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Abstract

Storing discrete probability distributions is memory-expensive, but approximating these distributions
using decomposable Markov networks with a limited treewidth effectively reduces this expense. Find-
ing an optimal Markov network for this problem is NP-hard and, as a result, there exists a need for effi-
cient algorithms that may not yield an optimal solution, like greedy algorithms. Three such greedy algo-
rithms are discussed and empirically compared in this thesis: Malvestuto’s Hyperedge Greedy Algorithm
[8], HGA; an application of the Forward Selection Algorithm [4], FSA-K; and the Edgewise Greedy Algo-
rithm [5], EGA. These algorithms vary in approximation accuracy and efficiency. Each of these algo-
rithms were implemented into a computer program and experiments were conducted to compare the
accuracy and speed of the algorithms to one another under varying conditions. The experiments show
that (1) all algorithms produce models with similar accuracy; (2) the EGA is the most efficient; (3) the
HGA produces on average a model with higher accuracy if the treewidth is large and a model with lower
accuracy if the treewidth is small in comparison to the other algorithms, but is the least efficient; (4) the
EGA coupled with a local search procedure produces models with the best accuracy and requires 50 per-
cent more execution time than the EGA without the local search procedure.



1. Introduction

A Markov network is a graphical model of a joint probability distribution. It consists of nodes—the ran-
dom variables—and undirected edges which represent conditional dependencies between the random
variables. The algorithms discussed in this thesis deal with decomposable Markov networks (DMNs) of
n discrete random variables, which have an attribute that allows probabilities to be easily attained from
it (that is, requires fewer calculations). A k-clique is a complete subgraph consisting of k nodes. A max-
imal clique of order k is a k-clique that is not contained in any other k*-clique, for some k* > k. A DMN
with a treewidth of k is a graphical model such that the graph is chordal (defined in Chapter 2) and the
largest order of the maximal cliquesis k + 1.

The greedy algorithms discussed in this thesis are designed to construct a DMN of with treewidth k that
approximates a probability distribution, which will be referred to as P*. The distribution attained from
the DMN that approximates P* will be referred to as P,. The algorithms achieve this by finding depen-
dencies among variables; a graph with edges between variables that are most dependent upon each
other is ideal for capturing a probability distribution. The number of edges in the graph is proportional
to the accuracy of P,. The goal, however, is to limit the number of edges allowed in the graph, which
reduces the data required to maintain the graph; consequently, a DMN constructed by one of the algo-
rithms is limited in number of edges by the size of the predetermined treewidth. Using a high treewidth
will produce a P, that accurately approximates P*, and using a low treewidth will produce B, that less
accurately approximates P*. There are many F,’s that can be produced from P*—each of which vary in
its accuracy—and it is each algorithm’s objective to produce a F, that approximates P* accurately and

efficiently (requiring minimal computational time).

Greedy Algorithms for learning Markov networks are applicable whenever a probability distribution
needs to be maintained and the conservation of memory is important. For example, if P* is a binary
probability table of 20 variables, there will be 22° (that is, 1,048,576) vectors in the table; whereas, for a
treewidth of 5 F, will require a total of (20 — 5) * 25 (that is, 480) vectors to be stored in a table. In
addition, given a large set of training data these algorithms can construct a DMN to define a probability
distribution for the set. For instance, a DMN can be constructed from the US Census and be used to find
the probability that a person with certain attributes (say, age greater than 50 and married) earns a high
income; rather than producing an enormous probability table, a condensed distribution can be attained.

Computer vision, natural language processing, and information retrieval are examples of studies that
use statistical classification, in which an object is placed into some class based on the properties of the
object. For each class, a probability distribution can maintained so that the probability that an object
belongs to this class can be calculated. For some object, the class that yields the highest probability is
likely to be the appropriate class for the object. DMNs with limited treewidth are applicable in main-
taining these multiple probability distributions for each class.

This thesis will explain each algorithm as well as provide results from experiments that tested the accu-
racy and efficiency of each algorithm. Chapter 2 introduces definitions and theorems necessary to un-
derstand the algorithms. Chapters 3, 4, and 5 explain each of the algorithms respectively: the HGA, the



FSA-K, and the EGA. The design of the experiments is discussed in Chapter 6, and the results of the ex-
periments are discussed in Chapter 7. Chapter 8 discusses future work and concludes the thesis.



2. Definitions

2.1 Chordal Graph, Clique Graph, and Junction Tree

Definition: A graph [7] G is an ordered pair G := (V,E) where V is a set of vertices and E is a set of
edges.

In this thesis, only undirected edges are mentioned, which are denoted as an unordered pair of two ver-
tices.

Definition: A chordal graph [9] is a graph such that every cycle of length at least four has a chord, which
is an edge between two nodes that are not adjacent in the cycle.

Figure 2.1: A graph that is not chordal Figure 2.2: A graph that is chordal

Definition: A minimal separator of two vertices v, and v, of a graph G is the smallest set of vertices
(not including v, or v,) such that, once removed from G, there exists no path from v, to v, (or from v,
to v,).

Definition: Let G = (V, E) be a chordal graph. The clique graph [5] of G, denoted C(G) = (V,, E.,W), is
the weighted graph defined by :

1. The vertex set I, is the set of maximal cliques of G.

2. Anedge (C4, C,) belongs to E, if and only if the intersection C; N C; in G is a minimal a,b-
separator for each a € C;\C, and each b € C;\ (5.

3. Each Edge (CL-, C]) € E. is given the weight u(C;, G;) = |(Ci n C])|

2054 - :

Figure 2.3: A chordal graph and its corresponding clique graph



A clique graph has nodes that represent the maximal cliques of the chordal graph and have edges be-
tween the two nodes if (2) is satisfied. The weight is not important in this thesis because all edges in the
clique graph that the algorithms produce will have the same weight. The models that the algorithms
produce are edge-maximal—the addition of any new edges to the chordal graph will increase its tree-
width, k. Thus, the weight of every edge in the clique graph is identical, k.

Definition: Let G = (V, E) be a chordal graph. A junction tree [5] of G is a maximal spanning tree of the
clique graph of G.

Because all weights of the edges are the same in the models produced by the algorithms, any spanning
tree can be a junction tree.

Figure 2.4: (left) a chordal graph G, (middle) a clique graph of G, and (right) a junction tree of G.

Figure 2.4 shows a possible junction tree derived from the clique graph of G. The edge (deg,egh) is re-
moved from the clique graph to form this junction tree, but the edges (efg,egh) or (deg,efg) could have
been removed instead to form a different junction tree. Each of these three edges corresponds to the
same minimal separator {e,g}, and any of the possible junction tree created from the clique graph of G
would have two edges that correspond to this separator. Thus, the set of separators in the junction tree
is a multiset—{e,g} would appear twice in the set.

2.2 Probability Distribution Modeled by a DMN

Let the chordal graph G be a DMN for probability distribution py, where X = {X;, X,, .., X,}. Let
T = (V. , E¢) be a junction tree for G and let S denote the multiset {C; N C; |(Ci , G ) €E:}.

Theorem 2.1: The joint probability distribution and the marginal distribution satisfy

Px'l_[Ps = npc

Ses CeV,
Proof: This resultis due to [11], and in this form the proof appears in [3], Theorem 4.3.2.

With this factorization a probability distribution does not need to be in the form of a large probability
table consisting of all possible vectors. If the probability distribution of each clique is known then one
can compute both the probability distribution of each separator (notice that separators are subsets of a
clique, thus its probability distribution can be attained from the probability distribution of a clique) and



the large probability distribution, px. Using the example in the introduction—the probability distribu-
tion consists of 20 random variables and the treewidth of the DMN is 5—15 probability tables with 32
entries each has all the information one large probability table would have (which has 22° entries). The
probability distributions of the cliques could be stored as multiple probability tables.

If there are no independent variables, then this factorization is not applicable, because the DMN would
be a complete graph—it will have one clique and no separators. This factorization, however, can still be
applied if the probability distribution, P*, is approximated. A DMN of treewidth k can be constructed to
model an approximation of P*, but constructing an optimal DMN of treewidth k is an NP-hard problem.
Thus, finding an optimal DMN of treewidth k would not be feasible. Greedy algorithms can efficiently
produce a DMN of treewidth k that models an accurate, but seldom optimal, approximation of P*,
which will be referred to as F,. B, can be extracted from the DMN by

o= [Tre/T]re

CeV, Ses

where V. is the set of vertices in the associated junction tree of the DMN and S is the set of separators,
as described in theorem 2.1. Now, P* would require significantly less data to maintain in the form of P,
because B, utilizes the factorization in theorem 2.1 more effectively—how effectively depends on the
choice of k.

2.3 Entropy

The greedy algorithms in this thesis must choose edges so that the resulting DMN will be able to accu-
rately approximate a probability distribution. In determining which edge to choose, the algorithms cal-
culate entropy. Entropy is a measurement of surprise; it measures the uncertainty associated with a
random variable. The following definitions deal with the entropy of a random vector.

Definition: For some discrete random variable X, the entropy [12] of X is defined by
HX) = — Z p(x)log,p(x)
X

where the sum is over all possible values x of X.

Definition: For some discrete random vector X, the conditional entropy [12] is defined by

HY|X)= — Z Z p(y, x)log.p(y|x)
x Yy

where the double sum takes all possible values x of X and y of Y. The chain rule for entropy is defined by

HY,X)= HX)+HY|X)



Conditional entropy is the uncertainty that an event Y occurs given an even X has already occurred.
Definition: The K-L divergence [6] of probability distributions P* and P, over X is defined

P*(x)
P,(x)

D (PIIB) = ) P(log (o3)

where the sum is over all possible vectors x of X.

The difference between the approximated probability distribution attained from the DMN and the real
probability distribution is measured by K-L divergence. In this study, a DMN (and the corresponding F,)
is an optimal solution to the approximation problem if the DMN minimizes the K-L divergence.

The K-L divergence can be given equivalently in terms of entropy: D, (P*||F,) = Hp, (X) — H(X), [10].
Hpu (X) denotes the entropy of the DMN created to approximate P*. Thus, by reducing the entropy of

the DMN, the K-L divergence is reduced as well (the value of H(X) is not affected by the structure of the
DMN).
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3. The Hyperedge Greedy Algorithm

The Hyperedge Greedy Algorithm constructs a DMN of treewidth k by iteratively adding hyperedges of
order k + 1, and each addition results in the formation of a new maximal clique of order k 4+ 1. Thus,
adding a hyperedge is equivalent to adding a maximal clique to the DMN. Because each maximal clique
will be of the same order, the model is said to be uniform. In considering which clique to add to the
model, the clique that yields a model with the least entropy and results in another uniform model is se-
lected. After a few terms have been defined, the HGA will be explained more in depth.

The following paragraph is from [5]. Let T be a junction tree of a chordal graph G. Choose a vertex of T
to be a root, thus directing all edges in T. This induces a partial order of the maximal cliques of G by

C; < (; ifthere s a directed path from C; to C;. A numbering C;, C3,..., Cs of the maximal cliques that is
compatible with this partial order is a running intersection order of the maximal cliques. Following Mal-
vestuto, for a given uniform model with maximal cliques C;, C; ... C,,,, @ maximal clique Cp,, h > 1, is
called elementary (with respect to this ordering) if the set C,\(C; U C, ... Cy,_1) is a singleton. A chordal
graph is called elementary if it has a rooted junction tree such that every maximal clique, except the
root, is elementary.

Theorem 3.1: For a given model M the entropy of the model is equivalent to:

HM) = Z H(c) — ZH(S)

cEC SES

where C is the set of maximal cliques and S is the multi-set of separators in the junction tree of the
model [8].

At each iteration of the HGA a new maximal clique of order k + 1 is added to the DMN. The HGA
chooses the clique that minimizes H(¢) — H(s) because this is a term in the equation from theorem
3.1. Itis apparent that the difference H(c) — H(s) is the increase in entropy due to adding the clique c.
Recall that reducing the entropy of the model is equivalent to reducing the K-L divergence of P* and B,
and, therefore, improves the approximation accuracy of F,.

Given a joint probability distribution for discrete random variables {X;, X,, X3, ..., X;;} we can describe
Malvestuto’s Hyperedge Greedy Algorithm. Let G be a chordal graph. The following steps are taken
from [5].

Step 1: Calculate the marginal entropy H(C;) of all subsets of order k + 1 from the set
{X1, X3, X3, ..., X}, and choose the subset with the least marginal entropy.

Step 2: Suppose cliques Cj, ..., Cy, have already been chosen. Consider all subsets C of {X3, ..., X} of
order k+1 such that the chordal graph with maximal cliques Cj, ..., Cy, C is elementary. In the associated
rooted junction tree of G, let C; denote the parent of C and put S, = Cy N C. From these eligible sub-
sets C, choose one that minimizes the quantity H(C) — H(S.).
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Step 3: Stop when all the X; appear in some clique. By the definition of elementary, this will occur after
n— (k+1) +1=n—kcliques of order k + 1 have been selected.

When the algorithm is complete a DMN with treewidth k is constructed as well as a junction tree which
is necessary for application of Theorem 2.1.

The cliques have an order of k + 1 and all possible cliques from a set of n nodes must be produced.
This is equivalent to finding all subsets of size k + 1 from a set of size n. For each clique produced
the entropy, H(c), must be computed which calculates the entropy between k + 1 variables. There-

fore, the complexity of the HGA is O ((kzl)E) where E is the complexity in computing the entropy

between k + 1 variables.

3.1 An example using the HGA

The following example will demonstrate how the HGA constructs a DMN of treewidth 2 us-
ing the probability table in figure 3.1. Starting from the furthest left column, the columns will
represent the variables A, B, C, and D.

0 (0 |0 [0 |0.029411 1 |0 |o [0 [0.014705
0 |0 |0 [1 |0117647 1 |o |o |1 [o0.058823
0 |0 [1 |0 |0.014705 1 |0 |1 [0 |0.014705
0 |0 |1 |1 |0.058823 1 |0 |1 |1 [0.117647
0 (1 |0 |0 |0.058823 1 |1 |0 [0 [0.058823
0 (1 |0 |1 |0.117647 1 |1 |0 |1 |0.058823
0 (1 |1 [0 |0.117647 1 |1 |1 [0 [o0.029411
0 (1 |1 |1 |0.117647 1 |1 |1 |1 |0.014705

Figure 3.1: A discrete probability table for five binary variables

The first step of the HGA is to calculate the entropy between all subsets of size 3 among the 4 va-
riables.

Cliques | Entropy

{A,B,C} |2.841252
{A,B,D} |2.750213
{A,C,D} |2.852867
{B,C,D} |2.829196

Figure 3.2: Cross entropy for cliques of order 3

{A,B,D} has the least entropy among the other sets. It will be our first clique and the root of the
junction tree. The remaining three sets are elementary and are eligible to be the next clique in the
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graph. Notice that each of the remaining cliques contains C, which is correct because C is the only
variable that is not already in the graph. Now we must compute the separators between each po-
tential clique and its parent ({A,B,D} is the parent of each).

Cliques H(C) Separator | H(S) H(C)-H(S)
{A,B,C} 2.841252 | {A,B} 1.902668 | 0.944584
{A,C,D} 2.852867 {A,D} 1.871342 0.981328
{B,C,D} 2.829196 | {B,D} 1.838256 | 0.99094

Figure 3.3: Entropy of potential cliques and their separators

The clique that minimizes H(C) — H(S) is {A,B,C} and, so, it is selected to be the next, and final, cli-
que in the junction tree. Each variable now appears in the chordal graph; therefore, the algorithm
is complete. The resulting chordal graph and junction tree is displayed in figure 4.4.

ABD

Figure 3.4: The resulting chordal graph and junction tree from the example

The K-L divergence of this model is H{A, B,D}) + H({A, B,C}) — H({A, B}) which equals 0.00908.
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4, The Treewidth k Forward Selection Algorithm

Both the FSA-K and the EGA use the Forward Selection Algorithm (FSA) as a subroutine. The Forward
Selection algorithm constructs a DMN with no restriction on treewidth. The FSA-K is an application of
the FSA for learning Markov networks of treewidth k; the FSA-K constrains the FSA so that the DMN be-
ing constructed never exceeds a determined treewidth.

The FSA adds one edge at a time to a chordal graph so that the resulting graph is chordal as well. A cli-
gue graph is maintained in addition to the chordal graph, and the status of the clique graph determines
which edges upon addition maintain chordality. After each edge is added, the clique graph is updated.
Of all eligible edges, the edge that maximizes the difference of entropy between the current DMN and a
new DMN that includes the edge is selected. When the process is complete, there will be n — k cliques
of order k + 1 in the chordal graph. A junction tree is extracted from the clique graph—by removing
edges so that the properties from definition of a junction tree are satisfied—and is used to formulate
the joint probability distribution. The FSA can be broken down into three phases in each iteration: de-
termining which edges are eligible, choosing an edge, and updating the clique graph.

4.1 Eligibility of an Edge for Addition

The clique graph is used to determine which edges upon addition maintain chordality of a graph.

Lemmad4.1l:let G = (V,E) beachordal graph in which vertices a and b are not adjacent, and let G’ be
obtained from G by adding the edge (a, b), Then G’ is chordal if and only if there exist maximal cliques
Cq and Cp, of G such thata € C,, b € Cp,, and (C,, Cp,) is an edge in the clique graph of G (i.e., Sgp =

C, N Cpis a minimal a, b separator) [4].

A Q (=) ()
B © ()

Figure 4.1: A chordal graph and its corresponding clique graph

In figure 4.1, the edge (B,D) is eligible for addition—it maintains chordality of the graph—because cli-
ques {B,C} and {C,D} contain B and C, respectively, and these cliques share an edge in the clique graph.
Thus, by Lemma 4.1, the resulting graph after addition of this edge will be chordal. Similarly, edge (A,C)
is eligible. Edge (A,D) is not eligible, because there is no pair of cliques, to which one contains A and the
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other contains D, that share an edge in the clique graph. By observing figure 4.1, the addition of this
edge would form a cycle of length 4 that has no chords, thus the resulting graph would not be chodral.

The FSA-K requires that eligible edges for addition to the chordal graph do not create a clique with cli-
qgue of order greater than k+1. The following corollaries from [4] help determine which edges satisfy this
criteria, and those edges that do satisfy this criteria are said to be k-admissible (defined below).

Corollary 4.1: Under the conditions of Lemma 4.1, C,p, = {a, b} U (C, N Cp) is the only new maximal
clique of G'.

Corollary 4.2: Let G be a chordal graph of treewidth k and suppose the chordal graph G’ is obtained
from G by adding the edge (a, b). Then G’ has treewidth k if and only if the maximal clique C,j, has or-
der at most k + 1.

Proof: The result follows from Corollary 4.1 and the fact that the treewidth of a chordal graph is one
less than the largest order of a maximal clique [1].

Definition: Let G be a chordal graph and let a and b be vertices that are not adjacent in G. We say that
the edge (a, b) is k-admissible [5] if the graph G’ obtained by adding (a, b) to G is chordal of treewidth
at most k.

The FSA-K allows only edges that are k-admissible to be eligible for addition to the chordal graph. This is
the modification to the FSA that allows the creation of a DMN of treewidth k.

4.2 Selection Criterion

Theorem 4.2: If the chordal graph G’ is obtained from the chordal graph G by adding the edge
(vg4, vp), then the difference in entropy between the two DMNs, H(G) — H(G"), equals

_H(Sab) + H(Ua, Sab) + H(Ub'Sab) - H(Ua, Vp, Sab)
where S}, is the minimal separator of v, and v, in G [4].

Definition: Given two random variables X and Y, mutual informationof Xand Y is defined by

o p(xy)
106Y) = Zzp(x ylo gp(x)p(y)

where the double sum is over all possible values x of X and y of Y. In addition conditional mutual
information can be defined as I(X; Y) = H(X) + H(Y) — H(X,Y); see [2], Theorem 2.4.1. Note that
IX;Y) = HX) — HX|Y) = H(Y) — H(Y|X), [5].

Definition: Conditional mutual information [2] of a variables X and Y given Z, denoted by I(X;Y|Z)
is defined by
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I(X;Y|Z) = HX|Z) — HX|Y,Z)
Theorem 4.2 can be expressed in terms of conditional mutual information.
Corollary 4.3: With assumptions as in Theorem 4.2, the difference in entropy equals I (v,; v}, |S,p)-
Proof: By the chain rule for entropy ([2], Theorem 2.5.1), we have
H(g, Sap) = H(Sap) + H(va|Sap)
H(p,Sqp) = H(Sap) + H(Wp|San)
H(g, Vb, Sap) = H(Saqp) + HWp|Sap) + H(Wa|Vp, Sap)

Replacing these the entropies on the right in the equation from Theorem 4.2 with the entropies on
the left yields H(v,|Sq,) — H(V4|vp, Sqp) which equals I(v,; vy, |Sap) [5]- |

Of the eligible edges, the edge with vertices v, and v}, that gives the high value of I(v,; vy |Ssp) is
chosen as the next edge to be added to the graph. Mutual information measures how dependent
two variables are to each other. A high mutual information implies that the state of one variable is
dependent on the another and/or vice versa. It is ideal that two variables that share a high mutual
information share an edge between their corresponding nodes in the DMN. Remember, an ideal
DMN approximates a probability distribution by determining which variables are independent to
others. If two variables x, y are independent then p(x, y) = p(x)p(y); thus, a probability distribu-
tion table does not need to be maintained for p(x, y), only for p(x) and p(y). This is the underlying
tactic that enables a DMN to condense and approximate a probability distribution. According to
Corollary 4.3 an edge between two vertices with high mutual information conditioned by their mi-
nimal separator contributes to a model with less entropy. If two variables share a high mutual in-
formation given all the neighboring variables shared by each of them, then placing an edge between
these two variables is important in capturing the dependency that exists between the two variables.

4.3 Updating the Clique Graph

In the FSA (and therefore the FSA-K) when an edge is added, the clique graph must be updated. The
steps below provide an efficient way to update the clique graph. Following the notation from [4], let

G = (V, E) be the original chordal graph and let CG be the clique graph, let the new edge that is added
be (v,, vp), the corresponding edge in the clique graph be (C,, Cp), and let S, = C, N Cp. The new
model and clique graphs will be G' and CGyg;,.

A new maximal clique will be created as a result of adding (v,, vp). This clique, C,}, is equal to
Sap + V4 + vy, The clique graph must be updated to include this change. This clique will share an edge
with both €, and Cp, in CGg.
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o, CO—() OO0

Figure 4.2: Example of the change in a chordal graph and its clique graph after addition of an edge

Infigure 4.2 v, isa, vy is b, C, is the clique {a,c,e}, C,, is the clique {b,c,e}, and S,;, is the set {c}. The ad-
dition of the edge (a, b) creates a new clique, {a,b,c}.

©
AONENO -

CGg CGgr e

Figure 4.3: Another example of an edge of the change of a chordal graph and its clique graph after the addition of an edge

In figure 4.3 the new clique is a superset of the initial two clique, thus the intial two cliques are no long-
er maximal cliques and do not exist in the clique graph. Both 4.2 and 4.3 only show a partial structure of
a clique graph. Upon addition of an edge, the relationship between C,, €, C,p and other cliques must
be updated because some edges between other cliques may no longer satisfy Theorem 4.1. The follow-
ing steps are taken from [4]. In congruence with these steps figure 4.4 will be a used as an example.
Note that v, is a, vy is b, C, is the clique {a,c,e}, Cp, is the clique {b,c,d}, S, is the set {c}, and C,}, is the
clique {a,b,c}.
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CGyg @ > ¢

Figure 4.4: An example of a chodral graph and clique graph after the addition of the edge (a,b) and before updating the clique graph

1. LetG" =G — S,;. Find all nodes that are connected to v, and to v}, in G'' and maintain this in-
formation in two arrays indexed by the vertices of G.

(M
e a b c d e f g

False | False |False |False |True |True |[False

i

G" o b False |[False |[False |True |False |False |False

Figure 4.5: An example of G'' and arrays maintaining which vertices a and b are connected to in G”

2. Deciding whether to keep an edge (C;,C,) € CGg,: Let S;, = C; N Cy. If S15 # Sgp, then
keep this edge. Otherwise, consider the graph G — S;, (= G'"). If v, is connected to C;\S;; in
this graph and vy, is connected to C,\S;, or vice versa, do not keep this edge in CGg,. Other-
wise, keep it. This check can be performed in O(1) time using the arrays constructed in Step 1.
(In figure 4.4, the edge in G" (cef,bcd) must be removed).

3. Adding edges involving C,j:

1. For every maximal clique C’ such that (C’,C,) € CG (after execution of the above step),
add an edge (C’,Cyp) to CGg, if (C' N C,) € S,y + v,. (From figure 4.4 the edge (gc,abc)
should be added to G").

2. For every maximal clique C’ such that C' N Cyp, = S, + vy, explicitly check if this edge
should be added to the clique graph. This requires checking whether v, is separated from
C'\ Sgp + V4 by Ssp + v,, which can be done by looking up the arrays computed in Step 1.

3. Repeat the above two steps for €, and v, instead of C, and v,.

4. Remove C, (Cp) ifitis contained in C,



Figure 4.6: The resulting clique graph from the example after updating

4.4 The FSA-K Algorithm

Input: The joint (empirical) probability distribution of n discrete random variables X4, X5, X3, ..., X, and
a positive integer k < n.

Output: A DMN (chordal graph) with n vertices and treewidth k.
Initialize: Let G be the graph with vertices X4, X5, X3, ..., X;, and no edges.

Step 1: Use the FSA (modified to take into account the order of the potential new clique) to enumerate
all k-admissible edges. If there are no k-admissible edges, stop.

Step 2: For each k-admissible edge (X;, X;), compute I(X;; X;|S;;) and add an edge with the maximum

value.

Step 3: Perform the necessary updating in the FSA and go to Step 1.

4.5 Complexity Analysis

According to [4], the algorithm consists of two components at each step: determining all edges that can
be added to the model and determining which of these edges to add to the model. Determining all
edges that can be added to the model consist of updating the clique graph and finding those edges that
satisfy Lemma 4.1. Determining which edges satisfy Lemma 4.1 requires O(n?) time; for every node a
search must be made from the arrays computed in the first step of updating the clique graph. Updating
the clique graph also requires 0(n?) time. Step 1 can be done in 0(n?) time; for each node, except v,
and vy, a search which is linear in n is performed to determine its connectivity among other nodes in
G". Similarly, Step 3 can be done in 0(n?) time. Step 2, however, determines if a two sets are equal
(0(n) time) for each edge in the clique graph (number of edges € 0(n?)) which seems to be a total of
0(n®) time. Deshpand-Garofalakis-Jordin (2001) provide an efficient alternative—by storing all separa-
tors and the edges that point to these separators in a data structure—that reduces the complexity to
0(n?). Thus, determining all edges that can be added to the model can be done in 0(n?) time. The
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time required in determining which of the eligible edges to add to the model is dependent on the num-
ber of entropies calculated.

Theorem 4.3: The number of new entropies that need to be computed after adding the edge (v,, vp) to
the underlying model graph (i.e. after performing one forward selection step) is at most 2(n — n,) +
2(n —ny), where n, and n, are the number of neighbors of v, and v, respectively [4].

Let E be the complexity of calculating entropy, then theorem 4.3 implies that the complexity in deter-
mining which edge to add to the model is O(nE). Thus, the complexity at each step of the FSA is
0(n? + nE).

The model produced by the FSA-K is edge-maximal. Therefore the separator between every clique is of
size k. The number of edges shared by each clique is the number of edges in a separator, ('2‘), and the
number of edges in a clique is (k;d). There are a total of n — k cliques and n — k — 1 separators.

Therefore the total number of edges is equal to (k‘le)(n —k) — (g) (n — k — 1) which can be reduced

(k+1)k

to nk — . Because k < n > k? < nk, the complexity of the number of edges in a model is 0 (nk).

Therefore, the total complexity of the FSA is 0((n? + nE)(nk)) = 0(kn® + kn?E). The FSA-K adds a
restriction at each iteration that requires O (n?) time: determining if S,;, of C, and C,, is of size less than
k+1 for all eligible vertices, v, and vj,. Therefore, the FSA-K has the same complexity as the FSA.

4.6 An example using the FSA-k

The following example uses the same probability table as in Chapter 3 (Figure 3.1) to produce a model of
treewidth 2. Starting with a graph containing no edges, an edge whose vertices possess the highest mu-
tual information is selected.

VariablesX,)Y | I(X,Y)

AB 0.030523
AC 0.000047
AD 0.000625
B,C 0.000013
B,D 0.069207
C,D 0.001960

Figure 4.7: Mutual information among pairs of variables

The pair {A,B} has the highest mutual information in figure 4.7, so the first edge in the graph will be (A,B)
and {A,B} will be the first clique of order 2. By the definition of a clique graph, an edge will be shared
between the cliques of order 1 and every other clique because, although the separator is an empty set,
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a vertice of a clique of order 1 is disjoint to all other vertices in the graph. In addition, by using the con-
verse of lemma 4.1, if the addition of a new edge between two vertices results in another chordal graph
then there must be an edge between the cliques that contain those vertices. It is clear that adding an
edge between two nodes that are not connected (share no path from one to the other) results in a
chordal graph.

Figure 4.8: The chordal graph (left) and clique graph (right) after the first iteration of the FSA-K

s o @0
©

The first iteration of the algorithm is complete. All remaining edges are still eligible.

Variables X,Y | I{X,Y)

AC 0.000047
A,D 0.000625
B,C 0.000013
B,D 0.069207
C,D 0.001960

Figure 4.9: The mutual information among pairs of variables

The edge (B,D) is the next edge to add because B and D share the highest information. There are no se-
parators that are not the empty set, so there is no need to compute conditional mutual information yet.

Co K
©) ©

Figure 4.10: The chordal graph (left) and clique graph (right) after the second iteration

®

The second iteration is complete. All edges are still eligible, but the conditional mutual information
must be calculated for A and D given B because B is the separator between the cliques {A,B} and {B,D}.
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I(A; D|B) is 0.006368. Because this value is greater than any other mutual information than in Figure
4.7, the next edge added is (A,D).

ab
6 © ABD e

Figure 4.11: The chordal graph (left) and clique graph (right) after the third iteration

The only three possible edges left are (A,C),(B,C), and (A,D), and each of these is eligible. The mutual
information between these edges can be found in figure 4.9. The pair {C,D} has the highest mutual in-
formation, and, so, it will be the next edge.

|
a Q ABD
© @

Figure 4.12: The chordal graph (left) and clique graph (right) after the fourth iteration

Two possible edges remain that can be added to the graph and both are eligible: (A,C) and (B,C). C be-
longs to the clique {C,D}, so the minimal separator of C and A, and C and B is {D}. Hence, I[(4; C|D) and

I(B; C|D) must be computed. Their values are 0.015891 and 0.006476, respectively. Therefore, the
edge (A,C) should be added.

Figure 4.13: The chordal graph (left) and clique graph (right) after the fifth iteration
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There are no k-admissible edges left; the addition of the edge (B,C) creates a clique that exceeds the
limit (a clique of order k + 2). Therefore, the algorithm is complete. The junction tree created from
this DMN is equivalent to the clique graph. The K-L divergence of this model is 0.038844.
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5. The Edgewise Greedy Algorithm

The Edgewise Greedy Algorithm is similar to the FSA-K; in addition to using the Forward Selection algo-
rithm as a subroutine and constraining the treewidth of the DMN, it recursively constructs a DMN with
treewidth r 4+ 1 from a DMN with treewidth r until r equals k. In other words, for increasing values of r
(starting at 1) the EGA does not allow a DMN to have a clique of size  + 2 until the DMN is an edge-
maximal DMN of treewidth r—that is, until there no more r-admissible edges.

The EGA first constructs a tree, which has a treewidth of 1. When there are no available edges to add
that do not increase the treewidth of the DMN, the algorithm constructs a tree with treewidth of 2 and
so forth. Recall that the FSA-K only restricts edges that exceed the treewidth, k. The FSA-K may have
maximal cliques of order 2 as well as maximal cliques of order 4; whereas, in the EGA the difference be-
tween the largest maximal clique’s order and the smallest maximal clique’s order is at most one. The
following algorithm is taken from [5].

Input: The joint (empirical) probability distribution of n discrete random variables X4, X,, X3, ..., X,; and
a positive integer k < n.

Output: A DMN (chordal graph) with n vertices and treewidth k.
Initialize: Let G be the graph with vertices X4, X5, X3, ..., X;; and no edges. Putr = 1.

Step 1: Use the FSA (modified to take into account the order of the potential new clique) to enumerate
all r-admissible edges. If there are no r-admissible edges, proceed to Step 4.

Step 2: For each r-admissible edge (X;, X;), compute I(X;; X;|S;;) and add an edge with the maximum

value.
Step 3: Perform the necessary updating in the FSA and go to Step 1.
Step 4: If r = k, stop; else, increment r by 1 and proceed to Step 1.

The EGA incorporates no new procedure to the FSA-K, and, so, it is apparent that it shares the same
complexity as the FSA-K, O(kn® + kn?E).

5.1 The Local Search Procedure

In addition to the procedure above, the EGA may be coupled with a local search procedure that at-
tempts to reduce the entropy of the produced model by exchanging edges between some vertices. The
procedure will reiterate until no new edges can be exchanged that result in a reduction of the model’s
entropy. The remainder of the chapter describing the local search procedure is taken from [5].

A k-tree is a graph defined recursively by the following axioms:
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(A1) The complete graph on k + 1 vertices is a k-tree.

(A2) If G is a k-tree and C is any k-clique of G, then the graph obtained by adding a new vertex x and
adding all edges between x and the vertices in C is again a k-tree.

(V)
e%’@ ®

Figure 5.1: An example of (A2), C is the set {y,w,v}

The local search procedure requires that the chordal graph be edge-maximal—that is, the addition of
any new edge would result in an increase in treewidth. The EGA does, indeed, produce models that are
edge-maximal. The local search procedure will be defined as follows. Let T¥ denote the set of all k-
trees on n vertices. Assumen > k + 1. Let G € T¥. A simplicial vertex is one whose neighbors form a
clique, or, equivalently, a vertex of degree k. By a theorem of Dirac (Lemma 2.9 of Lauritzen (1996)), G
has at least two non-adjacent simplicial vertices. Let x be a simplicial vertex of G and let W denote the
set of neighbors of x in G. The vertices in W form a k-clique in G because G isa k-tree. PutW' ={y €
V(& |{y}UW is a (k+ 1)-cliquein G}.

Lety € W'. Notice that W = ({x} U W) n ({y} U W) is a minimal separator of x and y. It follows from
Lemma (1 from the paper) that the graph G* = G + (x, y) obtained from G by added the edge (x, y), is
chordal. Letw € W. Then the graph G’ = G* — (x, w), obtained by deleting the edge (x, w), is chordal
by Lemma 2.19 of Lauritzen (1996) since {x, y}UW is the only maximal clique of G* that contains the
edge xw. It follows from Rose (1974) that G’€ T,¥. The Figure 5.2 shows an example of this type of ex-
changing of edges.

Y Y Y
G G* G’

Figure 5.2: An example of an edge being exchanged between two 2-trees

The entropy of the new model produced after the local search can be calculated by applying Corollary
2.1 twice: once for calculating the difference of entropy between G and G* and a second time for calcu-
lating the difference of entropy between G* and G’.

Theorem 5.1: Let G be the output of the EGA, and assume n > k + 1. Let X; be a vertex of degree k in
G. Let W denote the set of neighbors of X; in G. Let X; € W and let X; # X; be a common neighbor of
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the k neighbors in X;. Let G’ be the DMN obtained from G by adding the edge (X;, X;) and deleting the
edge (X;,X;). Then H(G") = H(G) - 1(Xy; X, IW) + 1(X;; X;|(W\{X;}) u {X.}), [4].

G’ will have less entropy than G if I(X;; X;1W) > I(X;; X;|(W\{X;}) U {X,3). If G is the DMN produced
by the EGA, then the local search procedure is informally described as follows:

Step 1: |dentify all vertices of G of degree k. (These are the simplicial vertices.)
Step 2: Choose a vertex X; of degree k.

Step 3: Identify W, the set of k neighbors of X;, and W’, the set of vertices other than X; that are adja-
cent to all vertices in W.

Step 4: Choose X; € W and X; € W'.

Step 5: Compute I(X; X;[W) — I(X;; Xj|(W\{Xj}) U {X;}). If this quantity is positive, then replace G
by the DMN G’ obtained by adding the edge (X;, X;), and go to step 1; else, repeat steps 3 and 4 until all
pairs in W x W' have been checked.

Step 6: Go to Step 2 until all vertices of degree k have been used.

5.2 An example using the EGA

The following example uses the same probability table as in Chapter 3 (Figure 3.1), which is also used in
the FSA-K example. The first two iterations are exactly the same as the first two iterations of the FSA-K:
the edge {A,B} is selected among all other pairs of variables because A and B share the highest mutual
information and the edge {B,D} is selected next. The status of the current graph is displayed in figure
4.8.

Our current r-value is 1 so the only edges eligible are the r-admissibles edges: {(A,C),(B,C),(C,D)}. Notice
that (A,D), which was selected as the next edge in the FSA-K, is not r-admissible because it will form a
clique of order 3, which is greater than r+1. Cand D share the highest mutual information (see figure
4.7) among those edges listed, and, so, the pair (C,D) will be the next edge added to the model.

Q C—C2)

E—O

Figure 5.3: the chordal graph (left) and clique graph (right) after iteration 3.
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After the third iteration, there are no r-admissible edges; thus, r must be incremented—to 2. Now cli-
ques of order 3 may be created as a result of adding an edge. Those edges that are now r-admissible
are (B,C), (A,D), and (A,C), but notice that (A,C) is not eligible for addition because it will result in graph
that is not chordal. This can be seen from the clique graph in figure 5.3: the cliques AB and CD do not
share an edge, and, so, by lemma 4.1 the addition of edge (A,C) would not result in a chordal graph.
The computations I(B; C|D) and I (4; D|B) must be calculated because D is the sepator between cli-
ques BD and CD, and B is the separator between AB and BD. The resulting values are 0.00648 and
0.006368, respectively. Therefore, (B,C) is the next edge added to the model.

©

g

Figure 5.4: The chordal graph (left) and clique graph (right) after iteration 4.

With the addition of the edge (B,C), the edge (A,C) is now eligible. In addition, the edge (A,D) is still eli-
gible as well. Computing I(4, C|B) yields 0.060778, which is greater than I (A4, D|B) as given above. The
edge (A,C) is added to the model.

Figure 5.5: The chordal graph (left) and clique graph (right) after iteration 5.

Adding the edge (A,D) will increment the models treewidth and exceed r. Therefore r must be incre-
mented; however, r equals k, thus the algorithm is finished. The resulting DMN is indeed an edge-
maximal model of treewidth 2. The K-L divergence of this model is 0.007655, which happens to be the
least among the three algorithms.

The local search procedure may produce a model with lesser K-L divergence. The simplicial vertices of
the final graph as displayed in figure 5.5 are A and D (they are each of degree 2). Itis apparent that
(A,D) is the only edge that may be added if another edge is removed. Let X; be A. Then, W is {B,C}, and
X, is D. First, let X; be B. I(A; D|{B,C}) - I(A; B|{C, D}) equals -0.074785. This number is not positive
and, therefore, will not result in a model with lower K-L divergence. Now, let X; be C.

I1(4; D|{A, B}) - 1(4; C|{B, D}) equals -0.054411. Again, this number is not positive and will not result
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in a better model. Now, let X; be D. W remains as {B,C}. X; is A. Let X; be B. Then,

I(A; DI{B,C}) - I(D; B|{C, A}) equals -0.059199, which is not positive. Let X; be C. Then,

I1(A; D|{B,C}) - I(D; C|{B, A}) equals -0.002054; the resulting model would be identical to the model
produced by the HGA. There are no edge exchanges that result in a model with lesser K-L divergence.
The local search procedure did not improve the accuracy of the EGA for this particular example.

There are 6 different DMNs of treewidth 2 that can be created from 4 variables—must choose 2 cliques
of order 3 out of a possible 4. 3 of them were produced by the algorithms, and 3 more were considered
during the local search procedure. Of all 6 possible DMNs, the EGA produced the optimal.
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6. Experiment Design

A Java program was written to implement each algorithm and experiments were conducted to compare
the performance of each algorithm from data attained by the program. The experiments compared two
attributes of each algorithm: accuracy and efficiency. Accuracy was measured by K-L divergence and ef-
ficiency was measured by the execution time of the program while the algorithm was executing. Each
algorithm has two inputs: the number of variables to be in the joint probability distribution, n, and the
treewidth of the DMN, k. The algorithm creates a DMN as an approximation to a randomly generated
joint probability distribution of n random variables. It returns either the execution time, or computes
and returns the K-L divergence. The experiments that measured K-L divergence and the experiments
that measured execution time differ slightly.

The experiments that measure the accuracy of each algorithm compute an average K-L divergence for
different treewidths. These experiments hold n constant and use k as the independent variable. These
experiments were conducted as follows. Let i be the number of iterations the algorithms execute before
an average is computed. The program will generate a random joint probability distribution P* of binary
variables. Using this distribution each algorithm will construct a DMN. A new joint probability distribu-
tion, B,,is attained from the DMN and the KL-divergence, Dg, (P*||F,), is calculated. The process of
creating random joint probability distributions, constructing a DMN for each algorithm, and computing
K-L divergence continues for i iterations. Next, the average K-L divergence for each algorithm is com-
puted. Once the average K-L divergence is computed for each k, the experiment is

complete.

The experiments that measure the efficiency of each algorithm compute the average execution time of
each algorithm for different values of n. These experiments were conducted as follows. The algorithm to
test is selected. Let i be the number of iterations the algorithm executes before an average is computed.
The program will generate a random joint probability distribution of binary variables and the algorithm
will construct a DMN from this distribution. The execution time of the algorithm will be recorded (Using
java.util.Calendar class). This occurs for i iterations and, then, an average execution time for the algo-
rithm is computed. Once the average execution time is computed for each value of n, another algorithm
is selected. When all necessary algorithms are selected, the experiment is complete.

A joint probability distribution is generated by constructing a table of all possible vectors and assigning
each one a weight. Only binary variables will be in the distribution, thus there will be 2™ vectors for n
random variables. Let ; be a pseudo-random number between 1 and 4 that corresponds to a vector, X;.
The weight of X; is determined by computing 2"¢. The weights of all vectors are normalized and a joint
probability distribution is created as a result.
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7. Experiment Results

7.1 Comparison of Accuracy between the EGA, FSA-K, and the HGA

The experiments were conducted on a PC running Windows XP and using Eclipse as an environment.
Eclipse was the only application running. The graphs in this section display the results of different expe-
riments conducted to compare either the accuracy or efficiency of the algorithms. The algorithm EGA
refers to the Edgewise Greedy Algorithm without the local search procedure, and the EGA+L refers to
the Edgewise Greedy Algorithm with the local search procedure. Comparing these two algorithms pro-
vide information on the effects of the local search.

Treewidth vs. K-L Divergence Treewidth vs. Frequency
i=100, n=8 n=8, i=100
0.25 70%
02 60% S —
g . 50% A
g,o 0.15 § 20% /\
é 0.1 % 30% /7/ \"\\

20%
0.05 ——
I 10% /,//
0 0%
1 2 3 a 5 6 1 2 3|4 5|6
WEGA |0.2232(0.2054 | 0.1845 |0.1519 | 0.1018 | 0.0445 EGA

0%  33% | 48% | 64% | 60% | 53%
=—FSA-K| 0% | 22% | 46% | 32% 35% | 28%

BFSA-K|0.2232 | 0.2052 | 0.1848 | 0.1533 | 0.1056 | 0.0471

HGA |0.2292 | 0.2080 | 0.1848 |0.1490 | 0.0970 | 0.0395

Figure 7.1 Figure 7.2

Figure 7.1 compares the accuracy of EGA, FSA-K, and HGA. EGA and FSA-K have similar accuracies, but
notice that EGA performs slightly better than FSA-K overall. HGA has less accuracy for treewidths 1 and
2 in comparison to the other two algorithms, but has greater accuracy for treewidths 3, 4, and 5. Figure
7.2 shows the frequency that either the EGA or the FSA produced a model with better accuracy than the
other. The advantage of EGA in comparison to FSA-K is more apparent in this figure.
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Number of variables vs. Execution Time
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Figure 7.3

7.2 Comparison of Efficiency Between EGA, FSA-K, and HGA

Figure 7.3 compares the efficiency of three algorithms. The data shows that the EGA executes the fast-
est on average. The FSA-K requires a similar amount of time, and the HGA performs the slowest. The
EGA adds a restriction at each step of the FSA: a new edge cannot be added if it creates a clique with a
size greater than the current limit. This restriction reduces the number of edges eligible for addition to
the graph, and, as a result may reduce the number of entropies to calculate. The restriction, however,
also increases the execution time. The experiment indicates that the calculations for restricting edges
cost less execution time than the calculations for considering those edges that would not have been eli-
gible. This a reason that the EGA required less execution time than the FSA-K. HGA's execution time is
growing at a much faster rate than the other two algorithms. In the HGA, the entropy of all subsets of
size k + 1 from a set of size n must be calculated; thus, its execution time is expected to grow at a faster
rate as n increases than the execution time of the EGA and FSA-K. Each algorithm's execution time grew
at an exponential rate because the program requires each algorithm to calculate entropy from a proba-
bility table whose size is doubling for every increase in n. If the empirical distribution P* is given in the
form of a training data set instead of a probability distribution table, then this exponential growth with
n would not be observed.
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Number of Variables vs. Execution Time
k=4, =10
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Figure 7.4

Figure 7.4 shows the how execution time is affected by increases in n when entropies between all sub-
sets of variables are calculated before each algorithm executes. Comparing this data with that of Figure
7.3 shows that the bulk of the execution time is spent calculating entropies between variables. Figure
7.4 shows that the HGA is very efficient when entropy is precalculated; however, the rate at which the
execution time of the HGA increases with increments in n may be greater than the EGA and FSA-K. Fig-
ure 4, however, does not sufficiently capture whether or not this is true. Comparing execution time of
the algorithms when n = 9 and n = 10, the EGA and the FSA-K increase execution time by about 50
percent and the HGA doubles it; similarly, whenn = 10 and n = 11 the EGA and FSA-K increase by
about 50 percent and the HGA doubles. Data for values whenn > 11 would provide valuable insight
about the algorithms’ efficiency when entropies are precalculated, but the computational capabilities of
the PC used in the experiments were limited. From our knowledge of the complexity of each algorithm,
however, we can predict whether or not HGA will exceed the computation time for greater values of n.
Because entropies are precalculated, E is constant. Moreover, the value of k is fixed at 4. Therefore,

the complexity of the algorithms EGA, FSA, and HGA would be 0(n3), 0(n®), and 0 ((g)), respectively.

0 ((751)) is equivalent to 0(n>), and, thus, the HGA is expected grow at a faster rate with increase in n

even when entropies are precalculated. Figure 7.4 also shows that the EGA was slightly more efficient
than the FSA. The analysis of Figure 7.3 reasoned that the EGA was more efficient because it calculated
fewer entropies. Here, however, entropies are precalculated and the EGA is still more efficient than the
FSA. The execution times are too close to make any conclusions between the two except that the re-
striction that the EGA adds to the FSA-K is almost negligible in execution time—since the EGA appears to
be at least equivalent in efficiency as shown by Figure 7.4.
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Treewidth vs. K-L Divergence Number of Variables vs Execution Time
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Figure 7.5 Figure 7.6

7.3 Analysis of the Local Search Procedure

Figure 7.5 compares the efficiency of Edgewise Greedy Algorithm without the local search procedure,
EGA, and the Edgewise Greedy Algorithm with the local search procedure, EGA+L. The data shows that
the local search procedure improves the accuracy of the EGA, and that it is more effective for higher
treewidths than for lower treewidths. This increase in accuracy comes with a cost in efficiency. Figure
7.6 shows that the EGA performs slower. The rate, however, at which both algorithms' execution time
grows with increases in n appears to be about the same: the local search procedure appears to increase
the execution time of the EGA on average by 50 percent.
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Treewidth vs. K-L Divergence Treewidth vs. Frequency
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7.4 Comparison of the EGA+L and HGA

Figure 7.6 compares the accuracy of the EGA+L and the HGA. The accuracy of the two appear very simi-
lar, but the table shows that EGA+L performs slightly better. The advantage of EGA+L is conveyed in
Figure 7.7 which shows the frequency that each algorithm generated a DMN with better accuracy than
the other. It is clear that the EGA+L will more likely generate a model with better accuracy especially
when the treewidth is low. In addition, the EGA+L requires less time to execute on average than the
HGA; Figure 7.8 shows that the EGA+L requires about 50 percent more execution time than EGA, and
Figure 7.3 shows that HGA is significantly less efficient than EGA. The experiments show that the EGA+L
is both more accurate and more efficient than the HGA.
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8. Conclusions and Future Work

Experiments were conducted that compared three greedy algorithms for learning Markov networks of
treewidth k: the Edgewise Greedy Algorithm, the FSA-K—an applications of the Forward Selection algo-
rithm—and Malvestuto’s Hyperedge Greedy Algorithm. The data shows the following. All three algo-
rithms produce models with similar approximation accuracies. The EGA is the most efficient and the
HGA is significantly the least efficient. The FSA and EGA have similar approximation accuracies and have
similar efficiency, but the EGA performs better in both aspects. The HGA has the best accuracy on aver-
age for treewidths that are higher than one-half of n in comparison to the other two, but has the least
accuracy on average for treewidths that are lower than one-half of n. Experiments were conducted
that measured the accuracy and the efficiency of the EGA coupled with a local search procedure, EGA+L.
The data shows that the local search procedure improves the accuracy of the EGA—the improvement is
greater for higher treewidths than for lower treewidths—but at the cost of increasing the execution
time of the algorithm by 50 percent. When comparing the EGA+L to the HGA, the data shows that the
EGA+L is both more efficient and more accurate.

The experiments conducted were limited by the computational power of the PC running the program.
Producing an optimal model of a Markov network of treewidth k that minimized K-L divergence was not
an option because of this limitation. How often an algorithm produces an optimal model and how close
an algorithm comes to an optimal model are two measurements that would provide valuable insight on
the accuracy of each algorithm. Conducting experiments that used more variables in the probability dis-
tribution would provide better data for comparing both the accuracy and efficiency of the algorithms. In
addition, constructing a three-dimensional graph from data that calculated execution time or accuracy
from two independent variables—n and k—would give insight on which treewidths are ideal in terms of
accuracy or efficiency in relation to n. Any of these ideas would be manageable with the use of more
sophisticated technology.

The probability distributions of the experiments were all generated the same way as described in Chap-
ter 6. There are other ways of constructing probability tables, which may affect how each algorithm
performs in terms of accuracy. Moreover, comparing the algorithms using probability distributions from
real world applications would be more meaningful.
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