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ABSTRACT
Residue number system (RNS) is a non-weighted integer number representation system
that is capable of supporting parallel, carry-free and high speed arithmetic. This system is error-
resilient and facilitates error detection, error correction and fault tolerance in digital systems. It
finds applications in Digital Signal Processing (DSP) intensive computations like digital filtering,

convolution, correlation, Discrete Fourier Transform, Fast Fourier Transform, etc.

The basis for an RNS system is a moduli set consisting of relatively prime integers. Proper
selection of this moduli set plays a significant role in RNS design because the speed of internal
RNS arithmetic circuits as well as the speed and complexity of the residue to binary converter
(R/B or Reverse Converter) have a large dependency on the form and number of the selected
moduli. Moduli of forms 22 2° 1, 2°+ 1 (a, b and ¢ are natural numbers) have the most use in
RNS moduli sets as these moduli can be efficiently implemented using usual binary hardware that
lead to simple design. Another important consideration for the reverse converter design is the
selection of an appropriate conversion algorithm from Chinese Remainder Theorem (CRT),
Mixed Radix Conversion (MRC) and the new Chinese Remainder Theorems (New CRT | and

New CRT 11).

This research is focused on designing reverse converters for the multi-moduli RNS sets
especially four and five moduli sets with moduli of forms 2, 2°- 1, 2° + 1 . The residue to binary
converters are designed by applying the above conversion algorithms in different possible ways
and facilitating the use of modulo (2¥) and modulo (2 — 1) adders that lead to simple design of
adder based architectures and VLSI efficient implementations (k is a natural number). The area
and delay of the proposed converters is analyzed and an efficient reverse converter is suggested
from each of the various four and five moduli set converters for a given dynamic range.

iX



1. INTRODUCTION TO RESIDUE NUMBER SYSTEMS

1.1  Introduction:

Residue number system (RNS) is a non-weighted integer number representation system
and uses residues of a number in particular modulus for its representation [1], [2]. It is capable of
supporting parallel, carry-free and high speed arithmetic. One of the most important
characteristics of the RNS is the limited propagation of the carry-out digit among modulus in
arithmetic. Instead of performing arithmetic on a large number, calculations are done in parallel
on its corresponding residues. This feature significantly increases the calculation speed and
decreases the consumed power. Considering the characteristics of the RNS, this system has been
applied on many arithmetic applications such as Digital Signal Processing (DSP) intensive
computations like digital filtering, convolutions, correlations, Discrete Fourier Transform (DFT)
computations, Fast Fourier Transform (FFT) computations and direct digital frequency synthesis
[3]-[7]. Moreover, RNS has applications in image processing systems, especially RNS image
coding which can offer high speed VLSI implementation of secure image processing algorithms
[8]. In addition, RNS architectures are essentially error-resilient and facilitate error detection,

error correction and fault tolerance in digital systems [9], [10].

1.2 Basics of Residue Number System:
The Residue Number System is defined in terms of relatively-prime integer moduli set
S ={my, m,,....,m;}, where gcd(mi, mj) =1fori#j (1.2)

with ged(m;, m;) indicating the greatest common divisor of m; and m;.



1.2.1 Weighted to RNS conversion:

A weighted number X can be represented in RNS as

RNS
X — (xq, X2, .., X1) (1.2)

where
X = X mod m; = IXImi,OSXi < mi,i= 1,2,...,L (13)

Such a representation is unique for any integer X in the range [0, M - 1], where M is the
dynamic range of the system defined by the product of all moduli m; in the set S. The equations
(1.2) and (1.3) shows the weighted to RNS conversion of number X. The integers x; are called

residues.

1.2.2 Arithmetic Operations on RNS Numbers:

If the integers X and Y have RNS representations as

RNS

X — (xq, X2, ..., X1) (1.4)
RNS

Y — vy, Y2 Y1) (1.5)

then the RNS representation of W is given by

RNS
W=X®Y— (]x, D )’1|m1' |x, D 3’2|m2' wor |, D yleL) (1.6)
where @ denotes addition, subtraction, or multiplication. Equation (1.6) demonstrates that the

arithmetic operations in RNS domain are parallel and carry-free.

1.2.3 Dynamic Range of RNS:
Let M be the product of all the moduli m;in the moduli set S. For unsigned number

representation of RNS system, the dynamic range is



DR =[0,M — 1] (1.7)
If the RNS system supports signed numbers then the dynamic range is

DR :[— Ly (%) - 1], if M is even (1.8)

2

M-1 M-1
2’2

DR = |- |, if M is odd (1.9)

1.2.4 RNS to Weighted Conversion:

The residue to binary (R/B or Reverse) conversion is mainly based on the following
reverse conversion algorithms:

1) Chinese Remainder Theorem (CRT)

2) Mixed Radix Conversion (MRC)

3) New Chinese Remainder Theorem 1 (New CRT-I)

4) New Chinese Remainder Theorem 2 (New CRT-I11)

1.2.4.1 Chinese Remainder Theorem (CRT):

Let the RNS representation of an integer X be (xq, x5, ..., x;) using the moduli setS =
{my, my, ....,m}, ged(m;, m;) =1 fori # j. The number X can be constructed from its
residue representation x; by CRT [1], [2] as follows:

X = |x;M;N; + X,MyN, ...+, My N, |y = | Xty XiM;N; |y (1.10)

Alternately, we can have

X = | [x1 N1l My + |3 No |, My oo +| X Np |, My [y = | Xies |XiNi|m,M; | (1.11)
where

M = [Tz, m; (1.12)



M; = = and Ny = |[M; |, (1.13)
Here, |Ml-‘1|mi is the multiplicative inverse of M; modulo m;.

For a three moduli set {m,, m,, ms}, gcd(m;, m;) = 1 fori # j, the number X can be
converted from its corresponding residues (x,, x,, x3) by CRT as follows:
X = |x; M1 Ny + x;MyN, + x3M3N3 |y = | |x1N1|m1M1 + |x2N2|m2M2 + |x3N3|m3M3|M (1.14)

where

M M M _ _ _
My = — M, = —,M; = E: Ny = |M11|m1:N2 = |M21|m2'N3 = |M31|m3 (1.15)

1.2.4.2 Mixed Radix Conversion (MRC):

Let the RNS representation of an integer X be (x,, x5, ..., x;) using the moduli setS =
{my, my,....,m;}, ged(m;, mj) =1 fori=j. The number X can be constructed from its
residue representation x; by MRC [1], [2] as follows:

X =x1 + myxy; + mymyxg + mymomsXy+. ... FMyMmamamy ... my_1X; (1.16)

where x{, x3, X3, x3,...,x; are called the mixed radix digits and x; belongs to Z,,,, = [0,m; — 1].
The mixed radix digits xj,x3,x3,x4,...,x; can be represented as functions of the residues
X1, X2, X3, X4, ..., X, and the moduli { my, m,, ....,m;}. These mixed radix digits have respective
weights associated with them. The weight associated with x; is 1, x5 ism,, x5 is mym, , and
similarly the weight associated with x; ism;m,msm, ...m;_;.

For a two moduli set {m,, m,}, gcd(m,, m,) = 1, the integer X can be constructed
from its residue representation (x;, x,) by MRC as follows:

X=2x+ my | |m1_1|m2 (X2 — x1) |m2 (1.17)



1.2.4.3 New Chinese Remainder Theorem 1 (New CRT I):
Let the RNS representation of an integer X be (x4, x5, ..., x;) using the moduli setS =
{my, my,....,m;}, ged(m;, mj) =1 fori=j. The number X can be constructed from its
residue representation x; by New CRT I [11], [12], [13] as follows:
X = x1+ mql ky(xz —x1) + komy(xs — x3) + - +kp_ymq-my_1 (0, — X)) myeomy_ymy,
(1.18)
where
ki = Im7 imyeemys Ko = [(Mamy) " omgemyoee oo Kpmq = [(Mamy =omy_1) ", (1.19)
For a three moduli set {m,, m,, ms}, the binary number X can be calculated by New
CRT Il as
X = x;+ mq| ky(x2 — x1) + komy(x3 — X2) |lmym, (1.20)
where
ky = M1 mym,, and Ky = [(Myma) ™ m, (1.21)
For a four moduli set {m,, m,, ms, m,}, the binary number X can be calculated by New
CRT Il as
X = x1 + mq| ky(xz — x1) + komy(x3 — x3)+hksmoms (x4 — X3)lmymam, (1.22)
where
ki = Imi mymam, kK2 = [(Mamy) " imym, and ks = [(mymum3)~t,,  (1.23)
For a five moduli set {m,, m,, ms, m,, ms}, the binary number X can be calculated by
New CRT I as
X=x1+ m|ki(x;—x) +
komy(x3 — xp)+ksmyms(xy — x3) + kymomamy(xXs — X4) lmymam,me (1.24)

where



ki = M3 mmamamgr k2 = 1Mim2) " Hmmg k3 = |(mymam3) ™ |, mand
ky = [(Mymamamy) ™ |, (1.25)
For a six moduli set {m,, m,, m3, m,, ms, mg}, the binary number X can be calculated
by New CRT I as
X = x;+ my| ky(xg — x1) + komy(x3 — x2) + kamams(x, — x3) +
kamomamy(xs — x4) + ksmymamyms (X — X5) lmymam,meme (1.26)
where
ki = 1M inymsmemsmer K2 = 10MM2) " ngmameme: k3 = 1(Mimamz) ™ o, mem,

ky = |[(mymymamy) ™ | pom and ks = [(mymymamyms) ™!, (1.27)

1.2.4.4 New Chinese Remainder Theorem 2 (New CRT II):

Let the RNS representation of an integer X be (xq,x,, x3,x,) using the four moduli
set S = {my, m,, m3,my}, ged(my, m;) =1 fori # j. The number X can be constructed from

its residue representation x; by New CRT 11 [11], [12], [14] as follows:

X =Z+mmylk;(Y = Z)|mym, (1.28)
where
Z=x1+ my|ky(xz —x1) |, (1.29)
Y = x5+ ms | k3(x4 — x3) |1, (1.30)
ky = [(Mym3) " mymy, k2 = Mg i, and ks = M3 |m, (1.31)



1.3

13.1

1.3.2

Property 1: The residue of addition of residue numbers A and B in modulo 2™ —1is 1’s

Modular Arithmetic:

Properties of Modulo m Operator:

Addition/Subtraction modulo m

X £ ¥ lm=11xlm £ VI Im

Example: |17 + 19|, =||17], £ |19, |, =|3+5|, =8|, =1
Multiplication modulo m

|y |m = 11xln " ¥l I

Example: |12 <11 |, = |12|, - [11|,|, =|5-4|,=]20], =6
Additive Inverse modulo m

|—alm=Im—aln

Example: [-12 |15 =|15—-12 |;5 =3 |15 = 3

Multiplicative Inverse modulo m

la |, =b; b €{1,2,..,m—1}

wherebissuchthat|a-b |, =1

la~t |, exists if and only if a and m are relatively prime

Example: |57t |, =9

Properties of Arithmetic Modulo (2™ — 1) Operator:

Let A, B be integerssuchthat A € Z,n_,, B € Zyn_y, Where Z,n_; = [0,2" — 2].

complement addition of A and B, i.e., addition of A and B and end around carry.

|A + B|,n_1 = 1’s complement addition of A and B

(1.32)

(1.33)

(1.34)

(1.35)

(1.36)



Property 2: The residue of subtraction of residue numbers A and B in modulo 2™ — 1is 1’s
complement addition of A and B, i.e., addition of A and B and end around carry, where B is 1°s
complement of B.

|A — B|,n_; = 1’s complement addition of A and B (1.37)

Property 3: The residue of a negative residue number (—A) in modulo (2™ — 1) is the 1’s
complement of A.

| — A|,n_q = 1’s complement of A (1.38)
Property 4: The multiplication of a residue number A by 2P in modulo (2™ — 1) is carried out by
p bit circular left shift, where p is a natural number.

2P - Alpn_q = CLS(A, p) (1.39)
where the function CLS(X, r) is used to denote a circular shift of the binary number x by r bits to

the left.

1.3.3 Properties of Arithmetic Modulo (2™) Operator:
Let A, B be integerssuchthat A € Z,n, B € Z,n, where Z,n = [0,2" — 1].

Property 1: The residue of addition of residue numbers A and B in modulo 2™ is 2’s complement
addition of A and B, i.e., addition of A and B and ignoring carry out.

|A + B|,n = 2’s complement addition of A and B (1.40)
Property 2: The residue of subtraction of residue numbers A and B in modulo 2™ is 2’s
complement addition of A and B’, i.e., addition of A and B’ and ignoring carry out, where B’ is
2’s complement of B.

|A — B|,n = 2’s complement addition of A and B’ (1.41)



Property 3: The residue of a negative residue number (—A) in modulo (2™) is the 2’s
complement of A.

| — A|,n = 2’s complement of A (1.42)
Property 4: The multiplication of a residue number A by 2P in modulo (2™) is carried out by p

bit left shift and zero filling right p bits, where p is a natural number.

127 - A|,n = LSY(A, p) (1.43)
where the function LS%(x, ) is used to denote a shift of the binary number x by r bits to the left

and zero filling right r bits.

1.4 Adders and Subtractors:

1.41 Basic Adder Unit:

The basic arithmetic operation is the addition of two binary digits, i.e. bits. A
combinational circuit that adds two bits is called a half adder. A full adder is one that adds three
bits, the third bit produced from a previous addition operation. One way of implementing a full
adder is to utilize two half adders in its implementation. The full adder is the basic unit of

addition employed in all the adders discussed here:

1.4.1.1 Half Adder (HA):

A half adder is used to add two binary digits, a and b. It gives S, the sum of a and b, and
the corresponding carry out c,,,;. A half adder is not extremely useful, but it can be used as a
building block for larger adding circuits (like Full Adder). A simplest half-adder circuit can be

implemented using one XOR gate and one AND gate as shown in Fig. 1.1 (a).



N Cout

(a) (b)

Figure 1.1 (a) Half adder logic (b) Half Adder block diagram [22]

1.4.1.2 Full Adder (FA):

A full adder is a combinational circuit that performs the arithmetic sum of three bits: a, b
and an optional carry in, c;,,, from a previous addition. Similar to half adder, a full adder also
produces a sum, S, and a carry out c,,,;. As mentioned previously a full adder maybe designed by

two half adders in series as shown below in Fig. 1.2 (a).

ab a b
y |

g
Cout .\"AI—LP" e ] FA <
HA
I
5 s
(a) (b)

Figure 1.2 (a) Full adder logic (b) Full Adder block diagram [22]
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1.4.2 Carry Propagate Adder (CPA):

A CPA adds two n-bit operands A and B and an optional carry-in c;, by performing
carry propagation. It is constructed by cascading full adder blocks in series. One full adder is
responsible for the addition of two binary digits at any stage of the carry propagation. The
carryout of one stage is fed directly to the carry-in of the next stage. An n-bit CPA requires n

FA’s. The delay of a CPA is n times the delay of a FA.

A B
n 1 Area= n=Ars
Delay= n=tra
Ara= Area of FA
Cout CPA J-_Cm tra= Delay of FA

Ts

Figure 1.3 Block diagram of CPA [22]
This CPA can be useful in implementing property 1 of equation (1.40) by ignoring carry
out, i.e., 2’s complement addition of A and B. Therefore this adder acts as a modulo (2") adder

(if carry out is ignored).
1.4.2.1 CPA as Subtractor:

A CPA of Fig. 1.3 can be used as subtractor by inputting a carry-in (c;,,) value of one and

1’s complement of B. This is a 2’s complement subtractor.
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1 Y?
n n Area=n= Ara
Delay= n=tra
Apa= Area of FA
-— CPA ([=— tra= Delay of FA
Cout Cin=1

Ts

Figure 1.4 Block diagram of CPA as subtractor [22]

1.4.3 Carry Propagate Adder with End Around Carry (CPA with EAC):

A CPA with EAC adds two n-bit operands A and B and end around carry by performing
carry propagation. Its construction and operation is similar to CPA, except the carry out of the
final stage is fed back to CPA as carry-in. An n-bit CPA with EAC requires n FA’s. The delay of
a CPA with EAC is twice the delay of regular CPA, i.e., 2n times the delay of a FA for a cost

effective version [15].

A B
" n Area= n= Ara
Delay=2n=tra
) ! Apa= Area of FA
- CPA with EAC [ tra= Delay of FA
Cout Cin

s

Figure 1.5 Block diagram of CPA with EAC [22]
A CPA with EAC is 1’s complement adder and helpful in implementing properties 1 and
2 of equations (1.36) and (1.37). This adder does modulo(2™ — 1) addition of n-bit operands A

and B, and hence it is a modulo(2™ — 1) adder.
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1.4.4 Carry Save Adder (CSA):

A CSA adds three n-bit input operands (A, B and C) and produces two outputs, i.e., n-bit
Sum S and Carry C. The results S and C are summed up with a carry propagate adder or any
other adder. Unlike normal adders (e.g., ripple carry — carry propagate adder (RCA) and carry-
look ahead adder (CLA)), a CSA contains no carry propagation. Therefore, the CSA has the

same propagation delay as only one FA delay (compared to CPA’s n FA delay), and the delay is

Area=n= Ara
Delay= tra
Apa= Area of FA

tra= Delay of FA
Figure 1.6 Block diagram of CSA [22]

constant for any value of n.

1.45 Carry Save Adder with End Around Carry (CSA with EAC):

A CSA with EAC adds three n-bit input operands (A, B and C) and produces two outputs,
i.e., n-bit Sum S and Carry C. The results S and C are summed up with a CPA with EAC or CSA
with EAC while most significant carry bit C, is ended around for addition. The area and delay of
this adder is same as that of regular CSA. The Fig. 1.7 shows the addition of three 3-bit operands
A, B and C using CSA with EAC and the subsequent addition of result using CPA with EAC

[17].
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4 2 02 2 1 1 1
FA FA EA CSA with EAC
{4 42 21
0 |s2 ||:2 51 cl [s0
4 4 4 202 2 1 1 1
FA FA EA } CPA with EAC
{4 42 201
| 1 L1
52 51 S0

Figure 1.7 Logic Scheme of Adding three 3-bit operands A, B, & C using CSA/CPA with EAC [17]
A CSA with EAC is 1’s complement adder of three input operands and helpful in
implementing properties 1 and 2 of equations (1.36) and (1.37) for addition of three input operands
A, B and C. This adder does modulo(2™ — 1) addition of three n-bit operands (A, B and C), and

hence it is a modulo(2™ — 1) adder.

1.4.6 Multi-operand Modulo (2™ — 1) Addition (MOMA):

A (N, 2™ — 1) MOMA [15], [16] adds N n-bit input operands using n-bit CSA with EAC
tree and reduces N input operands to two n-bit operands Sum S and Carry C. The results Sand C
are summed up with an n-bit CPA with EAC. This MOMA is useful in implementing properties
1 and 2 of equations (1.36) and (1.37) for modulo(2™ — 1) addition of N input operands,
therefore it is a modulo (2™ — 1) adder. The tree of adders requires (N-2) CSA’s with EAC. The
minimum number of levels | on a CSA tree that processes N input operands is calculated using a
formula defined in [17]. The Table 1.1 gives the minimum number of levels | required to build

the CSA tree for different values of N.
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Table 1.1 The Minimum Number of Levels | on a CSA tree that processes N input operands [17]

N 3 4 5-6 7-9 10-13 | 14-19 | 20-28 | 29-42 | 43-63

I 1 2 3 4 5 6 7 8 9

The area and delay of a (N, 2™ — 1) MOMA is given below:
Area= (N — 2)Arean_pit csa with Eac tree + AT€4n_pit cpawith ac= (N — 2) * N Apg + 1 Apy
Delay= Delay,_pit csa with Eac tree + Delayn_pit cpawith eac= 1 * tpa + 21 % tpy
where Ag,4is the Area of a Full Adder, tz, is the delay of a Full Adder and | is the minimum
number of levels of the CSA tree.

The Fig. 1.8 shows the addition of seven n-bit operands A, B, C, D, E, F, and G using
CSA with EAC tree and the subsequent addition of result using CPA with EAC, i.e., using a

(7,2" — 1) MOMA.
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n-bit CSA with EAC

n n
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n-bit CSA with EAC

n

L

n

L

n-bit CPA with EAC

Y

j

7 input CSA tree with
=4 levels

Figure 1.8 Block Diagram of the (7, 2™ — 1) MOMA using CSA/CPA with EAC [17]
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2. DESIGN OF REVERSE CONVERTERS FOR FOUR
MODULI SETS

2.1 Four Moduli Sets:

The four moduli sets P;, P, and P, shown below have been proposed by Abdallah and
Skavantzos in [18] for radix r. In this research, these four moduli sets have been considered and
reverse converters are designed for binary domain, i.e. for radix r=2. The importance of these
moduli sets is that they contain the moduli of forms 2%, 2°- 1, 2° + 1 (a, b and ¢ are natural
numbers) which can be efficiently implemented using usual binary hardware that leads to simple
design and offers speed-cost benefits. The reverse converters are designed by applying any one
or combination of two or more conversion algorithms discussed in Section 1.2.4. Also, in
designing these converters modulo (2") and modulo (2" — 1) adders discussed in Section 1.4 are
used because these modulo adders lead to simple design of adder based architectures and

efficient VLSI implementations. The four moduli sets P;, P; and P, are given below:

P/ ={2m1—1,2" — 1,27 2" + 1}, where n = 2k, k = 2,3, 4, ... (2.1)
P, ={2"1—1,2""1 41,27 2" + 1}, where n = 2k, k = 2,3, 4, ... (2.2)
P, ={2"1+1,2"—1,2" 2" + 1},wheren = 2k + 1,k = 2,3, 4, ... (2.3)

2.1.1 Reverse Converter Designs for Py = {2"1 —1,2" —1,2",2" + 1} :
Consider the four moduli set P{ = {2,271 — 1,2™ + 1,2" — 1} = {m,, m,, m3, m,},
where n is even natural number (n>2) and let the corresponding residues of the integer X
be (x4, x5, x3,x,). The residues have bit-level representations as:
X1 = (X1n-1X1,n—2 - X1,1X1,0)2 (2.4)
Xy = (X2n-2X2n-3 - X2,1X2,0)2 (2.5)
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X3 = (X3nX3n-1 - X3,1X30)2 (2.6)
X4 = (Xgn-1Xan-2 - X4,1%X4,0)2 (2.7)
The Sections 2.1.1.1, 2.1.1.2, and 2.1.1.3 describe the design of reverse converters using

different conversion algorithms.

2.1.1.1 Reverse Converter Design for P; Using New CRT II:

The value of X is calculated from New CRT 11 as follows:

X =Z+mmylky(Y — Z)|mym, (2.8)
where
Z=x1+ my|ky(xz —x1) |, (2.9)
Y = x3+ ms | k3(xs — x3) |, (2.10)
ki = |(Mim)  mym,s k2 = M7 |, and ks = [mz |, (2.11)

The following propositions are needed for the derivation of X.

Proposition 1: The multiplicative inverse of 2™ modulo 2™~1 — 1 is:

M |y = (2 g1y = 2772 (2.12)
where n is any even number larger than 2.
Proof: The property of equation (1.35) defines if |a™* |, = bthen|a b |, =1
Since |(2™) 7Y ,n-1_, = 2™72, we have

27 2" 2 pnea_y = |20 20 gnea g = (1 D gy =1

Proposition 2: The multiplicative inverse of 2™ + 1 modulo 2™ — 1 is:

M3t m, = 12"+ 1) 7 pny = 2771 (2.13)
where n is any even number larger than 2.
Proof: Using inverse modulo property of equation (1.35).
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Since |(2™ + 1)7Y|,n_y = 2™, we have
|(2" + D2 Hgnoy = [(2)2" Hgnoy =20 ng =1

Proposition 3: The multiplicative inverse of (2" - (2"~ — 1)) modulo 22" — 1 is:

n 2n—1
|0m12) Mg, = 127+ @77 = D) pny = Y 20 Y 2m (2.14)
=2 m=n+3

where n is even(n>2), | is even and m is odd. The above expression contains (n — 1) terms.
Examples: The following values of multiplicative inverse for different values of n are found
using the program given in Appendix A (Section A.2).
The value of |(2™ - (2" — 1))7}|,2n_, for different values of n is:
Forn=4,|2"- 2" 1 = 1)) 1|,2n_; = |11271|,55=148
= (10010100), in binary
= 2242%+27
= 22 42"+ 2"*3
Forn=16,[(2"- (2" 1 = 1)), 2n_; = |19847 1| 4095=2644
= (101001010100),
= 224+2%4+264+29+ 211
= 22+ 2% 42" 4273 4 2201
Forn=38,[(2" - (2" 1 = 1))71|,2n_; = |3251271|¢5535=43348
= (1010100101010100),
= 224+ 2%+ 26428 4+ 211 4 213 4 215
— 22 4 244 26 4 pn 4 pn+3 4 on+5 4 92n-—1

Thus the above values of [(2™ - (2"~ — 1))~ 1|,2n_, can be generalized as follows,
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n 2n—1
|- (2" = 1) Yy, = Z 2L + Z 2™ where l is even and m is odd
=2

m=n+3
First, we simplify the equation (2.9) by substituting the value of equation (2.12) as
follows:
Z= x4+ 2" | 2" 2%(xy; — xq) |yn-1_4 = x1 + 2"M (2.15)
where

M =la; + a; |;n-1_4 (2.16)

ay = [2"72x, |gn-1_y = |27 (Xg X2 n-3 - Xp1 X20) [gn-1_1
—

n-2 1
using property 4 of equation (1.39), we have
a1 = X20X2n-2X2n-3 = X21 (2.17)
——
1 n-2
_ -2 _ -2
a, = | —2""%xq [y = | — 27 (X1 n-1X1n—2 = X1,1%1,0) [2n-1_1

= | = 2" 2 (o1 2" Xy o2 Xa e e X11X00) g1
= | = 2" 2 (X o1+ X1 o2 X1po3 o X11X10) lgn-1-g = |@p1 + Azp |n-1_y

_ n-2
here, az1 = | = 2" (X n—2X1,n—3 - X1,2%X1,1 X1,0) |2n-1-1
——
n—2 1

using property 3, 4 of equations (1.38) and (1.39), we have

a1 = X1,0 X1,n-2X1,n-3 - X1,2X1,1 (2.18)
——
1 n-2
and
Ay, = | — 2”_2(00 00X 1) |on-1_4
n—-2 1

using property 3, 4 of equations (1.38) and (1.39), we have

a22 = xl’n_l 11n211 (219)
1 —
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Therefore, the equation (2.16) can be rewritten as

M = |a; + azq + azz|m-1-4

Next, equation (2.10) can be rewritten by substituting value of equation (2.13) as:

Y = X3 + (Zn + 1) I zn_l(X4 - X3) IZn—l = X3 + (Zn + 1)N
where

N = |az + ay |n-4

az = |2 1wy [nog = |2 (X p1Xan—2 - Xa1 X4,0) 271
1 T

A3 = X2,0 X4n-1X4n-2 - Xa,1
——
1 n-1

a, = |_2n_1x3 |n_q

(2.20)

(2.21)

(2.22)

(2.23)

Since, x5 is a number that is smaller than2™ + 1, we can consider two cases for x;. First, when

x3 is smaller than 2™, and the second, when x; is equal to 2". If x5 ,, = 0, we have

Ay = | = 2" (X3 -1 - X32X31 f_?z,_g)|2”—1
n—1 1

= X30X3n-1--X32X31
——
1 n-1

Else if x5, = 1, the following binary number can be obtained as

Ay =|—2"1 % 2%(0..00x5,)|n_y = 01...11
n-1 T n-1

Therefore, a, is calculated as

@ = {azu if x3n =0
4= : _
Agy  if X3, =1

Finally, equation (2.8) can be simplified as
X=Z4+2"Q" 1= 1D)|-k;(Z =Y)|yzn_y =Z+2"2" 1 = 1)P

where
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P = I - k1T|22n—1 and T = I(Z - Y)IZZn—l

(2.28)
The value of T is simplified as:
T=|x;+ 2"M—x3 — (2" + 1)N|,2n_,
= |as + ag + a; + aglyzn_; (2.29)
where
as = [(0...00 %y 1%y 2 - X1,1%1,0) | 2271
n n
= 0 00 xlln_lxlln_z X1,1x1,0 (230)
n n
a6 = |2nM|22n_1 = |2n(0 e 00 Mn—ZMn—3 "'MlMO)Izzn—l
n+1 n—-1
= QJMTL—ZMTL—3 M]_MO 0 00 (231)
1 n—-1 n
a7 =|—=1(0..00x3,X31 .. X31X30) |2n_1
n-1 n+1
= 1 . 11 X3,nx3,n_1 ...x3,1X3’O (232)
n-1 n+1
ag = |=(2" + DN|zzn_y = [=(2" + D) (Ny—1Np—3 ... NiNo) | 52n_q
n
=| = (WNn-1Np—2 .. NyNo Ny 1Ny 5 ... NyNo) | p2n_q
n n
= NTl—lNTl—Z "'NlNO NTl—lNTl—Z "'NlNO (233)
n n
The value of ag in equation (2.33) can be combined with as, a, to give az and ag as follows:
as =Np_1Nyp_p ... NyNg X1 n_1X1 02 - X1,1X1,0 (2.34)
n n
a,6 = gMn_ZMn_3 MlMO) N‘l’l—lN‘l’l—Z "'NlNO (235)
1

n—-1 n

Therefore, the equation (2.29) can be rewritten as:
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T =las + ag + a;|,2n_q (2.36)
The value of P in equation (2.28) can be simplified by substituting value of equation (2.14) as:

n 2n—1
P=|—kT|yn_q = | —( Zzl + Z 2m ) T|y2n_q
=2

m=n+3
=|— (22 4+ 2%+ -+ 2MT — (23 + 275 L 422" DT 20,
=|CLS(T,2) + CLS(T,4) + -+ CLS(T,n) + CLS(T,n + 3) +
CLS(T,n +5) ...+ CLS(T,2n — 1)|yzn_, (2.37)
The value of X in equation (2.27) can be simplified by substituting equation (2.15) as:
X=Z+2"Q" = 1P =x, + 2"M +2"(2" 1 - 1)P

=x, + 2"(M+ (2" - 1)P)

=x; + 2"Q (2.38)
where
Q=M+ Q" '-1)P=M+2"'P—-P=K—-P (2.39)
K=M+2"P= Py, 1Py .. PLPyM,_ M, _5 ... M; M, (2.40)
2n n-1

Also, since x, is an n-bit number, X in (2.38) can be obtained as

X=x1+ 2"Q = Q3p—203n-3 - Q1Q0 X1 n—1X1n—2 -+ X11X10 (2.41)

3n—-1 n

Example: Consider the moduli set {2",2""1 —1,2" +1,2" — 1} where n=4. The
weighted number X can be calculated from its RNS representation (7, 6, 10, 8) as follow:
For n=4 the moduli set is {16, 7, 17, 15} and also residues have binary representation as
below
x; = 7 = (0111),

x, = 6 = (110),
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x5 = 10 = (01010),
x, = 8 = (1000),
By letting the values of residues and n=4 in equations (2.17), (2.18), (2.19), (2.16), (2.23), (2.24),
(2.26), and (2.22) we have
a, = (011), = 3
az1 = (000), =0
Ay, = (111), = 7
M=|3+0+7|,=|10], =3 = (011),
as = (0100), = 4
a,, = (1010), = 10
Ag = Ayq
N= |4 + 10|,5= |14|,5 = 14 = (1110),
Then, the required values should be substituted in (2.33), (2.34), (2.31), and (2.35)
at = (00010111), = 23
a, = (00110001), = 49
a; = (11110101), = 245
T = |23 + 49 + 245|,5:= 62 = (00111110),
T = (11000001),
CLS(T,2) = (00000111), =7
CLS(T,4) = (00011100), =28
CLS(T,7) = (11100000), = 224
Finally, by letting the values of M, T, and x; in (2.37), (2.40), (2.39) and (2.41), X can be

computed as follows:
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P = |CLS(T,2) + CLS(T,4) + CLS(T,7)|5s5 = |7 + 28 + 224|,5s = 4 = (00000100),

K = 000001000\_1} =35
8 3

Q=K—-P=35-4=31=(00000011111),

X =000000111110111 = 503
11 4

To verify the result, we have

x1 = [503|16 =7

x, =|503];, =6

x5 = |503|1; = 10

x4 = 1503|415 =8
Therefore, the weighted number 503 in the RNS based on the 4-moduli set {16, 7, 17, 15} has
representation as (7, 6, 10, 8).

Hardware Implementation: The reverse converter hardware architecture for the four
moduli set {2,271 —1,2™ + 1,2" — 1} with corresponding residues (x;,x,, x3,x,) of the
integer X is shown in Fig. 2.1. Implementation is based on equations (2.20), (2.22), (2.36),
(2.37), (2.39) and (2.41). Firstly, the operand preparation unit 1 (OPU 1) prepares the required
operands of (2.17), (2.18), (2.19), (2.23) and (2.26) and these operand preparations rely on
simply manipulating the routing of the bits of residues. Also, we need 2n NOT gates for
performing inversions needed in (2.18), (2.19) and (2.24). In addition, an n-bit 2 x 1 multiplexer
(MUX) is used for obtaining (2.26). Implementation of (2.20) requires a 4-operand modulo
(2"~ — 1) adder, and it can be implemented by one (n — 1) bit CSA1 with EAC and one
(n — 1) CPA2 with EAC. Also, since (2.19) has (n — 2) bits of 1’s, (n — 2) FA’s of CSA1 are

reduced to (n — 2) pairs of XNOR/OR gates. Implementation of (2.22) requires one n-bit CPAL
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with EAC modulo (2™ — 1) adder. The OPU 2 requires (2n+1) NOT gates to prepare operands
of (2.34), (2.35) and (2.32). Implementation of (2.36) requires 3-operand modulo (22" — 1)
adder that relies on one 2n bit CSA2 with EAC followed by 2n bit CPA3 with EAC. Also, since
(2.35) has 1 bit of 0 and (2.32) has (n — 1) bits of 1’s, n FA’s in CSAZ2 are reduced to the pairs of
1 XOR/AND and (n-1) XNOR/OR gates. The OPU 3 does bit orientation on (2.36) for (2.37)
and requires 2n NOT gates to invert bits in (2.36). Realization of (2.37) requires (n — 1,22"-1)
MOMA, and it can be implemented by one 2n bit CSA3 with EAC tree followed by a 2n bit
CPA4 with EAC. The CSAS3 tree has (n-3) 2n-bit CSA’s with EAC arranged in |- levels. Finally,
the implementation of (2.39) requires a 3n-1 bit regular binary subtractor. This subtractor can be
realized by 2n NOT gates (to invert (2.37) in OPU 3), 2n FA’s and (n-1) pairs of XNOR/OR
gates. It should be noted that realization of (2.40) and (2.41) rely on simple concatenation
without the use of any computational hardware. Area and Delay specification for each part of the

converter are shown in Table 2.1.

2.1.1.2 Reverse Converter Design for P; Using CRT and MRC:

The reverse converter design for P; using CRT and MRC has been discussed in [19]. A
detailed derivation of this algorithm with hardware and delay specifications is presented in this
section. The set P, is decomposed into two subsets 4, = {2",2""1 — 1},4, = {2" + 1,2" — 1}.
Two interim integers X and X are calculated from the residues x;, x, of A; and x3, x, of
A, respectively. The conversion algorithms MRC and CRT are used to calculate X and X ®
respectively. Next, the MRC algorithm is applied to calculate the final integer X from the

residues (X, X@) corresponding to the moduli set A; = {2"(2""* — 1), (22" — 1)}. The
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Figure 2.1 Reverse Converter for the moduli set P; using New CRT Il
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Table 2

1

Hardware and Delay Specification of Reverse Converter for the moduli set P; using New CRT-11

Parts A NoT | XOR/AND [ XNOR/OR | MUX Delay
pairs pairs 2x1
oPUl 2n 1(n) -bit tyor t tmux
CSAL 1 e o
CPAL N T
CPA2 n-1 (2n — 2)tg,
OPU 2 2n+1 —
CSA2 n 1 1 -
CPA3 2n it
OPU 3 on tvor
CSA3Tree | 2n°-6n [ty
CPA4 2n 4n tpy
OPU 4 n tvor
CPA5 2n n-1 (Bn—1)tr
Total Area (20 +3n)Aga+ (8n+1)Ayor+ Axort Aanp® (3N-4)Axnor*
(3n-4) Aor + Amux(n)
Total Delay (13n+0)tpy + btyor + tyux

Here | is the minimum number of levels of CSA tree required to process n-1 input operands.
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following proposition and the propositions 1, 2, 3 of equations (2.12), (2.13), (2.14) are needed

for the derivation of X.

Proposition 1: The multiplicative inverse of 2" — 1 modulo 2™ + 1 is:

|mzfl|m3 =|(2" - 1)_1|2"+1 = 2"t

where n is any even number larger than 2
Proof: Using inverse modulo property of equation (1.35).

Since |(2™" — 1)7Y|,nyq = 2™, we have

|2" = D)2" Hpnyr = [(=2)2" gngg = | = 2% gnyy = 2"+ 1= 27y = 1

Calculation of X(V:

The value of X@ s calculated from MRC as follows:

XW = x4+ my - M7 i, © (62 = %1) |,

Substituting the value (2.12), m; and m, in (2.43) we have

XM = g+ 27 | 2772 (= %) |14

— n —
= X1 + 2"M = M‘l’l—ZM‘l’l—3 "'MlMO Xl'n_lxl'n_z ...xlllxl’o

n—1

where
M= |a; +az +ay |;n-1_4

a1 = X2,0 X2n-2X2,n-3 = X2,1
)
1 n-—2

21 = X1,0 X1,n-2 =+ X1,1
—_—
1 n-2

a22 == xlln_l 1 11
1 n-—2

Calculation of X (®:

The value of X@ is calculated from CRT as follows:

29

n

(2.42)

(2.43)

(2.44)

(2.45)

(2.46)

(2.47)

(2.48)



X@ = | xgmy|my |, + xams|m3" L, lmgm,
Substituting the values (2.13) and (2.42) in (2.49) we have
X® =] x5(22"1 = 2771) 4+ x, (2271 + 27 p2n_y
=|az + a, + aslyen_4
where

Az = X300...00x3 , X311 .. X
3 3,0 3nt3n—-1 3,1

1 n-1 n

= 1...11
Ay = X3nX3pn-1--X3,1X30

n+1 n-1

A5 = X4,0 X4n-1Xa,n-2 - X4,1X4,0 X4n-1X4n-2 - X4,1
——
1 n n—-1

Calculation of X:

The value of X is calculated from MRC as follows:

(2.49)

(2.50)

(2.51)

(2.52)

(2.53)

X=X® 42020t — D))" 2" — D) e (XP — XD o,y

=X® 427271 — )P
where
P=](2"- 2"t = 1)7 pen_y Nlpen_4
N =|as + az|yzn_y

2) @)
Xén 1Xén 2

2n

Xl(Z)XéZ)

D @ Dy
EIXZn ZXén 3" ‘Xl Xb
1

2n—1

Substituting the value of (2.14) in (2.55) we have

P =|CLS(N,2) + CLS(N,4) + -+ + CLS(N,n) +

CLS(N,n+3)+ CLS(N,n+5) ..+ CLS(N,2n —
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(2.54)

(2.55)

(2.56)

(2.57)

(2.58)

1|,2n_ (2.59)



Now, X can be rewritten as
X=x,+ 2"M +2"(2" ' = 1)P
=x+ 2" (M + (2" - 1)P)
=x; + 2"Q
where
Q=M+2"'P—P=K-P

K = M + Zn—lp = Pz n—1P2n—2 ...P1P0 MTL—ZMTL—3 ...M]_MO

2n n-1

Also, since x; is an n-bit number, X in (2.60) can be obtained as

X=x1+ 2"Q = Q3p—20Q3n-3 .- Q1 Q9 X1n-1X1n-2 - X1,1%1,0
3n-1 n

(2.60)

(2.61)

(2.62)

(2.63)

Example: Consider the moduli set {2",2""1 —1,2" +1,2" — 1} where n=4. The

weighted number X can be calculated from its RNS representation (15, 0, 15, 2) as follow

For n=4 the moduli set is {16, 7, 17, 15} and also residues have binary representation as

below
x; = 15 = (1111),
x, = 0=(000),
x5 = 15 = (01111),

x, = 2 = (0010),

According to (2.46), (2.47), (2.48), (2.45), (2.44), (2.51), (2.52), (2.53), (2.50), (2.57), (2.58),

and (2.59) we have
a; = (000), =0

a21 = (000)2 = O
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a,, = (011), =3

M =13|; =(011), =3

XM = (0111111), = 63

a; = (10000111), = 135

a, = (10000111), = 135

as = (00010001), = 17

X®@) =287|,55 = 32 = (00100000),

a¢ = (00100000), = 32

a, = (11000000), =192

N = |224|,55 = 224 = (11100000),

P =]33152|,55 = 2 = (00000010),
Substituting the values of M and P in (2.62) and (2.61), X can be calculated as below

K = (00000010011), = 19

Q=K—-P=19-2=17=(00000010001),

X =(000000100011111), = 287
We can see that|287|,4 = 15, |287|;, = 0, |287|;7; = 15, |287|,5 = 2, and therefore the
calculated X is indeed the weighted value of the residue representation (15, 0, 15, 2) with respect
to the moduli set {16, 7, 17, 15}.
Hardware Implementation: The reverse converter hardware architecture for the four moduli
set {2, 21 — 1,2™ + 1,2™ — 1} with corresponding residues (x;, x,, x3, x,) of the integer X is
shown in Fig. 2.2. Area and Delay specification for each part of the converter are shown in Table

2.2.
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Table 2.2

Area and Delay Specification of Reverse Converter for the moduli set P; using CRT and MRC

Parts EA NOT | COR/AND [ XNOR/OR Delay
pairs pairs
OPU 1 n+1 tyor
CSA1l 1 n-2 tra
CPA1 n-1 (2n — 2)tpy
CSA2 2 n-1 n-1 trn
CPA2 2n 4n tpy
OPU 2 2n-1 tvor
CPA3 2n-1 1 AN tp,
OPU 3 - -
CSA3 Tree 2n%-6n [ ton
CPA4 2n 4n tpy
OPU4 on tyor
CPAS 2n n-1 Bn— g
Total Area (20 +3n+1)Aga+ 6nAyor+ (N-1)Axor+ (N-1)Aanp+ (3n-3)Axnor+
(3n-3) Aor
Total Delay (15n+l)tp, + 3tyor

Here | is the minimum number of levels of CSA tree required to process n-1 input operands.
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M ﬂ(

n

y

o

Operand Preparation Unit 2

2n 6 2n a
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Figure 2.2 Reverse Converter for the moduli set P; using CRT and MRC
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2.1.1.3 Reverse Converter Design for P; Using New CRT | and MRC:

The design of the reverse converter for the four moduli set P using the conversion
algorithms New CRT | and MRC has been proposed in [19]. The Area and Delay Specification
for this converter is shown in Table 2.3.

Table 2.3

Area and Delay of Reverse Converter for the moduli set P; using New CRT I and MRC [19]

0.5+(n° +17n-6)Ap o+ (5n+1)Ayor+ 6Axor+ 6Aanp+ (2N-8)Axnor+
(2n-8) Apr + 2Anux(1) + Ana

Total Delay (A1n+1-1)tpy + 2tyor + tyux

Here | is the minimum number of levels of CSA tree required to process (n/2) input operands.

Total Area

2.1.2 Reverse Converter Designs for P, = {2" 1 — 1,21+ 1,27 2" + 1}:
Consider the four moduli set P, = {2™ + 1,2", 2" 1 + 1,2"1 — 1} = {my, m,, m3, m,},
where n is even natural number (n>2) and let the corresponding residues of the integer X
be (x4, x5, X3, x4). The residues have bit-level representations as:
X1 = (X1nX1n-1 - X1,1%1,0)2
X2 = (X2 n-1X2n—2 - X2,1X2,0)2
X3 = (X3n-1X3 -2 - X31%X3,0)2
X4 = (X4n-2X4n-3 - X4,1X40)2
The Sections 2.1.2.1 and 2.1.2.2 describe the design of reverse converters using different

conversion algorithms.

2.1.2.1 Reverse Converter Design for Py Using New CRT II:

The value of X is calculated from New CRT 11 as follows:
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X =Z+mmylk (Y — Z)|mym,
where
Z=x1+ my | ky(xz — x1) |,
Y = x3+ mg | k3(xy — x3) |m4
ki = [(Mym)  mym,r k2 = M |, and ks = [mz "y,
The following propositions are needed for the derivation of X.
Proposition 1: The multiplicative inverse of 2" 4+ 1 modulo 2" is:
Mt m, = 12"+ D)7 n = 1
where n is any even number larger than 2.
Proof: The property of equation (1.35) defines if |a™! |, = bthen|a-b |, =1
Since = |(2™ + 1)7|,n = 1, we have
|27 + 1|0 = 1
Proposition 2: The multiplicative inverse of 2"*~1 + 1 modulo 2"~ — 1 is:
M3t m, = 12"+ 1) pn-ay = 2772
where n is any even number larger than 2.
Proof: Using inverse modulo property of equation (1.35).
Since |(2" 1 + 1)71|,n-1_, = 2772, we have
12"+ )22 pneay = (2" P pnoay = |27 gneay = 1

Proposition 3: The multiplicative inverse of (2™ - 2™ + 1) modulo 22"72 — 1 is;

N1+
N,
+
g
)
3

|(7nlrn2)_1|m3m4 = I(zn ) (Zn + 1))_1|22n—2_1 =

=0 m=n-1

(2.64)

(2.65)
(2.66)

(2.67)

(2.68)

(2.69)

(2.70)

where n is even(n>2), | is even and m is odd. The above expression contains (n — 1) terms.
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Examples: The following values of multiplicative inverse for different values of n are found
using the program given in Appendix A (Section A.2).
The value of |(2™ - 2" + 1) Y|,2n-2_, for different values of n is:
Forn=4, |(2"- 2" + 1)7|,2n2_; = 2727} |¢3=41
= (101001), in binary
= 20423 4+2°
— 20 4 pn-1 4 72n-3

Forn =6, [(2"-2" + 1) Y 2n—2_; = [416071|15,3=677

(1010100101),
= 20422425427 +42°
— 20 4 p(n-2)/2 4 pn-1 4 pn+l 4 p2n-3
Forn=8, [(2"+2" + 1) Y, 2n-2_, = |6579271|;6355=10901
= (10101010010101),
= 20+2242% +27 +2° 421 4213
= 20 4 22 4 2(n-2)/2 4 pn-1 4 gn+l 4 on+3 4 p2n-3

Thus the above values of | (2™ - 2"~1 — 1)71|,2n_, can be generalized as follows,

n—2
2 2n-3

(2" - (2™ + 1)) 7Y ,2n—2_y = Z 2L+ Z 2™ where lis even and m is odd
=0 m=n-—1

First, we simply the equation (2.65) by substituting value of equation (2.68) as follows:
Z=2x+ 2"+ 1D |1(xzg —x) |on=x1+ Q"+ 1)M (2.71)
where

M =| (x2 — x1) lon = |ay + ay [on (2.72)
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a; = |xz [pn = Xon-1X2n—2 - X21X20 (2.73)

n

ay =|—x|,;n=]— (2" X1n T X1n-1 ---x1,1x1,0)|2"
I M

= |0 + xZ,n_Z ...xz‘le’O + 1|2n

n

= Xin-1--X11%10 (+1asCarry-into CPA) (2.74)

n

Next, equation (2.16) can be rewritten by substituting value of equation (2.69) as:

Y= x3+ Q"I +1) 2" %(xy — x3) |pn-1_, = x3+ Q"1+ 1)N  (2.75)

where
N = | 2"2(xy — X3) |yn-1_1 = |az + ay |yn-1_4 (2.76)
az = |2 2%y |gn-1_q = |22 (Xgn-2X4n—3 - Xa.1 X40)|n-1_1
——
n—2 1
a3 = X40X4n—2X4n-3 X411 (2.77)
——
1 n-2
_ n-2
ay = [=2""%x3 |pn-1_4

Since, x5 is a number that is smaller than2™~! + 1, we can consider two cases for x5. First, when

x3 is smaller than 2", and the second, when x; is equal to 2"~ If x3,,_, = 0, we have

Ay = | — 2" (X3 -3 . X32X31 Jff;;_g)|2n-1—1
n—2 1
= X3,0X3n—2---X32X31 (2.78)
N——r
1 n—-2

Else if x5, = 1, the following binary number can be obtained as

A4y = | — 2" 1 x 2"71(0...00 X3p-1)|m-1_, = 01..11
n-2 3 n-2

Therefore, a, is calculated as
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Ay1 if X3p-1 =0
— _ . 2.79
{a42 if X3p-1=1 ( )
Finally, equation (2.64) can be simplified as
X=Z+2"Q2"+ Dk (Y = 2)|j2n-2_; =Z +2"(2" + 1)P (2.80)
where
P = |k1T|22n—2_1 and T = |(Y _Z)|22”_2—1 (2.81)
The value of T is simplified as:
T=|xs+ Q"'+ DN=—x; — 2" + DM|p2n-2_,
= |as + ag + a; + ag + ag|,2n-2_4 (2.82)
where
as = (0...00x3_1X317 ... X31X30) [22n-2_4
n-2 n
= 0 00 x3’n_1x3’n_2 X3’1X3'0 (283)
n-2 n
as = |(2" 1+ DN|p2n-2_y = |(Ny_2Np_3 ... NyNo Nn_3Npp_3 ... NyNo) [ y2n-2_;
n-1 n-1
= Nn_an_3 "'NlNO Nn_an_3 "'NlNO (284)
n-1 n-1
a7 == | - (O 00 xl,nxlln_l ...X1’1x1,0)|22n—2_1
n-3 n+1
= 1 11 xljnxl,n_l xl,lxllo (285)
n-3 n+1

lag + aglyzn-2_y = [—=(2" + 1)M|p2n-2_y = |=(2" + D(M 1My ... M1 Mp)|52n—2_4

n

= | - (0 00 Mn_an_z + Mn_3Mn_4_ MIMO Mn_an_Z ...M1M0)|22n—2_1

n-2 2 n-2 n
a8 == 1 11 Mn_an_Z (286)
2n—4 2
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ag == Mn—3Mn—4 ...M1M0 MTL—an—Z "'MlMO (287)

n-—2 n

The value of P in equation (2.81) can be simplified by substituting value of equation (2.70) as:

n-—2
2 2n-3

P = |kyT|pene_y = (> 2\ + Z 2M)T|yanma_y
=0 m=n-—-1

=[(2° + 22 .. 42D/ T 4 (277 4 204 22T oy
=|CLS(T,0) + CLS(T,2) + -+ CLS(T,(n — 2)/2) + CLS(T,n — 1) +
CLS(T,n + 1) ...+ CLS(T, 2n — 3)|,2n-2_4 (2.88)
The value of X in equation (2.80) can be simplified by substituting Z as:
X=Z+4+2"Q2"+1)P=x,+ 2"+ DM + 2"(2" + 1)P
=x, + (2" + 1)(M + 2"P)

=ajo tap; t+ap (2.89)
where
a10 = 0 ...OOXl_nO OO (290)
3n-3 MT_J n
a11 = Q3p-303n-4 .. Q100 X1 n-1X1,n—2 - X1,1X1,0 (2.91)
3n-2 n
a2 = 0...000Q3,3037-4 -..01Q¢ (2.92)
n 3n-2

Example: Consider the moduli set {2™ + 1,2",2"1 +1,2"1 — 1} where n=4. The
weighted number X can be calculated from its RNS representation (12, 11, 7, 4) as follow

For n=4 the moduli set is {17, 16, 9, 7} and also residues have binary representation as

below
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x; = 12 = (01100),
x, = 11= (1011),
x5 = 7 = (0111),
x4 = 4 =(100),
According to (2.73), (2.74), (2.72), (277), (2.78), (2.76), (2.83), (2.84), (2.85), (2.86), (2.87),
(2.82), and (2.88) we have
a; = (1011), = 11
a, = (0011), (+1ascarryinto CPA) =4
M = |15|;6 = (1111), = 15
as; = (010), = 2
a, = ays, = (000), =0
N =|2|, = (010), = 2
as = (000111), = 7
ag = (010010), =18
a, = (110011), = 51
ag = (111100), = 60
ay = (000000), = 0
T = |136|4; = 10 = (001010),
P = |410|4; = 32 = (100000),
Substituting the values of M and P in Q and simplifying (2.90), (2.91) and (2.92), X can be
calculated from (2.89) as below

a0 = (00000000000000), = 0
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a;; = (10000011111100), = 8444

a., = (00001000001111), = 527

X =0+ 8444 4+ 527 = 8971
We can see that |8971|,7; = 12, |8971|,4 = 11, |8971|¢ = 7, |8971|,; = 4, and therefore the
calculated X is indeed the weighted value of the residue representation (12, 11, 7, 4) with respect
to the moduli set {17, 16, 9, 7}.

Hardware Implementation: The reverse converter hardware architecture for the four

moduli set {2" + 1,2",2""1 + 1,2""1 — 1} with corresponding residues (xi,x,, x3,x,) of the
integer X is shown in Fig. 2.3. Area and Delay specification for each part of the converter are

shown in Table 2.4.

2.1.2.2 Reverse Converter Design for P{Using CRT and MRC:

The set P; here is decomposed into two subsets 4, = {2" + 1,2"},4, = {2" 1 +
1,2™1 — 1}. Two interim integers X and X are calculated from the residues x;, x, of A4,
and x5, x, of A, respectively. The conversion algorithms MRC and CRT are used to calculate
X and X respectively. Next, the MRC algorithm is applied to calculate the final integer X
from the residues (X, X @) corresponding to the moduli set 4; = {2*(2" + 1), (22"72 — 1)}.
The following proposition and the propositions 1, 2, 3 of equations (2.68), (2.69), (2.70) are
needed for the derivation of X.

Proposition 1: The multiplicative inverse of 2*~1 — 1 modulo 2™~ + 1 is:
Mg, = 12" = 1) 7 pnayy = 2772 (2.93)
where n is any even number larger than 2

Proof: Using inverse modulo property of equation (1.35).
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2n-2 bit CSA1 with EAC
2n-2 n-2 2n-2
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2n-2 bit CPA3 with EAC
(modulo (22+2-1) adder)

n-2

2n-2

" R

T

3

Operand Preparation Unit 3

-2 |~ 2n-2 n-2 -2 |~ 2n-2 on-2 } Circular Left Shift
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Figure 2.3 Reverse Converter for the moduli set P; using New CRT Il
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Table 2.4

Area and Delay Specification of Reverse Converter for the moduli set P; using New CRT Il

Parts FA NoT | XOR/AND | XNOR/OR | MUX Delay
pairs pairs 2x1

OPU 1 2n-1 1(n-1) -bit | twor + twux
CPAL n Al
CPA2 n-1 (2n — 2)tra
OPU2 n+l o
CSAl n 12 -
CSA2 n+1 3 -
CSA3 2 on-4 0
CPA3 2n-2 (s
OPU3 - :

CSA4 Tree | 2n>-8n+6 T
CPA4 2n-2 (4n — 4) tp,
OPU4 - _
CSA5 1 4n-3 tor
CPA5 4n-2 (4n —2) tpy

Total Area (207 +4n+3)Apa+ (4n)Ayor+ (51-5)Axor+ (51-5)Aanp+ (30-
NAxnor* Bn-T)Aor + Amux(n-1)
Total Delay (14n-8+l)tg, + 2tyor + tmux

Here | is the minimum number of levels of CSA tree required to process n-1 input operands.
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Since |(2" 1 = 1)7Y|,n-1,, = 2772, we have
|27 = 12" gnm14g = | = 22" P gne1yg = | = 27 pne1yy
= |2n_1 +1- 2n_1|2"—1+1 =1
Calculation of X™:
The value of X is calculated from MRC as follows:
XD = x4+ my | M7 oy, - (2 = %1) |om, (2.94)

Substituting the value (2.68), m, and m, in (2.94) we have

XD = x4+ 2"+ 1) | 1(x; — x1) |on
=x+ 2"+ 1)M (2.95)
where
M =|(xz —x1) [on = |a; + az |on (2.96)
a; = |xz [2n = X2 p-1X2n-2 - X21%20 (2.97)
n
a =|=x[on=1|— (an_lﬁ + X4n-1 - X1,1X1,0) |27
1 n

== |0 + len_z ...lele,O + 1|2n

n

= Xin-1--X11%1,0 (+1asCarry-into CPA) (2.98)

n

Calculation of X(®:
The value of X is calculated from CRT as follows:
X® = | xgmy|mitm, + xamzIm3? o, lngm, (2.99)
Substituting the values (2.69) and (2.93) in (2.99) we have
X® = | (22773 = 2772) 4 %, (22773 + 2772 | yona_,
=|asz+a, + asly2zn-2_; (2.100)
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where

s =%X300...00X3,,_1X3,_9 ... X
3 3,0 3n—-143n-2 3,1
1 n-2 n-1

= _ o X301..11
Ay = X3n-1X3n-2 - X31X30
n n-2

A5 = X4,0 X4n-2X4,n-3 =+ X4,1X2,0 X4 n-2X4n-3 - X4,1
—
1 n—-1 n-2

Calculation of X:
The value of X is calculated from MRC as follows:
X=XO+ 2@ + D@ @+ D) ey XD = XD panzy
=Xx® 4+ 272" + 1)P
where
P =|(2" (2" 4+ 1)) yzn-2_N|pzn-2_,
N = |(X® = XD |ponay = [(XD = ( + (2" + DM))|pon2_,y
=|ae¢+ a; + ag+ aglyzn-2_4

_ y(®@ () (2)y(2)
a5 = Xpp_3Xon_q X1 Xp

2n—-2

=1..11
az X1nX1,n-1 - X1,1%X1,0

n-3 n+1

a8 = 1 11 MTL—lMTL—Z
2n—4 2

a9 = Mn_3 ...M1M0 Mn—l "'MlMO

n—-2 n

Substituting the value of (2.70) in (2.105) we have
n—2
P =|CLS(N,0) + CLS(N,2) + -+ + CLS (NT> +

CLS(N,n— 1) + CLS(N,n + 1) ...+ CLS(N, 2n — 3)|,2n-2_,
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Now, X in (2.104) can be rewritten as
X=x;+ Q"+ 1M +2"(2"+ 1P
=x;+ 2"+ 1)(M + 2™"P)

=x; + 2"+ 1)Q

- a10 + a’ll + alz (2112)
where
a10 == 0 ...00x1,n0 00 (2113)
3n-3 3 n
a11 = Q3n-303n-4 - 0100 X1 n—1X1n—2 - X1,1X10 (2.114)
3n-2 n
a2 = 0...00Q3,-30Q3n-4 .- Q100 (2.115)
n 3n-2

Example: Consider the moduli set {2™ + 1,2",2" 1 + 1,2" 1 — 1} where n=4. The
weighted number X can be calculated from its RNS representation (13, 8, 6, 4) as follows:
For n=4 the moduli set is {17, 16, 9, 7} and also residues have binary representation as
below
x; = 13 = (01101),
x, = 8=(1000),
x5 = 6 = (0110),
x, = 4= (100),
According to (2.97), (2.98), (2.96), (2.101), (2.102), (2.103), (2.100), (2.107), (2.108), (2.109),
(2.110), (2.106) and (2.111) we have
a, = (1000), = 8
a, = (0010), (+1ascarryin) =3
M = |11],4 = (1011), = 11
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az = (000011), = 3

a, = (100111), = 39

as = (010010), = 18

X®@ = 60|, = 60 = (111100),

as = (111100), = 60

a; = (110010), = 50

ag = (11101), = 61

as = (000100), = 4

N = |175|¢3 = 49 = (110001),

P =1]2009|43 = 56 = (111000),
Substituting the values of M and P in Q and simplifying (2.113), (2.114), (2.115), X can be
calculated from (2.112) as below

aio = (00000000000000), = 0

a;; = (11100010111101), = 14525

a;, = (00001110001011), = 907

X =0+ 14525+ 907 = 15432
We can see that |15432|,, = 13, |15432|,¢ = 8, |15432|¢ = 6, |15432|, = 4, and therefore
the calculated X is indeed the weighted value of the residue representation (13, 8, 6, 4) with
respect to the moduli set {17, 16, 9, 7}.

Hardware Implementation: The reverse converter hardware architecture for the four

moduli set {2" + 1,2",2"1 + 1,2""1 — 1} with corresponding residues (x;,x,, x3,x,) of the
integer X is shown in Fig. 2.4. Area and Delay specification for each part of the converter are

shown in Table 2.5.
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Area and Delay Specification of Reverse Converter for the moduli set P, using CRT and MRC

Table 2.5

Parts FA NOT XOR/_AND XNOR/OR Delay
pairs pairs
OPU 1 2n tyor
CPA1 n n tpa
CSAl 2 n-2 n-2 tra
CPA2 2n-2 (4n — 4)tp,
OPU2 2n+1 tvor
CSA2 n+1 n-3 tra
CSA3 2 2n-4 tra
CPA3 2n-2 (4n — 4)tp,
OPU3 - -
CSA4 Tree | 2n%-8n+6 L tra

CPA4 2n-2 (4n — 4) tpy
OPU4 - -
CSA5 1 4n-3 tes
CPA5 4n-2 (4n — 2) tpa

Total Area (2 +4n+4) A4+ (4n)Ayor+ (50-5)Axog+ (5N-

5)Aanp* (B3n-T)Axnor* (3N-7)Apg
Total Delay (16n-10+Ntp, + 2tyor

Here | is the minimum number of levels of CSA tree required to process n-1 input operands.
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X1 X2 3 X4
n+l n n n-1

Operand Preparation Unit 1

n n n-2 n-2 n-2
dl 42 y 43 y a4 ¢ d3

1 1

.1 | 2n-2bit CSA1 with EAC

n bit CPAIl
(modulo (27} adder)
n-2 n-2
n M n-2 n-2

2n-2 bit CPA2 with EAC
1 (modulo {22%2-1} adder)

n—l/i/ 2n-2 V" 31

Operand Preparation Unit 2

2V 2l 202 L

as 7| ar 1 as ag

L

2n-2 it CSA2 with EAC
n-2 n-2 n-2

1 1 1

2n-2 bit CSA3 with EAC

L

n-2 n-2

2n-2 bit CPA3 with EAC
(modulo (22+2-1) adder)

2n-2 1 -
Operand Preparation Unit 3
02 |- 2n-2 n-2 n-2 |- 22 n-2 }Circular Left Shift
1 (e 1 (i 1 ofbitsof T
21-2 bit C5A4 with EAC Tree } I- levels
2n-2 In-2

2n-2 bit CPA4 with EAC
(modulo {22%2-1) adder)

n-2 P

N

Operand Preparation Unit 4

4n-2 |- 4n-2 4n-2
] a10 ] dll | 412

4n-2bit CSAS

4n-2 4n-2

4n-2 bit CPA3

4n-2
X

Figure 2.4 Reverse Converter for the moduli set P, using CRT and MRC
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2.1.3 Reverse Converter Designs for P, = {21 +1,2" — 1,2",2" + 1}:
Consider the four moduli set P, = {21 + 1,2",2" + 1,2" — 1} = {m,, m,, m3, m,},
where n is odd natural number (n>1) and let the corresponding residues of the integer X

be (x4, x5, x3, x4). The residues have bit-level representations as:

X1 = (X1n-1X1,n-2 - X1,1X1,0)2 (2.116)
Xy = (X2n-1X2,n-2 - X2,1X2,0)2 (2.117)
X3 = (X3nX3n-1 - X31X30)2 (2.118)
X4 = (Xan-1Xan-2 - X4,1X4,0)2 (2.119)

The Sections 2.1.3.1 and 2.1.3.2 describe the design of reverse converters using different

conversion algorithms.

2.1.3.1 Reverse Converter Design for P, Using New CRT II:

The value of X is calculated from New CRT 11 as follows:

X =Z+mmylky(Y = Z)|mym, (2.120)
where
Z=x1+ my|ky(xz —x1) |, (2.121)
Y = x5+ ms | k3(x4 — x3) |1, (2.122)
ky = [(Maimy) " mgmy k2 = [Mi i, and kg = [m3* |, (2.123)

The following propositions are needed for the derivation of X.
Proposition 1: The multiplicative inverse of 2*~1 + 1 modulo 2" is:
IMT i, = 1271+ 1) pn = 2771+ 1 (2.124)
where n is any odd number larger than 1.
Proof: The property of equation (1.35) defines if |a™* |, = bthen|a-b |, =1
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Since [(2" 1 + 1)7Y,;n = 2™ + 1, we have
|20+ 12" p e = |22 4 2+ 1 e = |0+ 04+ 1| pn =1
Proposition 2: The multiplicative inverse of 2™ 4+ 1 modulo 2™ — 1 is:
M3t m, = 12"+ 1) 7 ny = 2771 (2.125)
where n is any odd number larger than 1.
Proof: Using inverse modulo property of equation (1.35).
Since [(2™ + 1)7Y|,n_y = 271, we have
|(2" + 12" pnoy = [(2)2" Y pnoy = (2" =1

Proposition 3: The multiplicative inverse of (2™ - 2"~1 + 1) modulo 22™ — 1 is:

n+1 2n—-1

|(Mams) g, = 1272770 4 1) n 1—221 > (2.126)

m=n+2

where n is odd(n>1), | is even and m is odd. The above expression contains n terms.
Examples: The following values of multiplicative inverse for different values of n are found
using the program given in Appendix A (Section A.2).
The value of |(2™ - 271 + 1)71|,2n_, for different values of n is:
Forn=3,[(2"-2" 1+ 1)} |,2n_; = [4071|3=52

= (110100), in binary

= 2242%+2°

— 22+2n+1+2n+2

Forn=75,[(2"- 2" 1 + 1) ,2n_; = |54471|19,3=724

(1011010100),
=22 4+2% 420427 +2°

— 22+24+2n+1+2n+2+22n—1
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FOI‘ n= 7, |(2n - 211—1 + 1)_1|22n_1 = |8320—1|16383:11092

= (10101101010100),
= 22 +2% 420428 +2° 421 4213

— 22+24+26+2n+1+2n+2+2n+4+22n—1

Thus the above values of | (2™ - 2"~1 + 1)71|,2n_, can be generalized as follows,

n+1 2n-1

|2 2"+ 1) ey = z 2L + Z 2™ ,where l is even and m is odd
=2

m=n+2

First, we simplify the equation (2.121) by substituting value of equation (2.124) as

follows:

Z=20+ Q"+ D@+ DG —x) [n = 1+ M+ DM

where

M=|a1+a2+a3+a4+a5|2n

using properties of modulo (2") operator from Section 1.3.3, we have

a, =%x,,70..001
1 2,0 o
1 n—-2 1

a, =%x100..00
1 n-1

az =10...00
1

~——
n—-1

Ay = Xon-1X2n-2 - X21X20
n

as = X1 n-1X1,n-2 - X1,1%1,0
n

Next, the value of Y in equation (2.122) can be calculated from equations (2.21) to (2.26).

Finally, equation (2.120) can be simplified as

X=Z+2"2" 4 Dk (Y = Z)|pon_y = Z + 22" 1 + 1)P
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where
P = |k1T|22n—1 and T = I(Y —Z)Izzn_l (2135)
The value of T is simplified as:

T=|xs4+ Q"+ 1N —x; — 2"+ 1)M|,2n_,

== |a6 + a7 + a8 + ag + a10|22n_1 (2136)
where

ag =0..00x3,X3,_1...X31X39 (2.137)
n-1 n+1

a7 = Nn—an—Z ...N1N0 Nn—an—Z "'NlNO (2138)

n n

a8 - 1 e 11 xl'n_lxl'n_z ...xl'lxl’o (2139)
n n

9= 1 My My . MiMy 1 ... 11 (2.140)

1 n n-1

a10 = 1 11 Mn—an—Z MlMO (2141)

n n

The value of P in equation (2.135) can be simplified by substituting value of equation (2.126) as:
P =|CLS(T,2) + CLS(T,4) + -+ CLS(T,n+ 1) +
CLS(T,n+2) + CLS(T,n + 4) ...+ CLS(T,2n — 1) | y2n_, (2.142)
The value of X in equation (2.134) can be simplified by substituting equation (2.127) as:
X=Z+2"Q" 1+ DP=x; + "1+ DM +2"2" 1+ 1)P
=x,+ 2" 1+ 1)(M + 2™P)
=x+ 2" +1)Q
= a; +aqp +aq3 (2.143)

where
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a11 == 0 ‘e 00 xl'n_l O e 00 (2144)
3n-1 3 n-1

a1z = Q3n-10Q3n-4 - Q100 X1,n—2X1 n—3 - X1,1X10 (2.145)
3n n-1
a3 = 0...000Q3,-10Q3n-4 .. Q100 (2.146)
n-1 3n

Example: Consider the moduli set {2""1+1,2" 2" +1,2" — 1} where n=3. The
weighted number X can be calculated from its RNS representation (4, 7, 8, 6) as follows:
For n=3 the moduli set is {5, 8, 9, 7} and also residues have binary representation as
below
x, = 4 = (100),
x, = 7= (111),
x3 = 8 =(1000),
x, = 6 =(110),
According to (2.129), (2.130), (2.131), (2.132), (2.133), (2.128), (2.22), (2.137), (2.138), (2.139),
(2.140), (2.141), (2.136), and (2.142) we have
a; = (101), =5
a, = (100), = 4
as = (100), = 4
a, =(111), =7
as = (011), = 3
M= |23|g=(111), =7
N = [(011), + (011),], = (110), = 6
ag = (001000), =8
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a; = (110110), = 54
ag = (111011), = 59
aq = (100011), = 35
aio = (111000), = 56
T = |212|g5 = 63 = (010111),
P = ]125|4; = 62 = (111110),
Substituting the values M and P in Q and simplifying (2.144), (2.145), (2.146), X can be
calculated from (2.143) as below:
as; = (00000000100), = 4
a;; = (11111011100), = 2012
a3 = (00111110111), = 503
X =4+2012+503 = 2519
We can see that|2519|s = 4, |2519|g =7, |2519]|¢ = 8, |2519], = 6, and therefore the
calculated X is indeed the weighted value of the residue representation (4, 7, 8, 6) with respect to
the moduli set {5, 8, 9, 7}.
Hardware Implementation: The reverse converter hardware architecture for the four
moduli set {2"~1 + 1,2™,2™ + 1,2™ — 1} with corresponding residues (x,x,,x3,x,) of the
integer X is shown in Fig. 2.5. Area and Delay specification for each part of the converter are

shown in Table 2.6.

2.1.3.2 Reverse Converter Design for P, Using CRT and MRC:
The set P, is decomposed into two subsets 4, = {2""1 + 1,2"},4, = {2" +1,2" — 1}.

Two interim integers X and X ® are calculated from the residues x;, x, of 4, and x5, x, of
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Table 2.6

Area and Delay Specification of Reverse Converter for the moduli set P, using New CRT II

Parts FA NOT XOR/.AND XNOR/OR MUX Delay
pairs pairs 2x1
OPU 1 2n 1(n) -bit tvor + tmux
CSAl 1 n-1 tes
CSA2 1 n-1 tra
CSA3 1 n-1 tra
CPAL1 n N tpy
CPA2 n 2Nty
OPU2 2n tvor
CSA4 2 n-1 n-1 tra
CSA5 n tra
CSA6 n tra
CPA3 2n dntpy
OPU3 - -
CSAT Tree 2n°-4n L tpa
CPA4 2n 4n tp,
OPU4 -
CSA8 1 4n-2 tra
CPA5 4n-1 (4n — 1)tp,
(2n* +6n+5)Ap,+ (4n)Ayor+ (8n-6)Axort (BN-6)A,np+ (3n-
Total Area
1)Axnort (3n-1) Aor + Apux(n)
Total Delay (14n+3+Dtp, + 2tyor + tyux

Here | is the minimum number of levels of CSA tree required to process n input operands.
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Figure 2.5 Reverse Converter for the moduli set P, using New CRT II
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A, respectively. The conversion algorithms MRC and CRT are used to calculate X and X
respectively. Next, the MRC algorithm is applied to calculate the final integer X from the

residues (X, X@) corresponding to the moduli set 4; = {2*(2"" ! + 1), (22" — 1)}.

Calculation of X™:
The value of X is equal to Z in equation (2.127) and is calculated with the equations
(2.128) to (2.133).
Calculation of X(®:
The value of X is equal to X(® in equation (2.49) and can be calculated using the
equations (2.50) to (2.53) using CRT.
Calculation of X:
The value of X is calculated from MRC as follows:
X=XD 422" + Dk (XP = XD)pon_y = XD + 2701+ P (2.147)
where
P = |kyT|yen_y and T = |(X@® — XD |2n_, (2.148)
The value of T is simplified as:

T=|X®—x, — 2"+ 1D)M|,2n_,

= |ag + a; + ag + agl,2n_; (2.149)
where
2 2 2) (2
ag = X2 x& . xPxP (2.150)
2n
a7 = 1 11 xl‘n_lxl‘n_z ...xl'lxl’o (2151)
n n
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5= 1 My_ 1My . MiMy 1...11 (2.152)

1 n n—-1

ag = 1 11 M‘l’l—lMTl—Z "'MlMO (2153)

n n

The value of P in equation (2.148) can be simplified by substituting value of equation (2.126) as:
P = |CLS(T,2) + CLS(T,4) + -+ CLS(T,n + 1) +
CLS(T,n + 2) 4+ CLS(T,n + 4) ...+ CLS(T, 2n — 1) | y2n_, (2.154)
The value of X in equation (2.147) can be simplified by substituting equation (2.127) as:
X=X 42"+ DP =x; + Q"1+ DM + 272" L + 1)P
=x+ "1+ 1)(M +2"P)

=x+ "1+ 1)Q

= a9+ a; +ag, (2.155)
where

a10 = 0 00 X 1,n—1 O 00 (2156)

3n-1 3 n-1
a1 = Q3pn-103n-4 - Q100 X1 n—2X1n-3 - X1,1X1,0 (2.157)

3n n—1

a2 = 0...000Q3,-10Q3n-4 .- Q100 (2.158)

n-1 3n

Example: Consider the moduli set {21!+ 1,2",2" 4+ 1,2" — 1} where n=3. The
weighted number X can be calculated from its RNS representation (2, 1, 6, 4) as follows:
For n=3 the moduli set is {5, 8, 9, 7} and also residues have binary representation as
below
x; = 2 =(010),
x, = 1= (001),

x; = 6 = (0110),
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x, = 4 = (100),
According to (2.129), (2.130), (2.131), (2.132), (2.133), (2.128), (2.51), (2.52), (2.53), (2.50),
(2.150), (2.151), (2.152), (2.153), (2.149), and (2.154) we have
a; = (101), =5
a, = (100), = 4
as = (100), = 4
a, = (001), =1
as = (101), =5
M = |19|g = (011), = 3
X@ =1(000011), + (010010), + (100111),|s3 = 60 = (111100),
ag = (111100), = 60
a; = (111101), = 61
ag = (110011), = 51
ag = (111100), = 60
T = |232|¢3 = 43 = (101011),
P =]2236]|4; = 31 = (011111),
Substituting the values of M and P in Q and simplifying (2.156), (2.157), (2.158), X can be
calculated from (2.155) as below
ay, = (00000000000), = 0
ay; = (01111101110), = 1006
a;, = (00011111011), = 251

X =0+1006 + 251 = 1257
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We can see that |1257|s = 2, |1257|g =1, |1257|9 = 6, |1257|, = 4, and therefore the
calculated X is indeed the weighted value of the residue representation (2, 1, 6, 4) with respect to
the moduli set {5, 8, 9, 7}.

Hardware Implementation: The reverse converter hardware architecture for the four
moduli set {2"~1 + 1,2",2™ + 1,2™ — 1} with corresponding residues (x;,x,,x3,x,) of the
integer X is shown in Fig. 2.6. Area and Delay specification for each part of the converter are

shown in Table 2.7.
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Figure 2.6 Reverse Converter for the moduli set P, using CRT and MRC
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Table 2.7

Area and Delay Specification of Reverse Converter for the moduli set P, using CRT and MRC

Parts EA NOT | XOR/AND [ XNOR/OR Delay
pairs pairs
OPU 1 2n tnor
CSA1 1 ] .
CSA2 1 n-1 tra
CSA3 1 ] .
CPA1 n i
CSA4 2 ] ) -
CPA2 2n an to,
OPU2 on —
CSA5 1 2n-1 trs
CSAG n - .
CPA3 2n an tn,
OPU3 i -
CSA7 Tree 2n°-4n [ tr,
CPA4 2n Tt
OPU4 -
CSAS8 1 4n-2 -
CPA5 4n-1 (4n — D)ty
Total Area (2n* +8n+6)Ap,+ (4n)Anor+ (8n-6)Axor* (8N-
6)Aanp* (4n-2)Axnort (4n-2) Apr
Total Delay (16n+3+1)tp4 + 2tnor

Here | is the minimum number of levels of CSA tree required to process n input operands.
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3. DESIGN OF REVERSE CONVERTERS FOR FIVE
MODULI SETS

3.1 Five Moduli Sets:

The efficiency of Residue Number System depends not only on the residue to binary
converter but also on the operand sizes and modulus in each residue channel. In order to
implement fast RNS systems for a given dynamic range, (or alternatively speaking to implement
large dynamic ranges without slowing-down the internal RNS processing), multi-moduli RNS
systems with many small moduli must be considered. Thus the four moduli sets are extended to
form five moduli sets, and this extension increases the parallelism and reduces the size of each
residue channel for a given dynamic range.

The five moduli sets P, P, and four moduli set P; shown below have been proposed by
Abdallah and Skavantzos in [18] for radix r. In this research, a new group of five moduli sets
Sito Sgshown below have been proposed by modifying the five moduli sets P;,P, and
extending the four moduli set P;. The reverse converters for these new five moduli sets have
been designed for binary domain, i.e. for radix r=2. The main idea behind modifying the moduli
sets proposed in [18] is to simplify the design of reverse converters using modulo (2") and
modulo (2" 1) adders. Also, the importance of these moduli sets is that they contain the moduli
of the form 2% 2™ 1, 2° + 1 (a, b and c are natural numbers) which can be efficiently
implemented using usual binary hardware that leads to simple design and offers speed-cost
benefits. The reverse converters are designed by applying any one or combination of two or more
conversion algorithms discussed in Section 1.2.4.

The four and five moduli sets P;, P;, P, proposed in [18] are:

P/ = {271 —1,2" —1,2" 2" + 1}, where n = 2k, k = 2,3, 4, ... (3.1)
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P, ={2"2 + 1,21 — 1,271 4+ 1,27, 2" + 1}, where n = 2k, k = 2,3, 4, ... (3.2)
P, ={2"2—1,2n"1 41,20 —1,2" 2" + 1}, wheren = 2k + 1,k = 2,3,4, ... (3.3)

The new five moduli sets proposed in this research are:

S, = {2202 4 1,271 — 1 271 4 1 21 22n 4 1}, where n = 2k, k = 2,3, 4, ... (3.4)
S, = {221 1,271 _ 1 27— 1,2" 2" + 1}, where n = 2k, k = 2,3, 4, ... (3.5)
Sy = {221 _1,220 4120 — 12" 2" + 1}, where n = 2,3, 4, ... (3.6)
S, = {221 1,220 41 2" —1,22" 2" 4 1}, where n = 2,3, 4, ... (3.7)
Se = {2%" + 1,22 41,2 — 1,2",2" + 1}, where n = 3,4, 5 ... (3.8)
Se = {2%" + 1,220 41,27 — 1,22" 2" + 1}, where n = 2,3, 4 ... (3.9)

The proof for the new five moduli sets to be pairwise relatively prime is given in Appendix B.

The following sections describe the design of reverse converters for the new five moduli sets.

3.1.1 Reverse Converter Design for §; = {222 + 1,271 —1,2"1 4+ 1,27,2%2" + 1}:
Consider the five moduli set S; = {2272 + 1,271 — 1,21 + 1,27, 22" 4+ 1} =
{m,, m,, ms, my, mg}, where n is even natural number (n>2) and let the corresponding residues

of the integer X be (x4, x5, x3, x4, X5). The residues have bit-level representations as:

x1 = (X1,2n-2%1,2n-3 = X1,1X1,0)2 (3.10)
X2 = (X2n—2X2n-3 - X2,1X2,0)2 (3.11)
X3 = (X31-1X3n-2 - X3,1X30)2 (3.12)
X4 = (Xan-1X4n-2 - X4,1X4,0)2 (3.13)
X5 = (X5,2nX5,2n-1 - X5,1X5,0)2 (3.14)

The following section describes the design of reverse converter for S; using New CRT |

and MRC conversion algorithms.
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3.1.1.1 Reverse Converter Design for §; Using New CRT | and MRC:

The set S; here is decomposed into two subsets A; = {22"72 + 1,2""1 — 1,21 + 1}
and A, = {2",22" + 1}. Two interim integers Y and Z are calculated from the residues x;, x,, x5
of A; and x,, x5 of A, respectively. The conversion algorithms New CRT | and MRC are used
to calculate Y and Z respectively. Next, the MRC algorithm is applied to calculate the final
integer X from the residues (Z, Y) corresponding to the moduli set A; = {2™(22™ + 1), 2*"~* —
1}. The following propositions are needed for the derivation of X.

Proposition 1: The multiplicative inverse of 222 + 1 modulo 222 — 1 is:
M1 inym, = 122772 + 1) 7 pen-z_y = 22773 (3.15)
where n is any even number larger than 2.
Proof: Using property of equation (1.35), if |a™! |,, = b then|a-b |, =1
Since [(22"2 + 1) 7Y ,2n-2_, = 22™73, we have
22772 + 12273 pena_y = |20 22773 pen-a_y = 22772 pen-2_y = 1
Proposition 2: The multiplicative inverse of (2272 + 1)(2"1 — 1) modulo 2" + 1 is:
|(myma) " m, = [(22"72 + DR = 1) Hpn-ayy = 2773 (3.16)
where n is any even number larger than 2.
Proof: Using property of equation (1.35), if |a™! |,, = b then|a-b |, =1
Since [((22"2 + 1)(2" 1 — 1)) 71| ,n-1,, = 273, we have
(22772 + )2 = 1273 gnoryy = [(2)(=2) - 2% 3 gnoayy = =20 Y pnoayy = 1
Proposition 3: The multiplicative inverse of (22" + 1) modulo 2™ is:
|(ms) ", = 122" + 1) 7 o = 1 (3.17)
where n is any even number larger than 2.
Proof: Using property of equation (1.35), if |[a™! |,, = bthen|a b |, =1
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Since |(2°™ + 1)7|,n = 1, we have |22 4+ 1],2n = 1
Proposition 4: The multiplicative inverse of (2™ - 22" + 1) modulo 2*"*~* — 1 is:

|(m4m5)_1|m1m2m3 = |(2n 22 4 1)_1|24n—4_1

3n—-6 4n->5
(Zzl sz Z 2 if n=4kk=123..
3n—-1
i 3n—6 s (3.18)
Zzl ZZm z 28 ifn=4k+2,k=1.23..
i=3n—-1

where n is even(n>2), | is odd, m is natural number (m= n+2j+1 where j=1,3,5....), i is odd. The
above expression contains (2n — 3) terms.

Examples: The following values of multiplicative inverse for different values of n are found
using the program given in Appendix A (Section A.2).

The value of |(2™ - 22" + 1) 1| ,an-s_, for different values of n is:

FOI’ n = 4‘, |(2n ) 22n + 1)_1|24n—4—_1 - |4‘112_1|4095:2168

(100001111000), in binary
= 234 2% 4254264211

Forn = 6, |(2n ) 2271 + 1)_1|24n—4_1 = |262208_1|1048575:138722

(100001110111100010),
= 20 4+2° 420427 428 4+ 210 4 211 4 212 4 2V
Forn =8,[(2" - 22" 4+ 1) yan-s_, = |167774727 | 65435455=143095688
= (1000100001110111011110001000),
= 23 +27 428 +2%+ 210 + 212 + 213 4 21 4 216 4 217 218 223 277
Forn = 10, (2" - 22" + 1) an-s_, = 107374284871 |cg719476735=9158123042

= (1000100001110111011101111000100010),
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= 20 42%42% 4210 4 211 4 212 4 214 4 215 4 216 4 218 4 219 4 220 4 222 4 223 4 224

+229 4 233
Thus the above values of | (2™ - 2"~1 — 1)71|,2_, can be generalized as follows,

3n—6 4n-5

i=3n—-1
3n—6 4an-7

|(2™ - 22n + 1)_1|24—n—4_1 = i -

m=n i=3n-1

where n is even(n>2), | is odd(l # 4p+1 for n = 4k and | # 4p -1 for n = 4k + 2 where

p=1,2,3...), mis anatural number (m=+ n+2j+1 where j=1,3,5....), i is odd.
Calculation of Y
The value of Y is calculated from New CRT I as follows:

Y= x4+ my | M7 mym, - (2 = x1) + [(Mymz) "o, =My - (X3 = X2) limym,
Substituting the value (3.15), (3.16), m;, m, and m5 in (3.19) we have

Y= x; + (27772 + 1)|22"73 - (xp — ) + 27320 = D) (x5 — xp) |p2n-2q

=x, + (2" 2+ 1)M
where
M= |a;+a;+as+ay|yen-z2_q

A1 = X2,1X2,0 X2,n-2X2,n-3 -+ X2,1X2,0 X2,n-2X2n-3 -+ X2,2
2 n-1 n-3

@ = {‘121 if X19n-2=1
2 = ; _
Az If X12n-2=0

a1 = 01..11

“ N——
1 2n-3

A2 = X1,0X1,2n-3 - X1,2X1,1
2n—-2
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n—1

(221+sz+ Z 2! if n=4kk=123..
=3 m=n

n-1

kZzl+22m+ Z 20 ifn=4k+2,k=1273..
=1

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)



Az = X21X200...00X3,_1X3,,_5 ... X
3 3,1*3,0 3n—14'3n-2 3,2

2 n-2 n-2

a, =1%X3,_1X3,_5 ... X31X301..11
4= LX3n-1X3n-2 3,1X3,0
1 n n-3

Calculation of Z:
The value of Z is calculated from MRC as follows:

Z= x5+ ms | |m5 |, * (Xg = X5)|m,
Substituting the value (3.17), m,, and mc in (3.28) we have

Z= x5+ 27"+ D1 - (x4 — x5)on

= x5 + (22" + DN

where

N = las + ag [o»

A5 = Xgn-1X4n—2 - X4,1X40
n

(g = X5n—1X51-2 -~ X51%50 (+1as Carryinto CPA)

n

Now the value of X is calculated from MRC as follows:

X=Z+4 2MQ2% + 1)]|(2" 22" + 1) yan-a_y - (Y = Z)|an-a_,

= Z+ 2"2*"+ 1P

where

P =||(2"- 22n 4 1)_1|24—n—4_1T|24n—4_1 and T = |(Y — Z)| an-2_4

T=|(Y =2)|yan-a_q = |23 + Q"2+ 1)M — x5 — (22" + 1)N|,4n-4_,

=la; + ag + ag + ayglyem-4_4

a; =0...00%x1 59,_2X1 99—2 e X1 1X
7 1,2n—2%X1,2n-3 1,1%1,0
2n-3 2n-1
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(3.26)

(3.27)

(3.28)

(3.29)

(3.30)

(3.31)

(3.32)

(3.33)

(3.34)

(3.35)

(3.36)



ag = Myn_3Mppn_y ... MyMo My, _3Mpp_y ... M1 My (3.37)

2n-2 2n-2
g = 1..11 x5,2nx5,2n—1 ...XS‘le’O (338)
2n-5 2n+1
alo ES 1 e 11 Nn—an—Z "'NINO 1 e 11 Nn_an_z ...N]_NO (339)
n—4 n n n

The value of P in equation (3.34) can be simplified by substituting value of equation (3.18) and
operating circular left shift on bits of T.
The value of X in equation (3.33) can be simplified by substituting equation (3.29) as:
X=Z4+2"2"+1)P = x5+ (22" + 1)N + 2"(2*" + 1)P
=xs + (22" + 1)(N + 2"P)

= x5+ (27" + 1)Q

= a;; +a,+ags (3.40)
where
a11 == 0 00 x5,2n 0 00 (341)
5n-5 \TJ 2n
a1z = Qsp—50sn—¢ - Q100 X52n-1X52n-2 - X5,1X5,0 (3.42)
5n—4 2n
a3 = 0...00 Q550506 --- Q100 (3.43)
2n 5n—4

Example: Consider the moduli set {22"72 4+ 1,2""1 — 1,21 + 1,2",22" + 1} where
n=4. The weighted number X can be calculated from its RNS representation (1, 6, 4, 5, 177) as
follows:

For n=4 the moduli set is {65, 7, 9, 16, 257} and also residues have binary representation
as below

x, = 1 =(0000001),

x, = 6= (110),
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x5 = 4 = (0100),
x, = 5=(0101),
xs = 177 =(010110001),
According to (3.22), (3.23), (3.26), (3.27), (3.21), (3.31), (3.32), (3.30), (3.36), (3.37), (3.38),
(3.39), (3.35), and (3.34) we have
a; = (101101), = 45
a, = a,, = (011111), = 31
as = (000001), = 1
a, = (110111), = 55
M = |132]4; = (000110), = 6
as = (0101), =5
ae = (1110),(+1 ascarryin) = 15
T = 20|, = 4 = (0100),
a, = (000000000001), =1
ag = (000110000110), = 390
ay = (111101001110), = 51
a0 = (101111111011), = 3067
T = |3509|4095 = 3281 = (110011010001),
P = |12478|,4095 = 193 = (11000001),
Substituting the values of N and P in Q and simplifying (3.41), (3.42), (3.43), X can be calculated
from (3.40) as below
a;1 = (000000000000000000000000), =0

ai, = (000011000001010010110001), = 791729
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a3 = (000000000000110000010100), = 3092

X =0+791729 + 3092 = 794821
We can see that |794821|s =1, |794821|, = 6, |794821| = 4, |794821|g =
5, |794821],5, = 177 and therefore the calculated X is indeed the weighted value of the residue

representation (1, 6, 4, 5, 177) with respect to the moduli set {65, 7, 9, 16, 257}.

Hardware Implementation: The reverse converter hardware architecture for the five
moduli  set{22""2 + 1,2t —1,2"1+1,2",22" + 1}  with  corresponding  residues
(x4, X2, x3, x4, x5) Of the integer X is shown in Fig. 3.1. Area and Delay specification for each

part of the converter are shown in Table 3.1.

3.1.2 Reverse Converter Design for §, = {22»"1 — 1,271 —1,2" — 1,2",2" + 1}:
Consider the five moduli setS, ={2"—1,2"2"+1,2"1—1,22""1 1} =
{m,, m,, my, my, mg}, where n is even natural number (n>2) and let the corresponding residues

of the integer X be (x;, x,, x3, x4, x5). The residues have bit-level representations as:

x1 = (X1 n-1X1,n-2 - X1,1%1,0)2 (3.44)
X2 = (X2 n-1X2n-2 - X2,1X2,0)2 (3.45)
X3 = (X3nX3n-1 - X3,1X3,0)2 (3.46)
X4 = (Xgn-2X4n-3 - X4,1X4,0)2 (3.47)
X5 = (X5,2n-2%5,2n-3 - X5,1X5,0)2 (3.48)

The following section describes the design of reverse converter for S, using New CRT |

and MRC conversion algorithms.
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Area and Delay Specification of Reverse Converter for the moduli set S; using New CRT I and

Table 3.1

MRC
Parts EA NOT XOR/_AND XNOR/OR Delay
pairs pairs

OPU 1 4n-2 tnor

CSA1l n n-2 -

CSA2 n ~ =

CPA1l 2n-2 (4n — H)tp,

CPA2 n ——

OPU2 3N+l e

CSA3 2n-1 on-3 tor

CSA4 2n 2n-4 tra

CPA3 4n-4 (8n — 8)try

OPU3 - -
CSAS5 Tree | 8n-28n+20 [t

CPA4 4n-4 (8n —8)try

OPU4 -

CSAG6 1 7n-5 -

CPAS5 n-4 (Tn —4)tpy

Total Area (8n°-4n+6)Ap,+ (Tn-1)Ayor+ (10n-10)Axor+ (10N-
1O)AAND+ (3n'6)AXN0R+ (3n-6) Aor
Total Delay (27n-19+)tg, + 2tyor

Here | is the minimum number of levels of CSA tree required to process 2n-3 input operands.
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X2 X3
n—l/}/ n/}/

X4 X3
11 n+1

Operand Preparation Unit 1

2n-2 2n-2 2n-2 2n-2 n n
a1 a:z 1 a3 ! 184 133 138
20-2 bi . i . -2 bi AT et ; n bit CPAZ2
n-2 hit CSA1 with EAC n-2 hit CSA2 with EAC (modulo (2*) adder)
In-2|- In-2 2n-2l- 2n-2 n
" R N N
2n-2 bit CPAL with EAC
(modulo(2?+2-1) adder) X1 X5
il S Gt {
Operand Preparation Unit 2
4n-4 +° 4n-4 4n-4  —
1ar 138 a0 aLp
4n-4 bit CSA3 with EAC
4n-4 .1 4n-4 41n-44

4n-4 bit CSA4 with EAC

4n-4 4n-4

4n-4 bit CPA3 with EAC
(modulo (24+4-1) adder)

4n-4

Operand Preparation Unit 3

4n-4

4n-4

4n-4 |- 4n-4

L L L

4n-4 Crcular Left Shaft
} ofbitsof T

4n-4 bit CSAS with EAC Tree

} [- levels

4n-4 4n-4

4n-4 bit 1CP‘E"A- v.:rth EAC
(modulo (2%-1) adder)

n-44P

N

Operand Preparation Unit 4

Tn-4 1" Tn-4
an anz

) ) k.

Tn-4

d13

Tn-4 bit CSAG

Tn-4

) )

Tn-4

Tn-4 bit CPAS

Tn-4
n%

Figure 3.1 Reverse Converter for the moduli set S; using New CRT | and MRC
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3.1.2.1 Reverse Converter Design for S, Using New CRT | and MRC:

The set S, here is decomposed into two subsets A; = {2 —1,2",2" +1,2"1 — 1}
and 4, = {221 — 1}. An integer X is calculated from the residues x;, x,, x5, x, of A;. The
conversion algorithms New CRT | and MRC are used to calculate X, Next, the MRC
algorithm is applied to calculate the integer X from the residues (X, x5) corresponding to the
moduli set A; = {2"(2%" — 1)(2""1 — 1),22""1 — 1}. The following proposition is needed for
the derivation of X.

Proposition 1: The multiplicative inverse of 2™(22" — 1)(2"! — 1) modulo 2?2"~1 — 1 is:
(27(22" = )27 = 1)) Hpznmay = 22071 =20 =2 (3.49)
where n is any even number larger than 2.
Proof: Using property of equation (1.35), if |[a™! |,, = bthen|a b |, =1
Since |(2™(2%" — D)™ = 1)) Y en-1_y = 22771 =27 — 2 we have
12722 — 12" = 1) (221 = 2" = 2)|pen-1_,
=|2"2 - D@ = 1)1 - 2" = 2z,
= (22 = 2M)(=2" = Dyzn1y = |27 = DR + Dlyzn-14
= |(2%" = Dpan-1-4 = [(2.27"7 = Dpen-1, = 1
Calculation of X(:

The converter design and proof for calculation of value of X for four moduli set
{2" —1,2",2™ +1,2"1 — 1} using New CRT I and MRC is given in [19]. The hardware and
delay specification for this converter are given in section 2.1.1.3. The following equation from
[19] is useful for the derivation of X.

XM = x, +2"Q2%"Z + Y — Z) =x, + 2"K (3.50)
Calculation of X:
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The value of X is calculated from MRC as shown below:
X = x® 4 2n(22 - 12"t = DM — 1)@ = 1)) penay (5 = X D) |ponay
X=XxW4+ 2nQ7"m -1 -1)P (3.51)
where
P =|(2"2*" = D" = 1) ey (x5 — X)) |pen-1_y (3.52)
Substituting the value of (3.49) in (3.42) we have

P = (22" = 2" = 2) (s — X D) pen-1_y = (=27 = D(xs — X D) |pzns_,

= 2" + D)XV — x5)|,zn-1_4 = [(2" + )T |p2n-1_ (3.53)
2 1 2 1

T = |a1 + az + a3 + a4|22n—1_1 (354)

Ay = Zn_pZn—3 - Z1Zg Xon-1X2n—2 - X21X20 (3.59)
n-1 n

az = Yn—ZYn—B . Y1Y0 0 e 00 (356)

n—-1 n
a3 == O 00 Y2n—1Yn—3 Y1Y0 (357)
n-2 n+1
A4 = X52n—2X52n-3 - X51X50 (3.58)
2n—1

Now, the value of P is simplified as:

P=|2"+ 1)T|yen-1_; = |as + ag|y2n-1_4 (3.59)
where
as =Tn2Tn—3 ... T1To Ton—2Ton—3 .. TnTn—1 (3.60)
n-1 n
g = TZTL—ZTZTL—3 TlTO (361)
2n—-1

The value of X in (3.51) can be simplified by substituting (3.50) as below:

X = x, 4 2"K + 2M(2%" — 1)(2"" 1 — 1)P
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=x, + 2K + (22" - 1D - 1)P)

= x, 4210 (3.62)
Where
Q=K +V (3.63)
K'=0..00Ks,_Kzp3 ... K1 Ko (3.64)
2n-1 3n—1

V=(2"-1)@" - 1P = (271 = 22" — 271 4 1)p

V =a; +ag(+1ascarryinto CPA) (3.65)
a7 = PZTL—ZPZTL—3 P1P0 0 00 PZTL—ZPZTL—3 ...P1PO (366)
2n—-1 n 2n-1
a8 - 1 e 11 a9'3n_1a9’3n_2 e ag’lag'o 1 e 11 (367)
n-1 3n n-1
Ag = a10 + aiq (368)
alo - PZTL—2P211—3 ...Plpo O e 00 (369)
2n-1 n+1
a11 = PZTL—ZPZTL—3 ...P1PO O 00 (370)
2n—1 n+1

Also, since x, is an n-bit number, X in (3.62) can be obtained as

X=x3+ 2"Q = Qsp—30Q5n-4 --.-Q1Q Xon-1X2n-2 - X2,1%X2,0 (3.711)

5n-2 n

Example: Consider the moduli set {2™ — 1,2",2™ + 1,21 — 1,22"~1 — 1} where n=4.
The weighted number X can be calculated from its RNS representation (7, 10, 3, 6, 18) as
follows:
For n=4 the moduli set is {15, 16, 17, 7, 127} and also residues have binary
representation as below
x; = 7 = (0111),

x, = 10= (1010),
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x5 = 3 = (00011),
x, = 6 =(110),
x5 = 18 = (0010010),
The values of Z, Y, K in (3.50) can be obtained from converter of [19] and their numerical
values are given below:
Z =1 =(001),
Y = 177 =(10110001),
K = 432 =(110110000),

According to (3.55), (3.56), (3.57), (3.58), (3.54), (3.60), (3.61), (3.69), (3.70), (3.68), (3.66),
(3.67), (3.65), and (3.63) we have

a; = (0011010), = 26

a, = (0010000), = 16

as = (0010110), = 22

a, = (1101101), = 109

T = |173|127 = (0101110), = 46

as = (1100101), = 101

ag = (0101110), = 46

P = |147|15, = 20 = (0010100),

ay0 = (001010000000), = 640

ay; = (000000010100), = 20

Ay = ay9 + a;; = 660 = (001010010100),

a; = (001010000000010100), = 40980

ag = —(001010010100000), = —5280
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V' =40980 — 5280 = 35700

Q=K +V =432+35700 = 36132
Substituting the values of Q in (3.71), X can be calculated as:

X =(10001101001001001010), = 578122
We can see that |578122|,5 =7, |578122|,4 = 10, |578122|,; =3, |578122|, =
6, |578122|,,7 = 18 and therefore the calculated X is indeed the weighted value of the residue

representation (7, 10, 3, 6, 18) with respect to the moduli set {15, 16, 17, 7, 127}.

Hardware Implementation: The reverse converter hardware architecture for the five
moduli  set{2" —1,2",2" +1,2""1—1,22""1 -1}  with  corresponding  residues
(x1, x5, x3, x4, x5) Of the integer X is shown in Fig. 3.2. Area and Delay specification for each

part of the converter are shown in Table 3.2.

3.1.3 Reverse Converter Design for S5 = {22"~1 — 1,22 + 1,2" — 1,2",2" + 1}:
Consider the five moduli setS; = {2",2%" +1,2" +1,2" —1,2?""1 -1} =
{m,, m,, my, my, mg}, where n is a natural number (n>1) and let the corresponding residues of

the integer X be (x4, x5, X3, x4, X5). The residues have bit-level representations as:

X1 = (X n-1X1,n-2 - X1,1%1,0)2 (3.72)
X2 = (X2,2nX2,2n-1 - X2,1X2,0)2 (3.73)
X3 = (X3nX30-1 - X3,1%X3,0)2 (3.74)
X4 = (Xan-1X4n-2 - X4,1X4,0)2 (3.75)
X5 = (X5,2n-2%5,2n-3 - X5,1X5,0)2 (3.76)
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Table 3.2
Area and Delay Specification of Reverse Converter for the moduli set S, using New CRT | and

MRC
Parts FA NOT XOR/_AND XNOR/OR Delay
pairs pairs
OPU 1 2n-1 tyor
CSA1l 1 2n-2 tra
CSA2 2n-1 tra
CPA1 2n-1 (4n — 2)tp,
OPU2 - -
CPA2 2n-1 (4n — 2)tp,
OPU3 - -
CPA3 n-2 2n+2 3ntpy,
OPU4 3n tyor
CPA4 3n 2n-2 (5n — 2)tp,
OPU5 - )
CPA5 3n-1 2n-1 (5n — 2)tp,
0.5«(n”* +17Nn-6) A4+ (5n+1)Ayor+ 6Axort+ 6AuNp+
Area of Converter [19] (20-8)Ayor+ (21-8) Ao + 2Auuxct) + Ana
Delay of Converter [19] (AIn+H-1)tpy + 2tyor + tyux
0.5+ (N> +43n-16)A5 4+ (10n)Ayor+ (6N+5)Axop+
Total Area (6n+5)Aunpt (4N-2)Axnort (4N-2) Agr + Apat
2Anux(1)
Total Delay (32n-7T+D)tpy + Atyor + tyux

Here | is the minimum number of levels of CSA tree required to process (n/2) input operands.
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Figure 3.2 Reverse Converter for the moduli set S, using New CRT | and MRC
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The following sections describe the design of reverse converter for S; using New CRT | and

MRC conversion algorithms in two different methods.

3.1.3.1 Reverse Converter Design for §3 Using New CRT | and MRC (Method 1):

The set S; here is decomposed into two subsets 4, = {2™,2%" +1,2" + 1,2" — 1}
and 4, = {22"~1 — 1}. An integer XV is calculated from the residues x;, x,, x5, x, of A;. The
conversion algorithm New CRT | is used to calculate X, Next, the MRC algorithm is applied
to calculate the integer X from the residues (X, xs) corresponding to the moduli set A; =
{2n (24" — 1),22"1 — 1}. The following propositions are needed for the derivation of X.
Proposition 1: The multiplicative inverse of 2™ modulo 24" — 1 is:

Imi Hmymam, = 12" pan_y = 2°" (3.77)
where n is natural number larger than 1.
Proof: Using property of equation (1.35), if |[a ! |,, = bthen|a b |, =1
Since |(2™)7Y|,4n_, = 23", we have
|27 - 237 Lan_y = |24 pan_y = 1
Proposition 2: The multiplicative inverse of 2™(22"™ + 1) modulo 22" — 1 is;
|(Mam5) g, = (27 227 + 1) pan_y = 2771 (3.78)
where n is natural number larger than 1.
Proof: Using property of equation (1.35), if |[a™! |,, = bthen|a b |, =1
Since |(2™(22" 4+ 1)) Y ,2n_; = 2™71, we have
272%™ + 12" Hpan_y = [22P7HQ2%" + Dpen_y = 22771 (2) | pensy = 2% peny = 1
Proposition 3: The multiplicative inverse of 2™(22" + 1)(2™ + 1) modulo 2™ — 1 is:
|(mymams) ™ |, = |27 (22" + 12" + 1)) Hpny = 2772 (3.79)
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where n is natural number larger than 1.
Proof: Using property of equation (1.35), if |a™! |,, = b then|a-b |, =1
Since [(2™"(2%" + 1) (2™ + 1)) " Y|,n_y = 2™72, we have

12722 + D)™ + 12" 2|y = 122 2" 2| pn_y = |2"|yn_q = 1

Proposition 4: The multiplicative inverse of 2™(24" — 1) modulo 22"~1 — 1 is:

(n—Z 2n—-3
2L + 2m ifn=2kk=123..
|2mM(2*" — 1) penay =4 50, (3.80)
|k 204 ) 2™ ifn=2k+1,k=123..

where n is natural number(n>1), | is even, m is odd. The above expression contains n terms.
Examples: The following values of multiplicative inverse for different values of n are found
using the program given in Appendix A (Section A.2).
The value of |(2™(2*" — 1)) 7?|,2n-1_, for different values of n is:
Forn = 2,[(2"(2*" — 1))71|,2n-1_; = [102071],=3
= (11), in binary
= 204+21
Forn = 3,[(2"(2*"" — 1)) |,2n-1_, = |3276071|5,=22
= (10110),
= 214+ 22 4+ 24
Forn = 4,|(2"(2*" — 1)) 1|,2n-1_; = |104856071|,,,=45
= (101101),
= 20422423425
Forn =5, [(2"(2*" — 1))7}|,2n-1_, = |3355440071|5,,=346

= (101011010),
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=21 +23+2% +20+28

Thus the above values of |(2™(2*" — 1)) !|,2n-1_, can be generalized as follows,

n—2 2n-3
fz 24 Y2 ifn=2kk=123.

(GO R FERTE S
Z 2L+ Z 2m ifn=2k+1,k=1273..

l=n-1 m=1

where n is natural number(n>1), | is even, m is odd.
Calculation of X(:

The value of X is calculated from New CRT I as follows:

XM = x + my| kq(x; — x1) + komy(x3 — xp)+hkgmyms(xy — x3)|m2m3m4
where

ki = |m1_1|m2m3m41 k, = I(mlmz)_1|m3m4 and k3 = [(mymym3) ™1y,
Substituting the values of (3.77), (3.78), (3.79), m;, m, and m in (3.81) we have
XD = x4 27237 (x, — xp) + 277127 4+ 1) (x5 — xp) +
27220 + 1) (27 + 1) (x4 — X3) |pan_y
=x; +2™M
where
M= |a,+a;+az+a,+as|m_,g

A1 = XpnXopnq1 e X21X200...00 X5 50 X5 5001 e0e X X
1 2nX2n-1 2,1%2,0 2,2nX22n-1 2n+2%X2,n+1
n+1 2n-1 n

Ay = X41X4,0 Xan—1 +-X41X40Xan—1 - X41X20X4n-1 -+ X41X40X4n-1--X43%X42

2 n n n n-2

as = xl‘n_lxl’n_z ...x1‘1x1,0$x3‘nx3,n_1 ...x3,1X3’0 1...11

n 1 n+1 2n-2

a4_ = 9x3’nx3,n_1 x3,1X3’0 0 00 x3,nX3’n_1 X3’1x3,0 O 00
1

n+1 n-1 n+1 n-2
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as = X31X301 ... 11 X5 ;X 121 . X31X20 X3 X3 n—1 - X33X3 2 (3.89)
2 n-2 2n+1 n-1

Calculation of X:
The value of X is calculated from MRC as follows:
X=X+ 2m2" - D[] = 1) Hpen-1og - (x5 = X D) |p2n1y
= XM 4 2n2%" - 1)P (3.90)
where

P =1](2"(2%" = 1)) pzn-1_4T|pzn-1_yand T = |(xs — XV)|pen-1_;  (3.91)

T = |x5 —x1 — 2"M|, 2n-1_;=|ag + a; + ag + aqg|,2n-1_4 (3.92)
Ag = X52n—2X52n-3 -+ X51X50 (3.93)

2n-1
a7 == 1 11 M4n_1M4n_2 ---M3n—1M3n—2 (394)

n-3 n+2

ag = Mzp_3Mzn_p ... My My _4 (3.95)

2n—1
g = My_oMy_3 ... MMy X5 50 —2X52n-3 -+ X51X5,0 (3.96)

n-1 n

The value of P in equation (3.91) can be simplified by substituting value of equation (3.80) and
operating circular left shift on bits of T.
The value of X in the equation (3.91) can be simplified by substituting equation (3.83) as:
X=XD4 2024 —1)P =x, +2"M + 2"(2*" - 1)P
=x, +2"(M + (2" — 1)P)
=x, + 2"Q (3.97)
where

Q=M+ Q" —1)P=M+2*"P-P=K—P (3.98)
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K=M + 24nP = PZn—ZPZn—Z ...P1PO M4n—1M4n—2 ...M1M0 (399)
2n-1 4n

Also, since x; is an n-bit number, X in (3.97) can be obtained as

X=x1+ 2"Q = Qen—2Q6n-3 - Q100 X1n-1X1,n-2 - X1,1%1,0 (3.100)

6n—1 n

Example: Consider the moduli set {2™, 22" + 1,2™ + 1,2™ — 1,22"1 — 1} where n=4.
The weighted number X can be calculated from its RNS representation (9, 223, 15, 1, 13) as
follows:
For n=4 the moduli set is {16, 257, 17, 15, 127} and also residues have binary
representation as below
x; = 9 = (1001),
x, = 223=(011011111),
x5 = 15 = (01111),
x, = 1 =(0001),
x5 = 13 =(0001101),
According to (3.84), (3.93), (3.94), (3.95), (3.96), (3.92), and (3.91) we have
M = |204232|¢s535 = (0001110111001011), = 7627
ag = (0001101), = 13
a; = (1111000), = 120
ag = (1000110), = 70
ay = (1000110), = 70
T =|273|12, = 19 = (0010011),
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Substituting the values of M and P in Q, X can be calculated from (3.99), (3.98) and (3.100) as
below
K =(10111010001110111001011), = 6102475
Q = 6102475 —-93 = 6102382
X =(101110100011101011011101001), = 97638121

We can see that |97638121|, =9, |97638121|,5;, = 223, |97638121|,; = 15,

|97638121|,5 = 1, |97638121|,,, = 13 and therefore the calculated X is indeed the
weighted value of the residue representation (9, 223, 15, 1, 13) with respect to the moduli set

{16, 257, 17, 15, 127}.

Hardware Implementation: The reverse converter hardware architecture for the five
moduli  set{2",22" +1,2" +1,2" —1,22""1 —1}  with  corresponding  residues
(x1, x5, x3, x4, x5) Of the integer X is shown in Fig. 3.3. Area and Delay specification for each

part of the converter are shown in Table 3.3.

3.1.3.2 Reverse Converter Design for §3 Using New CRT | and MRC (Method 2):

The set S; here is decomposed into two subsets A, = {2",2?""1 — 1} and A4, =
(22" +1,2™ — 1,2™ + 1}. Two interim integers X and X are calculated from the residues
X1, x, 0f Ay and x3, x4, xs 0f A,. The conversion algorithms MRC and New CRT | are used to
calculate X and X respectively. Next, the MRC algorithm is applied to calculate the integer
X from the residues (X, X)) corresponding to the moduli set 4; = {2*(22""! — 1),2%"* — 1}.
The following propositions are needed for the derivation of X.

Proposition 1: The multiplicative inverse of 2™ modulo 22"~1 — 1 is:
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Area and Delay Specification of Reverse Converter for the moduli set S5 using New CRT | and

Table 3.3

MRC (Method 1)

Parts FA NoT | XOR/AND | XNOR/OR petay
pairs pairs
OPU 1 5n+3 ——
CSAL n+3 2n-1 n-2 trn
CSA2 2n+1 2n-1 tea
CSA3 2n+2 2n-2 =
CPA1 4n 8N tp,
OPU2 En -
CSA4 n+2 N3 -
CSA5 2n-1 -
CPA2 2n-1 (4n — 2)tp,
OPU3 - _
CSA6 Tree | 2n%-5n+2 e

CPA3 2n-1 (4n — 2)tp,
OPU4 2n-1 —
CPA4 2n-1 4n (bn — 1)tgp,

Total Area (2n°+13n+6)Ap 4+ (12n+2)Ayor+ (4n-3)Axop+ (40-

3)Aanpt (8n-6)Axnort (8n-6) Apr
Total Delay (220 0)tpy + 3tyor

Here | is the minimum number of levels of CSA tree required to process (n) input operands.

89



X1 X2 3 X4
il n+1 n+l il

Operand Preparation Unit 1

4n 4n 4n L
lar a 1as a4 as
dnbit CSAL with EAC
4n 4n 4n
4n 4n 4n 4n bit CSA 3 with EAC
4nbit CSA2 with EAC 4n,”  dn
4 4 4dnbit CPA1 with EAC
n n 1 (modulo (2#%-1) adder)

Al xs
2n- 4
=

Operand Preparation Unit 2

2n-1 2n-1 2n-1
as ar ag ag

1 1

1

2n-1bit CSA4 with EAC

2n-1 2n-1 2n-1
n-1 n-1 L L

T ! 2n-1 bit CSA S with EAC

2n-1bit CPA?2 with EAC
(modulo(22=1-1)adder)

T
Operand Preparation Unit 3
1V 201l 2pel Ly 21l 20 }Cigcb‘.rltlar g“;& Shift
1 ] ] of hits o
2n-1 bit CSA 6 with EAC Tree } I- levels
2n-1 2n-1
/1 N
?n-1 bit CPA3 with EAC
(modulo(2?%!-1)adder) M

201 J5, 41}1/

Operand Preparation Unit 4

6n-1 on-1 |2
N K N P
6n-1 bit CPA4 1

Subtractor
omn-1 X1
q|
l_\ﬁx

X

Figure 3.3. Reverse Converter for the moduli set S; using New CRT | and MRC (Method 1)
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M1t m, = 12" Hpenay = 2771 (3.101)
where n is natural number larger than 1.
Proof: Using property of equation (1.35), if |[a™! |,, = bthen|a b |, =1
Since |(2™) Y| ,2n-1_, = 2™, we have
|27 2" pena_y = |22 pena g = 1
Proposition 2: The multiplicative inverse of (22" + 1) modulo 22™ — 1 is:
|(m3) " mymg = 127" + 1) pen_y = 22771 (3.102)
where n is natural number larger than 1.
Proof: Using property of equation (1.35), if |[a ! |,, = bthen|a b |, =1
Since [(2%" + 1) 7} |,2n_y = 22™71 we have
|(2%" + 122" pon_y = [2- 2207 D) pon_y = 277 p2n_y = 1

Proposition 3: The multiplicative inverse of (2™ — 1)(22™ + 1) modulo 2™ + 1 is:

|(mamy) ™ img = (2" = (22" + 1)) Hanyy = 2772 (3.103)
where n is natural number larger than 1.
Proof: Using property of equation (1.35), if |[a™* |,, = bthen|a b |, =1
Since [((2™" — 1)(2%" + 1)) |ny = 2772, we have

|(2" = D% + 1)2" 2 |nyq = | =272 2" 2 pnyy = |=2"pngqg = [2" + 12" pnyy = 1

Proposition 4: The multiplicative inverse of 2™(22"~1 — 1) modulo 2*" — 1 is:

( n-1 3n 4in-1
Zzl+ z om 4 Z 2 ifn=2kk=123.
— — = = i=
[CATCAE V) R P e
Z 21+Z 2m + Z 2/ ifn=2k+1,k=123..
\i=n+2 m=0 j=3n+3

(3.104)
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where n is natural number(n>1), | is odd, mis even, i is odd, j is even. The above expression
contains (2n — 1) terms.
Examples: The following values of multiplicative inverse for different values of n are found
using the program given in Appendix A (Section A.2).
The value of |(2™(22""1 — 1))71|,4n_, for different values of n is:
For n = 2,](2"(23"1 = 1)) |pan_y = |2871|,55=82
= (1010010), in binary
= 2t +2%42°
Forn = 3,](2"(22"1 — 1)) |pan_; = |24871]4095=677
= (1010100101),
= 20422425427 +4+2°
Forn = 4,|(2"(22""1 — 1)) ,an_, = |20327 1| 45535=38218
= (1001010101001010),
= 21+ 23 +26 428 4+ 210 4 212 4 215
Forn =5, [(2"(22" 1 — 1)) 1|,an_; = |1635271|;048575=305813
= (1001010101010010101),
= 20422 424427 4+ 2% + 211 4 213 4 215 4 218

Thus the above values of |(2™(22""! — 1)) !|,sn_, can be generalized as follows,

( n-—1 3n 4in-1
Zzl+ z om 4 Z 2 ifn=2kk=123.
— — = = i=
[CATCAE V) R P e
Z 21+Z 2m + Z 2/ ifn=2k+1,k=123..
\i=n+2 m=0 j=3n+3

where n is natural number(n>1), | is odd, m is even, i is odd, j is even.
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Calculation of X™:
The value of X is calculated from MRC as follows:
X® =%+ my - | |m1_1|m2 (X2 — x1) |,
Substituting the value (3.101), m,; and m, in (3.105) we have
X = xp+ 2™ | 270 (o — xp) [pon14
= x;+ 2"M
where
M = |a; + az|z2n-1_4

Ay = Xon-1X2n—2 - X2,0 X2 2n-2X2,2n-3 - X2.n
n n-—1

a, = xl'n_l ...xl'o 1..11
—_— —— T/
n n-1

Calculation of X(®:

The value of X@ is calculated from New CRT | as follows:

X(z) = X3 + m3| |m3_1|m4m5(x4 - X3) + |(m3m4)_1|m5m4(x5 - x4)|m4m5
Substituting the values of (3.102), (3.103), mg, m, and mg in (3.110) we have

X@ = x5 4 (27" +1)[2277(xy — X3) + 2"72(2" — 1) (x5 — x4)|p2n_y

=x3 + (2" + 1N
where
N = |az+a,+as+ag|y2n_;

A3 = X41X40X4n—1 - X41X40Xan-1 - X43X42

2 n n-—2
a41 = 9.'1 11 lf x3,2n = 1
1 2n-1
Ay = — : —_
Ayp = X30X32n-1 -+ X32X31 if X3om =0
2n
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(3.114)



A = Xc1Xc00...00 X, ... X2 3 X
5 5,1X5,0 5n 5,3X5,2
2 n-1 n—-1

n+1 n-2
Calculation of X:

The value of X is calculated from MRC as follows:

(3.115)

(3.116)

X=XW+ 2271 - ))|2"Q27 L = 1) ey - (XD = X D) pun_y

= X 4 2n22t — 1P

where

P =2t = 1)) Y pan_ T|pan_q and T = |(XP = XD) | yan_,

T=|x3+ Q%™+ 1N —x; —2"M|,an_,=|a; + ag + ag|,an_,

a; = 0...00%3 5,X3 991 . X31X
7 3,2nX3,2n-1 3,1%X3,0
2n-1 2n+1

ag = Nop—1Non—p ... NyNo Npy—1Nopy—3 ... Ny Ny

2n 2n

=1..11M M MM X1 1X
Qg 2n—2Mon—3 1My X1 n-1X1,n-2 1,1%1,0

n+1 2n—-1 n

(3.117)

(3.118)

(3.119)

(3.120)

(3.121)

(3.122)

The value of P in equation (3.118) can be simplified by substituting value of equation (3.104)

and operating circular left shift on bits of T.

The value of X in the equation (3.117) can be simplified by substituting equation (3.106) as:

X=XW4 2221 — )P =x; +2"M + 2"(2*"1 - 1)P

=x, +2"(M + 271 - 1)P)
= x1 + ZnQ
where

Q=M+ ' —1)P=M+2""'P-P=K—-P
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K=M + 22n—1P = P4Tl—1P4-Tl—2 ...P1PO MZn—ZMZn—3 ...M1M0 (3125)
4n 2n—-1

Also, since x, is an n-bit number, X in (3.123) can be obtained as

X=x1+ 2"Q = Qen—2Q6n-3 - Q100 X1n-1X1,n-2 - X1,1%1,0 (3.126)

6n—1 n

Example: Consider the moduli set {2%, 2271 — 1,22 4+ 1,2 — 1,2" + 1} where n=3.
The weighted number X can be calculated from its RNS representation (0, 5, 26, 0, 2) as follows:
For n=3 the moduli set is {8, 31, 65, 7, 9} and also residues have binary representation as
below
x, = 0 =(000),
x, = 5= (00101),
x5 = 26 = (0011010),
x4 = 0 =(000),
x5 = 2 = (0010),
According to (3.108), (3.109), (3.107), (3.113), (3.114), (3.115), (3.116), (3.112), (3.120),
(3.121), (3.122), (3.119), and (3.118) we have
a; = (10100), = 20
a, = (11111), = 31
M = |51|3; = (10100), = 20
as = (000000), = 0
a, = (110010), = 50
as = (100000), = 32
ag = (111011), = 59

N = |141|4 = 15 = (001111),
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a, = (000000011010), = 26
ag = (001111001111), = 975
ag = (111101011111), = 3935
T = |4936|,409s = 841 = (001101001001),
P = |569357]| 4095 = 152 = (000010011000),
Substituting the values of M and P in Q, X can be calculated from (3.125), (3.124) and (3.126) as
below
K = (00001001100010100), = 4884
Q = 4884 — 152 = 4732
X =(1001001111100000), = 97638121
We can see that |37856|g = 0, |37856|3; =5, |37856| = 26, |37856], = 0,
|37856|9 = 2 and therefore the calculated X is indeed the weighted value of the residue

representation (0, 5, 26, 0, 2) with respect to the moduli set {8, 31, 65, 7, 9}.

Hardware Implementation: The reverse converter hardware architecture for the five
moduli ~ set{2",22" +1,2" +1,2" —1,2?""1 —1}  with  corresponding  residues
(x1, x5, x3, x4, x5) Of the integer X is shown in Fig. 3.4. Area and Delay specification for each

part of the converter are shown in Table 3.4.

3.1.4 Reverse Converter Design for §, = {22""1 —1,22" 4+ 1,2 — 1,2%",2" + 1}:
Consider the five moduli setS, ={2%",2%"+1,2" +1,2" —1,2?""1 -1} =
{m,, m,, my, my, mg}, where n is a natural number (n>1) and let the corresponding residues of

the integer X be (x4, x5, X3, x4, X5). The residues have bit-level representations as:
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Table 3.4

Area and Delay Specification of Reverse Converter for the moduli set S5 using New CRT | and
MRC (Method 2)

Parts FA NoT | XOR/AND | XNOR/OR | MUX Delay
pairs pairs
OPU 1 4n+1 1(2n) bit | tyor + tyux
CPAl n n-1 (4n — 2)tpy
CSAL n+1 1 -
CSA2 N+l — i
CPA2 n ™ -
OPU2 3n-1 —
CSA3 2n+1 2n-1 trn
CPA3 4n 81 tpy
OPU3 - _
CSA4 Tree | 8n*12n e

CPA4 4n 81 tra
OPU4 an o
CPAS5 4n 2n-1 (bn — 1)tpy

Total Area (Bn*+IN+3) A+ (L1IN)Ayor+ (3n-2)Axor+ (3N-2)Agnp+ (4N-

3)Axnor* (4n-3)Aor + Amux(2n)
Total Delay (26n+2+)tgy + 3tyor + tyux

Here | is the minimum number of levels of CSA tree required to process (2n-1) input operands.
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Figure 3.4 Reverse Converter for the moduli set S5 using New CRT I and MRC (Method 2)
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X1 = (xl,Zn—lxl,Zn—Z ---x1,1x1,0)2 (3.127)

Xy = (X2,2nX2,2n-1 - X2,1X2,0)2 (3.128)
X3 = (X3nX3n-1 - X31X30)2 (3.129)
X4 = (Xan-1Xan-2 - X4,1X4,0)2 (3.130)
X5 = (X52n-2X5,2n-3 - X51X5,0)2 (3.131)

The following sections describe the design of reverse converter for S, using New CRT I

and MRC conversion algorithms in two different methods.

3.1.4.1 Reverse Converter Design for §4 Using New CRT | and MRC (Method 1):

The set S; here is decomposed into two subsets A; = {22™,22" +1,2" + 1,2" — 1}
and 4, = {22"~1 — 1}. An integer X is calculated from the residues x;, x,, x5, x, of A;. The
conversion algorithm New CRT | is used to calculate X. Next, the MRC algorithm is applied
to calculate the integer X from the residues (X, xs) corresponding to the moduli set A; =
{22n (24" — 1),22""1 — 1}. The following proposition is needed for the derivation of X.

Proposition 1: The multiplicative inverse of 22" (24" — 1) modulo 22"~ — 1 is:

2n-3
|(227 (24" — 1)) Y on-1_y = 22772 4 z 2! (3.132)

=1

where n is natural number(n>1), | is odd. The above expression contains n terms.

Examples: The following values of multiplicative inverse for different values of n are found

using the program given in Appendix A (Section A.2).

The value of |(22™(2*" — 1)) Y|,2n-1_, for different values of n is:

Forn = 2,|(22"(2*" — 1))71|,2n-1_, = |408071|,=6

= (110), in binary
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= 21 + 22
Forn = 3, (22" (24" — 1)) "|,2n-1_, = |26208071|5,=26
= (11010),
=21 +23 424
Forn = 4,|(227(2*" — 1)) "] en-1_, = |1677696071|,,,=106
= (1101010),
= 21 +23 425426
Forn = 5,[(22M(2*" — 1)) Y| ,2n-1_, = |107374080071|5,,=426
= (110101010),
=21 +2%3+254+27+28
Thus the above values of |(22™(2*" — 1))~ |,2n-1_, can be generalized as follows,

2n-3
|(22n(24n _ 1))—1|22n_1_1 = = 22n-2 4 Z 2l
=1
where n is natural number(n>1), | is is odd.
Calculation of X:

The converter design and proof for calculation of value of X for four moduli set
{221n,22" 4+ 1,2™ + 1,2™ — 1} using New CRT | is given in [14]. The following equation from
[14] is useful for the derivation of X.

XM = =x, + 227 (3.133)
Calculation of X:
The value of X is calculated from MRC as follows:
X=x®4 a2 — e - 1))_1|22"‘1—1 ' (x5 - X(l))|22"‘1—1
= XMW 4 22n(24n —1)p (3.134)
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where

P =](22"(2% — 1)) en-1_T|p2n-1_q and T = | (x5 — XP)|p2n-1_;  (3.135)

T = |x5—x1 —2"M|2n-1_,=|ay + a, + a3 + az+as|zn-1_4 (3.136)
a1 = Xs5.2n-2X52n-3 ++- X5,1X5,0 (3.137)
2n-1
a2 == xl‘Zn_Z ...x1,1x1,0 (3138)
2n-1
a3 - 1 e 11 Z4_n_1Z4_n_2 xl'Zn_l (3139)
2n—4 2 1
Ay = Zan—4Zan—s - Lon+1Z2n Lan—3 (3.140)
2n-2 1
As = Zyn-3Zon—g - L1Zo Zon—3 (3.141)
2n-2 1

The value of P in equation (3.135) can be simplified by substituting value of equation (3.132)
and operating circular left shift on bits of T as follows:
P = |CLS(T,2n — 2) + CLS(T,1) + CLS(T,3) + -+ CLS(T,2n — 3)|,2n-1_, (3.142)
The value of X in the equation (3.134) can be simplified by substituting equation (3.133) as:
X= XM 4222 —1)P =x, +2%Z + 222" - 1)P

=x, +2"(Z+ (2" - 1)P)

=x; + 2%"Q (3.143)
where
Q=Z+Q"-1)P=Z+2""P—-P=K—-P (3.144)
K=Z42"P = Py »2Poy_3 .. PiPy Zyn_1Zan—2 . 2120 (3.145)
2n-1 4an

Also, since x4 is a 2n-bit number, X in (3.143) can be obtained as

X =x+ 2°"Q = Qen-2Q6n-3 - Q1Q0 X12n-1X1,2n-2 - X11%1,0 (3.146)
6n—1 2n
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Example: Consider the moduli set {22, 22" + 1,2" + 1,2" — 1,22"1 — 1} where n=3.
The weighted number X can be calculated from its RNS representation (51, 31, 1, 5, 28) as
follows:
For n=3 the moduli set is {64, 65, 9, 7, 31} and also residues have binary representation
as below
x; = 51 = (110011),
x, = 31=(0011111),
x; = 1 =(0001),
x, = 5=(101),
xs = 28 = (11100),
The value of Z in (3.133) is calculated from converter of [14] and is given as:
Z = 2425 = (100101111001),
According to (3.137), (3.138), (3.139), (3.140), (3.141), (3.136), and (3.142) we have
a, = (11100), = 28
a, = (01100), = 12
as; = (11010), = 26
a, = (01001), =9
as = (01100), = 12
T = |87|5, = (11001), = 25
P = |650|3; = 30 = (11110),
Substituting the values of Z and P in Q, X can be calculated from (3.145), (3.144) and (3.146) as
below

K =(11110100101111001), = 125305
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Q = 125305 —-30 = 125775
X =(11110101101001111110011), = 8017651
We can see that |8017651|¢, = 51,|8017651|¢s = 31, [8017651| = 1, |8017651|, = 5,
|8017651|3; = 28 and therefore the calculated X is indeed the weighted value of the residue

representation (51, 31, 1, 5, 28) with respect to the moduli set {64, 65, 9, 7, 31}.

Hardware Implementation: The reverse converter hardware architecture for the five
moduli  set{22",22" +1,2" +1,2" —1,22""1 —1}  with  corresponding  residues
(x4, X2, x3, x4, x5) Of the integer X is shown in Fig. 3.5. Area and Delay specification for each

part of the converter are shown in Table 3.5.

3.1.4.2 Reverse Converter Design for §4 Using New CRT | and MRC (Method 2):

The set S, here is decomposed into two subsets 4; = {22",22" 1 — 1} and A4, =
(22" +1,2™ — 1,2™ + 1}. Two interim integers X and X are calculated from the residues
X1, %, 0f Ay and x;, x4, x5 0f A,. The conversion algorithms MRC and New CRT | are used to
calculate X and X respectively. Next, the MRC algorithm is applied to calculate the integer
X from the residues (X, X)) corresponding to the moduli set A5 = {22*(22""1 — 1), 24" —
1}. The following propositions are needed for the derivation of X.
Proposition 1: The multiplicative inverse of 22" modulo 22"~ — 1 is:

Mt m, = 127 21, = 22772 (3.147)

where n is natural number larger than 1.
Proof: Using property of equation (1.35), if |[a™! |,, = bthen|a b |, =1

Since |(22™) 71| ,2n-1_; = 2272 we have
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Table 3.5
Area and Delay Specification of Reverse Converter for the moduli set S, using New CRT | and
MRC (Method 1)

Parts FA NOT XOR/_AND XNOR/OR Delay
pairs pairs
OPU 1 6n-1 tyor
CSA1l 3 2n-4 tra
CSA2 2n-1 tra
CSA3 2n-1 tra
CPA1 2n-1 (4n — 2)tz,
OPU2 - -
CSA4 Tree | 2n°-5n+2 L tpy
CPA2 2n-1 (4n — 2) tpy
OPU3 2n-1 tyor
CPA4 2n-1 4n (6n — 1)tz,
(10n+6)Apa+ (6N+3)Ayor+ (4n-3)Axor+ (4N-
Area of Converter 2 [14] 3)Aun+ (21-3)Agwor+ (20-3)Agy
Delay of Converter 2 [14] (Bn+3)tpy + tyor
Total Area (2n +15n+6) A+ (14n+1)Ayor+ (4n-3)Axort (4n-
3)Aanp* (Bn-7)Axnort (BN-7)Apg
Total Delay (22n+1+1)tp, + 3tyor

Here | is the minimum number of levels of CSA tree required to process (n) input operands.
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Figure 3.5 Reverse Converter for the moduli set S, using New CRT I and MRC (Method 1)
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|22n " 22n_2|227’l—1_1 = |2 " 22n_2|22n—1_1 = |22n_1|227’1—1_1 = 1

Proposition 2: The multiplicative inverse of 22"(22"~1 — 1) modulo 2*"* — 1 is:

2n 4n-1
@@ = 1) My = ) 24 ) 2T (3.148)
=2 m=2n+3

where n is natural number(n>1), | is even, m is odd. The above expression contains (2n — 1)
terms.
Examples: The following values of multiplicative inverse for different values of n are found
using the program given in Appendix A (Section A.2).
The value of |(22™(22"71 — 1))71|,4n_, for different values of n is:
Forn = 2,[(22" (22" 1 — 1)) Y an_; = |1127],55=148
= (10010100), in binary
= 2242%427
Forn = 3, (222" 1 — 1)) 7| ,an_; = |198471|4095=2644
= (101001010100),
= 2242%+26+2%+211
Forn =4, |(22"(2°"1 — 1)) ,an_; = |3251271|45535=43348
= (1010100101010100),
= 224+ 2% 4+ 26+ 28 + 211 4 213 4 215

Forn =5,|(227(22"1 — 1)) Y| an_; = |52326471|1045575=697684

(10101010010101010100),
= 22422420428 + 210 4+ 213 4+ 215 4 217 4219

Thus the above values of |(22™(22"~1 — 1))~1|,4n_, can be generalized as follows,
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4n—-1

2n
@@ = 1) Mgy = ) 20+ 27
=2

m=2n+3

where n is natural number(n>1), I is even, m is odd.

Calculation of X:
The value of X is calculated from MRC as follows:
XM = X+ my | |m1_1|m2 (X — xq) lm, (3.149)
Substituting the value (3.147), m; and m, in (3.105) we have

XD = x4+ 22" | 22072 (x, — x1) |p2n-1y

= x; + 22 M (3.150)
where

M = |a; + a, + az|en-1_4 (3.151)
a, = icgﬁxz,Zn—ZxZ,Zn—3 e X2,1 (3.152)

1 2n—2
az == x1,2n_1 1 11 (3153)

T 2n—2

as = f}ﬁx1,2n—2x1,2n—3 X101 (3.154)

1 2n—2

Calculation of X():

The value of X® is calculated from New CRT | using the equations (3.110) to (3.116).

Calculation of X:
The value of X is calculated from MRC as follows:
X = XxW+ 22n22n071 — 1)]](22 2% — 1) peny - (XD = X D) pun_,y

= XW 4 22n(22n-1 _1)p (3.155)

where
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P =222 1 = 1)) pen_ Tlpen_yand T = |(X® = XD)|an_,  (3.156)

T=|x3+ Q%™+ 1N —x; —22"M|,an_;=|ay + as + ag|,an_; (3.157)
a4 - 0 e 00 X3’2nX3’2n_1 ...X3‘1x3’0 (3158)
2n-1 2n+1
a5 - N2n—1N2n—2 "'NINO NZTI.—lNZTI.—Z P N1N0 (3159)
2n 2n
ag = &,MZn—zMZn—3 e MyMy X1 20 —1X1 2n—2 - X1,1X1,0 (3.160)
1 2n—1 2n

The value of P in equation (3.156) can be simplified by substituting value of equation (3.148)
and operating circular left shift on bits of T as follows:
P = |CLS(T,2) + CLS(T,4) 4 --- + CLS(T, 2n) + CLS(T,2n + 3) +
+CLS(T,2n + 5) -+ CLS(T, 4n — 1)|,an_, (3.161)
The value of X in the equation (3.155) can be simplified by substituting equation (3.150) as:
X=X 4 2202201 _1)p = x, +22"M + 22221 - 1)P
=x, + 2°"(M + (221 = 1)P)
=x, + 22"Q (3.162)
where
Q=M+ Q" 1'-1)P=M+2"""1p—P=K-P (3.163)

K = M + 22n—1P = P4Tl—1P4Tl—2 ...Plpo MZTl—ZMZTl—3 ...M1M0 (3164)
4n 2n—-1

Also, since x4 is a 2n-bit number, X in (3.162) can be obtained as

X=x+ zan = Qen-206n-3 - 0100 X1,2n-1X1,2n-2 - X1,1X1,0 (3.165)
6en—1 2n

Example: Consider the moduli set {22,227~ — 1,22 4+ 1,2 — 1,2™ + 1} where n=4.
The weighted number X can be calculated from its RNS representation (183, 50, 103, 1, 14) as

follows:
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For n=4 the moduli set is {256, 127, 257, 15, 17} and also residues have binary
representation as below
x; = 183 = (10110111),
x, = 50= (0110010),
x3 = 103 = (001100111),
x4 = 1=(0001),
xs = 14 = (01110),
According to (3.108), (3.109), (3.107), (3.113), (3.114), (3.115), (3.116), (3.112), (3.120),
(3.121), (3.122), (3.119), and (3.118) we have
a, = (0011001), = 25
a, = (0111111), = 63
as = (0100100), = 36
M = |124|,,; = (1111100), = 124
N = | —12276|,55 = (11011011), = 219
a, = (0000000001100111), = 103
as =(1101101111011011), = 56283
as = (1000001101001000), = 33608
T = |89994 (45535 = 24459 = (101111110001011),
P = |1060248732|¢s535 = 23502 = (101101111001110),
Substituting the values of M and P in Q, X can be calculated from (3.164), (3.163) and (3.165) as
below
K =(1011011110011101111100), = 3008380

Q = 3008380 — 23502 = 2984878
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X =(101101100010111010111010110111), = 764128951
We can see that |764128951|,55 = 183, |764128951|,,, = 50, |764128951|,s, = 103,
|764128951|,5 = 1, |764128951|,; = 14 and therefore the calculated X is indeed the
weighted value of the residue representation (183, 50, 103, 1, 14) with respect to the moduli set

{256, 127, 257, 15, 17}.

Hardware Implementation: The reverse converter hardware architecture for the five
moduli ~ set{22",22" +1,2" +1,2" —1,2?""1 —1}  with  corresponding  residues
(x4, X2, x3, x4, x5) Of the integer X is shown in Fig. 3.6. Area and Delay specification for each

part of the converter are shown in Table 3.6.

3.1.5 Reverse Converter Design for S5 = {24 +1,22" +1,2" — 1,2",2" + 1}:
Consider the five moduli setSs = {2" 24"+ 1, 22" +1,2"+1, 2" -1} =
{m,, m,, m5, my, ms}, where n is a natural number (n>2) and let the corresponding residues of

the integer X be (x4, x5, X3, x4, X5). The residues have bit-level representations as:

X1 = (X1,n-1X1,n-2 - X1,1X1,0)2 (3.166)
Xy = (X24nX2,4n-1 - X2,1X2,0)2 (3.167)
X3 = (X32nX32n-1 - X31X30)2 (3.168)
X4 = (XgnXan—1 - X4,1X40)2 (3.169)
X5 = (X5n-1X5n-2 - X51X5,0)2 (3.170)

The following section describe the design of reverse converter for Ss using New CRT |
conversion algorithm.

3.1.5.1 Reverse Converter Design for S5 Using New CRT I:
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Table 3.6

Area and Delay Specification of Reverse Converter for the moduli set S, using New CRT | and
MRC (Method 2)

Parts FA NOT XOR/_AND XNOR/OR MUX Delay
pairs pairs
OPU 1 5n+1 1(2n) bit | tyor + tyux
CSAl 1 2n-2 tra
CPA1 2n-1 (4n — ) tpy
CSA2 n+1 n-1 tra
CSA3 n+1 n-1 tra
CPA2 2n 4n tgy
OPU2 4n-1 tvor
CSA4 2n+1 2n-1 tra
CPA3 4n 8n ty,
OPU3 - -
CSA5 Tree | 8n*-12n L tpy
CPA4 4n 8N tpy
OPU4 4n tvor
CPA5 4n 2n-1 (6n — 1)ty,
(8n*+8n+3)Ara+ (13n)Ayor+ (3n-2)Axor* (3n-2)Aanp+ (BN-
Total Area
4)Axnor+ (BN-4)Aor + Anux(zn)
Total Delay (26n+2+Ntp, + 3tyor + tyux

Here | is the minimum number of levels of CSA tree required to process (2n-1) input operands.
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Figure 3.6 Reverse Converter for the moduli set S, using New CRT | and MRC (Method 2)
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The value of X is calculated from New CRT I as shown below:
X=x+ my|ki(x;,—x)+
komy (x5 — x2)+ksmoms (x4 — x3) + kamomamy(xs — Xa) lmymamums ~ (3:171)
where
ki = 1M, mamams: K2 = 1(M1mM2) ™ imamumer k3 = [(Mymam3z) ™ |, m and
ky = |(Mymamamy) ™ |, (3.172)
The following propositions are needed for the derivation of X.
Proposition 1: The multiplicative inverse of 2™ modulo 28" — 1 is:
IMT mymamams = [(@2") " Hgen_y = 277 (3.173)
where n is natural number larger than 2.
Proof: Using property of equation (1.35), if |a™! |,, = b then|a-b |, =1
Since |(2™) 7Y ,8n_, = 27", we have
|27 - 27 gen_y = |2%%|pen_y = [2%"]pen_y =1
Proposition 2: The multiplicative inverse of 2™(2*"* + 1) modulo 2% — 1 is:
|(M1m2) ™ mgmymg = [(2M(2* + 1)) pan_y = 23771 (3.174)
where n is natural number larger than 2.
Proof: Using property of equation (1.35), if |a™! |,, = b then|a-b |, =1
Since |(2™(2*" + 1)) 7Y ,an_, = 23™71 we have
2724 + 1) - 237 pan_y = 27(2) - 23" pan_y = 247 pan_y = 1
Proposition 3: The multiplicative inverse of 2™ (24" + 1)(22"™ + 1) modulo 22™ — 1 is:
|(mymams) " myms = 12727 + 127" + 1)) Hpen_y = 2772 (3.175)
where n is natural number larger than 2.
Proof: Using property of equation (1.35), if |[a ! |,, = bthen|a b |, =1
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Since|(2™"(2*" + 1)(2%" + 1)) Y| 2n_; = 2™72, we have
127247 + 1) (22" 4+ 1) - 2" 2| en_y = |27(2)(2) - 2" 2|pen_q = |22 pen_, = 1
Proposition 4: The multiplicative inverse of 2™(2*"* + 1)(2%" + 1)(2™ + 1) modulo 2™ — 1 is:
|(mymamamy) ™, = |27 + D2 + D" + 1)) Hpnoy = 2773 (3.176)
where n is natural number larger than 2.
Proof: Using property of equation (1.35), if |[a ! |,, = bthen|a b |, =1
Since|(2™(2*" + 1)(22" + 1)(2" + 1))~ Y,n_y = 273, we have
12"2*" + DR+ D@+ 1) - 2" P gy = [27M(2)(2)(2) 1 27 P gnoy = 2Py = 1
Substituting the values of (3.173), (3.172), (3.173), and (3.174) in (3.171), the value of X can be
simplified as:
X=x+ 2"M (3.177)
where
M = |a; +a, + az+a, + as + ag + az|,en_y (3.178)

A1 = X5.2X51X5,0 X5n—1 - X5,0 X5n—1 = X5,0 X5n—1 +:: X50 X5,n—1 -+ X50

3 n n n n

xS,Tl—l x5’0 xS,Tl—l x5’0 Xs’n_l x5’0 x5,1’l—1 X5’3 (3179)
n n n n-3
az = xl’n_lxl’n_z ...xl'lxl’o X2’4nx2’4n_1 ...x2'1x2’0 1...11 (3180)
n 4n+1 3n-1
az; =1..11x3 ,7X327,-1 o X31X301 ... 11 X3 ;X357 1 . X31X30 1 ...11 3.181
3 3,2n+3,2n-1 3,1+3,0 3,2n3,2n—-1 3,1+3,0 ( )
n+1 2n+1 2n-1 2n+1 n-2

Ay = Xg,Xa1Xa 01 ...11%,, . xa01...11%,, . X401 ..11%,,, ... X401..11%,,, ... X
4 42X41%X40 4n 4,0 4n 4,0 an 4,0 an 4,3
3 n-1 n+1 n-1 n+1 n-1 n+1 n-1 n-2

(3.182)
ac =00x4, ...%400...00x4, ...%400...00x,,, ...200...00x4,, ... X400 ...00
5 = Y Xan 4,0 an 4,0 4n 4,0 4n 4,0
2 n+1 n-1 n+1 n-1 n+1 n-1 n+1 n-3
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(3.183)

g = XpnXon—1 X200 ...00X5 40 X3 4n—1 - X2 42 (3.184)
n+1 4n—1 3n
a7 = X341 +%300...00x359 .. X300...00 X35 ... X3 42 (3.185)
—_—_—- e —_—_—_—,— T —
n+2 2n-1 2n+1 2n-1 n-1

Also, since x; is an n-bit number, X in (3.177) can be obtained as

X = X1 + an ES M8n—1M8n—2 ...M1M0 xl’n_lxl’n_z ...xl’lxl,o (3186)

8n n

Example: Consider the moduli set {2", 2" + 1, 22" + 1,2" + 1, 2" — 1} where n=3.
The weighted number X can be calculated from its RNS representation (4, 676, 22, 4, 1) as
follows:
For n=3 the moduli set is {8, 4097, 65, 9, 7} and also residues have binary representation
as below
x; = 183 = (10110111),
x, = 50=(0110010),
x5 = 103 = (001100111),
x, = 1 =(0001),
xs = 14 = (01110),
According to (3.179), (3.180), (3.181), (3.182), (3.183), (3.184), (3.185), and (3.178) we have
a; = (001001001001001001001001), = 2396745
a, =(011111010101101111111111), = 8215551
as; =(111111010011111111010011), = 16596947
a, =(011111011111011111011111), = 8255455
as = (000100000100000100000100), = 1065220

ae = (010000000000000000101010), = 4194346
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a, = (101100000000101100000000), = 11537152
M = |52261416]|14777215 = (111010111001000101011), = 1929771
Substituting the value of M in (3.186), X can be calculated as below
X =(111010111001000101011100), = 15438172
We can see that |15438172|g =4, |15438172|4997 = 676, |15438172|45 = 22,
|15438172|¢9 = 4, |15438172|, = 1 and therefore the calculated X is indeed the weighted
value of the residue representation (4, 676, 22, 4, 1) with respect to the moduli set {8, 4097, 65,

9,7}

Hardware Implementation: The reverse converter hardware architecture for the five
moduli ~ set{2", 24" +1, 22" +1,2" + 1, 2" —1}  with  corresponding  residues
(x1, x5, x3, x4, x5) Of the integer X is shown in Fig. 3.7. Area and Delay specification for each

part of the converter are shown in Table 3.7.

3.1.6 Reverse Converter Design for S = {24" + 1,22 +1,2™ — 1,227, 2" + 1}:
Consider the five moduli setS, ={22", 24"+ 1, 22" +1,2"+1,2" -1} =
{m,, m,, my, my, ms}, where n is a natural number (n>1) and let the corresponding residues of

the integer X be (x4, x5, X3, x4, X5). The residues have bit-level representations as:

X1 = (X1,2n-1%1,2n-2 - X1,1X1,0)2 (3.187)
Xy = (X24nX2,4n-1 - X2,1X2,0)2 (3.188)
X3 = (X32nX3,2n-1 - X3,1X3,0)2 (3.189)
Xy = (XgnXan—1 - X4,1X40)2 (3.190)
X5 = (X5n-1X5n-2 - X51X5,0)2 (3.191)
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Table 3.7
Area and Delay Specifications of Reverse Converter for the moduli set Sg using New CRT |

Parts EA NOT XOR/_AND XNOI_Q/OR Delay
pairs pairs
OPU1 8n+3 thor
CSA1 n+2 4n-1 3n-1 trs
CSA2 4 2n-2 6n-2 tra
CSA3 4n+2 4n-2 trs
CSA4 8n tra
CSA5 8n trn
CPAL 8n l6ntp,
Total Area (29n+8)AFA+ (8n+3)AN0T+ (10n'5)AX0R+ (10n-5)AAND+ (9n-
3)Axnor* (9n-3)Apr
Total Delay (16n+4)tp 4 + tyor
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X1 X2 X3 X4 s
i 4n+1 2n+l n+1 1

Operand Preparation Unit 1

an &n an &n an an
dl d2 ds a7 d3 d4 ds

T ) L L3 N L

&n bit CSA1 with EAC 8n bit CSA2 with EAC

an an an

L L L

8n bit CSA3 with EAC

&n an &n

k. k. N

8n bit CSA4 with EAC

an an an

L L L

8n bit CSAS with EAC

in &n

Snbit CPAT Wil EAC
(modulo (2% -1} adder)
an x
M a

\"_llvi-"r
X

Figure 3.7 Reverse Converter for the moduli set S5 using New CRT |

[
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The following section describe the design of reverse converter for S¢ using New CRT |

conversion algorithm.

3.1.6.1 Reverse Converter Design for S5 Using New CRT 1I:
The value of X is calculated from New CRT | as shown below:
X=x;+ my|ky(xy —x1) +
kama (x5 — x3)+ksmams (x4 — x3) + kamamamy(xs — X4) lmymamums  (3:192)
where
ki = Imi mymamamgr k2 = 1Maim2) " Hammg k3 = |(mymams) ™ |, mand
kg = |(mymymamy) ™ |, (3.193)
The following propositions are needed for the derivation of X.
Proposition 1: The multiplicative inverse of 22™ modulo 28" — 1 is:
M3 g mamams = 1227) oy = 267 (3.194)
where n is natural number larger than 1.
Proof: Using property of equation (1.35), if |[a ! |,, = bthen|a b |,, =1
Since |(22™) 71| ,en_, = 2°™, we have
227 - 257 pen_y = [2%"|p8n_y = |2%"|pen_y = 1
Proposition 2: The multiplicative inverse of 22" (24" + 1) modulo 2*™ — 1 is;
|14115) iy mamg = 122024 + 1)) pan_y = 22771 (3.195)
where n is natural number larger than 1.
Proof: Using property of equation (1.35), if |[a™* |,, = bthen|a b |,, =1
Since |(22™(24" + 1)) Y ,an_y = 2271 we have
1227(247 + 1) - 227 pan_y = [2%7(2) - 22" pan_g = 2% pan_y = 1
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Proposition 3: The multiplicative inverse of 22" (24" + 1)(2%" + 1) modulo 22™ — 1 is:
|(mymams) ™ imymg = 1222 + D22 + 1) Hpeny = 22772 (3.196)
where n is natural number larger than 1.
Proof: Using property of equation (1.35), if [a™ |,, = bthen|a b |, =1
Since|(22™(2*" + 1)(2%" + 1)) " Y|,2n_y = 222, we have
227(2%7 + 1) (22" + 1) - 22" 2| j2n_y = [227(2)(2) - 22" 2| pen_y = [2*"|pen_y = 1
Proposition 4: The multiplicative inverse of 22" (24" + 1)(22" + 1)(2™ + 1) modulo 2™ — 1 is:
|(mymamamy) ™ g = [(272 (2" + (22" + 1)(2" + 1)) Hpnoy = 22770 (3.197)
where n is natural number larger than 1.
Proof: Using property of equation (1.35), if |[a ! |,, = bthen|a b |, =1
Since| (22 (24" + 1)(22™ + 1)(2" + 1)) |pn_y = 22773, we have
1227247 + 1)(22" + 1)(2" + 1) - 23| pn_y = |227(2)(2)(2) - 2" 3| yny = | 23" pnq = 1
Substituting the values of (3.194), (3.195), (3.196), and (3.197) in (3.192), the value of X can be
simplified as:
X = x, + 22"M (3.198)
where
M = |a; + a, +azta, + as + ag + a;|,8n_, (3.199)

A1 = X5.2X51X5,0 X511 - X5,0 X5n—1 = X5,0 X5n—1 +:: X50 X5,n—1 -+ X50

3 n n n n
X5n—1 - X50X50—1 ++ X5,0 X53—1 -+ X5,0 X511 -+ X5,3 (3.200)
n n n n-3
Az = X12n—1X12n-2 - X1,1%1,0 X2,4nX2,4n—1 - X21%X20 1 ... 11 (3.201)
2n an+1 2n-1
A3 = X3 3nX2n-1 X200 ...00X3 4 X2 401 - X 3.202
3 2,2nX2,n-1 2,0 2,4n%X2,4n-1 2,n+2 ( )
2n+1 n-1 2n
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Ay = 0X3 97 X399-1 e X31X200...00 %3 5,X2 991 e X21X201..11 .2
4 - 3,2n*3,2n—-1 3,1*3,0 3,2n"*3,2n—-1 3,1*3,0 (3 03)
1

2n+1 2n-1 2n+1 2n-2
As =X31X30 1 ..11X35, X301 ...11 X35, .. X 3.204
5 3,1%X3,0 3,2n -+ X3,0 3,2n - X3.2 ( )
2 2n-1 2n+1 2n-1 2n—1

~—~~
n+1 n-1 n+1 n-1 n+1 n-1 n+1 n-3

A = 11X o Xg01 11X, Xy 01 11X Xy 01 11X X010 11
2 YT T T
(3.205)

A7 = X4X41%X400...00x2, ... 400...00x4, ... 400..00x4, ... 5400...00x4,, ... X
7 42X41%X4,0 4n 4,0 4n 4,0 an 4,0 4n 43
3 n-1 n+1 n-1 n+1 n-1 n+1 n-1 n-2

(3.206)

Also, since x, is a 2n-bit number, X in (3.198) can be obtained as

X - x1 + Zan - M8n—1M8n—2 ...M1M0 xl’Zn_lxl'Zn_z ...xl'lxl‘o (3207)

8n 2n

Example: Consider the moduli set {22", 24" + 1, 22" + 1,2™ + 1, 2™ — 1} where n=3.

The weighted number X can be calculated from its RNS representation (7, 3621, 32, 1, 3) as

follows:
For n=3 the moduli set is {64, 4097, 65, 9, 7} and also residues have binary
representation as below
x; = 7 = (000111),
x, = 3621 =(0111000100101),
x5 = 32 = (0100000),

x, = 1 =(0001),

xs = 3 = (011),
According to (3.200), (3.201), (3.202), (3.203), (3.204), (3.205), (3.206) and (3.199) we have

a; =(011011011011011011011011), = 7190235

a, = (111000100011101101011111), = 14826335
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a; = (010010100000000000011100), = 4849692
a, = (001000000000001000000000), = 2097664
as = (111111110111111111110111), = 16744439
ae =(111110111110111110111110), = 16510910
a, = (001000001000001000001000), = 2130440
M = |64349715|4777215 = (110101011110011000010110), = 14018070
Substituting the value of M in (3.207), X can be calculated as below
X =(110101011110011000010110000111), = 897156487
We can see that |897156487|¢, = 7, |897156487|4997 = 3621, |897156487 |5 = 32,
|897156487|, = 1, |[897156487|, = 3 and therefore the calculated X is indeed the weighted
value of the residue representation (7, 3621, 32, 1, 3) with respect to the moduli set {64, 4097,

65,9, 7}.

Hardware Implementation: The reverse converter hardware architecture for the five
moduli ~ set{22", 24" + 1, 22" +1,2" +1, 2" —1}  with  corresponding  residues
(%1, x5, x3, x4, x5) Of the integer X is shown in Fig. 3.8. Area and Delay specification for each

part of the converter are shown in Table 3.8.
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Table 3.8
Area and Delay Specifications of Reverse Converter for the moduli set S¢ using New CRT |

Parts EA NOT XOR/_AND XNOR/OR Delay
pairs pairs
OPU1 on+3 thor
CSA1l 2n+2 4n-1 on-1 trn
CSA2 4 2n-2 6n-2 tra
CSA3 4n+2 4n-2 trs
CSA4 8n tra
CSA5 8n trn
CPA1 8n 161ty
Total Area (30n+8)AFA+ (9n+3)AN0T+ (10n'5)AX0R+ (10n-5)AAND+ (8n-
3)Axnor* (8n-3)Apr
Total Delay (16n+4)tp 4 + tyor

X1 X2 3 X4 Xs
n 4n+1 n+1 n—1 n

Operand Preparation Unit 1

8n in &n in &n &n
la laz 1as a4 1as las ]as
8n bit CSA1 with EAC 8n bit CSAZ2 with EAC
&n &n 8n

8n bit CSA3 with EAC

8n 8n gn

8n bit CS5A4 with EAC

&n &n &n

1 1 1

8n bit CSAS with EAC

En &n

8nbit CPA1 with EAC
(modulo (28 -1) adder)
&n

X1

Figure 3.8 Reverse Converter for the moduli set Sg using New CRT |
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4. EVALUATION AND COMPARISON

4.1 Areaand Delay Comparisons for Four Moduli Set Reverse Converters:
In this Section, the hardware cost and delays of the reverse converters discussed in
Section 2 are compared. The comparison is done by adopting a common practice to flatten the
architecture to allow an estimation of the area and delay complexities in terms of units of 1-bit
Full Adders (area and delay of inverters and multiplexers are not considered in order to simplify
comparisons). The comparisons of area, delay, approximate dynamic range (DR) of reverse
converters for the four moduli sets P;, P;and P, are shown in Table 4.1. It is clear that the
converter for moduli set P; designed using New CRT | and MRC [19] is faster than other reverse
converters. Also, this converter has low hardware cost when compared to other converters for a

given dynamic range.

Table 4.1
Comparisons of reverse converters for four moduli sets P;, P, and P,
Moduli Sets P} P, P,
Conversion New CRTand | NewCRT I New CRT and New CRT and
Algorithms CRTII MRC | + MRC[19] | CRT I MRC CRTII MRC
DR(®) 15-bit 15-bit 12-bit
(';;;‘ Area (Ar,) | 53 57 45 71 72 67 76
Delay (tr4) | 53 61 39 49 55 46 52
DR(®) 23-bit 23-bit 20-bit
(2;’* Area (Ap,) | 105 111 76 135 136 133 148
Delay (tz4) | 81 93 66 79 89 76 86
DR(®) 31-bit 31-bit 28-bit
(2:7;3* Area (Apy) | 173 181 111 215 216 215 236
Delay (tz4) | 140 124 89 107 122 105 119
DR(®) 39-bit 39-bit 36-bit
’(‘:91)9 Area (Ap,) | 257 | 267 150 311 312 313 340
Delay (tp,) | 134 154 111 136 154 160 151

The “*’ indicates the odd value of n is for the moduli set P,.
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4.2  Area and Delay Comparisons for Five Moduli Set Reverse Converters:
The comparisons of area, delay, approximate dynamic range (DR) of reverse converters
for the five moduli sets S;, S,, S5, S,, Sz and Sy are shown in Table 4.2. It is clear that the
converter for moduli set S¢ designed using New CRT | is not only faster than other reverse
converters but also has low hardware cost. The converter for moduli set S is the best suitable
converters when a dynamic range between 20 to 100-bits is desired. For a dynamic range less
than 16-bits the converter for moduli set S, designed using New CRT I and MRC (Method 1) is
recommended. Also, other converters can be selected from Table 4.2 for a given dynamic range

considering the area and delay factors.

4.3  Choice of Reverse Converters:

The reverse converter for four moduli set P; is best suitable for a dynamic range less than
20- bits as it has less area and delay when compared to reverse converters of five moduli sets. If
a high speed converter is required for a dynamic range between 20 to 40-bits, then the reverse
converter for five moduli set S, is recommended over reverse converter for P{. If a low cost
converter is required for a dynamic range between 20 to 40-bits, then the reverse converter for
four moduli set P; is suggested over reverse converter for S . For a dynamic range greater than

40- bits the reverse converter for five moduli set S is desirable.
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Table 4.2
Comparisons of reverse converters for five moduli sets Sy, S,, S5, S, Sgand S

Moduli Sets Y S, S;3 S4 Ss Se
Conversion | New CRT | New CRT '}'iWMC;CT ':'iWMC; CT '\IIiWMC; g ’\IliWMCF?CT New | New
Algor'thms I+ MRC I+ MRC Method 1 | Method2 | Method1 | Method 2 CRTI CRTI
DR(®) - - 13-bit 15-bit - 20-bit
n=2 | Area (Ap4) - - 55 62 58 61 - 96
Delay (tr4) - - 44 55 45 55 - 32
DR(®) - - 20-bit 23-bit 27-bit | 30-bit
n=3 | Area (Ar4) - - 90 118 95 117 144 144
Delay (tra) - - 67 83 68 83 52 52
DR(®) 25-bit 22-bit 27-bit 31-bit 36-bit | 40-bit
n=4 | Area (Ars) 154 129 129 190 136 189 192 192
Delay (tra) 92 121 90 110 91 110 68 68
DR(=) - - 34-bit 39-bit 45-bit | 50-bit
n=5 | Area (Ap,) - - 172 278 181 277 240 240
Delay (tra) - - 113 136 114 136 84 84
DR(=) 39-bit 34-bit 41-bit 47-bit 54-bit | 60-bit
n=6 | Area (Ap4) 332 202 219 382 230 381 288 288
Delay (tra) 147 186 135 163 136 163 100 100
DR(®) - - 48-bit 55-bit 63-bit | 70-bit
n=7 | Area (Ap,) - - 270 502 283 501 336 336
Delay (tra) - - 160 189 159 189 116 116
DR(?) 53-bit 46-bit 55-bit 63-bit 72-bit | 80-bit
n=8 | Area (Ap4) 574 279 325 638 340 637 384 384
Delay (tra) 202 251 180 216 181 216 132 132
DR(®) - - 62-bit 71-bit 81-bit | 90-bit
n=9 | Area (Ar4) - - 384 790 401 789 432 432
Delay (tra) - - 202 242 203 242 148 148
DR(?) 67-bit 58-bit 69-bit 79-bit 90-bit | 100-bit
n=10 | Area (Ag,) 880 360 447 958 466 957 480 480
Delay (tra) 257 315 225 268 226 268 164 164
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5. CONCLUSION AND FUTURE WORK

This research is mainly focused on designing reverse conversion architectures for the four
and five moduli sets proposed in [18] for binary domain. The five moduli sets proposed in [18]
are modified and six new five moduli sets have been proposed in this research. The proposed
reverse conversion techniques are based on Traditional Chinese Remainder Theorem, Mixed
Radix Conversion and New Chinese Remainder Theorems (New CRT | and New CRT IlI). The
various architectures, for these moduli sets, are all based on Full Adders, thereby providing
simple design and VLSI efficient implementation of adder based architectures. The reverse
converters hardware and delay specifications are analyzed and a suitable converter has been
suggested for a given dynamic range. The overall dynamic range supported by the reverse
converters is from as small as 12-bits up to 100-bits.

The future work that can be derived out of this research is designing reverse converters
for six, seven and larger moduli sets proposed in [18] or extending the new five moduli sets
proposed in this research to six, seven and larger moduli sets, so that the reverse converters for
the large moduli sets further increases the parallelism and reduces the size of each residue

channel for a given dynamic range.
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APPENDIX A

MULTIPLICATIVE INVERSE MODULO CALCULATION

The multiplicative inverse of a number a modulo b is denoted as a*modulo b. The value
a’modulo b exists if and only if a and b are co-prime to each other, that is, greatest common
divisor ofaand b is 1.

la7 |, =b; b €{1,2,..,m—1} (A1)
where bissuch that|a-b |, =1
Example: |51 |, =9

There are many theorems to calculate multiplicative inverse modulus values, and some
familiar ones are Euclidean algorithm, Euler Totient function, Euler and Fermat’s theorems. The
following method based on Extended Euclidean algorithm is discussed here which is useful in

calculating multiplicative inverse modulo.

A.1 Extended Euclidean Algorithm

Extended Euclidean algorithm is the extension of Euclidean algorithm, which is mainly

used when two numbers a and b are co-prime to each other. It states that,

ax + by =gcd (a, b) (A.2)
where a, b are integers.
By the definition of inverse modulus, ax is congruent to (1 mod b)
Hence, b is the divisor of ax — 1, and it gives the following,

ax—by =1 (A.3)
In the above equation, a and b are the numbers whose inverse modulo value is to be found out, x

is the inverse modulus value and y is an integer and it can be ignored.
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Example: Find the value of 13" mod 7.
Using the equation (A.3), and approaching trial and error method, it is found out that x =6 and y

= 11. Ignoring the value of y, the value of 13 mod 7 is 6.
A.2 Code in C to Calculate Multiplicative Inverse:

The following code in C is used to simulate the series of multiplicative inverse values,
and is based on Extended Euclidean algorithm.
Code:

[* To calculate multiplicative inverse series */
#include<stdio.h>
main(){
long long int x[10], y[10]j;
printf("Enter the value of x:\n");
for(j=0;j<3;j++{
scanf("%lld",&x[j]);
}
printf("Enter the value of y:\n");
for(j=0;j<3;j++X{

scanf("%lld",&y[j]);

}
printf(""The inverse modulo values are:\n™);
Inverse(X,y);

getch();
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int Inverse(long long int a[], long long int n[]){
long long int k, i[3], v[3], d[3], t[3], x[3];
for(k=0;k<3;k++){
i[k] = n[k], v[k] = 0, d[K] = 1;
while (a[k]>0){
t[k] = i[K]/a[K], x[K] = a[KI;
a[k] = i[K] % x[K];
i[K] = x[K];
x[k] = d[K];
d[K] = V[K] - tTK]*x[KI;
VK] = X[K];
}
VK] %= n[K];
if (v[K]<0) v[K] = (v[K]+n[K])%n[K];
printf("%I1d \t" v[K]);
}
printf("\n\n");

by

Result:
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r

i | c\Users\naveen\Documents\Visual Studic 2008\Projects\inversemoduli\Debugtinversemoduli.exe |ﬂlﬁj

Enter the value of x:
112

1984

32512

Enter the value of y:
255

The inversze modulo values are:
148 2644 43348
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APPENDIX B
PROOFS FOR THE SETS TO BE PAIRWISE RELATIVELY PRIME
B.1 TheSets; ={22"%+1,271—-1,2"141,2" 22"+ 1}, wheren = 2k, k =
2,3,4,... IsPairwise Relatively Prime
Proof:
The proof for the moduli 2™t — 1,2"1 4+ 1,2 to be pairwise relatively prime is given
in [18] for moduli set P, for binary radix. Therefore, we shall prove that the moduli 22™72 + 1,
22" + 1 are pairwise relatively prime to each other and also pairwise relatively prime to the
moduli 2"~1 — 1,271 4 1, 2™,
Let a/b mean “a divides b.”
It is true that, if a/b and a/c, then a/[k,b + k,c]. Let d be a common divisor of 22772 + 1
and 22" + 1. Then d/2?" 2 + 1 and d/2?™ + 1 implies d/[22(2?""2 + 1) — 22" + 1] and in
turn implies d/3 or d= 1, 3. But 3 does not divide either 22™"~2 + 1 or 22" + 1 for even values of
n. Therefore d=1. Thus the only common divisor of 22”72 + 1 and 22" + 1 is 1 and therefore
22772 4 1 and 22" + 1 are relatively prime.
Finding gcd(22™~2 + 1,2™! — 1) using Euclidean algorithm:
12202 4 1| ynoa_y= 2
|271 —1],=1
12],=0
Therefore, ged(22"2 + 1,21 — 1)=1
Finding gcd(22™~2 + 1, 2™ + 1) using Euclidean algorithm:
122772 + 1 pn-140= 27712+ 1) = 277+ 1 pre1, =277 (0) = 277 + 1 pnenyy = 2
|21+ 1,=1
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12],=0
Therefore, gcd(22"72 + 1,21 + 1) =1
Finding gcd(22™~2 + 1, 2™) using Euclidean algorithm:
|227%72 + 1|,n= 0 + 1|;n=1
12",=0
Therefore, gcd(22"72 + 1,2™) =1
Finding gcd(22™ + 1,2™"1 — 1) using Euclidean algorithm:
1220 + 1| pno1_y= |4 (V1 271) + 1|01 =5

2 ifn=2kk=246..
1 ifn=2kk=357..

j2rt — 15 = {
|5],=1and |2|;=0, also |5]|;=0
Therefore, gcd(22™ + 1,21 — 1)=1 for all even values of n greater than 2.
Finding gcd(22™ + 1,2™"1 + 1) using Euclidean algorithm:
122" + 1| pn-1 =4 (2712771 + 1] pn-1,,=5

4 ifn=2kk=246..
3 ifn=2kk=357..

2n 4 15 = |

|5],=1and |4],=0,also |5|3=2, |3|,=0, |2]|;=0

Therefore, gcd(22™ + 1,21 + 1) =1 for all even values of n greater than 2.
Finding gcd(22™ + 1, 2™) using Euclidean algorithm:

|22™ + 1|,n= 0 + 1|,n=1

|2"|,=0

Therefore, gcd(22" + 1,2") =1
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Since the greatest common divisors are one, the moduli set S; = {22772 + 1,2""1 — 1,21 +
1,2", 22" + 1} is a co-prime set for all even values of n greater than 2.

B.2 TheSetS,={2?""1-1,2"1-12"—-1,2" 2"+ 1},wheren =2k, k = 2,3,4,...
Is Pairwise Relatively Prime

Proof:

The proof for the moduli 2"~1 — 1,2™ — 1,2™,2™ + 1 to be pairwise relatively prime is
given in [18] for moduli set P/ for binary radix. Therefore, we shall prove that the
moduli 22"~1 — 1 is pairwise relatively prime to the moduli 2"~ — 1,2 — 1,2™,2" + 1.
Finding gcd(22™t — 1,2™1 — 1) using Euclidean algorithm:

22771 = 1 pner_y= |20 2770 27 = 1 pues = 1

|20t —1],=0

Therefore, gcd(22"1 — 1,21 — 1)=1
Finding gcd(22™~1 — 1,2™ — 1) using Euclidean algorithm:

122771 = 1pn_g= 22" 7Y) = 1fpny = 2771 =1
|2 — 1|pn-1_(= 2271 = 1|pn-1_,=1
|21 —1],=0
Therefore, gcd(22*"1 —1,2" — 1) =1
Finding gcd(22™~1 — 1, 2™ + 1) using Euclidean algorithm:
122771 = 1pny g = 272 = Lgngg = | =127 = 1pnyy = 2771
12" 4+ 1|,n-1= (2 2% + 1] 1= 1
12" 1,=0

Therefore, gcd(22" 1 —1,2" + 1) =1
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Finding gcd(22™~1 — 1, 2™) using Euclidean algorithm:
22771 — 1| pn= |0 — 1|n= |27 = L|pn=2" — 1
|2"[on_1=1
|28 —1],=0

Therefore, gcd(22"1 — 1,2™) =1
Since the greatest common divisors are one, the moduli set S, = {22""1 — 1,271 —1,2" —
1,2™, 2™ + 1} is pairwise co-prime for all even values of n greater than 2.

B.3 TheSetS; ={22""1-1,22" 4+ 1,2"—1,2",2" + 1},wheren = 2,3,4, ... Is

Pairwise Relatively Prime

Proof:

It is well known that the prominent moduli 2™ — 1,2",2" + 1 are pairwise relatively
prime to each other. The proof for the moduli 22" + 1 to be pairwise relatively prime to the
moduli 2™ —1,2",2™ + 1is given in [14]. Also, the proof for the moduli 22""1 —1 to be
pairwise relatively prime to the moduli 2™ — 1,2",2™ + 1 is given in Appendix B (Section B.2).
Therefore, we shall prove that the moduli2?"~t —1 is pairwise relatively prime to the
moduli 22" + 1.

Let a/b mean “a divides b.”

It is true that, if a/b and a/c, then a/[k.b + k,c]. Let d be a common divisor of 22"~1 —1

and 2™ + 1. Then d/22"1 — 1 and d/2%" + 1 implies d/[-2(2?""1 — 1) + (22" + 1)] and in

turn implies d/3 or d= 1, 3. But 3 does not divide either 22"~1 — 1 or 22" + 1 for all values of n

greater than 1. Therefore d=1. Thus the only common divisor of 22"~1 — 1 and 22" + 1 is 1 and

therefore 22"~1 — 1 and 22" + 1 are relatively prime.
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Therefore the moduli set S; = {2271 —1,22" + 1,2™ — 1,2",2™ + 1} is pairwise co-prime for
all values of n greater than 1.
B.4 TheSetS,={2?""1-1,22"+1,2" —1,22",2" + 1},wheren = 2,3,4, ... Is
Pairwise Relatively Prime
Proof:
The proof for the moduli 22™ + 1,2™ — 1, 22", 2™ + 1 to be pairwise relatively prime is given in
[14], and the proof for the moduli 2271 — 1,22™ + 1,2™ — 1,2™ + 1 to be pairwise relatively
prime is given in Appendix B (Section B.3). Therefore, we shall prove that the moduli 22771 —
1 is pairwise relatively prime to the moduli 22™.
Finding gcd(22™~1 — 1, 22™) using Euclidean algorithm:

|22n—1 — 1|2n= 22n-1 _ 1

|22 pzn-1_4=[2 - 22" pen-a_y =2

|22 — 1],=1

12]:=0

Therefore, ged(22"~1 — 1,22") =1
Since the greatest common divisor is one, the moduli set S, = {22"71 —1,22" +1,2" —
1,22™ 2™ + 1} is pairwise co-prime for all values of n greater than 1.
B.5 TheSetSs = {2%" +1,22" +1,2" —1,2",2" + 1}, where n = 3,4,5 ... Is Pairwise
Relatively Prime
Proof:

The proof for the moduli 22" + 1,2" — 1,2™,2" + 1 to be pairwise relatively prime is

given in Appendix B (Section B.4). Therefore, we shall prove that the moduli 24" + 1 is

pairwise relatively prime to the moduli 22™ + 1,2™ — 1,2" + 1,2" .
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Finding gcd(2*™ + 1,22™ + 1) using Euclidean algorithm:
24" + 1] p2n, 1= 2
|22n + 1],=1
12],=0
Therefore, gcd(2*™ + 1, 22" + 1)=1
Finding gcd(2*™ + 1,2™ — 1) using Euclidean algorithm:
1247 + 1|pn_y= 2
2" —1],=1
12[,=0
Therefore, gcd(2*™ + 1,2" — 1)=1
Finding gcd(2*™ + 1,2™ + 1) using Euclidean algorithm:
1297 + 1] yny 1= 2
12" + 1],= 1
12],=0
Therefore, gcd(24" + 1,2™ + 1)=1
Finding gcd(24™ + 1, 2™) using Euclidean algorithm:
|24 + 1|,;n=]0 + 1|,n=1
|2"1=0
Therefore, gcd(24" + 1,2m) =1
Since the greatest common divisors are one, the moduli set Sg = {24 +1,22" +1,2" —

1,2™,2™ + 1} is pairwise co-prime for all values of n greater than 2.
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B.6 TheSetS,={2%"+1,22"+1,2" —1,2?",2" + 1}, where n = 2, 3,4 ... Is Pairwise
Relatively Prime
Proof:
The proof for the moduli 2% + 1,22 + 1,2" — 1,2™ + 1 to be pairwise relatively prime is
given in Appendix B (Section B.5). Therefore, we shall prove that the moduli2*™ + 1 is pairwise
relatively prime to the moduli 22™.
Finding gcd(2*™ + 1, 22™) using Euclidean algorithm:

|24 + 1]y2n= |0 + 1]|p2n=1

|22%],=0

Therefore, ged(2*™ + 1,22") =1
Since the greatest common divisor is one, the moduli set Sg = {2*" +1,2?" +1,2" —

1,22™, 2™ + 1} is pairwise co-prime for all values of n greater than 1.
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