f(Y) = f(E)+ 1
and 2 < | X| < |Y]. If f(X) =1, then each member of X is a point and is thus non-essential.
As Q has exactly two non-essential elements, X consists of two points which are necessarily
parallel. However, Q\z, where z € X, is connected with two non-essential elements. Clearly
these two non-essential elements are also non-essential in Q, a contradiction. Therefore
f(X) > 1 and thus f(Y) < f(E). Similarly, f(X) < f(E). We now use Proposition 2.2.6 to
choose 2-polymatroids Q; and Qs on ground sets X Up and Y Up, respectively, where p is a
point not in ' and @ = Q1 @9 Q5. Moreover, the ranks of Q; and 9, are each less than that
of Q. If = is a non-essential element of Q; that meets E, then, by using Proposition 2.3.8,
x is a non-essential element of Q. Thus each of Q; and Q, has p as a non-essential element
and has exactly one other non-essential element. By induction, Q; and Qs satisfy the four
conditions in the theorem. It follows immediately that the 2-sum of Q; and O,, that is Q,

satisfies the four conditions. O]
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Chapter 3
Unavoidable Minors for Connected
k-polymatroids

3.1 Introduction

The core principle of Ramsey theory is that sufficiently large objects within some class must
exhibit some structure. Ramsey’s seminal result of this type (see [18]) may be stated as

follows.

Theorem 3.1.1. For all positive integers n, there is an integer r such that every graph of
order at least r contains as an induced subgraph either the complete graph on n wvertices or

n independent vertices.

Another well-known graph-theoretic result of this type (see, for example, [3]), is the

following theorem, which will be used in the proof of the main result.

Theorem 3.1.2. For all positive integers n, there is an integer r such that every connected

graph of order at least r contains K,,, K1,, or P, as an induced subgraph.

At the 1992 Seattle Graph Minors Conference, Robin Thomas informally asked for an
analogue of Theorem 3.1.2 for connected matroids. This was quickly found by Lovasz,

Schrijver, and Seymour, who proved the following result.

Theorem 3.1.3. For all positive integers n, there is an integer r such that every connected

matroid with at least r elements has a minor isomorphic to either Uy, or U,_1 .

In this chapter, we prove analogues of Theorem 3.1.1 and Theorem 3.1.3 for k-polymatroids
and 2-polymatroids, respectively. These, the main results of this chapter, are proved in Sec-
tion 3.3; and several technical lemmas needed for the main results are proved in Section 3.2.

Much of the work here appears in [10].
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The following proposition, which will be used later, shows an important property of

separators and minors.

Proposition 3.1.4. Let Q = (E, f) be a k-polymatroid with separator A and let R be a

minor of Q with separator X. Then AN X is a separator of R.

Proof. Let g be the rank function of R and choose disjoint sets C' and D of E such that
R=0O\D/C.Set B=E—-AandY =FE — (XUCUD). Since \;(X) =0, it follows that
f/C(X)+ f/C(Y) = f/C(XUY) and thus f(CUX)+ f(CUY) = f(CUXUY)+ f(C).

Since (CUX)NAC Aand (CUX)NB C B, Lemma 1.8.1 shows that
0<T((CUX)NA(CUX)NB)) <A B)=0.
By also applying this technique to Y, we have

fCUX)NA)+ f(CUX)NB)+ f(CUY)NA)+f((CUY)N B)

= f(XUYUCQC)+ f(O).
Using the same method, we obtain
FCUX)NA)+ f(CNB) = f(CU(XNA)).
Thus

fFCUXNA)+ f(CUXNB))+ f(CUYNA)+f(CU(YNB))

= f(XuUYUuQO)+3f(0),
from which it follows that
f/C(XNA)+ f/C(XNB)+ f/C(YNA)+ f/C(YNB)=f/C(XUY).

Therefore, \;(X N A) = 0. O
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We now give the definition of 2-sum, but only in the case when the elements to be
connected are of the same rank. The reader is referred to [9] for a more thorough treatment.
The 2-sum for polymatroids is a generalization of that for matroids in that it consists of
sticking together two polymatroids as freely as possible across a designated element of each,
followed by a deletion of the element. Below, we give a formal definition that mimics the
language of 2-sum for matroids.

Suppose Q1 = (Ey, f1) and Qy = (Es, f3) are k-polymatroids with F; N Ey = {p} and
filp) = fa(p). Let Q1 ®2 Qs = ((Ey U Es) — p, f) where, for all A C (F; U Ey) — p, if

AleﬂEl andAzzAﬂEg,then

f(A) = min{f1(A1) + fa(A2), /i(A1 Up) + fo(A2 Up) — f1(p)}.

A routine check shows that Q; @y Q5 is a k-polymatroid. We call this k-polymatroid the
2-sum of Qp and Qs with respect to the basepoint p.
Now, we look at a concept of polymatroids that is somewhat similar to fundamental

circuits in matroids. If Q@ = (F, f) is a k-polymatroid and S C FE is loopless with

f(S) =) f(s),

ses
then we call S a matching. Given such a matching S and X C E— S, we denote, by C(X, 5),

the minimal subset C' of S for which
f(SUX)=f(CUX)+ f(S—-0C).

It is not difficult to show that C'(X,S) exists and is well-defined for any matching S and
set X disjoint from S. If Q is a matroid, S is a basis of Q, and x € FE, then C(z,S) is
the familiar fundamental circuit of x in the basis S. The following proposition concerning

C(X,S) will be useful throughout this chapter.

Proposition 3.1.5. Let Q = (F, f) be a k-polymatroid with a matching S and A, B C E—S.
If A C B, then C(A,S) C C(B,S). f ANB = and f/S(A) + f/S(B) = f/S(AU B),
then C(AU B,S) = C(A,S)UC(B,S).
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Proof. Set Sqa = C(A,S5), Sg = C(B,S), and suppose first that A C B. Using Lemma 1.8.1
(ii), we observe that
0<M(AUSE,S—Ss) <M(BUSE,S—SE)=0.
Thus
0=T(AUSE,S—Sp)=f(AUSE)+ f(S—Sg)— f(AUS).

Since Sy is the unique minimal subset of S with the property that f(AUS4)+ f(S—Sa) —
f(AUS) =0, it follows that Sy C Sp.

Next, we assume AN B = @& and f(SUA)+ f(SUB) = f(SUAUB) + f(S), and
set Saup = C(AU B, S). Note that, from the above argument, we have Sy C Sy p and

Sp C Saup, and thus need only show
f(SUAUB) = f(SAaUSpUAUDB) + f(S — (SaUSB)).
For this, we observe that
f(SaUA)+ f(SpUB)+ f(5) = f(5a) — f(SB)

= f(SaUA)+ f(SpUB) + f(5 = 5a) + f(S = Sp) = f(95)
= f(SUA)+ f(SUB) — f(5)
~= f(SUAUDB)
< f(SaUSpUAUB) + f(S—(S4USB))
< f(SaUA)+ f(SpUB) + f(5 = (54U Sp)) — f(54N Sp)
= f(SaUA)+ f(SpUB)+ f(S5) = f(SaUSp) — f(54N SB)

= f(SaUA)+ f(SpUB) + f(S) = f(Sa) — f(5B),

from which our conclusion follows. O

3.2 Some Lemmas

In this section, we prove the more technical lemmas needed in the proofs of the main results,

which appear in Section 3.3.
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Our first lemma, in which we identify the minors required to exist within a k-polymatroid

of sufficiently high rank, provides much of the work needed for Theorem 3.3.1.

Lemma 3.2.1. For all positive integers n, there is an integer r such that every k-polymatroid

with rank at least v has a minor isomorphic to one of Uy ; 2U, ;5 . .; or kU, .

Proof. Choose n € N and let Q@ = (E, f) be a k-polymatroid. We show that if r = (281 —
k —2)n — (2F — 2), then the theorem is satisfied. If k = 1, then Q is a matroid of rank
r = n. A restriction of Q to any basis gives a matroid isomorphic to U, ,, as desired. We
thus assume the conclusion holds for every j-polymatroid where j < k.

Let P ={x € E: f(zr) = k}and I = E— P. If P = &, then we are done by
induction. In fact, if f(I) > (2*k"D+! — (k — 1) — 2)n — 2571 + 2, then Q|I is a (k — 1)-
polymatroid with sufficient rank and we are, again, done by induction. We thus assume
f(I) < (28 —k —1)n —2*! + 1 and note that

f(P)=fE-1)=f(E) - f(I)
> [ —k—2n— (2" —2)] - [(2" —k— 1)n— 2" 1 +1]
=@2F—1Dn -2 41
Let S be a maximal set of lines in P for which f(S) = k|S|. If |S| > n, then, as Q|S = kU, ,,

we are done. Otherwise,
f1S(P =5) = f(P)— f(95)
>2F -2t 41— (kn—1)
= (kD (k= 1) —2)n — 2k 2
and, for any x € E — S, we have
f/8(x) = f(SUx) = f(5)
< f(S)+ (k=1) = f(5)

=k—1.
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Thus Q/S\! is a (k — 1)-polymatroid of sufficiently high rank and, by the induction hypoth-

esis, we are done. O

We are now ready to classify the unavoidable minors for connected k-polymatroids. Here,
we give an outline of the proof before providing the details in Theorem 3.3.2. We start with
a connected k-polymatroid Q = (FE, f), where |E] is large, and use induction on k. We
thus wish to show that either Q has a desired minor, or that Q has a large connected
(k — 1)-polymatroid minor.

To this end, we choose a maximal matching S of Q. Note that every element in Q/S
has rank at most £ — 1. If Q/S has any large connected component, then this component is
a large connected (k — 1)-polymatroid and we are done. We thus assume Q/S has no such
connected component. It follows that Q/S has a large number of connected components,
which we label as X1, X5, ..., X,,.

Next, we construct a bipartite graph with the vertices on one side labeled by elements of
S and the vertices on the other side labeled by the X;. Two vertices are adjacent if and only
if one represents an element s of S, one represents a component X;, and s € C'(X;, S). This
graph turns out to be a large connected bipartite graph and thus has, by Theorem 3.1.2,
either a long path or a large star (K ,) as an induced minor. If our graph has a large star
as an induced minor, we have two cases. First, if the vertex of high degree is labeled by a
component X;, this translates into |C'(X;, S)| being very large. We use Lemmas 3.2.2; 3.2.3,
and 3.2.8, together with Corollary 3.2.9 to show that either Q has one of the desired minors,

or Q has a large (k — 1)-polymatroid as a minor.

Lemma 3.2.2. If Q = (E, f) is a k-polymatroid with matching S and non-empty subset X

of E— S for which (Q/S)|x is connected, then Q|xuc(x,s) is connected.

Proof. Set Sx = C(X,S) and let X4, Xp, S4, Sp be pairwise-disjoint subsets of E such that

XaUXp = X; S4USp = Sx; and f(X4US4)+ f(XpUSE) = f(XUSx). It suffices to show
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that either X ,US4 or XgUSp is empty. If X is empty, then f(X4USA)+f(Sp) = f(XUSx)

tells us that

f(XUS)=f(XUSx)+ f(S— Sx)
= f(XUSA)+ f(S) + f(S — Sx)

= [(XUSa) + f(5—=54),

which would contradict the minimality of Sx unless S was empty. Similarly, if X4 is empty,
then so is S4. We thus assume that both X, and Xpg are non-empty. In this case, we get,
from the connectivity of (Q/S)|x, that f(XaUS)+ f(XpUS) > f(XUS)+ f(S). Further,
since f(XUS) = f(XUSx)+ f(S—Sx), we have that f(X4US) = f(XaUSx)+ f(S—Sx)
and f(XpUS) = f(XpUSx)+ f(S — Sx). Combining this information and performing

cancellations gives us that

f(XaUSx)+ f(XpUSx) = f(XaUS)+ f(XpUS) —2f(S — Sx)
> f(XUS)+ f(S)—2f(S — Sx)
= f(XUSx)+ f(Sx)
= f(XaUSa) + f(XpUSp) + f(Sa) + f(SB)

> f(XaUSx)+ f(XpUSx),
a contradiction. The theorem follows. OJ

Lemma 3.2.3. If m € N and a connected k-polymatroid Q = (E, f) has a matching S of
size at least (m+1)|E — S|?P=5! then Q has a connected minor with a matching T C S and

element x € E — S for which |C(x,T)| > m.

Proof. Set X = E — S and S, = C(x,5) for each x € X. If |X| = 1, then C(X,S5) = S
by connectivity. Since |S| > (m + 1)|X[?*l = m + 1 > m, we are done. We thus assume

that |X| > 1 and that the conclusion holds for all k-polymatroids having a matching such
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that the complement of the matching is of cardinality less than |X|. Choose z € X and
suppose Q/(S, Ux) has at least |X| nonempty connected components. We may then find a

component C' of Q/(S, Ux) which consists only of elements in S. However, this would mean

that

F(E) = [/aus,(E—(zU5))+ flzUS,)
= [ /a0, (C) + f[avs, (B = (CUxUS,)) + f(xUS:)
=f(CUS,Ux)+ f(E—-C)— f(xUS,)
= f(C)+ f(SaUz)+ f(E—C) = fxUS:)

=f(O)+ f(E-0C),

which would contradict the connectivity of Q. Thus Q/(S,Ux) has fewer than | X | connected

components. It follows, then, that there must be some component R which has at least

Bl— 1S -1 _ 1Bl IS.]
XI-1 = |X]

_ IS X 1S
XXX

(m + 1)| X2 m

| X | X

1

1

>

m
X
m

= [X(m -+ 1) XD - 2
X

= (m+ DX

> (m+ )| XX 4 (m + 1) X]| - ’%
> (m+ 1)| X XD 4+ X
elements. Since |R| > (m + 1)| X [2(X1=D + | X|, we have that

IRNS| > (m+ 1| XKD > (m + 1)|R N X PURNXID,
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As RN S is a matching of Q/(S, Ux) and |R — S| < |X|, it follows by induction that
Q/(S; Uz) has a connected minor with a matching 7 C S and element x € E — S for which

|C(z,T)| > m. The theorem follows. O

Next, we consider the case when the vertex of high degree is labeled by an element s of
S. This means that a large number of the X; have s € C(X;, S). Using Lemmas 3.2.4-3.2.6,

we show that Q has either a desired minor or a large connected (k — 1)-polymatroid minor.

Lemma 3.2.4. Choose a positive integer n and let Q = (E, f) be a loopless k-polymatroid
with f(E) =k and |E| > kn. If there is an element e in E for which f(e) =k, then Q has

a pUy ,,-minor for some p in {1,... k}.

Proof. We proceed by induction on k. If £ = 1, then Q is a loopless rank-1 matroid on
n elements. Thus the only possibility is U;, and we are done. We then assume that the
theorem holds for any j-polymatroid with j < k. Let a be an element in Q of minimal rank.
Let A be a maximal subset of E — a for which f(AUa) = f(a). Necessarily, every element
of A is of the same rank as a. It follows, then, that Q|(AUa) = f(a)Uy jaj11. If |[A] > n—1,
then we are done and thus assume |A| < n — 1. In this case, observe that Q\A/a has no

loops and satisfies

fla(E = (AUa)) = f(E - A) = f(a) = k = f(a).

Further, since f/a(e) = f({a,e}) — f(a) = k— f(a) and |E— (AUa)| > kn—n=(k—1)n >
f/a(e)n, it follows, by the induction hypothesis, that Q\ A/a has a pU; ,-minor for some p
in {1,...,f/a(e)} C{1,...,k} and we are done. O

Lemma 3.2.5. Let Q = (E, f) be a k-polymatroid with matching S. Let the connected
components of Q/S be Xi,...,X,. If s € S such that s € C(X;,S) for each i € {1,...,n},

then Q has a connected minor with at least n elements and {s} as a mazimal matching.
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Proof. For each i € {1,...,n}, let K; be a maximal, possibly empty, subset of X; such
that s ¢ C(K;,S). For each i, choose z; € X; — K;. Set K = K; UKy, U ---U K, and
X =A{z1,29,...,2,}. We show that R = (Q/((S —s) U K))|(X U s) is a connected minor
with {s} as a maximal matching.

Choose z € X and observe

fr({s,2}) = f(SUKUx) = f(KU(S - s))
<f((S=s)UKUz) + f(s) = (KU (S —3))
= fr(x) + f(s)
= fr(@) + fr(s),
where the inequality comes from the maximality of K. From this, it follows that R has no

loops and that each element of X intersects s. The theorem follows. O

Lemma 3.2.6. Choose an integern > 1 and let Q = (E, f) be a k-polymatroid with mazimal
matching {s}. If |E| > k*n?, then either Q has a minor isomorphic to aUy , + bU,, ., where

a>1land k>a+b>1, or Q/s has a connected component of size greater than n.

Proof. We assume that Q/s has no connected component of size n and choose representatives
T1,..., T, from each of these components. Since |E| > k*n?, it follows that m > k*n. For
each i € {0,...,k — 1}, set
Xi={w;: f/s(z;) =i}

Since >_|X;| = m > k%n, we are able to find b € {0,...,k — 1} for which |X;| > kn.
Let R = (s U Xy, g) where g is defined, for all U C s U Xy, by g(U) = Ms(s,U). Using
that f/s(X,) = b|Xyl, it is not difficult to check that R is a k-polymatroid satisfying the
hypotheses of Lemma 3.2.4. We may thus find subsets D and C' of sUX}, for which R\D/C =
aly,, for some a in {1,...,k}. A quick check reveals that Q|(s U X,) = R + (Q/s)| X, and,

further, that
(Ql(s UXy)\D/C =R\D/C+ ((Q/s)|Xp)\D/C = alU; ,, + bU,, .
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This result from [9] will be used in the following lemma.

Proposition 3.2.7. Let Q = (E, f) be a connected k-polymatroid with e € E. Then T,(Q)

is connected if and only if Q is connected with f(e) > 1.

Lemma 3.2.8. Let Q = (E, f) be a connected k-polymatroid with x € E such that f(E—x) =
JIE—x| for some j < k. Choosen to be a positive integer and suppose |E| > 2kn. If f(x) > j
and f(E—x) = f(F), then Q has a connected (f(x)— 1)-polymatroid on at least n elements.
Otherwise, Q has aU,,_1, + bU,,, as a minor, for some integers a > 1 and b > 0 such that

a+b<k.

Proof. Suppose first that f(E — x) = f(F). If f(z) > j, then observe that if Q/x is
connected, then Q/z is a j-polymatroid with j < f(z) — 1 and we are done. If Q/x is

disconnected, let (A, B) be a 1-separation of Q/z. Then

f(AUz) + f(BUz) = f(E) + f(x).

If f(AUz) = f(A)+ f(z), then the above becomes f(A)+ f(BUx) = f(F), contradicting the
connectivity of Q. Thus f(AUx) < f(A)+ f(x). Similarly, f(BUx) < f(B)+ f(z). Assume,
without loss of generality, that |A| < |B|. Then |B| > kn > n. Since f(AUz) < f(A)+ f(x),
it follows that Q/A is an (f(x) — 1)-polymatroid, and we have only to show that Q/A is
connected.

Suppose not and let (U Uz, V) be a 1-separation of Q/A. Then

fLAUU Ux) + f(AUV) = f(F) + f(A).

Since AUV C E —x, and F — z is a matching, it follows that A UV is a matching. Thus
fLAUV) = f(A) + f(V). From this, we have that f(AUU Ux) + f(V) = f(F), which

contradicts the connectivity of Q. Therefore Q/A is connected.
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Next, we assume f(z) < j. In this case, we note that all elements have rank at most j

and view Q as a j-polymatroid. Then

fH(E) = JlE| = f(E)=j|E| - j|E — 2| = j; (3.1)
ff@) = jlz|+ f(E—=)— f(E)=j; and (3.2)
|E] > kn. (3.3)

Using Lemma 3.2.6 and (3.1)—(3.3), it follows that Q* has pU;, as a minor for some p €
{1,...,7}. Thus Q has pU,_1, + (j — p)U, as a minor, as desired.

We finally consider the case when f(E — x) < f(E) and proceed by induction on f(x).
If f(z) = 1, then, by the connectivity of Q, f(E — x) = f(F), a contradiction. We thus
assume f(z) > 1 and that the conclusion holds for elements of rank less than f(z). Observe
that the k-polymatroid T,(Q) = (E, f,) is connected by Proposition 3.2.7, has f,(E — z) =
f(E —z) = j|E —z|, and has f,(x) = f(z) — 1. We may thus use the induction hypothesis
to conclude that T,,(Q) has disjoint sets C, D C E for which T,,(Q)\D/C = aU,,—1,, + bU,,
for some integers @ > 1 and b > 0 such that a+b < k. If z € C, then 7,(Q)/C = Q/C, and

we are done. If z € C| then

fo/C(x) = fo(CUZ) = f2(C) = f(CUz) = f(C) =1 = f/C(x) - 1.

However, since T.(Q) = aUy,—1 4, + bUy, 1, we must have that f,/C(z) = k and thus, from the

above, that f/C(z) — 1 = k, a contradiction since f(z) < k. O

Corollary 3.2.9. Choose a positive integer n and let Q be a connected k-polymatroid which
has, for some x € E, a matching E — x. If |E| > 2k*n, then Q has either an n-element
connected (k — 1)-polymatroid minor or a minor isomorphic to aU,_1, + bU,,,, for some

integers a > 1 and b > 0 such that a +b < k.

Proof. Let E; = {a € E—x: f(a) =i} and choose j € {1,..., k} such that | E;| is maximum.

Set S = E — (E; Uz). We show that Q/S satisfies the hypotheses of Lemma 3.2.8. Observe

37



that, since |E — x| > 2k*n, we have |E;| > 2kn. Also note that, since E — z is a matching
of Q, all subsets of E; have the same rank in Q/S as in Q. We thus have only to show that

Q/S is connected. Suppose not and let (A Uz, B) be a 1-separation of Q/S. Then
f/S(AUx) + f/s(B) = [/S(E = 5),

and thus

f(SUAUz)+ f(BUS) = f(E)+ f(S).

Since BU S C E — x is a matching, it follows that
f(SUAU=)+ f(B) = f(E),

contradicting the connectivity of Q. Therefore, from Lemma 3.2.8, Q/S has either a con-
nected (k — 1)-polymatroid on at least n elements, or has aU,_;, + bU,, as a minor for

some integers a > 1 and b > 0 such that a + b < k. ]

Finally, if our graph has a large path as an induced minor, this translates to there being
a sequence sg, X1, 51, X2, S2, ..., Xy, s, in which s; € X if and only if ¢ € {j,j + 1}. Using
Lemma 3.2.10, we show that, in this case, either Q has one of the desired minors, or Q has

a large connected (k — 1)-polymatroid minor.

Lemma 3.2.10. Choose n > 1 and suppose Q = (E, f) is a connected k-polymatroid with
matching S = {so,S1,...,Sm} such that Q/S has X1, Xs,..., X, as its connected compo-
nents with C(X;) = {s,_1,s:} for each i. If m > k*n?*, then Q has either a minor with
at least n elements and exactly two non-essential elements or a minor whose elements have

rank at most k — 1.

Proof. Choose C, D C E — S so that |C'U D| is maximum with the property that Q\D/C
is connected. Set R = Q\D/C and let P C S — {sg, $;»} be maximal such that R\P is

connected. We wish to show that R\P has exactly two non-essential elements sy and s,,.
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Choose s; € S — P U {s0,Sn}. Then, since P was chosen to be maximal, it follows that
R\(P Us;) is disconnected and we need only show that R\ P/s; is disconnected.

Let St = {so,---,Si-1}, S2 = {Sit1,---s8m}, &1 = X3 UXoU---U X;_q, and Ay =
X; U X U---UX,,. From Proposition 3.1.5; f(S; UAX; Us;) = f(SUAX)) — f(S2) and

f(SQ U XQ U Si) = f(S U Xg) — f(Sl) Thus

f/si(S1UXL) + f/5i(S2UXy) = f(S1UXUs;) + f(S2 U Xy Us;y) —2f(s;)
= f(SUX) + f(SUX) — f(S1) — f(S2) — 2f(s:)
= f/5(&%) + f/5(X) + f(S) = f(si)
=f/S(E—295)+ f(S —si)

= f/si(E — si).

Therefore, Q/s; is disconnected with sy and s,, contained in distinct components. By Corol-
lary 3.1.4, then, R\ P/s; is disconnected with sy and s, in distinct components.

Next, let z € E — (SUC U D). We wish to show that both R\(P U z) and R\P/x are
disconnected. To do this, we again use Proposition 3.1.4 and need only show that both R\z
and R/x have sy and s, contained in distinct components. Since |C'U D] is maximum, it
follows that all proper separators of R\x and R/z contain elements of S or else we could
delete the separator and obtain a larger |C'U D|. Choose a proper separator U of R/x and
set V=FE—(CUDUUUx). Since each of U and V must contain elements of S, we can,

up to a relabeling of U and V| find k € (0,...,m) such that s, € U and sg; € V. Then
Ar/z(U) = Ar/z(V) =0, (3.4)
and, by a previous argument,

)\Q/si(SO U Xl U---u Si—1 U XZ) = )\Q/si(Xi-i-l U Si+1 U---u Xm U Sm) =0 (35)
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for each i € (1,...,m). By applying Corollary 3.1.4 to (3.5) when i = k and i = k + 1, it

follows that
)‘R/{%Skysk+1}(Xk+1> =0.
An application of Corollary 3.1.4 to (3.4) and (3.6) provides
)\R/{x,sk,sk+1}(Xk+l N U) - )\R/{x,sk,sk+1}(Xk+1 N V) = 0.
A final application of Corollary 3.1.4 to (3.5) for i = k and i = k + 1 shows that

)\R/{x7skvsk+1}(so U Xl U e Sk‘—l U Xk) - 0

and
AR {zsspssipn } (X2 U Sppa U= U Xp, U sp) = 0.
Since the arguments in equations (3.7) — (3.9) partition the ground set of
R/{x, Sk, Sk+1}, it is not difficult to show that
TR/ {@smsnpa 3 (SOUXT U - - 551 U X U (X1 NU))
+ Ryt (Xt N V) U Xgya UsgraU---U X, U'sy)
= fR/{z e} (B — (CUDU{x, sk, sk41}))-
Writing this last equality in terms of fz /., we have
fryz(50UXT U551 U X Usp U(Xppr NU) U sppq)
+ fryz(88 U (Xppi N V) U spn U Xjpyo U Spyo U -+ U X U 50
= fr/2(E = (CUD)) + frre({8k: Skt1})-
However, from (3.4),
Tryz(80UX1U -+ 8521 U X Usp U (X NU))
+ fr/a(Xks1 N V) U S U Xpqo U spya U=+ U Xy, U s,

= frie(E— (CUD)),
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and thus R/z has sy and s, in distinct connected components. The argument for R\z is
similar.

We have shown that R\P has exactly two non-essential elements sy and s,,. If |[E —
(CUDUP)| > n, we are done. We thus assume |E — (C'U D U P)| < n and thus find
K e {1,...,m} for which Xy UXp 1 U---UXp,y CCUD, where p’ > k?n®. Further, since
|[E—(CUDUP)| < n,wecan find k € {k,... k' +p'} for which {sg,...,sgp} C P for some
p > k?n?. Suppose, for some a € {1,...,p}, that Mz (sk, sk1e) = 0 and set Y; = X; — (CUD)

for each i. With an application of Corollary 3.1.4 to (3.5),

AQ/(spsea} (50U X1 U+ Usp 1 U Xy) = 0;
Ao/ {sisira) (Xip1 Usprr U U Xpam1 U Spya1 U Xpya) = 0; and

)\Q/{SkyslﬁLa}(Xk‘i’UA’l U Sk4a+1 UJ---u Xm U Sm) =0.

With a second application of Corollary 3.1.4, the above equalities become

AR fsisrad (S0 U YT U - Uisp g UYE) = 0; (3.10)
AR/ (spsirad ({8415 -+ s Sk1a—1}) = 05 and (3.11)
AR {sisirat Yedar1 U Sppar1 U---U Y, Usy) = 0. (3.12)

As the arguments of (3.10)—(3.12) partition the ground set of R/{sk, Sk+a}, it follows that

fR/{Sk> Sk-l—a}[E - (CUD U {3k7 Sk+a})]
= fr/{Sk: Skta}(S0UYI U - Usp_ 1 UYy)
+ fr/{sks Skra({Ske1s -+ o5 Skra—1})

+ fR/{Ska Sk—l—a}(Y;c—f—a—l—l U Sk+a+1 U---u Ym U Sm)-
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With a deletion of {sgi1,...,Skra_1}, the above becomes
SR/ Sk Sk+a} B — (CUD U {8, ..., Sp1alt)]

= fR/{Sk: Skta} (S0 UYI U - Usp_1 UYy)

+ fR/{5k Sktrat YVitat1 U Skgar1 U= U Y, Usy,).

Rewriting this equality in terms of the rank function of R, we have

fRIE = (CUD U {sps1, -, Sra—1})] + fR({Sks Sktal) (3.13)
= f’R(SO U Yl Jy---u Sk—1 U Yk U {Sk, Sk—i—a}) (314)
+ fR(Yirar1 UsSprar1 U« UY Usy U{Sk, Skial)- (3.15)

Finally, observe that, from (3.14), we have

fr(soUY U+ Usp_1 UY,U{sk, Skial})
= fr/sk(soUY1 U - Usp_1 UYp U {skia}) + fr(sk)
= fr/sk(s0 UY1U---Usp 1 UYy) + fr/se(Skta) + fr(sk)
= fr(soUY1 U - Usp1 UY, Us) + fr({sk: Skrat) — fr(sk)
= fr(soUY1U---Usp1 UYpUsk) — MRSk Skra) + fR(Skta)
= fr(soUY1 U Usp1 UYp Usi) + fr(Ska)-

Similarly, from (3.15),

TR YVitat1 U Skqap1 U=+ U Y Usp U {8k, Skral)
= f’R(Sk> + fR(Yk+a+1 U Sk+a+1 u.--u Ym U sy, U SkJra)-
Thus (3.13)—(3.15) becomes
fR[E = (CUD U {sps1;- - - Skra—1})]
:fR(SQUY1U"'USk_1UYkUSk)

+ fR(3k+a U Yk+a+1 USkyar1 U---U Ym U Sm)'
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Therefore, R — {Sk11,---,Skra_1} 18 disconnected with sg and s, in distinct components
and thus R — P is disconnected, a contradiction. From this, we have that Mg (s, Sk1a) > 0
for each a € {1,...,p}. That is, each of {sgy1,...,sk4p} intersects s in R. Observe, then,
that R|{sk, ..., Sk+p} is a connected k-polymatroid with maximal matching of size one and
ground set on at least k*n? elements. By Lemma 3.2.6, then, we have that R|{sk, ..., Skip}
either contains a minor isomorphic to aUi , + bU,,,, where @ > 1 and kK > a+b > 1, or
(RI{Sks- -, Skt+p})/sk has a connected component of size greater than n. In the former case,
we are done. In the latter case, observe that, since each element of R|{sy, ..., Sg+p} intersects
sk, when s is contracted we are left with a connected (k — 1)-polymatroid with at least n

elements, as desired. O

3.3 Main Results

In this section, we state and prove the main results of the chapter, Theorems 3.3.2 and
3.3.4. The first of these finds the unavoidable minors of large connected k-polymatroids. In
general, an explicit description of one of the classes of unavoidable minors seems difficult.
But, when k = 2, we are able to give such a description and this appears in Theorem 3.3.4.
We begin the section by identifying the unavoidable minors of large k-polymatroids when

no connectivity condition is imposed.

Theorem 3.3.1. For all positive integers n, there is an integer r such that every k-polymatroid

with at least v elements has a minor isomorphic to one of Uy ,; Upn; 2Upn; .5 KUy .

Proof. Choose n € N and let Q = (E, f) be a k-polymatroid. We show that if r = 2[(25+! —

k —2)n — 2% 4 2], then the conclusion is satisfied. Assume first that f(E) > f*(E). Then
K|E| = f(E)+ f(E) < 2f(E)

and thus

f(E) > §|E| > (28 — k —2)n —2F 4 2.
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From Lemma 3.2.1, it follows that Q contains at least one of U, ,; 2U,,; ...; kU, as a
minor. If, on the other hand, f*(F) > f(FE), then Q* has one of U, ,; 2Upp; .. .5 kU, as a
minor. It is easy to check that, for any positive integer ¢, the k-dual of tU,,,, is (k — t)Upn,

where we assume that 0U,,,, = Up,. The theorem follows. O

Theorem 3.3.2. For every positive integer n, there is an integer m such that every connected
k-polymatroid with at least m elements either has a minor isomorphic to aUy , + bU,, ,, or
aUp_15 +bUy,, for somea >1 and 1 < a+b < k; or has a connected minor with at least

n elements and exactly two non-essential elements.

Proof. We fix n and observe that if n = 1, then the statement is trivial and thus assume
n > 1. If k = 1, then the theorem reduces to Theorem 3.1.3 and we are done. We thus
assume k£ > 1 and that, for any j < &, there is an integer m; such that if R is a connected
J-polymatroid on at least m; elements, then R has a minor isomorphic to alU, , + 0U, , or
aUp_15 40U, 5, for some @ > 1 and 1 < a+b < j; or has a connected minor with at least n
elements and exactly two non-essential elements.

It is a well-known Ramsey result (see, for example, [3]) that, for every p € N, there is
an R(p) € N such that every connected graph of order at least R(p) contains K,, K, or
P, as an induced subgraph. We show that if m = my_; R((k*my_1 + 1)%(my_1)*™-1), then
Q has one of the desired minors. Let S be a maximal matching of @ and observe that, for
any x € E— S, f/S(x) < k or else S Uz would be a matching properly containing S. Thus
Q/S is a (k — 1)-polymatroid. If there is a connected component C' of Q/S which has at
least m,,_; elements, then, by induction, (Q/S)|C has a minor which satisfies the theorem.
We thus assume every component of Q/S has fewer than m,_; elements and label these
components X1, Xo, ..., X;.

We now construct a graph G with vertices labeled by the members of S and the compo-

nents Xi,..., X, of Q/S. Two vertices of G are adjacent if and only if one is labeled by a
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member s of S, one is labeled by a component X;, and s € C(X;,S). We show that G is
connected.

Choose X4 C {Xi,...,X,,} and S4 C S such that X4 U S4 labels the vertices of a
connected component of G. Set Xp = {X1,..., X,;,} — X4 and Sp = 5 — S4. We denote, by
UX 4 and UXpg, the union of all elements in X, and Xpg, respectively. Observe that, since
X4 U Sy labels a connected component of G, if X; € X4, then C(X;,S) C S4. It follows

from Proposition 3.1.5, then, that

FUX)US) =f( | cx9)+f(s- |J Cx.9)

X, €Xa X, €Xa

= f((UXa) U Sa) + f(SB),

and, similarly,

F((UXB)US) = f((UXp) USs) + f(Sa).

However, this means

FUUXA) U Sa) + f((UXB) U SE)
= f((UX4) US) + f((UXE)US) — f(Sa) — f(SB)
= f/S(UXa) + [/S(UXE) + f(S)
= [/S(XaU Xp) + f(S)

= [(E).

As @ is connected, it follows that X = S = @ and, therefore, G is connected.

Since G is a connected graph on at least R((k*my_1+1)?(myg_1)*™-1) vertices, it has one
of K, K;,, and P, as an induced minor, for some v > (k*my_; + 1)*(my_1)*™-1. Since G
is bipartite, however, we will have at least one of K; , and P, as an induced minor. Suppose
first that G has K, as an induced minor. The vertex of high degree in this minor will be

either an element of S or a component of Q/S. We begin by assuming the latter.
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Let X; be this component of Q/S and observe that its high degree in G translates to

|IC(X4,9)| > (K*my_q + 1)*(my_1)*™=1. Since n > 2 and | X;| < my_1, we have
1C(Xi, S)| > (K*muy—q + 1) (mye_y )™
> (K2mp_1 + 1)2(| X )4l
> (B (X0

Let R = Q|x,uc(x,,s)- We have, from Lemma 3.2.2, that R is connected and, from Lemma
3.2.3, that R has an element z € X; and matching T' C S for which |Cr(z,T)| > k*my_1.
It is immediate, then, by Corollary 3.2.9, that R has either an mj_;-element connected
(k — 1)-polymatroid minor, or a minor isomorphic to either aUy,, ,—1m,_, + U, my_, OF
alUy ,,,_,, for integers a > 1 and b > 0 such that a +b < k. Since my_1 > n, we are, in either
case, done.

Next, we consider the case when the vertex of high degree is labeled by an element
s € S. Let {X4,, Xy, ..., Xa, } be the maximal collection of components of Q/S for which

s €N, C(X,,,S) and recall that
m > (kmp_y + 1) (my_1) "™ > k*(me_1)*.

It follows, from Lemma 3.2.5, that we can find a connected minor R of Q which has {s} as
a matching and greater than k?(my_;)? elements. From Lemma 3.2.6, then, either R has
alUtmy_y +0Upy_ymy_,» where a > 1 and k> a+ b > 1 as a minor, or R/s has a connected
component of size greater than my_;. Since R/s is a (k — 1)-polymatroid, we are, in either
case, done.

Finally, we suppose G' has P, as an induced minor and let so, X1, 51,...,8m—1, X, Sm

be a maximal path of G where
m >y > (K*mg—1 + 1)*(me—1)*™" > E(my—1)*.

It is not difficult to check that if R = (Q/(S —{s0, 51, -, Sm}))| ({50, S1, -, Sm}UX;UXoU

-+-UX,,), then R satisfies the hypotheses of Lemma 3.2.10 and thus has either a minor with
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at least n elements and exactly two non-essential elements or a connected (k—1)-polymatroid

minor with at least m;_; elements. O

As discussed earlier, the above theorem does not satisfactorily characterize the un-
avoidable minors for connected k-polymatroids as it does not fully described the class of
k-polymatroids with exactly two non-essential elements. In the case of 2-polymatroids, how-
ever, the following description of this class is provided in [9].

Let E be a non-empty finite set and choose distinct elements a,b ¢ E. Take M; to be a
matroid with ground set £/U {a, b} isomorphic to Uy g1 ® Up,1, where b is the loop, and M,
to be a matroid on the same ground set isomorphic to Ug g+1 @ Uop,1, where a is the loop.
Then the 2-polymatroid §|g = M; + M, has a and b as its only non-essential elements. For
convenience, we set So = Uy o + Uy 1.

Informally, the following theorem says that 2-polymatroids with exactly two non-essential

elements are 2-sums of ;.

Theorem 3.3.3. Let Q be a connected 2-polymatroid with at least three elements. Then Q
has ezxactly two non-essential elements if and only if, for some n > 1, there is a sequence
Q1,9s, ..., Q, of 2-polymatroids such that

(i) each Q; is isomorphic to some member of {Sy, S1,S,...};

(ii) if eithern =1 or2 <i <mn-—1, then Q; is isomorphic to some member of {S1,Sa,...};

)

(i1i) the ground sets of Qi,Qa,...,Q, are disjoint except that, for each i in {1,2,...,

n — 1}, the sets E(Q;) and E(Q;y1) meet in a single rank-1 element; and
(iv) Q= Q1 @y Qs By ... Do Q.

We use Theorem 2.3.9, together with Theorem 3.3.2, to obtain the following characteri-

zation of the unavoidable minors for connected 2-polymatroids.
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Theorem 3.3.4. For every positive integer n, there is an integer r such that every con-
nected 2-polymatroid with at least r elements has a minor isomorphic to Uy ,; Uy pn+Up—1n;
Unfl,n;' Un,n + Ul,n; 2U1,n;' 2Un71,n;' or

Q1 B9 Qo Bg -+ - Py Q,,, where each Q; is isomorphic to one of Sy, S1,Sa, ..., or S,_1.

Proof. Set p =n". From Theorem 3.3.2, we have that there is an integer r’ such that every
connected 2-polymatroid with at least r’ elements either has a minor isomorphic to one of
Uip; Upp+Up—1p; Upip; Upp+Uip; 2U1p; and  2U,_4,; or has a connected minor
with at least p elements and exactly two non-essential elements. In the former case, each of
these has a desired minor and we are done.

We thus assume Q has a minor R which has at least p elements and exactly two non-
essential elements. We can thus find a sequence Q, Qs, ..., Q; of 2-polymatroids satisfying
the conditions of Theorem 2.3.9. In particular, R & Q1 @y Qs @o ... B2 Q;. If j > n, then it
is easy to check that Q has a desired minor.

On the other hand, suppose j < n. Since R has at least n™ elements, it follows that
there is some Q; with |E(Q;) N E(Q)| = ¢ > n. Let {a,b} = E(Q;) — E(Q). Since Q; = S,
Qi\{a,b} = Uy 4+ U, 4, which has Uy ,, + U, , as a minor. Observe that R and thus Q has

this Uy ,, + Uy, ,, as a minor as well. O

48



Chapter 4
A Characterization of Tangle
Matroids

4.1 Introduction

Tangles are a way of identifying highly connected regions in matroids of low connectivity. As
these highly-connected regions are the obstructions to large branchwidth (see [4]), tangles
play a fundamental role in Geelen, Gerards, and Whittle’s structure theorem for GF(q)-
representable matroids in [5]. The reader is also referred to [5] for a history and enlightening
discussion of tangles.

The connectivity function of a matroid M is defined, for X C E(M), to be
Av(X) =r(X)+r(BE(M)—-X)—r(M).

Our definitions of tangles and of tangle matroids follow [8]. Let M be a matroid, and 7 a

collection of subsets of E(M). Then T is a tangle of order 0 of M if

(T1) For all X € T, Ay (X) < 6;

(T2) For all X C E(M) with \y(X) < 0, either X € T or E(M) — X € T;
(T3) I X,Y,Z €T, then XUY UZ # E(M);

(T4) For each e € E(M), E(M)—{e} ¢ T.

A useful tool for studying tangles is the tangle matroid. Let M be a matroid and 7 a

tangle of M of order 6. Let p : 26(M) — N be defined by

min{A\y(Y): XCYeT} #XCYeT
p(X) =
0 otherwise.
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In [4], it is shown that p is the rank function of a matroid on E(M). We call this matroid
M(T). If T is a tangle of a matroid M, we call M(T) a tangle matroid of M.

In this chapter, we characterize those matroids that are tangle matroids. For example,
PG(2,3) is a tangle matroid while PG(2,2) is not. The reason lies in the arrangement of

the hyperplanes in these matroids. In Section 4.3, we prove the following.

Theorem 4.1.1. A matroid M other than Uy, is a tangle matroid if and only if M has no

three hyperplanes whose union is E(M).

In addition, we show some consequences of this theorem. In particular, a tangle matroid
of M is a quotient of M, and all binary tangle matroids have rank less than two. Much of

the work here appears in [11].
4.2 High-order Tangles

An immediate consequence of the following lemma [6] is that a matroid cannot have a tangle

whose order exceeds its rank.

Lemma 4.2.1. Let T be a tangle of order 6 at least 2 in a matroid M. Then each subset of

E(M) with rank less than 0 is in T .

In view of this, it is natural to ask when a matroid has a tangle whose order equals the

rank of the matroid.

Proposition 4.2.2. A matroid M other than Uy, has an order-r(M) tangle if and only if

M has no three hyperplanes whose union is E(M).

Proof. If a matroid has three such hyperplanes, then, from Lemma 4.2.1, each of these
hyperplanes is a member of the tangle, a contradiction of (T3). If no three hyperplanes

cover the entire ground set of M, we show that the following is an order-r(M) tangle of M.

T={X:rX)<r(M)}
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For (T1), we choose X € T and observe that A\ (X) =r(X)+r(E(M) - X) —r(M). If
r(E(M)—X) < r(M), then X and E(M)—X are two non-spanning sets that cover E(M). As
such, there are two hyperplanes H; and Hj, containing X and E(M) — X, respectively, such
that Hy U Hy = E(M). Thus r(E(M) — X) = r(M), and therefore Ay (X) = r(X) < r(M),
as desired.

For (T2), choose a partition (X,Y") of E(M) such that A\y(X) < r(M). Expanding out
Ay (X)), this becomes (X)) 4+ r(Y) < 2r(M). It follows, then, that either r(X) < r(M) or
r(Y) < r(M), and thus either X € T or Y € T.

The remaining conditions, (T3) and (T4), follow immediately from the hypothesis. We

conclude that 7T is indeed a tangle of order r(M). O

We now know which matroids have a tangle with order equal to the rank of the matroid.
A natural next challenge is to find all such tangles. It turns out that, if a matroid M has
an order-r(M) tangle, then that tangle is exactly the one used in the proof of Proposition

4.2.2. The following proposition shows this.

Proposition 4.2.3. If a matroid M has an order-r(M) tangle T, then T = {X : r(X) <

r(M)}.

Proof. Set T" = {X : r(X) < (M)} and let T be an order-r(M) tangle of M. Assume
first that r(M) = 1. If z is a loop of M, then, by combining (T2) and (T3), we have that
{z} € T. From this and Lemma 2.7 of [8], it follows that, if X C E(M) where r(X) = 0,
then X € 7. Thus 7" C T and we have only to show that 7 contains no rank-1 elements.
Assuming the contrary, let A C FE(M) such that 7(A) =1 and A € T. Since, in this case,
Au(A) = 0, it follows that r(E(M) — A) = 0. From the above argument, E(M) — A€ T,

contradicting (T3) since both A and its complement would be in 7. Therefore 7' = T.
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If (M) > 2, then we are able to use Lemma 4.2.1 to show that 77 C 7. To prove

equality, suppose Y € T such that 7(Y') = r(M). Then, by (T1),

r(M) > AyY)=r(Y)+r(EM)=Y)—r(M)=r(E(M) -Y).

Thus, since r(E(M) —Y) < r(M), both Y and its complement are members of T, contra-

dicting (T3). Therefore, 7' = T. O

4.3 Tangle Matroids

The first question we answer concerning tangle matroids is that of when a matroid has itself

as a tangle matroid.

Proposition 4.3.1. A matroid M other than U, has itself as a tangle matroid if and only

if M has no three hyperplanes whose union is E(M).

Proof. Let T be atangle of M for which M (7) = M. Then the order of T is necessarily r (M)
and thus, from Proposition 4.2.2, M has no three hyperplanes whose union is £(M). We thus
assume M has no three hyperplanes whose union is E(M). Then, by Proposition 4.2.2, M has
an order-r(M) tangle 7. Further, Proposition 4.2.3 tells us that 7 = {X : r(X) < r(M)}.
We now have only to show that M(7) = M.

Choose X C E(M). We wish to show that p(X) = r(X). If r(X) = r(M), then
neither X, nor any set containing X, is a member of 7. Thus p(X) = 6 = r(M). On the
other hand, if r(X) < r(M), then X € T and Ay (X) = r(X) + r(E(M) — X) — r(M).
Since T is, by Proposition 4.2.3, a tangle, we use (T3) to observe that £ — X ¢ 7. Thus
r(E — X)=r(M) and therefore A\p;(X) =r(X). If X CY € T, then, as above we see that

A (Y)=7Y)>r(X)=Ay(X). Thus,

p(X) =min{A\y(Y): X CY eT}=Iu(X)=r(X),

and therefore M(T) = M. O
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We are now ready to prove the main theorem. We show that a matroid M other than
Uy 1 is a tangle matroid if and only if it has no three hyperplanes that cover E(M). We omit
Ui, in this statement as it is the only matroid without three covering hyperplanes that is

not a tangle matroid.

Proof of Theorem 1.1. If M has no three hyperplanes whose union is E£(M), then, by Propo-
sition 4.3.1, M has a tangle 7 such that M = M (7). We thus assume M has three hy-
perplanes Hy, Hy, and Hj such that Hy U Hy U Hy = E(M). Assume that 7 is a tangle
for which M(7) = M. Observe that the order of T is r(M). Thus, from the definition of
M(T), there exist sets Y7, Ys, and Y3 such that each H; C Y; € T. It follows, then, that

Y1UY,UY; = E(M), contradicting (T3). O

We now list several immediate consequences of Theorem 4.1.1. The first gives several

ways to restate the main theorem.
Corollary 4.3.2. Let M be a matroid with ground set E. Then the following are equivalent.
1. M 1is either a tangle matroid or Uy 1;
2. M has no three hyperplanes whose union is E;
3. In every partition (X,Y,Z) of E, at least one of X, Y, and Z is a spanning set;
4. M has no three cocircuits whose intersection is empty.

A matroid is round if it has no two disjoint cocircuits. The following is another immediate

consequence of Theorem 4.1.1.
Corollary 4.3.3. Fvery tangle matroid is round.

The next consequence follows immediately from Theorem 4.1.1 and Geelen and Kabell’s
result [7] that finds an Erdds-Pdsa property for matroid circuits. The bicircular matroid of

a graph G is denoted by B(G).
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Corollary 4.3.4. There exists an integer-valued function v(n) such that, for any n € N, if
M is a tangle matroid with r(M) > ~v(n), then M has a minor isomorphic to Uy an; M(K,);

or B(K,).

Corollary 4.3.5. If M is a tangle matroid, then every parallel minor of M 1is either a tangle

matroid or Uy ;.

Let Cy be the class consisting of U; ; together with all tangle matroids. Corollary 4.3.5
establishes that C+ is closed under taking parallel minors. One might hope, then, to obtain an
excluded parallel minor-based characterization of Cr. Unfortunately, such a list of excluded
minors would be infinite. For example, the class {Uysp—3 : k > 2} are all excluded parallel
minors of Cr.

If we restrict Cr to only its GF'(g)-representable members, a similar problem occurs. Let
M, be the class of GF(q)-representable matroids. If ¢ > 3, then the class M, N Cy has an

infinite number of excluded parallel minors, as we show in the following example.

Example 4.3.6. Choose two integers r,q > 3. Let M; and M, be two matroids that
are isomorphic to PG(r — 1,q) such that E(M;) N E(Msy) = T where My|T = My|T =
PG(r—2,q). Recall that Pr(M;, Ms) denotes the generalized parallel connection of M; and
M; over T (see [14]). Then M = Pp(M;y, M>)\T is not a tangle matroid since E(M;)—T and
E(Ms) — T are two hyperplanes whose union covers E(M). However, for a € E(M), M/a is
isomorphic to M;, where each member of T is replaced with ¢ — 1 elements in parallel. Thus

M /a is a GF(q)-representable tangle matroid and so M is an excluded minor of M, NCr.
We conclude this section by characterizing the binary tangle matroids.

Theorem 4.3.7. A matroid M other than U, is a binary tangle matroid if and only if

r(M) < 2.

Proof. Let M be a binary tangle matroid. It is well known (see, for example, [14]), that a

matroid is binary if and only if the matroid has no parallel minor isomorphic to Us o for
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any k > 2. Suppose (M) > 2. Let H be an independent set of M such that |H| = (M) —2.
Then si(M/H) is a rank-2 parallel minor of M and, as both Cy and M, are closed under
parallel minors, si(M/H) is a member of Cr N M,. However, since neither U s nor Us 3 is
a tangle matroid, si(M/H) is isomorphic to one of the excluded parallel minors for binary
matroids, a contradiction. Therefore, (M) < 2. The converse follows immediately from

Theorem 4.1.1. O

4.4 Quotients

It is easy to check that, if a matroid M has a tangle matroid M’, then r(M') < r(M).
Because of this, a tangle matroid M’ can be thought of as a minimal matroid with M’ as
a tangle matroid. The following theorem is used by Corollary 4.4.2 to show this formally,

where the ordering is that induced by matroid quotients.

Theorem 4.4.1. Let M be a matroid and X C E(M). If T is a tangle of M, then cly (X) C

CZT(X)

Proof. Choose a € clp(X) — clr(X) and let 7 be a tangle of order #. Then ry (X Ua) =

ra(X) while rr(X Ua) = rr(X) + 1. If Ay (X Ua) > Ay (X), then

rar(X) 4 ru(E = X) =y (E) = A(X)
< Au(X Ua)
=ru(X Ua)+ry(E — (X Ua)) = ru(E)
= rar(X) + ru(E — (X Ua)) — ru(E)

S TM(X) +TM(E — X) — TM(E),

a contradiction. Thus Ay (X Ua) < Ay (X). Suppose X Ua € T. As r7(X) < rr(X Ua),
there is a set A contained in X such that a ¢ A and A € T. Then it follows that Ay (A) +

Av(XUa) > Ay(AUa) + Ay (X) > Ay(AUa) +A(X Ua), and so 0 > A\ (A) > Ay (AUa).
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If AUa € T, then rr(X Ua) < Ay(AUa) < Ay(A) = rr(A), a contradiction since
rr(X Ua) > rr(A). Thus AUa ¢ T and so a ¢ 7. This may only occur when § = 1 and
rar(a) = 1. Observe, however, that since 0 = Ay (A) = ry(A)+ry(E—A)—ry(E), it follows
that A is a connected component of M. Since a ¢ A, we have that ry/(AUa) = ry(A4) + 1,

and thus 7y (X Ua) = ry(X) + 1, a contradiction. O

The following corollary follows immediately from Theorem 4.4.1 using results from [14,

§7.3].
Corollary 4.4.2. Let M be a matroid with tangle T. Then the following statements hold.
(i) M(T) is a quotient of M.
(11) Every flat of M(T) is a flat of M.
(i) If X CY C E(M), then ry (V) — ry(X) > 77 (Y) — rp(X).
(iv) Every circuit of M is a union of circuits of M(T).
(v) The identity map i : M — M(T) is a strong map.
The result that M(7) is a quotient of M has the following consequence.

Proposition 4.4.3. Let M be a matroid such that both M and M* are tangle matroids.

Then M = M*.

Proof. If M is a tangle matroid, then there is a tangle 7 of M such that M = M(T). As
M and M* share the same connectivity function A, it follows that 7 is a tangle of M*
and thus M(7T) = M is a quotient of M*. Similarly, M* is a quotient of M. Therefore,

M = M. [l
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