


where

B- | (4 — 40 (q — 60)'dg (23)

for each constant ¢ > 0. The constant By is chosen such that ¢, is a compactly
supported smoothed indicator function for the interval [—6/, 6/]; see Figure 2.1 for

examples of y, for different choices of ¢.

FIGURE 2.1. Compactly Supported Smoothed Indicator Functions
Solid and Red: ¢1. Dashed and Blue: 5.

In fact, we have the following key properties of o, and ¢,:

Lemma 2.1. For each constant ¢ > 0, we have (a) oy(x) € [0,1] for allz € R, (b)
oo(z) > 0.75z for all x € [0,£/4], (c) |oe(x)] < € for all x € R, (d) v, : R — [0, 1]
is C* and even, (e) oi(x) =1 on [—4L,4(), (f) @i(z) = 0 when |z| > 6¢, and (g)

Csup,ep ()] = 555

Property (g) holds because B, = 23%9,
14 315
l W(2) = = —40)* (g —60)* = —. 2.4
Sup o ()] B qéﬁ%g](q )" (g — 6¢) 556 (2.4)

The rest of Lemma 2.1 follows from simple calculations, and by matching the left

and right derivatives of ¢, at 4¢, —4/¢, 6/, and —6¢.

Remark 2.2. The results in this chapter remain true if our functions o, and ¢,

from (2.1)-(2.2) are replaced by any C* functions o, : R — R and ¢, : R — R
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that satisfy the requirements from Lemma 2.1. Our strategy of using integrals to
smooth corners to approximate indicator functions has been used in other contexts.
See for example [30] where this is done to approximate the opening and closing of

a microlectromechanical relay.

Lemma 2.1 implies that the functions ¢,(z)x and gpéi)(:v)m are all bounded for
each derivative ¢ = 1,2, 3. Also, for each constant ¢ > 0, we can use properties (c)

and (g) of Lemma 2.1 to define the function U, : R? — R by

o —0'4(222 + ag(ﬁZl)w(ZQ)) - 602(621%04(22)22
Uel2) = 2T 0 (62) ol Za) ' (2:5)

Using the compact support of ¢, from Lemma 2.1, we can easily prove:
Lemma 2.3. For each constant £ > 0, (I) the functions

ou,
07

U, L0,
(Z>7 ZQaZI<Z>7 Z2 8212

92U,
022

0?U,

(Z>7

are all bounded and (II) sup ;g2 |Ue(Z)] < 2(602 4 ).

2.2 Statement of Theorem

Here is our key bounded backstepping theorem:

Theorem 2.4. Let © : [0,4+00) x R? — R be any C! function that admits a

constant £ > 0 such that

sup |O(t, X)| < %min{l, |X1|} forall X = (X1, X,) € R?. (2.7)

t>0

Let S = E(t,S) be any system on some Euclidean state space RP that is UGAS and
ULES, with E € C'. Assume that OE/0S is bounded. Let L : [0, +00) x R? x R? —

R be any C* function that admits a constant L such that |L(t, X,S)| < L|S| for
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allt >0, X €¢R?, and S € RP. Let 7 > 0 be any constant. Then
X, = X,40(tX)
Xy = Bualt,X)+ L(t,X,S) +17 (2.8)
S = Et5S)

in closed loop with the bounded C' feedback

6€,ﬁ(taX) =
— [1+ 2] 0 (2 + 0u(£X0)pul(Xa)) — o(EX ) pel Xo) (X + O(1, )] (29)
2+ 04(0X1) ) (Xa)

admits a function o € Koo N Ct and a constant ¢ > 0 such that

V() < a(]Y(t) el + 22 +1 (1 + \/Z§> 170 (2.10)
along all trajectories Y = (X, S) of (2.8) for all t, > 0, t > t,, and measurable

functions n : [0, 400) — 7By, and therefore is UGAS and ULES when n =0, and

ISS with respect to disturbances n : [0, +00) — Bj. O

The preceding result implies that for any constant 7 > 0, we can choose the
feedback such that (2.8) is ISS with respect to disturbances that are bounded by
7. Moreover, 7 can be taken as large as we desire, so we get ISS with respect to
disturbances of arbitrarily large amplitude through an appropriate choice of 7 in

the feedback. Also, the estimate

Bualt, X)| < 2 <1 + 17%) (1+70) (2.11)

holds throughout its domain, and (0/0X)p.;(t, X) is bounded if (0/0X)O(t, X)

is bounded.

2.3 Proof of Theorem

The strategy of the proof of Theorem 2.4 is to use asymptotic quadratic strict

Lyapunov functions, which are defined in the same way as standard strict Lyapunov
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functions except the Lyapunov decay estimate along trajectories is only required

for large enough times. We use this consequence of Gronwall’s Inequality:

Lemma 2.5. Assume that the C! system

Y = f(t,Y), Y €R" (2.12)

is ULES and UGAS, and that Of/0Y is bounded. Then there is a constant ¢ >
0 and a function o € Ko N C' such that for each initial condition Y (t,) =
Y, € R", the corresponding solution Y (t,t,,Y,) of (2.12) satisfies |Y (t,t,,Ys)| <

a(|Y,|)e~ett) for all t > t,.

Proof. Assume that (2.12) is ULES on some closed ball AB,, of some radius A > 0
centered at the origin. The UGAS assumption provides a constant A; € (0, A]
such that all trajectories of (2.12) with initial states Y (t,) € AiB, remain in
AB, for all t > t,, as well as a C'! increasing function v, : [0,4+00) — [0, +00)
satisfying the following condition: If Y, € R™ and if ¢, > 0 is any constant, then
Y (t,t,,Y,) € A1B, for all t > t, +va(|Ys]). Pick any constants ¢ > 0 and K > 1
such that

Y (s, 50,p)| < K[ple=¢) (2.13)

for all p € AB,, s, > 0, and s > s,. Since f /Y is bounded by some constant

f>0and f(t,0) =0 for all t > 0, we have

Y(tt,, V)| < Y|4+ [T ]f(s,Y(s,t0,Y,))|ds
Y ( )| Yol + [, | £ (s, Y ( )] (2.14)

A

< Yo+ [L FIY (5,10, Yo)|ds

for all t > t, > 0 and Y, € R". This follows from the Mean Value Theorem
applied to G4(Y) = f(s,Y) for each s > t,, which gives |f(s,Y (s,t,,Y,))| =
1£(5,Y(5,t0,Y,)) — f(5,0)] < F|Y(s,t0,Ys)|. Hence, Gronwall’s Inequality [24,

Appendix A] gives |Y(t,1,,Y,)| < ao(|Y,]) for all Y, € R" ¢, > 0, and t €
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Lo, to + Ya(|Y,])] if we take a,(r) = rel20) If t > t, + va([Y,]), and if we set
te =to +7a(|Ys|), then the weak semigroup property Y (t,s,p) =Y (t,r, Y (r,s,p))

forallpe R and t > r > s > 0 gives
|Y(t7t07§/0)| = |Y(t7t*7y(t*’t07yo))’
< K[Y (b, to, Yo ) lemelimt)
S Rao(D/;)De_c(t_to_'}’A(‘Yol))'

Also, [Y(t,t,,Y,)| < ao(|Y,|)e et to)ecral¥ol) for all t € [t,, to+7ya(|Yo])]. Therefore,

we can satisfy the requirements with a(r) = Ka,(r)e7a ), O

We now return to the proof of Theorem 2.4. Using our bound (2.11) on S 5(t, X),
it follows from our growth conditions on © and L that (2.8) is forward complete.

We can use Lemma 2.5 to fix a constant
¢ € (0,min{0.75,0.5¢}) (2.15)

and a function ag € C' N K, such that
1S(#)] < as(|S(to) e (2.16)

along all trajectories of S = E(t, S) in the rest of the proof. We construct a function
a € Ko N C* such that (2.10) holds along all trajectories Y = (X, .S) of (2.8) for
all t, > 0 and t > t, when || < 7, which will give the UGAS, ULES, and ISS
properties.

The variable Z; = 2X5 + 04(£X1)pe(X3) satisfies

Zi = 2+ 0X)@u(Xo)] [Bes(t, X) + L(t, X, S) + 1]
+Loy(EX1)pe(Xa) [ Xz + O(t, X)]

(2.17)

along all trajectories of (2.8). Our choice (2.9) of the feedback f; therefore gives

Z = =1+ 0y(2) + [2+ 00(0X) (X)) [L(t, X, S) +1] . (2.18)
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We now consider trajectories (X (t), Z1(t),S(t)) of the dynamics of the variable
(X1, 24, 8) for any fixed measurable function 7 : [0, +00) — 7B;. In all of what
follows, we use t, to denote the initial time of our trajectories. Also, all inequalities
should be understood to hold for all ¢ > ¢,, unless otherwise indicated.

Step 1: We first construct a C! function az € K such that

1Z1(1)] < az([(Z1(to), S(t,))])e 05ttt 4 8|p| (2.19)

for all t > t, and all trajectories Z;. To this end, we first build a C! function
T, € Ko such that for all ¢, > 0, all trajectories Z; : [t,, +o0) — R, and all ¢t >
to+To(|(Z1(to), S(to))|), we have | Z,(t)| < €/32.1f t > t, is such that |Z;(t)| > £,
then parts (b), (c), and (g) of Lemma 2.1 give |o,(Z;(t))| > |00(¢/32)| > 3L and
loe(€X1 (1)) (X2(t))| <2, and (2.16) and (2.18) give

sign{Z1(t)}21(t) < —25 [L+1722] + 4 (L|S(t)] + [n(t)])
< — i +4Lag(|S(t,)])e o),

(2.20)

Therefore, 4|2 (t)] < 0 at all times ¢ > t,+7.(|(Z1(t,), S(t,))]) for which | Z;(t)| >
¢/32, where

T.(r) = 2In (#QS(T) + 1) ,
because —/128 + 4Las(]S(t,)])e ¢t < 0 for such values of t. If | Z,(£)| > £/32
at some time ¢ > ¢,, and if ¢ is the smallest time on [t,, ¢ ] such that | Z;(r)| > ¢/32
for all r € [t,t], then either |Z,(¢)] = ¢/32 or else t = t,. (The first possibility
occurs if there is a time r € [t,,t) at which |Z1(r)| < £/32, and the second occurs

if there is no such time.) Hence, |Z:(t)| < & + |Z1(t,)|, so integrating (2.20) over

[, t] gives
m < (20
< 1Z2i@) - g —t) + —aS(\S( ) (2.21)
< g T2 - -0+ Las(S(E)]) -
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Then canceling ¢/32 from both sides of (2.21) gives

=t <[22t + Las(IS(t))] 2. (2:22)

Hence, we can take

To(r) = 2T.(r) + [7‘ + %ozs(r)] s

In fact, if (Z1(t,), S(t,)) # 0, and if there were a time t > t, + T,(|(Z1(t,), S(to))|)
such that |Z1(t)| > £/32, and if t is the smallest time on [t,, ] such that |Z;(r)| >
¢/32 for all r € [t, ], then |Z(t)| decreases on [t, 1], since (2.22) gives t —t, =t —
to—(t—1t) > T.(|(Z1(t,), S(to))]) > 0, but then | Z,(¢)| = £/32 and | Z,(t)] is strictly
decreasing in a neighborhood of ¢, which is a contradiction. If (Z(¢,), S(t,)) = 0,
then (2.20) gives 4|2 (t)| < 0 for all times ¢ > ¢, for which |2 (t)| > &, so |Z:(t)]
never goes above £/32. We conclude that |Z,(t)] < & ift—t, > To(|(Z1(t,), S(to))])-

Setting t, = t, + T,(|(Z1(t,), S(t,))|), it follows that since |Z;(t)| < ¢/32 for all
t > t,, part (b) of Lemma 2.1 and our choice of ¢ € (0,0.75) give Z1(t)oe(Z:1(t)) >

cZ{(t) for all t > t,. Then the choice W(Z,) = 327 and (2.18) give

W(21) < —Zi0u(21) + 4|24 (LISEH)| + In(t)])

) (2.23)
< —eW(21) + 2 [LSOF +n*(1)]
for all ¢t > t,, where the second inequality used Holder’s Inequality to get
AZ (LIS + n(®)]) < 0.5c2F + S(LIS(E)]| + [n(t)])? (2.24)

< 0.5c¢ZE 4+ BL2S(t) 2 + (1))

Also, (2.18) and the Fundamental Theorem of Calculus give
Zu(t)] < |Z(t)] + (t - m{e + 1727 + 4[Eas (15 (L)) + 1] } (2.25)

Hence, multiplying both sides of the last inequality from (2.23) by e“‘~*) and

integrating the result on [t,,t] for any ¢ > t,, taking square roots, and then using
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(2.16) and the general relation \/p +¢ < \/p + /g for all p > 0 and ¢ > 0 gives

1Z1(t)]

IN

1Z1(8)]+ SLas (S (t) ) |05 + S

ull(Z1(t), S(ta)))+ Las(1S(t) |

=0.5¢(t—tx) ocTo(|(Z1(t0),5(to))

IN

(2.26)

—0.5¢(t+—to)

xXe ‘)6

+%|77|C>07
where a,(r) = r + To(r)[¢ + 1767 + 4Las(r)]. Hence, (2.19) holds with az(r) =
[ao(r) + ELavg(r)]eT .,

Step 2: We next construct a function ay € C* N K4 such that

(X1 < ax(|(Xa(to), Z1(to), S(to))] el =)/10
(2.27)
+y/ @il VE 21,
along all trajectories X; from (2.8). First note that (2.8) and our choice 2, =
2X2 —+ O'g(gXl)(bg(Xg) give

X1 = —0.5Ug(£X1) + @(t,X) + d(t), (228)

where d(t) = 0.52, () — 0.50,(€X, () [@e(Xa(t)) —1]. Since |o0(£X1 (1)) pe(Xa(t))] <

¢ for all ¢, and since

2] = [2X + oGO 00)] < o (2.29)

when t—t, > T,(|(Z1(t,), S(t,))|), we also have | X5 (t)| < 4¢ and so also p,(Xs(t)) =
1 when t — t, > T,(|(Z1(t,),S(t,))|), by part (e) of Lemma 2.1. It follows that
|d(t)| = 0.5|21(t)| < £/64 when t —t, > T,(|(Z1(t,), S(t,))|). Moreover, the time

derivative of V(X;) = 1 X7 along all trajectories of (2.8) is

V = —0.5X10,(0X1) + X,0(t, X) + X,d(t) . (2.30)

We consider these two possible cases:
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1) | X1 > 1/4. Then X10,((X;) > | X1]oo(€/4) > 3 X;], by part (b) of Lemma

2.1. Therefore, our bound ¢/16 on © from (2.7) and (2.30) give

Vo< =X+ X0t X) + Xqd(t)
< =Xl 4 G+ [Xald()] (2:31)
< [-g O] X4l

2) |X1| < 1/4. Then X 0,(¢X;) > 0.75¢(X?, by part (b) of Lemma 2.1. By
(2.7), we have |O(t, X)| < (¢/16)|X;| everywhere, so Holder’s Inequality

Xi1d(t) < £XE+ 1d2(t) applied to (2.30) gives

Vo< X2 X0 X) + Xad(t)
< -3XZ 4 LX? 4 Xd() (2.32)
< L X4 (1)

Arguing as we did to construct 7,, we can build a function 7; € K, N C!
such that |X;(¢)] < 1/4 for all t > t, + Ti(|(Xi(to), Z1(t0), S(t,))]). In fact,
V < =) X1(t)]/64 < 0, when | X1 ()] > 1/4 and t—t, > To(|(X1(t,), Z1(ts), S(ts))])
both hold, by Case 1) and the fact that |d(t)| = 0.5|21(t)| < ¢/64 for such ¢. (In
particular, | X (t)| never goes above 1/4 if (X1 (¢,), Z1(t,), S(t,)) = 0.) On the other
hand, if | X;(¢)] > 1/4 for all ¢ on some interval [t,¢] with ¢ > t,, and if ¢ is the
smallest time r > ¢, such that |X;(¢)| > 1/4 for all ¢ € [r,{], then either t = t,, or

else | X;(t)| = 1/4, so Case 1), (2.19), and (2.28) combine to give

3w < V(X))
< VX)) - gi 1)
< VI(Xi(t) + 55 — 55 (E— 1)
< 0.5{[Xa(to)] + To(|(Z1(t0), S(to))){2¢ + az(I(21(t0), S(t,)]) + 2
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since |d(t)] < ¢/64 for all ¢ > t.. Hence, canceling 1/32 from both sides gives
t—t < (128/0)[|X1(to)| + To([(21(t6), S(t6))D{2¢ + az(|(Z1(ts), S(to))]) + 67/},
Therefore, we can take T1(r) = 27,(r) + (128/0)[r + To(r){2¢ + az(r) + 67/c}]*.
To show why this choice of T; works, notice that if there existed a time ¢ such
that ¢ — to > T1(|(X1(to), Z1(ts), S(t0))|) # 0 and |X;(f)| > 1/4, then our formula
for 7; implies that ¢ > ¢,. Hence, choosing ¢ as in the previous paragraph and

setting W(to) = (X1(t,), Z1(t,), S(t,)) for brevity gives

128 (W (to)] + To(IW (k) )20 + az(IW(t)]) + Z}]° +1 — tg
> t—t+t—ty (2.33)

> Ti(Wa(to)]) -
This gives t — tg > 27o(|(X1(to), Z1(t,), S(t,))|) and therefore also t > t,, so Case
1) gives V < 0 on [t,#] which is a contradiction because |X;(t)] = 1/4. On the
other hand, if 7 — to > T1(|(X1(t), Z1(t,), S(t.))]) = 0 and |X1(F)] > 1/4, then
|Z,(t)| never goes above ¢/32, so Case 1) gives V < 0 when X;(t) = 1/4 so | X
cannot go above 1/4.
Hence, | X1(t)| < 1 on [ty, +00), where t, = t, + T1(|(X1(t,), Z1 (o), S(to))]). On

this interval, Case 2) gives

: c d?(t) c 1
< —= = —= —z2 2.34

since we chose ¢ € (0, £). Multiplying (2.34) through by e~*)/8 using (2.19) and

(2.28), integrating over [t,, ], and taking square roots gives

X0 < X+ oz ((Kit), 21, SE)D] o8 4222
< 0 (|(Xi (1), Za(to), (1)) + 1/ 22E ],

where

as(r) = r+ Ti(r) (24 +azs(r) + 6?”) | 3az() (2.35)
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This gives (2.27) with ax(r) = as(r)eT (/16
Step 3: Combining the estimates (2.16), (2.19), and (2.27) gives a function ax z €

C' N K such that

[(Z:(1), X2 (1), 5(1))| < axz ([(Z1(to), Xi(to), S(t,))]) e=ctt)/16
+2 {142 il
along all trajectories (2, X3,5) for all initial times ¢, > 0 and all ¢ > ¢,. The

construction of « to satisfy (2.10) follows, because Lemma 2.1 gives
(X, 9)] < VE+1|(21,X1,9)] < 3(2+1)|(X,9)] (2.36)
everywhere. This proves Theorem 2.4.

Remark 2.6. The following observations will be useful in Section 3.7, in our anal-
ysis of tracking problems for PVTOL aircraft models where velocity observations
may not be available. The preceding proof shows that when n = 0, the function

1 1 2
Gi(X) = 5X%+€—C€{zx2+w<exlm<xg>} (2.37)

satisfies

LG0(X (1)) < —do| X ()2 + ZE|S (1)

dt C%E

and Gy(X(t)) > do|X(t)]* along all trajectories of (2.8) for all times ¢ > ¢, +

Ti(|(X1(t,), S(t,))|) and all initial times t, > 0, where

dy = min {%, QLE} min {62, 0.5, #}
and ¢, = min{0.75,0.5¢}. To see why, notice that if |¢(X;]| < |Xy|, then X? + Z2 =
X2+ [2X5 + 00(0X1)pe(Xo)]? > | X|?; while if [£X| > |X5|, then we instead have

X+ 2} > (20X7+ Z})min {55,1}

v

(*X? 4+ X3)min { 5,1}

> min {0.5,0%, 55 } | X%

’ 202

27



Also, Gi(X) = 5X7 + 327 = V(X1) + £ W(21) everywhere. The estimates now

follow from (2.23) and (2.34), because

3212
C%

%gﬁxg)) < —min{ﬁ 1}(Xf+zf)+

- 2
2 S(0)

along all trajectories of (2.8) for all times t > ¢, + T1(|(X1(%,), Z1(t,), S(to))]) and

all initial times t, > 0.
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Chapter 3

Planar Vertical Takeoff and Landing
Model

In this chapter, we use our bounded backstepping theorem from page 18 of Chapter
2 to design controllers that ensure tracking for a broad class of PVTOL trajecto-
ries. First we consider the case where the full state is available for measurement.
Then, we combine our results with the observer approach from [12] to generate

tracking controllers that do not require velocity measurements.

3.1 Discussion on Model

Since its introduction in [22], the planar vertical takeoff and landing (PVTOL) air-
craft model has become a benchmark dynamical system in aerospace engineering,

and it is of continuing ongoing research interest [3, 10, 15]. Recall from Section

1.4.1 above that the PVTOL model is

¥ = —uysin(f) + cug cos(d)
i = uycos(f)+ cuysin(f) — g (3.1)
é = U2,

where (x,y) gives the lateral and vertical coordinates of the center of mass of the
aircraft, 6 is the roll angle relative to the horizon, the control u; is the thrust
directed out of the bottom, ¢ is the gravitational constant, the control us is the
rolling moment, and the constant € gives the coupling between the roll moment
and the lateral force [3].

It is a simplified model with the minimal number of states and inputs that has

the main features needed to design controllers for real aircraft [22]; see Figure 3.1.
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FIGURE 3.1. PVTOL Airplane

We are using a bar on the thrust controller because it is convenient to use a change

of feedback to decouple the coordinates. In fact, the coordinates z; = z — esin(0),

2 =& —efcos(f), wy =y + e(cos(f) — 1), wy = ¢ — efsin(f), & = 0, and & = 6

and new input u; = @; — €3 from [38] transform (3.1) into [38]

;

Z

%2

&

\

Z2

—U Sin(§1>

Wa

(3.2)
uy cos(&1) — g
&2

Uo.

The main literature on (3.2) is divided into set point stabilization (e.g., [38, 44, 54]),

and tracking or path following (e.g., [10, 11, 12, 26, 31, 32]). The challenges in

designing PVTOL stabilizers are that u; must be nonnegative and that the system

is underactuated. Much of the PVTOL literature uses output feedbacks that only

depend on (z1,wy,&;). One can design globally exponentially stable observers for

the velocities; see [12] and Section 3.7 below, and [3, 55] for recent work on state

feedback tracking controllers.
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Given a reference trajectory for (3.2), it is natural to ask whether we can design
feedback controllers u; and uy that force all trajectories of (3.2) to track the refer-
ence trajectory, for all initial configurations. This is the problem of rendering the
tracking error dynamics for (3.2) uniformly globally asymptotically stable. Recall
from p.13 that the tracking error encodes the difference between the current state
and the reference trajectory vector at each time . Several significant papers gave
sufficient conditions guaranteeing that such controllers can be constructed [3, 12].
However, one would hope to establish uniform global asymptotic stability of the
tracking dynamics by globally bounded controllers. Also, it is important for the con-
trollers to perform well under uncertainty, so it is also important to have controllers
that give ISS with respect to actuator errors, which are additive uncertainties on
the controllers. In this chapter, we use our bounded backstepping theorem from

Chapter 2 to achieve these additional boundedness and key robustness objectives.

3.2 Literature Review

The fundamental importance of the PVTOL model has led to a vast PVTOL lit-
erature involving a variety of techniques. In their original work [22], Hauser et al.
used approximate input-output linearization to get bounded tracking and asymp-
totic stability for (3.2). Later work [52] by Teel developed small gain theory for
systems in feedforward form that gives stabilization results for the PVTOL model
as a special case, including robustness to uncertainty in the coupling parameter ¢.
In [32], Martin et al. extended [22] by giving output tracking results for a class of
slightly or strongly non-minimum phase systems that includes the PVTOL. The
main idea in [32] was to use the output at the Huygens center of oscillation, which is
a fixed point with respect to the aircraft body, and then the controller was defined

on a suitable subset of the state space. Also, [46, Section 6.1] designed PVTOL
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aircraft state feedbacks under the assumption that the coupling parameter ¢ is
zero and then selected the controller parameters to mitigate the effects of nonzero
values of . Then [26] gave optimal control methods that led to nonlinear state
feedback controllers that give hovering control that is robust to uncertainty in the
coupling parameter €. See [6, Section VI.C] for stabilization of equilibrium points
under linear dynamic stabilizers.

Subsequent work [38] by Olfati-Saber from 2002 used a change of coordinates
from [37] to design a state controller that stabilizes a zero velocity configuration
and allows larger values of the parameter €. Also in 2002, Marconi et al. [31] used
an internal-based model approach and nested saturations to design an autopilot for
the autonomous landing of a PVTOL aircraft on a ship whose deck oscillates under
high seas. See [4] for output tracking along a circle. Later work [13] by Francisco et
al. used forwarding results from [36] to design distributed delay nested saturation
feedbacks that give global asymptotic stability.

The PVTOL literature on path following can be summarized as follows. Track-
ing leads to controllers that have an a priori parametrization of the curve to be
followed, while path following does not involve such a parametrization. See [10]
for path following of Jordan curves using continuous feedback based on finite time
stabilization for initial states near the desired configuration. An advantage of path
following is that it can mitigate the effects of moving along a path too quickly [10].
However, the PVTOL tracking error dynamics are amenable to global Lyapunov
function methods. Lyapunov methods have the advantage that they can lead to
ISS proofs, which is important for certifying good performance under worst case
disturbances. Therefore, tracking and path following are both important.

One natural approach to the PVTOL dynamics involves backstepping [12]. See

[54], whose feedback law leads to a cascade structure that minimizes the norm
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of the interconnection term between subsystems. When designing PVTOL con-
trollers, it is important to take the maximum amplitude of the feedbacks into
account. On the other hand, standard backstepping techniques do not in general
lead to bounded feedback stabilizers. There have been several generalizations of
backstepping that give bounded feedbacks [14, 29, 33]. See [29, Chapter 7] where
bounded backstepping was used to track certain sinusoidal PVTOL trajectories.
The work [3] gave globally stabilizing tracking controllers for a specific class
of reference trajectories when w; is bounded, and semiglobal stability when both
uy and uy are bounded. The PVTOL output feedback tracking controllers in [12]
were based on several changes of coordinates, Lyapunov’s direct method, Bar-
balat’s Lemma, and backstepping. However, the controllers in [12] are not bounded.
Moreover, the thrust control @; in [12] is not guaranteed to be bounded below by
a positive constant. Since the existing work on global tracking for (3.2) is based
on Barbalat’s Lemma, it does not lend itself to ISS. Our controllers for (3.2) are
necessarily more complex than those of [3, 12]. However, to the best of our knowl-
edge, the results to follow are original and significant because of (a) the global
boundedness of our controllers u; and us and the uniform positive lower bound
on @y, (b) the applicability of our work to cases where the velocity measurements
may not be available, (c¢) the uniform global asymptotic stability and uniform lo-
cal exponential stability of our closed loop tracking dynamics, (d) our allowing a
rather general class of reference trajectories, and (e) our use of ISS to quantify the

performance under actuator errors of arbitrarily large amplitude.

3.3 Tracking Objective

We begin by choosing any reference trajectory &, = (21, 22, Wi, Wor, {11y Eor)

[0, +00) — RS, This means that there exists a reference input u, = (uy,, us,) such
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that for all t > 0, we have

i) = za(t)
Zp(t) = —unp(t)sin(&, (1))

W (t) = wa(t) (3.3)
wor(t) = e (t) cos(&ir(t)) — g

Ent) = &o(t)

Eor(t) = up(t).

We wish to design bounded tracking controllers that ensure tracking for reference

trajectories that satisfy the following:

Assumption 1. (1) The functions &, and u, are C*. (2) There is a constant
c1 € (0,7/2) such that &,.(t) € [—7/2 4+ c1,7/2 — ¢1] for all t > 0. (3) The
functions Slr, fl,n, Uy, Uy, and i, are all bounded. (4) There is a constant co > 0

such that infy>ouy,(t) > co.

Equivalently, we must design bounded C! feedbacks u; to drive the error variables
Zi(t) = zi(t) = 20 (1), Wi (t) = wi(t) —wi (1), and &(t) = &(t) —&in(t) to 0 for i = 1,2,

This means that the u;’s must render the tracking dynamics

Z1 = Zo

Z o= —upsin(&) + ug(t) sin(& (1))

U?l - (3.4)
Wy = ugcos(§r) — i (t) cos(&ir (1))

b = &

& = u—us(t)

UGAS.

Remark 3.1. The physical and technical constraints of the system provide input

restrictions. Hence, there are positive constants a; such that @y < uy,.(f) < @y
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and |ug,(t)] < @z must hold for all ¢ > 0. The positive lower bound 1y is used
to avoid the 0 thrust. We can use these actuator constraints to give sufficient
conditions for a trajectory to be trackable. In fact, take any C* function R, =
(Z1ry 227, W1p, Wop,s €1y Eor) 2 [0, +00) — RE whose first four derivatives are bounded,
and assume that inf,>o[wy,(¢) + g] > 0. Then the following conditions are easily

shown to be equivalent:

[C1] R, satisfies (3.3) for all ¢ > 0 for some C? input u, = (uy,, ug,) : [0, +00) —
R? for which wuy,.(¢) is nonnegative for all ¢ > 0.

[C2] &, (t) = aresin(—21, (1) /{(Z1 (1) + (1 (8) +9)}1/?), 200 (t) = 220 (1), i (t) =

Way (1), and &, (t) = &,.(t) hold for all ¢ > 0.

The implication [C'1] = [C5] follows by using the second and fourth equations in
(3.3) to solve for uy,. In this case, (3.3) holds for all t > 0 with uy,.(¢) = {(%,.(¢))*+
(1 (t) + ¢)2}2 and ug,(t) = &,(t), and there are constants ¢; € (0,7/2) and
co > 0 such that &,.(t) € [-7/2 + ¢1,7/2 — ¢] for all t > 0 and inf;>g uy,(t) > co.
Hence, the trajectory satisfies all of our assumptions. Moreover, we satisfy the
input restrictions if we also have @y < {(31,(t))? + (W1, (t) + g)?}/? < @; and
&1, (t)| < iy for all £ > 0. See Sections 3.9-3.10 for more details and an application

to a specific tracking problem.

3.4 Thrust Control Out of the Bottom

Recall the functions ¢, o4, and U, we defined in Section 2.1. Using part (II)
of Lemma 2.3 on page 18 and the constants ¢; > 0 defined above, we have
inf;>o{u,(t) cos(&,(t))} > 0, and we can fix a small enough constant A > 0 such

that

v(t,Z) = arctan (tan (&1,(2)) — ulr(t)(i)(\)(szlr(t))> (3.5)
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admits a constant ¢z € (0, ¢1) such that v(t,2) € [-7/2 4¢3, 7/2 —¢3] for all t >0

and Z € R%. We choose the control component

t,Z,w) = ——|u(t ot Uy (w 3.6
(t2,8) = s (1) ol (1)) + Un()] 3.6
for the thrust controller. By reducing A > 0 without relabeling and again using
part (II) of Lemma 2.3, we can assume that u; is everywhere nonnegative. We then

set

) 1 |
K2 = o) un @) cosen(®) (3.7)

and we define the functions Sy and T) by

: {1+ tan’ (&, (1)) }ur (1)

Stz 0) = —&u(t)+ 1 + tan?(v)
U,\,'z”% U1 (t) cos(&q,-(E Us(3) ~
+K(t2) ( )ulit) C(OS)(£17"<<§)) o N 8825 )22 (3.8)
—K(t,2) ag;(j) [sin(&1,(¢))urr () — sin(v)us]

and

OU,(Z)
0%

Ta(t, w1, 2,0) = uK(t,2) [sin(w + v) — sin(v)] , (3.9)

where w; = & — v, and where v and wu; are from (3.5)-(3.6). Since Z and 1wy are
bounded, Lemma 2.3 and our Assumption 1 on &, implies that the time derivative

Sy along all trajectories of (3.4) is bounded. Fix a constant a > 0 such that

max{’%(t,wl,i,ﬂ))‘,}ﬂ(t,wl,é,qb)‘} < — (3.10)

8w1
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everywhere. Notice that our tracking dynamics (3.4) with the choices (3.6) and

wy = & — Sy can be rewritten as

(

Z1 = Zo
o= —EE (1) cos(§ur(1) + Ur(@)] + (1) sin(61r (1))
W = W
! ’ (3.11)
By = [% . 1] i () cos(€1,(8)) + Uy () =z
@1 = ’WQ_,]‘)\(tywbga’LD)
Wy = ug
\

where 13 = uy — ug,(t) — Sy and v depends on (¢, ). Then the UGAS and ULES
properties for (3.4) are equivalent to those of (3.11), so we have reduced the sta-

bilization problems for (3.4) to those for (3.11).

3.5 Main Tracking Theorem

Since Sy, Uy, and (3.6) are C'' and bounded, we will have our bounded feedbacks
for the PVTOL tracking dynamics, once we design a C* bounded feedback us that

renders (3.11) UGAS and ULES. Our construction of ug is:

Theorem 3.2. Let the constants a > 0 and X\ > 0 satisfy the requirements from

Section 3.4. Then

ug(t, Z,w, w) =
—0, (2wz + Ja(awl)goa(zm)) — a0l (aw)pa(ws) [wg — Ta(t, @, 2, 71))]
2 + 04(awy) ¢, (w2)

(3.12)

is bounded and C' and renders (3.11) UGAS and ULES. Hence, the controller u;
from (3.6) and the rolling moment controller uy = us + ug,(t) + Sy render (3.4)

UGAS and ULES. OJ
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Proof. The dynamics (3.11) in closed loop with (3.12) is forward complete because
its right side grows linearly in the state uniformly in ¢. Therefore, the fact that
there exist a function a; € C' N K4 and a constant ¢ > 0 such that the UGAS
and ULES estimate

()] < ai(|w(to)])e " (3.13)

holds along all trajectories of (3.11) follows from our bounded backstepping the-
orem (Theorem 2.4) with the choice S(t) = 0, (3.10), and the fact that (3.12)
agrees with the controller (2.9) when we take L =0,/ = a, X = w, 7 = 0, and
O(t,w) = —Ta(t, w1, 2(t), w(t)).

Next note that the @ dynamics in (3.11) can be written as

Wy = W

‘ (3.14)

wy = Ux(w)+ L(t, w, @)
for an appropriate function L that admits a constant L > 0 so that |L(t, @, @)| <
L|w,| for all t > 0. The time variable in L includes the effects of Z, which enter
through the function v(¢,2). Hence, the fact that there exist a function ay €

C'N K and a constant ¢ > 0 such that the UGAS and ULES estimate

@0, =0)] < as(J0) )] e (3.15)
holds all trajectories of the (w0, w) subsystem of (3.11) also follows from Theorem
2.4, this time applied with X =w, © =0,7 =0, and S = w.

Finally, notice that Uy(Z) = [tan(&,(¢)) — tan(v)]us,(t) cos(&1,.-(t)) everywhere.

Hence, the Z subdynamics in (3.11) can be rewritten as

Tz (3.16)
5 o= U3+ L5 0,m),
where
Lt 20, w) = SR =S [ cos(en(8)) + Us ()| — tan(o)Us (@).

cos(v)
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Using the properties of v and Uy, we can find a constant £ > 0 such that
|L(t, 2,0, )| < L|(w, )| everywhere. Then the assumptions of Theorem 2.4 are
satisfied with X = 2, S = (0, w), L= L, L = £, © =0, and 7§ = 0, so Theorem

2.4 gives a function as € C' N K4 and a constant ¢s > 0 such that

| (2(t)7 QI)(t), 'Zﬂ(t)) ‘ < o3 (‘(2(1‘,‘())7 ’[I)(to)’ w(t(}))‘) e—Eg(t—tO)
along all trajectories of (3.11), which gives the desired conclusions. O

Remark 3.3. See Section 3.8 for our extension to cases where there are actuator
errors. We cannot eliminate 7, the way we eliminated Sy, because the unbound-

edness of ©o; implies that 7} is unbounded.

3.6 Input Constraints and Controller Bounds

Remark 3.4. We can derive explicit global bounds on our controllers u;. To get
the bound on the controller u; from (3.6), first pick any constant b € (0,1). By

reducing the constant A > 0 from Section 3.4, we can assume that

0 < A < min{1,%2cos(n/2 —c1)}, (3.17)

where the ¢;’s satisfy Assumption 1. Then part (II) of Lemma 2.3 implies that

|UL(Z) - 206X+ 1)
up(t) cos(&1,-(t)) — cacos(m/2 — ¢q)

< b (3.18)

for all Z € R? and all ¢ > 0. Since cos(arctan(q)) = 1/(1+¢*)*/? holds for all ¢ € R,
we conclude from our formula (3.5) for v(¢, ?) that 1/ cos(v) = (1 + tan?(v))Y/? =
(1+ [Ux(2) {urr (1) cos(&ur(8))} — tan(&:,(1))]) " € [1, 1+ [tan(m/2 — c1) +b]°] and
up(t) cos(&1r(t)) + Un(w) € [(1 = b)eacos(m/2 — ¢1), (1 4 b) sup{ur(p) : p = 0}]

hold for all t > 0, Z € R?, and @ € R2. Combining the preceding estimates gives
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the controller bounds
(1 =b)cycos(m/2 — 1)

U1 (t, Z, ﬁ)) (3.19)

IN

< {1+ [tan(m/2 — ¢1) + b }(1 + b) sup{wi,(p) : p > 0}
for allt > 0 and (Z,w) € R*. Hence, for all constants iy € (0, (1—b)co cos(r/2—c;))
and @; > {1 + [tan(7/2 — ¢;) + b]*}(1 + b) sup{us-(p) : p > 0}, we satisfy @9 <
u(t,Z,w) < @y for all t > 0, 2 € R? and w € R?. Taking the constant ¢; from
Assumption 1 close enough to 7/2 (which can be done by restricting to reference
trajectories such that infy>q[ws,(t) + g] is large enough and arguing as in Remark
3.1) and b close enough to 0, we can then satisfy the actuator constraints on wu;
if 4y < ¢ and 4y > sup{uy,(p) : p > 0}. Also, uy(¢, Z,w) has a uniform positive
lower bound, which is important for avoiding the zero thrust. This differs from [12],
where the controller u; is not necessarily bounded away from zero. See Remark 3.6

for analogous bounds for wu,.

Remark 3.5. Recall from our decoupling change of coordinates from p.29 that
the thrust out of the bottom is #; = u; + ££3. This will not be globally bounded,
because & is unbounded. However, simple calculations allow us to combine our
UGAS estimate for (3.11), the triangle inequality, and the coordinate changes that

transformed (3.4) into (3.11) to construct a function a* € K such that

LO] < @+ 160] < ] +a (JEadk)])  (3.20)
along all trajectories of (3.4). Hence,

u (t, 2(1), w(t))

IN

ur(t, 2(t), w(t), & (1))
< un(t 2(1), 0(1)) + 2:{ &G, (8) + [0 (|(2,@,€) ()]}

holds along all trajectories of (3.4). Since &, is bounded, this gives finite positive

(3.21)

upper and lower bounds on #; in terms of our bounds on u; from Remark 3.4 and
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the norm of the initial state of (3.4). We can use o* € K to ensure that the
overflow term 2e{€2.(t) + [*(|(Z, W, €)(t)|)]?} is small enough, either by further
restricting the reference trajectory such that sup{|&,(¢)| : ¢ > 0} is small enough,
or by restricting to state trajectories that start close enough to the reference tra-
jectory to make |(Z, 1, £)(to)| small enough. In fact, if @ is the maximum allowable
thrust out of the bottom, and if we further restrict the reference trajectories as in
Remark 3.4 such that sup{u(¢,z,w) : t > 0,(z,w) € R*} < @y, then 4, is also

bounded above @, if

2¢{&, () + [*(I(2, 0, €) (t) )]} <

U] — sup {ul(p,é,w) :p>0,(Z,w) € R4}.

(3.22)

Combined with our positive lower bound on u; from Remark 3.4, we conclude that

our actuator envelope is satisfied.

Remark 3.6. We can combine the ideas from Remarks 3.4-3.5 to derive global
bounds on our controller us from Theorem 3.2. In fact, Lemma 2.3 implies that
the time derivative Sy of Sy along all trajectories of (3.4) has some finite global

bound Sy. Hence, Lemmas 2.1 and 2.3 and the bound on 7 from (3.10) give

sup { |us(t, 2, w,@)] : t > 0, (2, W, w) € R°}

(3.23)
< 2a(6a+1) + %2 + sup{|ug-(p)| : p > 0} + Sy,
where the % term comes from the estimate
ao’ (aw1)pa(we) Ta(t, w1, Z, W) - a? (3.24)
2 + o4(aw) ), (w2) - 8 '

While finite, the upper bound in (3.23) could exceed the physical constraints of the
system, but we can get a tighter bound by using the UGAS estimate on (3.11) as in
Remark 3.5. This gives an upper bound depending on a K, function of the norm

of the initial state of the tracking dynamics (3.11). The details are as follows. Our
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controller uy is such that us(t,0,0,0) = ug,(t) for all £ > 0. Therefore, we can use
our bounds on the reference trajectories and reference inputs and their derivatives

to find a function a € K, such that

us(t, 2, w, w)| < supfluae(p)| : p = 0} + a(| (2, w, w)|) (3.25)

for all ¢ > 0 and all (2, %, w) € RS. Combining (3.25) with the UGAS estimate on

(3.11) therefore gives a function a** € K., such that

ua(t, (1), w(t), w(t))| < supf{luz(p)| :p >0}

+a**(|(2(to), W(to), @ (to))])

(3.26)

along all trajectories of (3.11). Hence, given any bound uy > 0 on the rolling mo-
ment, and given a reference trajectory for which the corresponding control compo-
nent g, = &, satisfies sup{|us,(p)| : p > 0} < 1y, we can find a region R, in the
state space containing the reference trajectory such that |us(t, Z(t), w(t), w(t))| <
e along all trajectories of (3.11) and all values attained by the rolling moment
controller satisfy the actuator envelope, when the system starts in R;. This is done
by simply choosing Ry, such that a** (|(Z(to), W(to), @ (t0))]) < Uz — sup{|usz.-(p)| :
p > 0} for all trajectories starting in R,. We leave the construction of a** to the
reader, but we demonstrate in our simulations in Section 3.10 how the control

inputs satisfy the input restrictions.

3.7 Tracking Without Velocity Measurements

If only the variables 2, wy, and & are measured, then we can achieve our tracking
objective using the observer approach from [12]. We apply the approach as follows.
First, the proofs of our bounded backstepping theorem (Theorem 2.4 on page 18)

with 7 = 0 and Theorem 3.2 provide a positive definite proper function V,(Z, w, w)
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and a C" function T, : [0,4+00) — (0,400) such that V, is negative definite along
all trajectories of the tracking dynamics (3.11) in closed loop with (3.12) for all
times t > t, + I(|(Z2,w,@)(t,)|), and such that V; = In(1 + V,) has a bounded
gradient. To construct V,, notice that the proof of Theorem 2.4 implies that the

positive definite function
1
Gi(X) = 05X} + ;- {2X, + 00X )pe( X)) (3.27)
¢

has a positive definite quadratic lower bound and admits a function I' € K., N C*

and a constant d, > 0 such that

3212
el

%QAX@)) < —dg| X (1)) + 1S(t)]? (3.28)

along all trajectories of (2.8) whenn = 0 and t—t, > I'(|(X (t,), S(,))|), where ¢, =
min{0.75,0.5¢}; see Remark 2.6. Applying the preceding construction successively
with (X, 5) = (w,0), then (X, S) = (0, w), and finally with (X, S) = (2, (0, w)) as
in the proof of Theorem 3.2 provides positive constants A; such that V,(Z,w, w) =
Gr(2) + A3[A1Ga(@) + Gr(w)] satisfies the requirements, where the constant A,

is chosen to cancel the term w in the decay estimate on G,(w), and then

32L2|(w,w)(t)|

the constant A, is chosen to cancel the term e ® in the decay estimate for

Gr(2).
Using the coordinate changes that we used to transform (3.4) into (3.11), one

easily checks that the feedback wu; (¢, Z, ) defined in (3.6) and
U2 s (t> 57 ?I), é) = Uus (ta 27 UNJ, él + flr(t) - U(ta 2)7 52 - S)\(ta 27 ?I)))
+ U () + Sa(t, 2,10)

are globally Lipschitz in the state (2, w, 5 ) uniformly in ¢ and admit a proper posi-
tive function V,(t, Z,w, €) and a C" function Ty : [0, +00) — (0, +00) such that V, is

negative definite along all of the closed loop trajectories of (3.4) with u; = u; 5 and
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Uy = Uy, for all times t > t,+T5(|(Z, 10, €)(t,)]), and such that |(9V,/d2)(t, 2, W, )|,

10V, OW)(t, 2,1, )|, and |(OV2/OE)(t, 2,10, €)| are all bounded. In fact, we can take
VQ(ta 27 ’lI}, 5) = Vl (27 UN]a él + gl’r(t) - U(tv 2)7 52 - S)\(tv 27 QI])) (329)

Next consider the augmented dynamics

5= %
Z o= —uns(t, 2,0) sin(ér) 4w (t) sin(ér,(1))

Wy = by

Wy = upe(t,2,0) cos(&) — ui,(t) cos(&1,(2))

&= &

g = na(t, 2,10, €) — (1) (3.30)
2 = Za+ki(Z— %)

2y = —uis(t, £,0) sin(&) + ure () sin(€r () + ko (21 — 1)

Wi = s+ k(@ — W)

Wy = uy(t, 2, 10) cos(&r) — ury(t) cos(Exn(t)) + ky(tiy — 1)
& = b+ ks(6 - &)

L 52 - u?,S(t727w>é)_UQT(t)+k6(§1_él)

where the k; are any positive constants and the hats indicate estimates (so Z

represents an estimate of Z; and likewise for the other components). We prove:

Theorem 3.7. The dynamics (3.30) are UGAS and ULES to the origin.

Proof. The system (3.30) is forward complete, because its right side grows linearly

in the state uniformly in ¢. Also, the linear time invariant dynamics for the error
Yo = (22,9 —w,€ —¢§) (3.31)

is uniformly globally exponentially stable to zero. This and the boundedness of the

gradient of V, in the state imply that the (2, w, é ) dynamics satisfies the necessary
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UGAS and ULES estimates, using an integral ISS argument. To get the integral

ISS estimate, notice that the (Z,@, ) subdynamics in (3.30) can be written as
(2:0.€) = F(t.2,5,8) + (0, Aursin(&), 0, ~Aurs cos(r), 0, ~Duzy), (3.32)

where Aw; s = w;5(t, 5,@,5) — uivs(t,ﬁ,w,é) for i = 1,2 and F(t,é,w,g) is the
right side of (3.4) in closed loop with the feedbacks u; s and us s defined above.
We can find a positive definite function «, and a constant U > 0 such that Vg <
—a, (| (2,1, €)|) along all trajectories of (3.4) for all t > t, + Iy (|(Z, 0, €)(t,)]), and
such that |Au; | < U|Y.| everywhere for i = 1,2, where V, and T'; are from the
previous paragraph. Since Vs has a uniformly bounded gradient in the state, we

can then find a constant B > 0 such that
Vo < —au(|(Z,%,8)]) + BIY.(1)] (3.33)

along all trajectories of (3.30) for all times such that t > t, + I'y(|(Z, @, €)(,)]). In
fact, we can take B = 3V U where V is the uniform bound on the state gradient
for V,. Condition (3.33) is the standard integral ISS Lyapunov function decay
condition except it is only required for large times. Since Y, converges exponentially
to zero, and since similar reasoning applies to the (é,uﬁ,é) dynamics, the result
follows from standard arguments, which we summarize next.

Standard integral ISS arguments [5] construct functions g € KL and v € K
such that 7 (|(z,w,5)(t)|> < B <|(§,w,§)( ), t—t) + 2B [ |Vo(r)|dr when ¢ >
t > t,+ o] (2,0, €)(t,)]). Through a suitable choice of the constants k; in (3.30),
we can assume that |Y,(t)] < |Y.(t,)|exp(—(t —t,)) everywhere. Let S > 0 be any
constant, and choose I's € C' N K4 depending on S such that

QBft|Y )dr < QBft |Ye(r)|dr

(2.@.€) ()

IN

23[

+ )(zwg) (t,)

} e~ (t—to) (3.34)

VAN
N |
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if we fix t = t, + Fg(\(%,@,f,é,w,é)(to)]). By enlarging I'; as needed without
relabeling, we can assume that Ts(|(Z, @, &, 2,10, €)(t,)]) = Ta(|(Z, @, ) (t,)]) every-
where. We can use Gronwall’s Inequality to find a function H € C' N Ky, so that
}(5,@,5)(;)\ < H(|(2,ﬁ),§,2,w,é)(to)|). This provides a function 'y € C* N K

depending on S such that

o |

s(lcadle-1) < s(H0G o0 -1) < (639)

when ¢t — ¢t > Ty(|(Z, @, &, 2,0, €)(t,)]). Combining (3.34) and (3.35) shows that
Nz, B)) < S if t —to = (t—1) + (t — to) > Tu(|(Z,@,& 2,1, 8)(to)]) +
Ds(|(2,0,€, 2,10,€)(t,)]), so the (Z,@,€) subsystem satisfies the UGAS estimate.
Similar arguments show that the (2,4, ) subsystem of (3.30) satisfies the UGAS
estimate. Finally, analyzing the local properties of (3.30) and recalling the ULES
property from Theorem 3.2 shows that (3.30) is ULES. This uses the fact that

ULES systems admit quadratic Lyapunov functions in a neighborhood of the origin

[24]. O

3.8 Input-to-State Stability of Tracking
Dynamics

We can also use our bounded backstepping theorem to show that the perturbed

PVTOL error dynamics

(5 — s

5 = —lu 4 &sin(€) + w(t) sin(én (1)

?1 - (3.36)
Wy = [ug +01]cos(&1) — ur(t) cos(&ir(t))

&= &

| & = w-w)+6
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with actuator errors ¢;, in closed loop with the feedbacks we designed above, is ISS
with respect to measurable essentially bounded actuator errors ¢ : [0, +00) — 778,
where the feedback formulas must now depend on the bound 7 on the disturbance.
The argument is similar to the proof of Theorem 3.2 except with actuator errors
added in the control channels. We can allow any bound 7, through a proper choice

of the feedbacks. We illustrate this robustness property in Section 3.10.

3.9 Trackable Reference Trajectories

Our Assumption 1 from p.33 holds for a broad class of reference trajectories and
corresponding reference inputs, and so is not too restrictive. For example, assume
that (z1,,wy,) : [0,+00) — R? is any bounded C* (but not necessarily periodic)
function such that inf>o [y, (t)+¢g] > 0 and whose first four derivatives are globally
bounded. Then Remark 3.1 from p.34 shows that the PVTOL reference dynamics

(3.3) are satisfied with the reference inputs

ur = /(G2 + (W1, + 9)2 and g =&, (3.37)

and with &, = &1, 20, = 21, Wo, = W1q,, and

— 3 —Zir
St arC81n<\/(élr)2+(wlr+g)2> : (3.38)

Also, u, € C? because (21,, wy,) € C*. Therefore, our assumptions are satisfied by
the corresponding reference trajectory (21, 2o,, Wiy, War, E1ry Eor) ¢ [0, +00) — RE.
Positivity of 4i,(t) + g holds for circular trajectories (z1.(t), w1, (t)) = go(K +
cos(t), K + sin(t)) for any constants K > 1 and g, € (0,g), so we can track
trajectories along these circles. In the next section, we illustrate this tracking in

simulations.
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3.10 Simulating the Tracking Dynamics

To illustrate our method, we ran several Mathematica simulations. We took the

reference profile
(z1-(t), w1, (t)) = 5(1.5+ cos(t), 1.5+ sin(t)) , (3.39)

the coupling parameter ¢ = 1, and the actuator envelopes 4 < u; < 16 and
—10 < us < 2. As we saw in the preceding section, the corresponding reference
trajectory is obtained by taking zo, = 21, wo, = w1, &, as defined in (3.38), and

€or = £ The reference inputs are

iy = /(Ear)? + (r, + 9.81)% and uy, = &, (3.40)

They satisfy

4.81 < up,(t) < 14.81 and |ug,(t)] < 1.42781 (3.41)

for all ¢ > 0. Simple calculations show that the requirements from Section 3.4 are
satisfied with A = .266 and a = 10.14, so Theorem 3.2 gives UGAS and ULES of
the corresponding PVTOL tracking error dynamics (3.11) in closed loop with the
feedback (3.12).

Using the preceding data, we performed two simulations. First, we simulated

(3.11) with the initial state

(21(0), 22(0), @1 (0), w2(0), @1 (0), w2(0)) =
(0.31,0.31,0.31,0.21,0.41,0.41)

(3.42)

at the initial time ¢, = 0, the disturbance § = 0 € R?, and the controller

Uus =

(3.43)

(141727 /aloa (2002+ 00 (a1 )pa(2) ) —ac, (1) pa(w2) [ w2~ T (t1,2,0) |
2+0a(aw1)pl (w2)

corresponding to the disturbance bound 77 = 0.5, in accordance with Section 3.8. In

the following figures, we report our numerical results. In Figure 3.2, the reference
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trajectory (z1,(t), w1, (t)) from (3.39) is blue and dashed, the simulated trajectory
(21(t),w1(t)) is red and solid, and the plot covers the tracking times ¢ = 20 to
t = 50; Figure 3.3 shows the trajectory for the roll angle § = w; + v; and Figure
3.4 shows the closed loop thrust input w; and the closed loop rolling moment

control us.

12¢

10+

2 4 6 8 10 12

FIGURE 3.2. PVTOL Center of Mass Tracking Without Disturbances
Blue and Dashed: Reference States (z1,(t), wir(t)). Red and Solid: Closed Loop States
(z1(t), w1(t)). Plot Covers Times ¢t = 20 to ¢t = 50.

1.0¢

TANAANNN
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FIGURE 3.3. PVTOL Rolling Angle Tracking Without Disturbances
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FIGURE 3.4. Closed Loop PVTOL Controls Without Disturbances
Left: Thrust Control u;. Right: Rolling Moment Control us.
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In Figure 3.5, we plot the convergence of the states Zi, Zs, Wy, W9, @y, and ws

from (3.11) to 0 without disturbances.

\ 0.4,
0.0 0 20 3 050 %7
0.0 ] : ‘ :
-0.5¢ 10 20 30 40 50
-0.2
~1.0}
-0.4
—1.5' —06
-2.0t -0.8"
0.4
0.2\
0.0 :
10 20 40 50
—0.2}
—0.4}
—0.6}
-0.8}
-1.0f
0-27 0.4
‘ : 0.3
0.0 10 20 30 40 50
o2 0.2
o4 ow
0.0 - : - - ]
-0.6! 10 20 30 40 50
0.4}
0.2}
0.0 : : : ‘ ]
ool 10 20 30 40 50
-0.4
-0.6
-0.8
-1.0

FIGURE 3.5. Convergence of PVTOL States Without Disturbances
States: Z; (Top Left), Zo (Top Right), w; (Second Row from Top), we (Third Row from
Top, Left), @i (Third Row from Top, Right), and ws (Bottom)

Our second simulation was done in the same way as our first, except we added

the sinusoidal actuator error

53(t) = 0.25sin(t)

50

(3.44)



in the us channel in (3.11) such that instead of @y = ug3, we now have wy =
uz + 0.25sin(¢). The next figures show our numerical results under the actuator
error. In Figure 3.6, we plot the tracking of (z1,(t), w1,.(t)) over times ¢ = 20 to

t = 50, and Figure 3.7 shows the closed loop control values for #; and us.

12¢

10}

2 4 6 8 10 12
FIGURE 3.6. PVTOL Center of Mass Tracking With Disturbances.

Blue and Dashed: Reference States (z1,(t), wir(t)). Red and Solid: Closed Loop States
(z1(t), w1 (t)). Plot Covers Times ¢t = 20 to ¢t = 50.
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FIGURE 3.7. PVTOL Controls With Disturbances
Left: Thrust Control 4. Right: Rolling Moment Control us.

The plot for the rolling angle 6 was similar to the one from our first simulation,
and therefore is not shown. However, the corresponding trajectory components
for (3.11) exhibited a sinusoidal motion that is similar to the disturbance (3.44).

Figure 3.8 shows the corresponding trajectory components of (3.11).
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FIGURE 3.8. Convergence of PVTOL States With Disturbances
States: z; (Top Left), Zo (Top Right), @y (Second Row from Top), we (Third Row from
Top, Left), w; (Third Row from Top, Right), and ws (Bottom)

Comparing the simulations for the undisturbed and disturbed cases illustrates
how introducing the sinusoidal disturbance keeps the tracking errors from con-
verging to zero, although our theory guarantees ISS properties with respect to ds.
Moreover, our controllers respect the prescribed actuator envelopes and therefore

are physically viable.

Remark 3.8. Our simulations show how the thrust controller @, = u; + €£3 is
bounded away from zero, since u; remains above 4. In fact, our assumptions from

Section 3.3 are satisfied with ¢; = 1.0359 and ¢y = 4.81, so our choice A = 0.266
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for the constant in the feedback formula (3.6) for u; and the choice b = 0.9 give
0 < A < min{1, bey cos(m/2—cy)/14}. It follows from Remark 3.4 that the controller
uy satisfies uy (¢, Z,%) > (1 —b)cgcos(m/2 — 1) = 0.480979 on [0, +00) x R, so
we have a guaranteed positive lower bound on the thrust @; out of the bottom. By
reducing A further, we can satisfy 0 < A < min{1, bcy cos(m/2 —¢;)/14} for smaller
values of b and thereby get much larger lower bounds for u;. For example, with
b = 0.05, the uniform lower bound on u; is (1 —b)cy cos(w/2 —¢;) = 4.569301. This

differs from [12], where there is no guaranteed positive lower bound on wu;.

Remark 3.9. We can also track along Cassini’s Oval [10]

(z1-(t), w1, (t)) = R(t)(cos(t),sin(t)), (3.45)

where

R(t) = \/af cos(2t) + /bt — (a2sin(2t))? | (3.46)
for certain choices of the constants a, > 0 and b, > a, when we take the gravita-
tional constant g = 9.81. For example, with the choices a, = 2.65 and b, = 2.9,
Mathematica gives w1, (t) + g > 0.552321 for all ¢ > 0. It follows from our discus-
sion from Section 3.9 that we can track reference trajectories with the center of
mass profile (3.45) using the parameter values a, = 2.65 and b, = 2.9. See Figure

3.9 for a Mathematica plot of Cassini’s Oval for these values of the parameters.

y 100 N
0.5}

~05} /
AN -1.00 /

\\"-‘,‘1_77_ _77_7_7_,,.7-—"""!-/-’7 1.50 i k‘"—-,.,l_i_w_ o
FIGURE 3.9. Cassini’s Oval
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Chapter 4
Lemmas on ISS and Trackability

We next provide key lemmas that we need in our analysis of our UAV tracking
problems in the next chapter. The first gives general conditions under which an
iISS Lyapunov function can be used to prove ISS under a suitably small bound on
the admissible disturbances. Then we give several criteria that ensure that certain

trajectories are trackable in our four state UAV model.

4.1 Using iISS Lyapunov Functions to Prove
ISS

We again consider nonlinear systems

X =6(t,X,6), XeX (4.1)
under our assumptions from Chapter 1. As noted in Chapter 1, standard arguments
[51] show that (4.1) is ISS (resp., integral ISS) when it admits an ISS (resp., integral
ISS) Lyapunov function. Also, ISS implies integral ISS but not conversely. For

example,

X
X = — 4.2
Trxe O (4.2)

with the state and disturbance set X = D = R admits the integral ISS Lyapunov
function V(X) = In(1 + X?). However, it is not ISS, even if we restrict the distur-
bance set D, because for any constant disturbance 6 € (0,0.5) the trajectory for
the system starting at X, = 4/§ is unbounded. It is therefore natural to search for

nondegeneracy conditions on an iISS Lyapunov function for a system of the form
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(4.1) that ensure that (4.1) is also ISS with respect to disturbances of sufficiently

small magnitude. The following lemma provides such conditions:

Lemma 4.1. Assume that (4.1) is integral ISS for X = R"™ and D = R™, and that
there exist an integral 1SS Lyapunov function V', a positive definite function «, a

function v € K, and constants pg > 0 and p, > 0 such that:

(a) V < —a(X) +~(|0]) along all trajectories of (4.1) and
(b) a(X) > py for all X € R™\ poB,.

Then for each constant \ € (0,1), the system (4.1) is 1SS with respect to distur-

bances valued in v~ (Ap.) By, O

Proof. Fix any constant A € (0,1), and set dyr = 7 }(A\ps). Pick a,a € Ky such
that a(|X]) < V(t,X) < a(|X]) for all £ > 0 and X € R". Our assumptions
provide constants p; > 0 and a function ag € K, such that if [0]s < 0y, then:
(i) V' < —py whenever V(t,X) > p; and (ii) V < —ao(|X|) + 7(|6]) whenever
V(t, X) < p;. For example, we can satisfy the requirements by choosing p; = @(po),

p2 = (1 = A)ps, and

ulr) = ety min {alp) smin fra b <l <o}, @3

because if V (¢, X) > p1, then a(|X]|) > a(py) and then condition (b) applies. Set
T(r) = a(r)/ps, and take any trajectory X(t) of (4.1) with any § € M_s,, 5.,
for any initial time ¢, > 0. If V(to, X(t9)) > p1, then V (¢, X(t)) < p; for all
t > to+ T(|X(to)]), because V(t, X (t)) < V(tg, X(to)) — p2(t — to) as long as
t > to is such that V (¢, X(t)) > p1 and because V' is nonnegative valued. (We
used the fact that if V(t., X(t.)) < p; for some ¢, > 0, then condition (i) gives

V(t,X(t)) < pp forall t >t,.)
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Condition (ii) and standard ISS arguments [51] now allow us to construct func-
tions 8, € KL and a5 € Ky such that | X(¢)] < B.(|X(2)],t —t) + as(|d]py) for
allt >t >0, all 6 € M, 5, and all £ > 0 such that V (¢, X(t)) < p;. Hence,
if V(to, X(to)) < p1, then |X(t)| < Bi(|X(t0)],t — to) + as(|d]py,q) for all t > to.
If V(tg, X(to)) > p1 and t > to + T (| X (t9)]), then take t = to + T (| X (t9)]) to get
X ()] < B (@ (@(X (t))): t—to— T(X (t)])) +as((6] ), because V (¢, X(1)) <
V(to, X (to)) for all ¢ > to. If V(tg, X (to)) > p1 and ¢t — ty € [0, T (| X (¢0)])], then
we have

[X(1)] < aH(a(|X (to)Dexp(T(IX (to)]) — t +to))- (4.4)

Combining all three cases gives

(X < Bi(1X (o)l = to) + (1] 1t5.1)) (4.5)

along all trajectories of (4.1) with § € M; where

—0n,00)0

Bi(s,t) = Bu(s,t) + B (gfl(c_v(s)), max{0,t — T(s)}) +ao! (d(s)exp(T(s) — t))

is KLL. Therefore, (4.5) is the desired ISS estimate. O

4.2  Sufficient Conditions for Trackability

Recall from Section 1.4.2 that the four state UAV model is

(
& = wcos(f)

y. = wsin(h) (46)
0 = ap(d.—0+A)

v = ay(ve—v+9)

\

where 6 and A are uncertainties and 6. and v, are the controllers we are to design.

The states are the center of mass (x, y), the heading angle 0, and the velocity v. The

26



positive constants «, and «y are associated with the autopilots. One of our aims is
to design controllers such that the tracking dynamics for (4.6) for suitable reference
trajectories enjoys ISS properties with respect to (4, A). In this dissertation, we

are interested in tracking UAV trajectories that satisfy the following conditions:

Assumption 2. The C? function R, = (Ts, Ys, 0s,v.) : R = R3 x (0, +00) is such
that (A) x., y., 0., 0., v., and 0, are bounded, (B) &.(t) = v.(t)cos(6.(t)) and
U« (t) = vi(t) sin(0.(t)) hold for allt € R, and (C) there is a constant ¢ > 0 such

that min{inf{v.(t) : t € R}, inf{v.(t) + 0.(t) /v, : t € R}} > c. O

Condition (C) combines the no-stall condition that v, has a uniform positive
lower bound with a nondegeneracy condition on v,(t) 4+ ©.(t)/a, which will be
needed to design velocity controllers with uniform positive lower bounds. We post-
pone the design of the controllers until the next chapter. Instead, we use the rest
of this chapter to explore the set of all reference trajectories R, = (x4, Ys, Os, vy)
that satisfy Assumption 2. We will see show how Assumption 2 holds for many
standard and more complex figures that prevail in real UAV applications.

To this end, we first give a useful preliminary result. Given any reference trajec-
tory R. = (T4, Ys, b4, v,) satisfying Assumption 2, we can easily express 0, (t) and
v4(t) in terms of z,(t) and y.(t), using the relations

T4 (t) = vo(t) cos(04()), Y«(t) = vi(t) sin(b.(t)) (4.7)
from Assumption 2(B). In fact, we can square both equations in (4.7) and sum
the results and take square roots to get v,. Also, if we differentiate both sides of
the equations in (4.7), then multiply the new first equation by —sin(6.(t)) and

the new second equation by cos(6.(t)), then add the results, and then substitute

in cos(0,(t)) = @, (t) /v.(t) and sin(0,(t)) = . (t) /v.(t), then we can solve for 6, (t).

o7



Doing so gives 6, = % and therefore also
vilt) = V/[E (O + [3:(1)]*  and (4.8a)
|
0.(t) = £ arccos [7.(0) /v.(0)] + / 2(5) [T:(8) U (8) — yu(5)Zs(s)]ds (4.8b)
0 *
where the “4” (respectively, “—") is used when ,(0) is nonnegative (respectively,

negative), although we can add any integer multiple of 27 to 60.(t) to get other

solutions 6, (t). Conversely, given any C® function (z,,y.) : R — R? for which

v.(t) = /[2:(t)]? + [9.(t)]? satisfies part (C) of Assumption 2, we can show that
the formulas from (4.8a)-(4.8b) satisfy (4.7) for all ¢ € R. This gives the following
sufficient conditions for reference paths (x.,7.) : R — R? to be the first two

components of trackable UAV reference trajectories:

Proposition 4.2. Let (z,,y.) : R — R? be any bounded C® function whose first
three derivatives are bounded, and define v, as in (4.8a). If part (C) of Assumption
2 holds, then (., Ys, Ox, vi) with the choices (4.8a)-(4.8b) satisfies Assumption 2.
0

Proof. Tt suffices to verify (4.7) for all ¢ € R. For all real values ¢ and ¢, for which
(24(8), U«(t)) = vi(t)(cos(cy), sin(c,)), the Implicit Function Theorem, applied to
the function G(t,\) = (&.(t) — v.(f) cos(N), 9«(t) — vi(t)sin(A)), gives an open

interval Z; and a C! function A, : Z; — R such that \.(t) = ¢, and

T, (t) = v.(t) cos(A(t))  and . (t) = v.(t) sin(A(t)) (4.9)

hold for all ¢ € Z;. Solving for ), as above (except with 0, replaced by )\*) gives
A () = [ (8) G () =5 (£) i, (1)) Jv2(t) for each t € T;. Hence, if we have a C! solution
A [0, tmax) — R for (4.9) such that A\, (0) = £ arccos|z.(0)/v.(0)], defined up to

some maximal time t,,,x > 0, then it agrees with the formula for 6, from (4.8b) on
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[0, timax)- If tmax < 400, then the Implicit Function Theorem gives a constant € > 0
and a O solution T : (tmax — &, tmax +€) — R of the system 7, (t) = v, (t) cos(T4(t))
and g, (t) = v,(t)sin(I,(¢)) that satisfies A, (t,.) = T'u(tmax). Solving for T, on

(tmax — €, tmax + €) as we did for A, gives

on (tmax — €,tmax). Hence, A\ (t) = [u(t) on (fmax — €, tmax), SO We can extend
the solution A, of (4.9) to [0, ¢max + €), contradicting maximality of ¢p.,. Similar
arguments apply for negative times. Hence, we have a solution of (4.9) on R that

agrees with 6,, so (4.8a)-(4.8b) satisfy (4.7) for all t € R. O

4.3 Tracking Circles and Figure 8’s

Let o, > 0 be the autopilot constant from our UAV dynamics (4.6). The following

result on trackability of ellipses is an easy consequence of Proposition 4.2:

Proposition 4.3. Let a > 0 and b > 0 be any constants such that

Ly
S L 411
G = min{a?, b*} (411)

Let ¢, € R and ¢, € R be any constants and choose the elliptical trajectory
(2, y)(t) = (cz,¢y) + (acos(t), —bsin(t)). (4.12)

Then (T, Ys, Ox, Vi), with v, and 6, given by (4.8a)-(4.8b), satisfies Assumption 2.

O

Proof. The inequalities v,(t) = \/[2.(¢)]2 + [9(¢)]2 > min{a, b} and

v () + =0 > L [g26in?(¢) + b2 cos?(t) + a(a® = %) sin(t) cos(t)]

o v (1)

v

o [min{a?, 82} — 1|52 — a?]] (4.13)

0

V

hold for all £ € R, by (4.11). Hence, the result follows from Proposition 4.2. [
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Here is an analogue for tracking figure 8’s:

Proposition 4.4. Let d > 1/4 be any constant. Assume that

16d(4d + 1)
1baida + 1) 4.14
Ry | (4.14)

Choose
(T, Y ) () = (\/c_icos(t), d cos(t) sin(t)). (4.15)
Then (T, Ys, Ox, Vi), with v, and 6, given by (4.8a)-(4.8b), satisfies Assumption 2.

O

Proof. On the interval [0, 1], the polynomial Q(p) = 4d*p? + (d — 4d*)p + d? has

the unique minimum

4d — 1 8d —1
= . 4.1
(") - % (16
Hence,
2 2 o4 2\ i 2 2 8d —1
vi(t) = 4d°sin*(t) + (d — 4d°) sin“(t) + d* > 16 (4.17)
for all t € R. Also,
va(t) + 28 > s 1wlAd?sin (1) + (d — 4d%) sin®(t) + d’]
+8d?* sin® (t) cos(t) + (d — 4d?) sin(t) cos(t) } (4.18)
> o {8 - e sin?() - 1) + dl}
oy (8d—1
Z avvl*(t) { (16 ) - d<4d + 1)} )

which has a uniform positive lower bound over R, by our lower bound assumption

(4.14) on . The result now follows from Proposition 4.2 as in Proposition 4.3. [

Proposition 4.3 covers all circles of any radius r > 0 for all choices of «,,, by taking
a = b = r. By enlarging a, b, and d in Propositions 4.3-4.4, we get arbitrarily large

elliptical and figure eight paths that lie along the relations

2 2
[a:—cx] + [y_bcy} =1 and 9 =2%(d — 2?). (4.19)
a
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Then Propositions 4.3-4.4 give lower bounds on the values of the autopilot constant
o, for which the ellipses and figure eights are trackable. See Figure 4.1 for trackable

figure 8'’s for different values of the parameter d.

FIGURE 4.1. Trackable Figure 8’s
Plots of (z.,y.)(t) = (Vdcos(t),d cos(t)sin(t)) for d =2 (Red and Solid),
d = 6 (Blue and Dashed) and d = 10 (Black and Dotted)

4.4 Tracking Bounded Trajectories and Swirls

Our work applies to much more complex trackable reference trajectories as well. For
example, one can also find bounded trajectories satisfying Assumption 2, as follows.
For simplicity, we first take v,(t) = 10. Let 0 : R — R be any odd C? function that
admits a constant ¢, € (7/2, ) such that lim,_, ;. 0($) = ¢, fix any constant R >

0, and consider the functions F(t) = o(ksin(Rt)) and (k) = Oﬂ/R

cos(Fi(m))dm
parameterized by constants k > 0. Then [(0) = 7/ R, and the Lebesgue Dominated
Convergence Theorem gives limy_, o, I(k) = mcos(c.)/R < 0. Since k — I(k) is
continuous, the Intermediate Value Theorem gives a constant g > 0 such that
I(g) = 0. Take 6, = Fj. Since 6, is odd, we get
*/R /R
/ v, (t) sin(0.(¢))dt = / V. (t) cos(B.(t))dt = 0 . (4.20)

—7/R —7/R
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Hence, z,(t) = [ v.(s) cos(0.(s))ds and y.(t) = [; v.(s)sin(6.(s))ds are bounded,
by the 27/ R periodicity of their integrands, so we get a bounded pair (z,,y.) sat-
isfying requirement (B) from Assumption 2. If, in addition, ¢’ and ¢” are bounded,
then the corresponding bounded reference trajectory R, = (Z«, Ys, 0, 10) satisfies
all requirements from Assumption 2. We can use numerical methods such as bi-
section to solve for g. For example, if we take R = 0.24 and o(s) = 1.5 arctan(s),
then f /R R Sin(f f /R » c0s(0.(t))dt = 0 when g = 3.38321412225, and all
of our requirements are met.

Here is a different construction of a bounded reference trajectory R, that satisfies
Assumption 2. Take

1=kttt —m)°
) = 1+ ktb(t — )6’

(4.21)

where k = 0.040905 is chosen such that [ C(t)dt = 0, and define 6, : [0,7] — R by
0.(t) = arccos(C(t)). We extend 6, to R by requiring it to be odd and have period
27. This extension, which we also call 6,, is easily shown to be C?, by checking
that its one-sided first and second derivatives are 0 at all integer multiples of .
Moreover, it satisfies (4.20) when we pick R = 1 and v,(f) = 10, so the arguments
above show that the corresponding trajectory R, is bounded. Also, condition (C)
from Assumption 2 holds, so all of our requirements are met. The corresponding
trajectory (w,(t),y.(t)) = ([ v.(s) cos(8.(s))ds, [y v.(s)sin(6s(s))ds) does a figure
eight.

Finally, taking nonconstant velocities v, gives more complex reference trajec-
tories where the path for (z,,y.) is neither an ellipse nor a figure eight. For
example, take v,(t) = 20 — 10cos?(0.2t), 6,(t) = t, and the autopilot constant
a, = 0.192 from [43]. Then Assumption 2 holds with z,.(t) = —4.16667 sin(0.6t) +

15sin(t) — 1.78571 sin(1.4¢) and y.(t) = 9.04762 + 4.16667 cos(0.6t) — 15 cos(t) +
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1.78571 cos(1.4t). Figure 4.2 gives a sketch of this “swirl” reference position tra-

jectory, using Mathematica.

FIGURE 4.2. Trackable Swirl Position Trajectory for UAV
Parametric Plot of z.(t) = —4.16667 sin(0.6t) + 15sin(¢) — 1.78571sin(1.4¢) and
Y« (t) = 9.04762 + 4.16667 cos(0.6t) — 15 cos(t) + 1.78571 cos(1.4¢)

In the next chapter, we use some of these observations to illustrate our tracking

results.
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Chapter 5
Tracking for the UAV Model

In this chapter, we design tracking controllers for the UAV model from Section
1.4.2. We show how to track trajectories satisfying our Assumption 2 from Section
4.2 while satisfying several important constraints. These constraints are (a) admis-
sible ranges on the controller values, (b) admissible ranges for the command rates,
which are the time derivatives of the controllers along the closed loop trajectories,
and (c) bounds on the heading angle rate that are relevant for UAVs operating
under coordinated turning conditions. As we saw in the preceding chapter, As-
sumption 2 holds for many trajectories. However, it is far from clear how to design
the tracking controllers to ensure ISS of the UAV tracking dynamics with respect
to additive uncertainty on the controllers, under our constraints. We will overcome
this challenge using a strictification of a nonstrict Lyapunov function. We begin

with some background on UAV models and UAV control problems.

5.1 Literature Review

The constrained nonlinear tracking control problem for fixed wing small UAV is a
challenging topic that is of continuing ongoing research interest [2, 21, 25, 43]. The
constraints stem from the positive lower and upper bounds on the velocity (which
are related to the airspeed) and saturation constraints on the heading rate (which
come from restrictions on the pitch rate and roll angle). While the UAV dynamics
are related to those of nonholonomic mobile robots, standard mobile robot tracking
designs, such as those of [23], do not apply because the UAV velocity must remain

positive [43].
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As in [40, 43], we assume that the UAVs have standard autopilots, so the models
are first order for heading and Mach hold and second order for altitude hold. As
we saw in Section 1.4.2, this gives the important benchmark model [40]

.

r = wcos(f)
y = wvsin(f
' ©) (5.1)
0 = ay(f.—0)
U = au(ve—v+90)
\
where we omit the altitude subdynamics h = —ahh + ap(h® — h) since altitude

controllers h¢ are available [7]. As before, (z,y) is the position of the UAV with
respect to an inertial coordinate system, 6 is the heading (course) angle, the ground
speed v is the inertial velocity, ay and «, are positive constants associated with
the autopilot, the controllers 6. and v. are to be determined, and the unknown
perturbation § can be expected under model uncertainty [43] or actuator errors.
For simplicity, we only added uncertainty to the velocity controller, but see Section
5.6 for extensions to cases where there is additive uncertainty on both controls.
The paper [40] was one of the first works on close formation flight control, and
more complex UAV models now exist. However, the underactuated kino-dynamic
representation (5.1) is justifiable for high-level formation flight control of UAVs
and therefore is of considerable importance [43].

When «, in (5.1) is large relative to ay and ¢ is negligible, v converges to v,
quickly relative to the total response time, and then one can consider the three
dimensional reduced dynamics for (x,y, ) obtained by setting v = v, in (5.1) and
dropping the velocity dynamics [2, 43]. There are bounded tracking controllers
available for this reduced model. For example, [43] proves the key input-to-state

stability (ISS) property with respect to additive uncertainty on the controls, lead-
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ing to velocity controllers for the reduced model with positive upper and lower
bounds. Also, [43] experimentally validated controllers for the three state model,
by simulating a more complex UAV model for transitioning through targets un-
der multiple dynamic threats. See also [2] for bounds on both controls for the
reduced model and exponential stability for teams of UAVs [9, 16]. Many other
methods have been proposed for UAVs, e.g., cooperative games, differential flat-
ness, and linearization; see [19, 41, 47, 53], which include pursuit of targets and
collision avoidance. However, the theoretical analysis in [2, 43] is very specific to
the three state model, and to the best of our knowledge, there are no known track-
ing controllers that respect given amplitude and command rate or state dependent
constraints and achieve ISS or integral ISS with respect to uncertainties for general
classes of reference trajectories in the important model (5.1). This necessitates our
ISS analysis for (5.1).

In this chapter, we build controllers 6. and v, for (5.1) that apply for all values
of ap and «, and all reference trajectories satisfying Assumption 2. Unlike the
existing results for UAV models, we use ‘strictification’ [29, 34]. This is a Ma-
trosov approach for transforming a nonstrict Lyapunov function for the tracking
dynamics into a strict Lyapunov function, which then gives ISS under suitable
restrictions on the magnitude of the disturbances. Our work is primarily focused
on a methodological and mathematical development, rather than being focused on
a specific real-world UAV application or experiments. However, three important
features of our controllers are that they (a) fulfill amplitude and rate constraints,
including positive lower bounds on v, which arise from the physical constraints of
the aircraft, (b) give integral ISS or ISS with respect to additive uncertainties on
the controls under appropriate restrictions on their sup norms, and (c) can track

a wide class of reference trajectories for which a suitable weighted sum of the ref-
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erence velocities and accelerations satisfies a mild nondegeneracy condition. The
command amplitude and rate constraint sets for v, are intervals [v,, 7,] and [v,., Uy]
respectively with constant endpoints and v, > 0, and similarly for 6. except 0. will
not be bounded unless the reference angle 6,(t) is a bounded function and 6. has
no sign constraint; see Section 5.5 for more details on our command amplitude and
rate constraints, as well as results for state dependent constraints. Moreover, our
simulations will illustrate good controller performance. Therefore, our work has

significant theoretical novelty.

5.2 Tracking Dynamics

In this section, we obtain the tracking dynamics corresponding to (5.1) and ref-
erence trajectories satisfying Assumption 2. For the convenience of the reader, we

repeat the assumption here:

Assumption 2. The C? function R, = (Ts, s, 0s,v.) : R = R3 x (0, +00) is such
that (A) x., y., 0., 0., vs, and 0. are bounded, (B) &, (t) = v.(t)cos(6.(t)) and
Ux(t) = vi(t) sin(0.(t)) hold for allt € R, and (C) there is a constant ¢ > 0 such

that min{inf{v.(t) : t € R}, inf{v.(t) + 0.(t)/c, : t € R}} > c. O

It is convenient to use the new coordinates ¢ = —sin(f)x + cos(f)y and £ =

cos(0)z + sin(f)y to transform (5.1) into

o= —apf(f.—0)
= ap(0.—0)+v
0 = ap(b.—0)

(5.2)

0 o= ap(ve—v+9).
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We also take ¥, = —sin(0,)z. + cos(0.)ys, & = cos(f.)x. + sin(f,)y., and the

changes of feedbacks

ve(t, ) = wn(S — (1, &, 0u,0.)) +ou(t) + 22 and
06<t78) - QN(t,S—(1/)*,5*’0*’1)*))+€*<t)—|—0*—(t) )

Qg

(5.3)

where S = (¢,&,0,v), and where the new controls vy and @y will be constructed
such that vy(0) = Ox(¢,0) = 0 for all ¢ € R; see (5.9). Recalling part (B) of
Assumption 2 gives ¥, (t) = —0,(£)&,(t) and &,(t) = 0,(t)1),(t) +v.(t) for all t € R.
Taking the tracking variables ¢ = ¢ — b, (t), € = € — &,(t), 0 = 0 — 0,(t), and

0 = v —v,(t), it follows that the dynamics of the tracking error & = (1;, £.0, ) are

(

U= —0.(8)E + aglé + E.(8)][0 — On],

5; = 9*(t)¢~+@—ae[¢+1/)*(t)][0—01v] (5.4)
8 = Oé@<—8+9N)

v = oy(=0+uy+0).

\

Hence, we can achieve all of our tracking objectives by designing the new con-
trollers fy and vy for (5.4).
5.3 Persistency of Excitation

The following consequence of Assumption 2 will be key to our strictification pro-

cedure:

Lemma 5.1. If R, = (s, Ys, 04, v.) : R — R3 x (0, 4+00) satisfies Assumption 2,

then there exist constants co > 0 and T > 0 such that

T
[ sas = e (55)
t
for all t € R. O

Proof. We prove the lemma by contradiction. Suppose that there were no constants

co > 0 and T > 0 such that ftHT[Q*(s)]?ds > ¢ for all t € R. Then for each p € N,
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: 2
we could find a ¢, € R such that ftﬁp [ (s)] ds < % Hence, for all p € N and

€ [ty, tp + p|, Jensen’s Inequality gives

(Bulsy) = 0:(6))” = [J70u0)3s] < [J 7 16.(o)las]
< pftﬁp s)]*ds (5.6)
< o

Since v, is bounded, condition (B) of Assumption 2 and (5.6) then give

Tty +p) — xu(ty) = Liﬁp V«(8) cos(b.(s))ds
— Liﬁp v.(s) cos(8.(t,))ds + J(p)
for some function J for which |J(p)| < sup{vi(s) : s € R}/p — 0 as p — +o0.

(5.7)

If there were a subsequence L, of the sequence £, = cos(6.(t,)) converging to
some nonzero limit £,, then ftzﬁpj v, (s) cos(0.(ty,))ds — £o0 as j — 400 (by
our positive lower bound on v,). Combining these limits with (5.7) contradicts
the boundedness of z., so lim, . cos(6.(t,)) = 0. Using 9.(t) = v.(t)sin(6.(t))
and similar reasoning shows that lim, , . sin(6.(¢,)) = 0, which is a contradiction

because |(cos(0.(tp)),sin(6.(t,)))| = 1 for all p. O

We refer to the conclusion of Lemma 5.1 as the persistency of excitation (PE)
condition. By reducing ¢y from Lemma 5.1 or the constant ¢ > 0 from Assumption

2 without relabeling, we will assume that ¢ = ¢.

5.4 Main UAV Theorem

It remains to design the control components 6y and vy in (5.3). Fix any tuning

design constant k > 0. We introduce the functions

Q1 =0.5[% + &%, Q=050%, Q3 =050
Q1= Q3(0 )+Q2( ) +kVvQi1+1—kF, (5.8)
M=£5, N=—6,(t)0¢ and P=N+ (% S 62 ds> 32,
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where T is from Lemma 5.1 and the reference trajectory (z.,ys, 0, v,) satisfies

Assumption 2. We prove:

Theorem 5.2. The dynamics (5.4) for the tracking error £ = (1, €, 6, ), in closed

loop with

I A LUE() = €. (1)
20@\/@1 +1 2\/ Q1 + 1 ’

are integral 1SS with respect to & € Mg. Also, we can find a constant 6y > 0

UN((C:) = and 9]\[(75,5) =

(5.9)

such that the closed loop dynamics are ISS with respect to 6 € M_s,,5,1, and a
constant ¢ > 0 and a polynomial G such that

U, &) = [U(t,E) +1]'/3 =1, where

Ut &) = P(t, &) +cQu(&) + KIM(E) + G (Qs(€))

(5.10)

is an integral ISS Lyapunov function for the closed loop dynamics with 6 € Mg.
In particular, the controllers (5.3) uniformly globally asymptotically stabilize all

tragectories of (5.1) to R, when 6 = 0. |

Proof. Step 1: Nonstrict Lyapunov Decay. We will refer to (5.4) in closed loop with
(5.9) as the closed loop tracking dynamics. Along all of its trajectories, our functions
from (5.8) satisfy Q1 = €0+ [V, (t) — £ (1)][0 — On], Qo = an(—0% + Doy + 06),
and Q3 = ag[—60 + Ay]f. Hence, our choices (5.9) of Ay and vy give

Qi = —a,0%+ [ava + k5= Wgwl} v
+ apffy — 0] |8+ KESUEED ) 4 a5 (5.11)
= W+ «a,v6

along the closed loop tracking dynamics, where
W = aylf — On]* + a,?, (5.12)

s0 Q4 is a weak Lyapunov function, because Q4 < 0 when § = 0. We will transform

()4 into the desired strict Lyapunov function.
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Step 2: Decay Estimates on N, P, and M from (5.8). Since we can use Fubini’s
Theorem to get (d/dt) ftt_T fst 02(0)deds = TO(t ft ,O2(0)dl for all t € R, it

follows that along all trajectories of the closed loop tracking dynamics, we have

= =5 [ 0200 — ()¢
— 0.(t)[0.(1)€ + g€ + &.(1)]{0 — On}IE
—0.() [0 — ap[t) + . (t){6 — On}]
+ 7 fir [fst éf(f)dﬁ} ds P[=0.(1)€ + apl€ + & ()]{0 — On}] -

(5.13)

Recalling the PE condition (5.5) from Lemma 5.1 (with ¢ = ¢y without loss of

generality) and setting a; = H6’*|| + T!|9*|]3, ay = w/a9(||9 |+ T||92H)(1 + ||&]| +

32Ta2 8Ta2

. 2
Hw*H) |9*H a3:]|93\|+%, a4:a3+8iT+a§, as = and ag = 1 +

condition (5.13) and our choice of W give

P o<~ ay €|+ |2IE + as[|€] + € + 9] + 92 + |€DI| VIV
— 30+ aa€? + ap[|€] + € 4 [O] + 0+ IO VIV (5.14)
— P i€ + a5 [E2 + DWW + agWV

IN

IA

where the first inequality used

max{\/ag|lf — On|, /u|0]} < VIV and

' 2162 (5.15)
Sl L2 (0deds < T

and the next two used Holder’s Inequality to get a|ié| < ﬁ@ﬁ + %a?fz, €| <
&+ 47, ax(I€] + [PY)VW < a3 + & + W (14 a3), and 2a,(€2 + ¢*) VW <
2a5(E2 + ?) {16;a2 + @W}.

By (5.9),

M o= =93 L f (1)D
Vg +0) (5.16)

+0% — ag{th + V. (1) }(0 — On)D — €D + Eand,
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SO

M < =52 10, 190] + ar[$] + UW + o |€0] + 0,80
< = OZEC 4 10.][ 0] + arljY] + W
+ 02/Q1 + 102k + €6
< 0B L0 [PV + asy/QrF IW + a6

(5.17)

along all trajectories of the closed loop tracking dynamics, using ma,x{,/ozgw~ —
On|, w/ozz,|?7|} < VW, [0] +1 < 3(¢2/2 4 1)/2 < 3y/@Q1 + 1, and the special case
o |E0| < \/QT %\/Ql + 1% of Holder’s Inequality, and where a7 = , /52(1 +

|Ul]) + a—u and ag = 3ar + o, /k.

Step 3: Constructing the Polynomial G in (5.10). Set ag = ||9*||/\/oz_v Since
Qs+ k> kyQ1+1, (5.17) gives

L Qi+ M < —fau+ 1€ + [as + 32 (Qu + R)[PVIV

+ as + 1]38(Qs + k)VQy + IW (5.18)
+au(as+ 1) 5 (Qa + F)[E]10] -

Taking ay(s) = 15[as+1](s+k), we deduce from adding (5.14) and (5.18) and then

using the special case [as+1]5% (Qu+k)[YVIV < 4T1/J2 + 1% a,+1)22 (Q4+/€)

of Holder’s Inequality that

Pt ai(QOM < —59? — &+ (ag + a5 + )W
+ag + 158(Qa + k) [ VIV
+loa + 1158 (Qa + BV +TW
+ay(as + 1) 75 (Qq + K)I€]]6]

— L 2L UEW

(5.19)

IN

+ay(ag+ 1)15(Qa + k)€|l8]

where U(E) = as[€2 + 2] + ag + T 0ay + 1]2% (Q4 + k)? + [ag + 1]4as(Q4 +

k)VQ1 +1/k.
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Using the inequality kv/Q1 + 1 < k + Q. we also have £2 4 % = 2Q; < 2{(k +
Q4)?*/k* — 1}, so

P+eQi+k)M = P+a(Q)M

e ~ (5.20)
< =5 = €+ UN(Q)W + o (Qa + k)[E]]6]

where ¢ = 5 (as + 1) and Oy(m) = ag + [2,%’ + T 0a, + 1]22—51 + C“Ts] (k 4+ m)>.

Choose the third degree polynomial
!
G(l) = 2ay(l) +20+ 2/ [On(m) +&{m+ (m+k)*/E*}] dm, (5.21)
0

where as(l) = (a1 (1) + ||6.]]) {(k + 1)2/k? — 1} + lay (1) and ay(1) = &l + k) as
before. Since |M(9,€)| = [0€] < 10% + 12 < Q4 + L (k + Qu)?, it follows from

(5.11) and (5.20) that the function U from (5.10) satisfies

U < == €4 |-0/(Qu) + Ox(@) + e{Qu+ G W

\ (5.22)
+[EM| + G'(Qu)] o |98] + e (Qu + K)EN10]
Step 4: Stability Properties Using U* from (5.10). Since
s : k4 Qu)?
M < 18gE < e {2 -] (5.23)
and
2
M| < Q4+{(k+k—§24)—1}, (5.24)

we have P + a1(Q4)M > N + a1(Q4)M > —ay(Q4). Hence, the above choice
(5.21) of G gives constants ¢y € (0,1) and dy > 0 such that do(Q3+1) > U > Q3
everywhere. Also, (5.22) gives U < —540% — € + ,é(Qa + k)|€]|0] — 3G (Q)W +
o[{Q4 + 5 (k + Qu)*} + G'(Q4)]|06] along the closed loop tracking dynamics.

Since |€| < 2(1+ Q4/k) holds everywhere, we can then use our choice W = ay[f —
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On]? + a,0? to find constants ¢; > 0 and ¢y > 0 such that G'(1) < o[l + 2] and

U <~ = &+ a0/ (Qu)[190] + 18] = 36/(@Q) |a0ld — 6] + ,3?
<~ =&+ ool + Q3 [202 + o] (5.25)
—1G/(Qu) [ag[é —On]2 + avaﬂ
hold everywhere, where we used the inequality |0d] < 27”1172 + %52.
Therefore, Ut = (1+U)"/3—1 satisfies U* < —a3(E)+a4(|0]) along all trajectories

of the closed loop tracking dynamics, where

az(E) = inf { i fét(?f;)]ﬁ > o} : (5.26)
and with the choices
all) = 52 (;—1“) {1+ (5.27)
2 \a,
and
H(1E) = S+ &+ 1 GQuE) ol — 0P + o). (5.28)

The formula for ay follows by recalling that U > ¢yQ3 with ¢y € (0,1), and then
separately considering points & where Q4 < 1 and Q4 > 1 (to cancel the [1 + Q3]
in (5.25) with 1/{3[1 + U]?*/*}). By our choice of fx from (5.9), the function as is
positive definite, and U* is proper and positive definite. Hence, U* is an integral
ISS Lyapunov function for the closed loop tracking dynamics, which are therefore
integral ISS.

We can also find constants py > 0 and p, > 0 such that a3(€) > p,. for all

E € R*\ poB,. This is because for each constant py > 0, we have

. G'(Qa(£))
: > .
lnf{[1+U(t,€)]2/3 teR,|E >pop > 0, (5.29)
using the bounds
do(Q+1) > U > Q4 (5.30)



and by separately considering the cases where |(§, 0)| — oo, or ](é,f})] stays
bounded and | (), £)| — +o0. Hence, ISS follows from Lemma 4.1 from the preced-

ing chapter. This proves the theorem. O

5.5  Satisfying Input and State Constraints

The expressions for our commands are obtained by substituting the control compo-
nents vy and 0y from (5.9) into (5.3), where ay and «, are the autopilot constants
from (5.1). They only depend on ¢, z, y, and . In real UAV applications, there
are restrictions on the admissible control values, e.g., amplitude constraints for
the controls requiring all values of the controller to lie in suitable intervals, rate
constraints that restrict the admissible values of the time derivative of the controls
along the closed loop trajectories, and state constraints that could require positive
lower bounds on the velocity state or other conditions. In this section, we show how

to use the tuning parameter k& from our controls to satisfy all of these constraints.

5.5.1 Command Amplitude Constraints

To see how we can satisfy control amplitude constraints, first note that the relation

max{|E], [V} < V2/Q1 +1 (5.31)

gives |uy| < 9 and |fy| < 6 on the entire state space, where v, = \/iLau and
0, = V2kmax{||&]],][¢.]|} tend to 0 as k — 0*. Hence, if [v,,7,] is a desired
velocity actuator amplitude envelope (with constant positive endpoints) and if we
choose the trackable trajectory R, such that it admits a constant € > 0 such that

0. (t)

v, +e < ult)+ < Vg—€ (5.32)
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for all £ € R, then we can choose k small enough such that v, < v. < v, on the full
state space to satisfy the amplitude constraints. Analogous considerations apply

to 0., except 6. is only bounded when 6, is bounded; see (5.3).

5.5.2 Command Rate Constraints

To satisfy command rate constraints, take any bound d,; on the disturbance §

(e.g., the ISS bound from Theorem 5.2). By reducing k, we assume that
max {|[on||, |0n]]} < 0.5. (5.33)

Then [5(t)] < 1+ |6(t)| + dar and |A(t)] < 1+ |A(ty)| along all trajectories of the
UAV tracking dynamics (5.4). Hence, Assumption 2 and simple calculations based

on the estimate max{||, ||} < v2v/@1 + 1 prove that
max{|on|, |On|} < EH(L+ [(8,0)(to)| + dar) (5.34)
along all trajectories of (5.4) with disturbances bounded by d,;, where

_ 2 . . . 2
H = maX{&a—} <1+||9*||+||§*||+||¢*||+||¢*||+||§*|I> (9 +4). (5.35)

v

Assume that [f,,60,] and [v,,o,] are the desired command rate envelopes (with

constant endpoints) and that there is a constant € > 0 such that

0. +ec < 0,(t)+0.(t)/ay < 0, —e and
(1) +6.(1)/ (5.36)
v, te < 0.(t)+0.(t) /oy, < U —€
hold for all ¢ € R. Then for each constant B > 0, we can find a constant K(B)

such that: For all k € (0, K(B)), we have
0. <0.<0, and v, <0, < T, (5.37)

along all trajectories of (5.4) for which |(6,7)(t,)| < B and |6]s < dy;. This is done

by picking k such that max{||oy||, ||@x]||} is small enough. This semiglobal bound
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on the command rates is useful because |(6,7)(to)| is known.

5.5.3 State Dependent Constraints and State Constraints

We can also ensure that the closed loop system satisfies state dependent constraints,
i.e., for a given constant ¢, > 0, we can design the controller such that |(9\ < %
holds along all admissible trajectories. This is important for UAV's operating under
coordinated turning conditions, where 6 cannot change too quickly when v is large.
To see how this can be done, note that |0()] < ||0n]] + [0(to)], |0(t)] < |Jon]] +

|0(to)| 4+ |0]oo, and so also

0] = aglb. 6]

Oég|9N —|—¢9* + 9*/049 — (9‘

IN

aglOy — 6] + [16. ]
< 2a/[0n]| + (16| + col6(t0)]
and v < [luy]|| 4+ |9(to)| + 0] + ||v«|| hold along all of the closed loop trajectories.

Hence, the constraint |0 <  holds if

16.1] + aol(to)] < gy and [0 < Lol (5.38)

and k is small enough. In fact, if k£ is chosen small enough such that vy and Oy

satisfy the state dependent input constraint

: Co [|va]] + [0(t0)]
max{||fn]], [lox][} < mlﬂ{ e , (539
8agl[|v.|| + [0(to)] 6
then our bounds on || and vy give v < 3(||v.|| + [0(to)]), hence
] Cx 3cx
01 < 2061081l + sqmiREn < sqiteeen < /- (5.40)

For the important special case where (0(ty),9(tp)) = 0, it follows that the state

constraint || < ¢, /v holds if R, satisfies ||6,|| < aey and |0|oc and k are small
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enough. In that case, we also have v, — || — [lon|] < v < |Jon]|| + [0]oo + Vs, SO

keeping k and |d|,, small also ensures the state constraint that v stays close to v.

5.6 Additive Uncertainty on Both Controls

We can also prove practical iISS and practical ISS properties for the tracking

dynamics for the more complex UAV model
(

& = wcos(f)

y = wsin(0) (5.41)
0 = ap(6.—0+A)

U = au(ve—v+9)

\

with additive uncertainty on both controls, provided we assume that A is bounded

by some constant A > 0 satisfying the smallness condition

Cc

BlIA < &
A

(5.42)

where ¢ and T are from the PE condition. This is done by noting that |(0,%)(t)| <
2(1 4 |(8,9)(to)| + 6ar + A) along the corresponding tracking dynamics when the
tuning parameter k£ > 0 is small enough, and allowing the constants in the ISS
estimate to depend on | (6, ¥)(to)|, which is a semiglobal ISS because the overshoot
terms in the estimates depend on |(6, 7)(to)|-

Here is a sketch of how to prove the extension. We indicate the changes needed

in the proof of Theorem 5.2. The disturbance A adds ag(6 —x)A to Q4 in (5.11),
and {8.00[(€ + €.)E — (5 + 0] — (200/T) Ly [[182(0000] dsid € + €))A 10 P
in (5.13). Holder’s Inequality gives a constant by > 0 such that the terms added
to P are bounded by 2||6.||asAv? + bo[€2 + [€] + A?], so analogous reasoning to

the argument that gave (5.14) and our smallness condition (5.42) on A provides
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constants b; > 0 such that P < —by9)? +by(£2+[E2 442 ]W + W 4+ A?). Similarly, the
term oy (1 + 10, )0A we must add to M is bounded above by Aag|thd| + agl|ih.] |52 +

ap|14]| A%, so (5.17) must be replaced by

: ke ; TN
M < —m+b3(w\ﬁ+ V Qi+ 1W + a,|€8] + A?) (5.43)

for a suitable constant b3 > (0. Combining the decay estimates on P and M as
in the proof of Theorem 5.2 gives P + a;(Q4)M < —byp? — €2 4+ UL (Q)W +
bs(Q4 + K)[|€]|0] + A?] for suitable constants b; > 0 and a suitable second degree
polynomial U?V Then we can find a third degree polynomial G; and constants
¢1 > 0 and b; > 0 such that the time derivative of Uy = P+ & (Qq+ k)M + G1(Qy)
satisfies Uy < —bgth? — €2 + br(1 + Q2)(62 + || + A% + |A]) — bsG}(Q4)W along
the new closed loop tracking dynamics, where b; depends on |(6,)(t)|. Then
Uf = (U; +1)"/3 — 1 is the desired integral ISS Lyapunov function. This also gives
ISS, under a smaller bound A on A, by reasoning as in the last part of the proof
of Theorem 5.2. The argument is very similar to the proof of Theorem 5.2, so we

leave the details to the reader.

5.7 Simulating the UAV Tracking Dynamics

We first took the reference trajectory (z.(t),y.(t),0.(t),v.(t)) = (10sin(t),10 —
10 cos(t), t,10) where the command is for the UAV to orbit a point at the constant
speed of 10m/s. We simulated the UAV tracking dynamics (5.4) in closed loop with
our controllers vy and Oy from (5.9), with the initial error £(0) = (1,1,1,1) and
d = 0.15sin(0.05¢t). Following [43, Section 5], we took a, = 0.192 and «p = 0.55,
the actuator envelope [7,13] for v., and the tuning constant k£ = 1 for our controls.

The controller 6. is unbounded because 6, is unbounded; see our controller formulas
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(5.3). In Figure 5.1, we plot (z(t),y(t)), the tracking errors, and the closed loop

controller values. As in [43], the units are radians, seconds, and meters.
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FIGURE 5.1. UAV Tracking Circle with Uncertainty in Velocity Control

Top Panels: Center of Mass Path (x(t),y(t)) (Left) and Tracking Errors x — z, (Right).
Second Row from Top: y — y. (Left) and 6 — 0, (Right). Third Row from Top: v — v,
(Left) and Closed Loop Control 6, (Right). Bottom Panel: Closed Loop Control v.. Units
are Seconds, Radians, and Meters.

In our second simulation, we took the reference angle
0.(t) = 1.5 arctan(3.38321412225 sin(0.24t)) (5.44)

from Section 4.4 and v,(t) = 10 with initial state (z.(0),y.(0)) = (1,1). We again
simulated (5.4) with the feedbacks (5.9) and £(0) = (1,1,1,1), with the same
choices of «ay,, ay, k, 9, and the v, actuator envelope as in our first simulation, but

this time we also added the wind disturbance A = 0.1 to the angle controller 6.
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and the actuator envelope [—2,3.1] on f,. Since 6, and 6, are bounded, we can
satisfy an actuator envelope on 6,; see our control formulas (5.3). In Figure 5.2,
we plot the simulated trajectory (z(t),y(t)) on [250,350], and the corresponding
error components ((t) — z,(t), y(t) — y.(t), 0(t) — 0.(t), v(t) — v.(t)) and the closed

loop controller values.
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FIGURE 5.2. UAV Tracking Figure 8 with Uncertainties in Both Controls

Top Panels: Center of Mass Path (z(t),y(t)) (Left) and Tracking Errors x — x, (Right).
Second Row from Top: y — y. (Left) and 6 — 6, (Right). Third Row from Top: v — v,
(Left) and Closed Loop Control . (Right). Bottom Panel: Closed Loop Control v.. Units
are Seconds, Radians, and Meters.

The units are the same as in Figure 5.1. Due to the disturbances, the tracking
errors no longer converge to zero. This illustrates the effect of the disturbances.
Nevertheless, our simulations show the good tracking performance and robustness
under the actuator disturbances. Moreover, the controlled velocities are bounded

away from zero and so respect the no-stall constraint.
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Chapter 0
Future Research Topics

We proved tracking results for important benchmark aerospace models using novel
asymptotic Lyapunov function, bounded backstepping, and strictification methods
under realistic input constraints. In this chapter, we present some remarks about

possible extensions and possible techniques for proving the extensions.

6.1 Tracking Under Input Delays

Our PVTOL aircraft and UAV controllers are functions of the current value of
the state and the current time, possibly after augmenting the system with an ob-
server. However, current state values might not always be available for use in the
controllers. This motivates the search for controllers that only depend on the cur-
rent time and time delayed values of the state, which produce closed loop systems

of the form

X(t) = f(t, X(t),u(t,X(t —7)),5(t)), X(t)€R" (6.1)

with disturbances § and a constant delay 7 > 0. The Lyapunov function machinery
we used in the preceding chapters does not apply to time delayed systems such as
(6.1). However, we have the following definition from [35], in which X is defined by
Xi(0) = X(t+0) for all 0 € [—r,0], and C,(I) is the set of all continuous functions

h : I — R™ on any interval I:

Definition 6.1. A continuous functional U : [0, 00) x C,(R) — [0, 00) is called an
ISS Lyapunov-Krasovski functional (ISS-LKF) for (6.1) provided that for all trajec-

tories X (t) = X (t,to, Xo,0) of (6.1) corresponding to all possible initial conditions
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X(ty) = Xo and all measurable essentially bounded disturbances ¢, the function
t — U(t, X;) is locally absolutely continuous and there exist functions a; € K
for i = 1,2, 3,4 such that for all ¢ € C,([—7,0]), all trajectories X (¢) of (6.1), and
all t > ty + 7, we have (a) a1(|¢(0)]) < U(t,¢) < aa(|p|j—r0)) and (b) the time
derivative D,U(t, X;) of U(t, X;) satisfies D,U(t, X;) < —a3(U(t, X)) + aa(]0]t0,1)

almost everywhere.

A key difference between an ISS-LKF U(t,¢) and a standard ISS Lyapunov
function is that U(t, ¢) is evaluated at continuous R™-valued functions ¢ € C,(R)
defined on the real line and times ¢t > 0, which is why we use the term functional
instead of function. Under standard conditions on the dynamics [35], the existence

of an ISS-LKF implies ISS in the following sense:

Definition 6.2. We call (6.1) input-to-state stable (ISS) provided there exist func-

tions # € KL and v € K such that

[ X (0, Xo, 0)] < B(IXolitg—rto) T = o) + 7([0]10.11) (6.2)

for all t, > 0, X, € C,([t, — 7,t,]), t > t,, and measurable essentially bounded

disturbances 9.

Unlike the undelayed case, we have initial functions in the ISS estimate (6.2), in-
stead of initial states. However, just as in the undelayed case, knowing an ISS-LKF
makes it possible to construct the comparison functions in the ISS estimate. There-
fore, one possible extension of our work would be to use strictification methods
to build ISS-LKF’s and to prove ISS properties of the UAV and PVTOL aircraft
tracking dynamics with respect to additive uncertainty on the controllers, under

delayed feedback controls.
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6.2 Other Extensions

In many applications, teams of UAVs are used for cooperative surveillance. This
gives rise to more complex tracking problems whose possible control objectives
could include (a) forcing all trajectories of all of the UAVs to track prescribed ref-
erence trajectories or (b) forcing the UAVs to maintain a formation while achieving
some other control objective. Then the problem of collision avoidance becomes im-
portant. This motivates the search for tracking controllers for teams of UAVs that
maintain state constraints under time delays in the controls, or under additive un-
certainty on the controllers. Moreover, the autopilot constants in UAV models or
other model parameters might not be known. This suggests the problem of using
adaptive control methods for parameter identification in UAV models, in conjunc-
tion with an ISS analysis under time delays in, and additive uncertainty on, the

controls. We leave these extensions for future work.
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