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Abstract

This thesis deals obtaining global a priori estimates for quasilinear elliptic equations and
sharp existence results for Quasilinear equations with gradient nonlinearity on the right.
The main results are contained in Chapters 3, 4, 5 and 6. In Chapters 3 and 4, we obtain
global unweighted a priori estimates for very weak solutions below the natural exponent and
weighted estimates at the natural exponent. The weights we consider are the well studied
Muckenhoupt weights. Using the results obtained in Chapter 4, we obtain sharp existence
result for quasilinear operators with gradient type nonlinearity on the right. We characterize
the function space which yields such sharp existence results. Finally in Chapter 6, we prove
existence of very weak solutions to quasilinear equations below the natural exponent with

measure data on the right.



Chapter 1
Introduction

This thesis deals with the regularity properties of solutions to nonlinear elliptic equations of

the type
—div A(z, Vu) = —div [f|P*f

in a bounded domain 2. The quasilinear operator A(x, Vu) (see Chapter 2 for the precise

structure) is modeled after the familiar p-Laplace equation given by

E (1.1)

8u)2]2 ou

n ) n
= 7j=1

The kind of operators we consider and the results we prove can be considered as natural

—Ayu = —div (|Vul[’*Vu)

analogue of the well developed Calderon Zygmund theory for the linear elliptic equations

modeled after the linear Laplace operator:

We shall make precise all the definition and notations in Chapter 2. Before that, let us

collect some history of the problem in order to motivate the results in later chapters.

1.1 Motivation - The linear problem

We shall consider the simplest linear equation: the Poisson equation given by

—Au = —div(f) in R"

for any f € C>°(R"). We say u € WHH(R") is a distributional solution to (1.2) if

/ (Vu,V9) dr = / (£,96) do

1



for all ¢ € C°(R™). A classical result going back to the work of Calderon and Zygmund

asserts that

fe *(R") = Vwuel*R") forany 1< s < o0.

The above implication comes with the quantitative estimate

|Vul|® de < C(n,s) If]° dz. (1.3)

R" R"
It is well known that (1.3) fails when s = 1 and s = co.
The classical proof of (1.3) uses Fourier analysis and singular integral techniques and

proceeds as follows: looking at (1.2) in the Fourier space, we get
4r*|¢Pa(¢) = 2mi(C, £(¢))

where 4(() = / e~ 2"y (2) da and (C,f((’)) = lel(g) + Cng(C) + ot Cnfn(f). Using

n

the simple observation that dyu(z) = [~27i(u(¢)]", we can write
Vu=(R® R)f (1.4)

where R ® R is a matrix with the ¢ jth entry R;; = R;o R;. Here R; is the i" Riesz transform

defined by R;(g)(x) = (—%9

(R ® R) acting on the vector field (f) by the usual matrix multiplication.

\Y
(()) (). In (1.4), (R® R)f is to be understood as the matrix

From the theory of Singular Integral operators, we know that
| Ril s (mm)—Ls )y < C(5) for any 1 < s < oo.

Note here that the constant depends only on s and is independent of n (see [4]). This
boundedness result applied to (1.4) easily implies the estimate (1.3).

The above boundedness result relied very heavily on the fact that the operator considered
in (1.2) was linear and we were studying the problem on the whole space R" which enabled
the use of Fourier analysis techniques. From these observations, the following questions can

now be asked:



e What happens if the consider the problem

—divA(z)Vu = —divf in Q2
u=0 on 0f2
where () is a bounded domain in R". What regularity do we need to assume on the

coefficient matrix A(x) and the domain Q7

e If we consider the p-Laplace equation

—div [VulP7*Vu = — div |f|P>f in Q

u=20 on 0f)
can one expect estimates of the form (1.3) to hold? What estimates hold true for
more general Quasilinear operators of the form A(x, Vu) modelled after the p-laplace

equation?

These questions will be looked at in detail in the rest of this thesis.
Before we proceed, we would like to state two examples that highlight some of the hidden

difficulties:

1.1.1 Bad Coefficients example

This example is appeared in [45]. In R?, the function u(x) = "1 solves the equation

Vel

—div(A(z)Vu) = 0, where

1 |42 + 23 3ra,

A(z)

r = (x1,22).

It is easy to see that Vu € L] for ¢ < 4 but Vu ¢ L(B;) for ¢ > 4. We see that A(z)

loc

is bounded but highly oscillatory near the origin! Hence for obtaining estimates of the form
(1.3), we need assume certain regularity on the coefficients of the operator considered.
1.1.2 Bad Domain example

This example appeared in [29|. For 7/2 < 6y < m, consider the non convex domain in

R? defined in polar coordinates by Q@ = {(r,0) : 0 < r < 1, -6y < § < 6}. Then for
3



A= < 1, let u(r, 0) = * cos(\@) and
26,
'U(’I", 0) = ’LL(?", Q)(l - 7”2),
Then it is easy to see that

Av=divf inQ (where f := V[—r?u(r,0)]).

Near the origin, it is easy to observe that |Vu| &~ |Vu| = AL

Thus for any ¢ > 4 we can find a 6y such that |Vu| ¢ LI(Qy,)

This shows that we need to assume some regularity on the boundary of the domain consid-
ered. For example, we cannot expect the estimate of the form (1.3) to hold on all Lipschitz
domains.

1.2 Iwaniec Conjectures
T. Iwaniec made the following far reaching conjectures regarding the p-Laplace operator.
These conjectures form the main motivation for much of our work in Chapters 3 and 4.

Consider the equation

—div |Vul[P?Vu = — div |f[?%f in Q
(1.5)
u =0 on 0f2



for any f € L*(Q) with s > max{1,p — 1}. We say that u € W,"*(Q) is a weak solution to
(1.5) if
[ 1wup2u0) do = [ 828,90 ds
Q Q
for all ¢ € C2°(€2). In the case s € (p — 1,p), we call such solutions as very weak solutions.

The following fundamental result is due to T.Iwaniec who established the foundations of

the non-linear Calderon Zygmund theory:

Theorem 1.1 ([26]). Let u € W'P(R™) be a weak solution to (1.5) in R"™. Then
fe L*(R",R") = Vu e L*(R",R") for every s > p.

The local version of this result is:

Theorem 1.2. Let u € W'P(Q) be a weak solution to (1.5) in bounded domain Q. Then

fel] (QR") = Vue L. (QR") foreverys>p.

loc loc

Moreover, there exists a constant ¢ = c(n,p, s) such that for every ball B € 2, there holds

% 1 1
Vul|® dx | < c( |Vul? dx) gt ( If]° dx)‘
Bry2 Br Br

See also [34, 35] for a slightly different form of the local gradient estimate above the natural
exponent.

Based on the above two theorems, T.Iwaniec made the following conjecture:

Conjecture 1.3 (T.Iwaniec). The results of Theorem 1.1 and 1.2 should hold for the full

range of the exponents s > max{p — 1,1}.

The only progress for the case max{p—1,1} < s < p came independently due to T.Iwaniec

and C.Sbordonne in 28] and J.Lewis in [37].

Theorem 1.4 ([28]). Let Q2 be a 'regular’ domain. Then there exists an € = €g, ) > 0 such

that for any s € (p— e, p+€) with p—e > 1, and u € W,*(Q) solving (1.5) with f € L*(Q),
)



there holds:

/ Vul* dr < c(n,p)/ £]* dar
Q Q

See Chapter 3 for the definition of 'regular domain’. The result in [28] is global. The local
version was proved using very different techniques by J.Lewis in [37].
In the same spirit as the Conjecture 1.3, the following conjecture was also made by

T Iwaniec:

Conjecture 1.5 (T. Iwaniec [28]). Every weak p-harmonic mapping u € W,2%(Q, R") with

max{p — 1,1} < s < p solving

—Ayu=0 in
belongs to W27 (€2, R).

The only known progress in this direction is due to T. Iwaniec and C. Sbordonne in [28|

and independently by John Lewis [37] and the result states:

Theorem 1.6 ([28]). There exists an € = €,y > 0 such that for any weakly p-harmonic

mapping u € WL (Q,R) with s € (p — €, p) with p— e > 1 belongs to I/Vlif(Q,R).

loc

In this thesis, we study Conjecture 1.3 from the view of weighted estimates in which
we consider weights in the Muckenhoupt class A,. One of the hallmarks of weighted norm
inequalities is the theory of extrapolation developed by Garcia-Cuerva and Rubio de Francia
(see [11, 19]).

We show the following scaled version of the extrapolation theorem of Garcia-Cuerva and

Rubio de Francia in Chapter 4:
Theorem 1.7. For a fized p > 1, let £ € LP(Q) be any given vector field and let u € Wy ()

be the unique solution to (1.5). Suppose we have

/Q|Vu|p v(z)dr < C'([U]pgl)/g|f|1’v(x) dx

6



holds for all weights v € A%l, then for any max{p — 1,1} < g < oo, there holds:

/|Vu\q z)dz < Oy )/ If|%w(x) dx
1 Jo

for all weights w € A%l

The really nice thing about the above extrapolation theory is that it reduces the problem
of obtaining L? bounds below the natural exponent p to that of obtaining weighted estimates
at the natural exponent. While this may appear to provide a simpler approach to Conjec-
ture 1.3, we must emphasis that the difficulty essentially remains the same. In view of the

extrapolation theorem, we make the following generalization of Conjecture 1.3 as follows:

Conjecture 1.8. For p > 1, let f € LP(Q) be a given vector field and denote u € W, (Q) be

the unique solution solving (1.5). Then the following estimate holds for all weights v € AP%

/ |VulP v(z)de < C (1o e, / [£[Pu(x

In Chapter 4, we are able to show the estimate

/|Vu|p z)dz < Oy /|f|pv (1.6)

holds for all v € A;. Even though this result is far from being optimal, it nonetheless
constitutes an end point estimate to the results proved in [42, 43, 44].
Once we have estimate (1.6), in Chapter 5 we use that to study existence of solutions to

problems of the form:

—Apju=|Vulf+0  inQ
(1.7)
u=>0 on 0f)

where o is a distribution. This problem has been very well studied over the past several
decades (see [12, 42, 43| and the references therein).

In Chapter 3, we prove global estimates similar to those obtained in Theorem 1.4 and
1.6, but with quantifiable conditions on the regularity of the domain and for more general

Quasilinear operators satisfying certain natural growth conditions. In Chapter 4, we obtained

7



global weighted estimates analogous to those obtained in Chapter 3. In Chapter 5, we use
the results of the preceding chapters to prove some sharp existence results for quasilinear
equations of the form (1.7). In Chapter 6, we will show existence of very weak solutions to

(1.5) under some mild restrictions on the datum f.



Chapter 2

Preliminaries

We shall now state all the definitions and results that will be used in subsequent chapters.
A bounded open connected set Q2 € R" is called a domain and we denote the boundary of
the domain by 0f).
For any function u : 2 — R, we write

ou Ou ou ST
Vu = <8x1’8x2"“3xn> and |Vu|:= [Z ((%l) ]

1/2

i=1
We shall use the standard notation (z,y) = leyl for any x,y € R". We shall use the
symbol € to denote compactly contained. -

We will write B,(z) to denote the Euclidean ball in R" centered at x with radius r > 0,

and B,(x) to be its topological closure under the Euclidean norm.

Definition 2.1. Given any bounded domain 2, we define the following compact sequence
of domains:
1
Q= {:c € Q, d(x,00) > 7} for any { > 0

where d(z,00) := i%fQ d(z,y) for any x € €.
ye

Notation. Let E C R" be any set and given any 7 > 0, we denote

E+717:={yeR": y=ao+zwithe € Eandz € B;(0)}.
2.1 Assumptions
In this section, we shall collect some definitions and assumptions which will be used in later

Chapters.

2.1.1 Assumptions on the operator
The operator that will be considered is denoted by A(z, () where z € 2 and ¢ € R". This is

modelled after the familiar p-Laplace equation (1.1) and satisfies the following properties.
9



The non-linearity A : R" xR™ — R" is a Carathédory vector valued function, i.e., A(z, ) is
measurable in z for every £ and continuous in £ for a.e. z. We always assume that A(z,0) =0
for a.e. x € R™. We also require that A satisfy the following monotonicity and Holder type

conditions: for some 1 < p < oo and vy € (0, 1] there holds
(A(e,€) = Alw,),€ = ©) 2 Ao(l&P + 1) fe — ¢I? (2.1)

p—l-vy

(A2, &) — Az, Q) < Mg — ¢ (1€]° + 1¢1°) = (2:2)

for every (£,() € R" x R"\ {(0,0)} and a.e. z € R". Here Ay and A, are positive constants.

Note that (2.2) and the assumption A(z,0) = 0 for a.e. x € R" implies the following bound

|A(z, &) < AgJ¢fP. (2.3)

We shall introduce the following object which will be used to measure the oscillations of

the operator: for any ball B € R", we denote

1
An(e) = Al do = [ Aw€)d
B 1Bl /5
and define the following function that measures the oscillation of A(-, &) over B by

T(A, B)(z) ;== sup |A(x,f2|p—_?lg(f)|
¢eR™\{0}

To prove the results in Chapter 4 and 5, we need to make further assumptions on the

operator as given below:

Definition 2.2. Given two positive numbers v, and Ry, we say that A(z, &) satisfies a

(70, Ro)-BMO condition with exponent 7 > 0 if

AP = sup (]{Br(y)w, Br(y)))(if)TdQT)TS’YO-

yeR™ 0<r<Ro

In the linear case (i.e p = 2), where A(z,§) = A(x)¢ for an elliptic matrix A, it is easy to

see that

T(A, B)(z) < |A(z) — Ap|
10



holds for a.e. x € R", and thus Definition 2.2 can be viewed as a natural extension of the
standard small BMO condition to the nonlinear setting. For general nonlinearities A(x, ¢)
of utmost linear growth, i.e., p = 2, the above (v, Ry)-BMO condition was introduced in
[8], whereas such a condition for general p > 1 appears first in [49]. We remark that the
(70, Ro)-BMO condition allows the nonlinearity A(z, &) to have certain discontinuity in x,
and it can be used as an appropriate substitute for the Sarason VMO condition (vanishing

mean oscillation [53, 7, 8, 20, 27, 47, 54, 59]).

2.1.2 Assumptions on the Domain

We state several assumptions on the Domains that will be needed in later chapters.

Definition 2.3. Given v, € (0,1) and Ry > 0, we say that Q is a (79, Rp)-Reifenberg flat
domain if for every zq € 9 and every r € (0, Ry|, there exists a system of coordinates
{y1,y2, - .,Yn}, which may depend on r and xg, so that in this coordinate system zq = 0

and

B,(0) N {yn > o} € B,(0) N Q C B(0) N {yn > =721}

For more on Reifenberg flat domains and their many applications, we refer to the papers
[22, 30, 31, 32, 52, 58]. We mention here that Reifenberg flat domains can be very rough.
They include Lipschitz domains with sufficiently small Lipschitz constants (see [58]) and
even some domains with fractal boundaries. In particular, all C' domains are included in

this condition.

Remark 2.4. If Q is a (72, Rp)-Reifenberg flat domain with , < 1, then for any point = €

0 and 0 < p < Ry(1 —2), there exists a coordinate system {z1, 29, - , 2, } with the origin
0 at some point in the interior of 2 such that in this coordinate system x = (0,...,0, —y5p)
and

B (0) C QN B,(0) C B,(0) N {(21, 22,1 2n) : 20 > —2p75},
11



where 75 = 72/(1 — 72) and B (0) := B,(0) N {(21,...,2n) : zn > 0}. Thus, if 5 < 1/2 then
B (0) € QN B,(0) C By(0) N {(21, 22, - -+, 2n) : 20 > —4p2}.

Another type of domain that we need in Chapter 3 are bounded domains {2 whose com-
plement Q° := R" \ Q is uniformly thick with respect to the p-capacity. For details about

capacity, see Section 2.4.

Definition 2.5 (Uniform p-thickness). Let 2 € R" be a bounded domain. We say that the
complement Q¢ := R" \ Q is uniformly p-thick for some 1 < p < n with constants r¢,b > 0,
if the inequality

Capp(m N QF, By () > bcapp(ma By, (1))

holds for any = € 092 and r € (0,7

It is well-known that the class of domains with uniform p-thick complements is very large.
They include all domains with Lipschitz boundaries and even those that satisfy Definition

2.3.
2.2 Function Spaces

We shall collect several function spaces that will be used in this thesis.

Definition 2.6. For any domain 2, by C2°(Q), we mean all infinitely smooth functions

¢ : Q@ — R such that the set {x € Q: ¢(x) # 0} is compactly contained inside 2. The

overline denotes the topological closure of the set.

Definition 2.7 (Lebesgue Space). For any domain € and any 1 < ¢ < oo, we denote L((2)

to be the set of all measurable functions u : 2 — R such that

1/q
lullg.0 == (/ lu(z)|? dx) < 0.
Q

By L1 (), we mean |Jul|,o < oo for all Q" € Q compactly contained.

loc

In the case ¢ = oo, we have
L>(Q) = {u (= R ullooq := esssup |u(z)| < oo} :
zef)

12



Henceforth, for f € L'(B) we write

1
fo=  f@s = [ jo)e
B 1Bl /5
Definition 2.8. We say u € C**(Q) for any real 0 < a < 1 if

ju(z) — u(y)|

sup ————— < Q.
Ty, xy [z —y|*

We denote C*(2) for any integer k& > 0 to be the function space where all the derivatives
upto order k exist and are continuous and D*(u) € C**(Q). Here D*(u) denotes derivatives

of order k.

Even though we never explicitly make use of C%*(Q) spaces in this thesis, several important
estimates implicitly make use of C%*(Q) regularity (see |5, 38]).
We now recall the definition of Lorentz space which is an interpolation space that lies

inbetween the Lebesgue spaces.

Definition 2.9. The Lorentz space L(s,t)(Q2), with 0 < s < oo and 0 < t < oo is the set of
measurable functions g on 2 such that

1
& t da|?
Iolearer = |3 [~ aflfe € 1o > alt &
0

< 400

For t = oo, the space L(s,00)(€2) is set to be the Marcinkiewicz space with quasinorm

1
8 .

191 2(s.00) (2 = Sggal{l’ € Q:g(x)] > a}

It is easy to see that when ¢ = s the Lorentz space L(s, s)(€2) is nothing but the Lebesgue
space L°(§2). See [19] for more about Lorentz Spaces.

Let us now define the Lorentz-Morrey spaces which are not interpolation spaces.

Definition 2.10. A function g € L(s,t)(f2), 0 < s < 00, 0 < t < 00 is said to belong to the

Lorentz-Morrey function space £(s,t)(2) for some 0 < § < n, if

6—n
g s = sup T s |19l 1(s - < 400.
191l 2o s 1) o 19112503, (30
zeQ

13



When 6 = n, we have £%(s,1)(Q) = L(s,t)(Q). Moreover, when s = ¢ the space L% (s,1)(Q)

becomes the usual Morrey space based on L*® space.

Remark 2.11. A basic use of Lorentz spaces is to improve the classical Sobolev Embedding

Theorem. For example, if f € W' for some q € (1,n) then

f € L(ng/(n—q),q)

(see, e.q., [62]), which is better than the classical result

fe L™ = Ling/(n - q),ng/(n — q))

since L(s,t1) C L(s,ts) whenever t; < to. Another use of Lorentz spaces is to capture

logarithmic singularities. For example, for any B > 0 we have

1
|z ["/(=log |])

1
5 € L(s,t)(B1(0)) if and only if ¢ > 3

Lorentz spaces have also been used successfully in improving reqularity criteria for the full
3D Navier-Stokes system of equations (see, e.g., [55]).
On the other hand, Lorentz-Morrey spaces are neither rearrangement invariant spaces, nor

interpolation spaces.
We shall now collect some basic properties of Sobolev spaces.

Definition 2.12 (Weak Derivative). Let a be a multi-index, i.e @ = (a4, ...,a,) € Z" and

suppose that u,v € L; () satisfying

/Q u(@)o(z) dz = (~1)° / o(@)dla) dr Vo e CX(Q),

Q
then we say that v is the weak (distributional) derivative of u and denote 0%u to be the

function v. Here we have set |a| := a3 + ... + .

Using this, we can now define Sobolev Spaces as follows:
14



Definition 2.13. A function u is said to belong to the Sobolev Space W*(Q) for any
1 <p<ooifue LP(Q) and the weak derivative of u denoted by Vu exists and also belongs

to LP(€2). On this space, we put the norm:

[ullwir@) = llullpe + IVullpo-

With this norm, the space W'?(Q) becomes a Banach Space.

Remark 2.14. We denote WyP(Q) € WYP(Q) to be the closure of C2°(Q) under the norm
|- llwe)- If the boundary OSY of the domain satisfies some very mild reqularity condition (see
[13]), then one can actually show that there is a bounded linear operator T : W'P(Q, H") —
LP(OQY, H™ 1) and Wy P(Q) can be identified as the set given by T(0). Here H™ is the n-
dimensional measure and H" ™' is the n — 1 dimensional surface measure and 0 denotes the

zero function in LF(0S2, H™™1).

Definition 2.15. Let f € (L*(Q2))" be a given vector field for some 1 < s < oco. We say

w = div(f) is a Radon measure if it satisfies

/Qgp(x) du(x) = — /Q(f, V)dz for all p € C°(Q).

It follows from standard measure theory that for any open set O C €2, we have

14l(0) =sup{/ﬂ<f7w> dv: ¢ € CO), o] < 1},

©

and for any compact set K &€ (), we have
|| (K) = igf{M(O) :Oopen andO 3 K} .

Let us define a new function space as follows: (See Section 2.4 for more about Capacities)
Definition 2.16. Define the following seminorm

2y = sup AEND

1’ -« j—

MY KeRn cap; (K NQ)
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and now we define the function space
MUYP(Q) = {p : |pl(Q) < oo and [|ullars < +o0}

where

cap; ,(K) = inf{[|[Vo[, : ¢>1on K, ,0<¢<1, ¢ CR")}.

Remark 2.17. We have the following characterization of the space M*P (). The function
space M'P(Q) is the set of all ¢ € Wy (Q) for which there exists a constant C > 0 (inde-

pendent of ¢) such that the following holds:

/ Vo[ dx < C cap, (K NQ).
KNQ

We now recall an elementary characterization for functions in Lorentz spaces, which can

easily be proved using methods in standard measure theory.

Lemma 2.18. Assume that g > 0 is a measurable function in a bounded subset Q) C R". Let

0 >0, A > 1 be constants. Then for 0 < s,t < oo, we have

g€ L(s,)(Q) <= S =) A*|{z € Q: g(x) > OA}|:

k>1

< 400
and moreover the estimate

C'S < gllpisn@ < C (9 S +9),

holds where C' > 0 is a constant depending only on 6, A, and t. Analogously, for 0 < s < 0o
and t = oo we have

_ L
CT < 1911 25,00y 2) < C (125 +T),

where T 1s the quantity

T :=sup A*"|{z € Q: |g(x)] > OA*} ;.

k>1

Analogous to the unweighted case, we have the following more general weighted analogue

of Lemma 2.18 whose proof follows in essentially the same way.
16



Lemma 2.19. Assume that g > 0 is a measurable function in a bounded subset 2 C R". Let
0 >0, A > 1 be constants, and let w be a weight in R", i.e. w > 0 and w € L}, (R™). Then
for 0 < q,t < 0o, we have

g€ Lu(g, )(Q) < 5 := > A w({z € Q: g(x) > IAF})7 < +o0.

k>1

Moreover, there exists a positive constant C' = Cg p ) > 0 such that
_ t
C S <|gllu@ 0@ < C(w(Q) + 5).

Analogously, for 0 < ¢ < co and t = oo we have

_ 1
CT'T < 1911 . (g, 00) 0y < C (w()7 +T),
where T 1s the quantity

T :=sup N'w({x € Q : [g(x)| > QA’“})%.

k>1
2.3 Muckenhoupt Weights
Now we shall collect some properties of weights. In this thesis, we shall only be concerned

with Muckenhoupt weights.

Definition 2.20 (Muckenhoupt Weight). By an A, weight with 1 < s < 0o, we mean a

nonnegative function w € L{ (R™) such that the quantity

[w]s == Sup( Bw(x) dx) ( Bw(x)sll dm)s_l < 400,

B

where the supremum is taken over all balls B C R".

For s = 1, we say that w is an A; weight if

[w]y := sup ( w(z) dx) Hw_lHLOO(B) < +00.
B B

The quantity [w]s for 1 < s < oo, will be referred to as the Ay constant of w. The Aj

classes are increasing, i.e., A;, C As, whenever 1 < 51 < s9 < 00. A broader class of weights
17



is the A, weights which, by definition, is given by

A, = U A,.

1<s<o©

The following well known characterization of A, weights will be needed later (see for example

[19, Theorem 9.3.3]).

Lemma 2.21. A weight w € A if and only if there are constants =9,Z1 > 0 such that for

every ball B C R" and every measurable subsets E of B, there holds

0 (%)El w(B). (2.4)

Moreover, if w is an Ay weight with [w], < @ then the constants Zg and =, above can be

w(E) <

(1]

chosen so that max{=y,1/=,} < ¢(w,n).

In (2.4), the notation w(FE) stands for the integral /w(x) dx, and likewise for w(B).
E

Henceforth, we will refer to (Zy,Z;) as a pair of A, constants of w provided they satisfy

(2.4).
Definition 2.22. Let f be locally measurable function and we define Maximal function as:

M(f)(z) = supﬁ /B f dr.

B>z

An important characterization of Muckenhoupt weights is given by the following theorem:

Theorem 2.23. Let w € A((R") for some 1 < s < oco. Then there is a constant C, ) such

that

1
s—1

L3 (w)— L3 (w) S C’(n,s) [w]AS .

M

The Muckenhoupt weights also satisfy a very important Reverse Holder type inequality

given in the following Lemma:

Lemma 2.24. Let w € A, for some 1 < s < oo. Then there exists constants C' and v > 0

that depend only on n, s, [w]a, such that for every cube Q, we have

(o) <y [

18



An important consequence of the Reverse Holder property is the following Corollary:

Corollary 2.25. For any 1 < s < 0o and every w € As, there is an € > 0 depending only

on [w]a,,s,n such that w € A=

This corollary will be important for us in Chapter 4.
2.4 Capacity

We shall use the following definition for Capacity:

Definition 2.26. Let £ € R" be compactly contained set, then the p-capacity of FE relative

to an open set O is given by:

cap,(£.0) = nt { [ [VoP as: 6€C2(0), 62 xm 02021},
o
The set O is called the Reference Domain.

The following are some properties of the p-capacity:

Theorem 2.27 (see [1] Theorem 2.3). Let O be a reference domain, 1 < p < n. Then the

following holds:
o If E C O, then cap,(FE) = inf{cap,(U) : U C O open and E C U}.
o [fE1 D Ey D --- are compact subsets on O, then
cap, (ﬁ Ej> = jli_}rgo cap,(Ej).
o I[f E € O compact, then
cap,(F) = inf {/o IVolP de: ¢ € CF(O), u> XE}
o [fE, C Es C--- C O are arbitrary sets, then

cap, (U Ej) = jli_}rgo capp(Ej).
j=1

19



e}

e We have subadditive property cap, (U Ej> < anpp(Ej) whenever Ey, Ey,--- are
j=1 j=1

arbitrary subsets of O.

We have the following comparison result relating p-capacity and the Lebesgue measure:

Remark 2.28 ([1]). The following properties of the p-capacity holds:

n—p
p—1

p—1
o If1 < p <mn, then cap,(B,(z)) = nw(n) ( ) r" P where w(n) is the Lebesgue

measure of the unit ball in R".
e cap,(B,(z), Bi(z)) = nw(n)log" "(1/r) if r < 1.

The role played by quasicontinuity in the theory of Sobolev spaces is analogous to that
played by Lusin’s theorem in real analysis. We shall now state the definition of quasiconti-
nuity:

Definition 2.29. A function u is called p-quasicontinuouson FE if for each € > 0, there exists
an open set V' with cap,(V') < e such that u restricted to £\V is finite and continuous.

We say that a property holds p-quasi everywhere if it holds on all sets having nonzero

p-capacity.
We have the following important theorem due to Mazya-Verbitsky:

Theorem 2.30 (|41]). If v € M. (R") (positive measure) with 1 < p < n/p, then the

following are equivalent

e for all compact sets E, we have
V(E) < Qcap,,(E,R").

. / (L) («) dx < Reap, ,(E,R").
E

d
Here I1(y) = / % for any x € R". An important fact that we will also use is
re [T —Y|"

the following proposition which states:
20



Proposition 2.31 (Proposition 11.3.1 [40]). For 1 < p < n, we have that Q) ~ R where @

and R are as in Theorem 2.50. The proportionality constant is independent of v € M, (R™).
We also have the following important theorem:

Theorem 2.32 (Trace Inequality). Any measure p € M P(Q) satisfies the following trace

inequality:
/’¢‘p d,u§ Ctr(li”Ml,p)/ ]Vqﬁ]p de V ¢€ CSO(Q)
Q Q

The converse implication is true if we either consider the whole space R"™ or if we assume p

15 compactly supported inside €.
Combining Proposition 2.31 and Theorem 2.32, we get the following important remark:

Remark 2.33. The constant in Theorem 2.52, Ciy( ) satisfies the property that given

llall pg1,m

any € > 0, we can find a corresponding 6 > 0 such that if

lpllarie < 0, then Ci < €.

”HH]L{LP)

The following very important Lemma gives the connection between weighted estimates

and spaces defined in Definition 2.16 (i.e satisfying Theorem 2.32).

Lemma 2.34 ([41]). Let 1 < p < oo and suppose that a function f € L (Q) satisfies

loc

/K 17 de < Sycapy ,(K) (2.5)

and for all weights w € Ay, also satisfies

[ larw e < Roup ol [ 17 . 26)
n Rn
then we must have that
[ 1ol e < Clp.n, K)o cap, ()
K

for all compact sets K € €). Note here that Sy = ||| f|?|| arr-
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2.5 Krylov Sofanov Decomposition
The following technical lemma is a version of the Calderén- Zygmund-Krylov-Safonov de-
composition that has been used in [10, 48|. It allows one to work with balls instead of cubes.
A proof of this lemma, which uses Lebesgue Differentiation Theorem and the standard Vitali
covering lemma, can be found in [7] with obvious modifications to fit the setting here.

The following Calderén-Zygmund decomposition type lemma will be very useful in the
later chapters. In the unweighted case various versions of this lemma have been obtained

(see, e.g., [10, 60, 7]).
Lemma 2.35. Assume that E C R" is a measurable set for which there exist ¢1,m1 > 0 such
that

|Bi(z) N E| = 1| By()]

holds for allx € E and 0 <t <ry. Fix 0 <r <ry and let C C D C E be measurable sets

for which there exists 0 < e < 1 such that
o |C| <er”|By
o forallz € E and p € (0,7], if |C N B,(x)| > €|B,(z)|, then B,(x) N E C D.
Then we have the estimate
O] < (e1) e D).
Analogous weighted version is stated as follows (see [42] for the proof):

Lemma 2.36. Let 2 be a (v, Ro)-Reifenberg flat domain with v < 1/8, and let w be an Ay
weight. Suppose that the sequence of balls {B,(y;)}2, with centers y; € Q and a common
radius r < Rg/4 covers Q. Let C' C D C § be measurable sets for which there exists 0 < e < 1

such that

1. w(C) < ew(B,(y;)) foralli=1,...,L, and
22



2. for allx € Q and p € (0,2r],

w(CNB,(x)) >ew(B,(x)) = B,(x)NnQC D.

Then we have the estimate
w(C) < Bew(D)
for a constant B depending only on n and the Ay, constants of w.

2.6 Some Convergence Results

In this section, we shall collect a few convergence results which will be useful in the rest of

this thesis.

Lemma 2.37 (Stability). Let {f,} € L°(Q2) be a sequence of functions for some 1 < s < 0o
such that

fo— g ae inQ and f, = h weakly in L*(Q)
then we have g = h a.e in ).

Theorem 2.38 (Vitali). Assume p(X) < oo and |h,|* is uniformly integrable, i.e for any

e > 0, there is a corresponding o > 0 such that
sup/ |hn|® dp < e, whenever u(E) < §;
n JE
and h, — h p-a.e in X and / |hn|® < oo uniformly, then we must necessarily have that
X
h e LX) and hn, — h strongly in L*(X).

The following elementary result will be repeatedly used:

Proposition 2.39. Suppose that h,, — h weakly in LP and also suppose that /|hn|p dr <
Q
+00 uniformly independent of n. Given any sequence g, — ¢ strongly in L” , then we have

that

lim [ h,g, dv = / hg dx.
Q Q

n—o0
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The following theorem was proved in [6] and this plays a very important role in Chapter

5 to prove existence of solutions.

Theorem 2.40 ([6]). Let A(x,Vu) be a nonlinearity which satisfies (2.1) and (2.2) with

v =1 and consider the equation

—div A(z, Vwyg) = hy, + my, in )
w=0 on 0N

in D'(2) and suppose

wy, € WyP(Q) and wy — u weakly in W, (),

h, € W™YP(Q) and hy — h in W' (Q),

o my, € W(Q) and Ml -10r () < C uniformly bounded independent of k,

| o da| < Cul o) for all 6 € D(@) with spt(9) © K.
o my, — m weakly in L'(2).

Then the following conclusions hold:
o Vw, — Vw in LY(Q) for any q < p,
o Vwyp — Vw a.e upto a subsequence and

e w solves

—divA(z,Vw)=h+m in
w=0 on 0f)

in the distributional sense.

The above theorem shows strong convergence of weak solutions for all ¢ < p. If we had
strong convergence of the gradients for ¢ = p, the existence theory would be vastly simplified.
All the hard work needed to show existence in Chapters 5 and 6 is to show strong convergence

of gradients at ¢ = p.
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Chapter 3

Global Lorentz and Lorentz-Morrey estimates
below the natural exponent

In this Chapter, we are mainly interested in studying the following equation:

div A(z,Vu) = div |fP*f in Q,
(3.1)
u = 0 on Jf)

For a fixed max{l,p — 1} < s < oo, we say u € W,*(Q) is a solution of (3.1), if the

following holds:
/(A(x,Vu),qu) dr = /(f, Vo) dx
Q Q

1,—5— ) :
for all ¢ € W, *7"*'. When s < p, such solutions are called very weak solutions.

We shall now state all the assumptions that we need for this chapter:

Hypothesis 3.1 (Assumption on A(zx,()). We will assume the nonlinearity A(z, () satisfies
(2.1) and (2.2) for some v € (0,1].

Hypothesis 3.2 (Assumption on §2). We will assume that Q is a bounded domain such
that its complement denoted by ¢ is uniformly p-thick in the sense of Definition 2.5 with

constants ro,b > 0..

We are now ready to state the main results that will proved in this chapter.

3.1 Main Results

Theorem 3.3. Let A satisfy all the conditions in Hypothesis 3.1 , and let Q satisfy all the
conditions in Hypothesis 3.2. Then there exists a small 0 = 6(nppgn,5 > 0 such that for

any very weak solution u € Wol’p_%(Q) to the boundary value problem (3.1), the following

This chapter previously appeared in [2]. It is reprinted by permission of Springer (see Page 108 )
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estimate holds:
IVUll 2o (0. 00) S Conpitho i vbdiam(@)/ro) £l o4, 0 (3.2)

forallgep—3d,p+4],0<t<oo, and € [p—26,n].

In the simplest case where # = n and t = ¢, Theorem 3.3 yields the following basic

Calderon-Zygmund type estimate for solutions of (3.1):
IVull Loy < ClIfll Ly (3.3)

for all ¢ € [p— 0, p+ 0], provided {2 satisfies Hypothesis 3.2. We observe that inequality (3.3)
has been obtained in [28] under stronger conditions on A4 and 2. Namely, on the one hand,
a Lipschitz type condition, i.e., v = 1 in (2.2), was assumed in [28]. On the other hand, the
domain €2 considered [28| was assumed to be regular in the sense that the Calderén-Zygmund
type bound

IVOll o) < ClIEll ) (34)
holds for all r € (1,00) and all solutions to the linear equation

—Av = —divf in Q,
v = 0 on 0f.

As demonstrated by a counterexample in Subsection 1.1.2 (see also [42] ), estimate (3.4),
say for large r, generally fails for solutions of (3.5) even for (non-convex) Lipschitz domains.
Thus the result of [28] concerning the bound (3.3) does not cover all Lipschitz domains. In
this respect, the bound (3.3) is new even for linear equations, where the principal operator
is replaced by just the standard Laplacian .

Another new aspect is the following boundary higher integrability result for very weak

solutions to the associated homogeneous equations.

Theorem 3.4. Let A satisfy Hypothesis 3.1, and let Q satisfy all the conditions in Hypothesis

3.2. Then there exists a positive number 6 = 5(n7p7A07A17b) such that the following holds: for
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any xo € 0 and R € (0,10/2), if w € Wl’p_g(Q N Bagr(xo)) is a very weak solution to the

Dirichlet problem

divA(z,Vw) = 0 in QN Byg(xg), (3.6)

w = 0 ondQN Bagr(xy),

then we have w € W'**2(Q N Br(zo)).

A quantitative statement of Theorem 3.4 can be found in Theorem 3.21 below. We notice
that, whereas interior higher integrability of very weak solutions to the equation div.A(z, Vw) =
0 is well-known (see [28, 37]), the boundary higher integrability result has been obtained
only for finite energy solutions, i.e. solutions which are a priori assumed to be in w €
WP(QN Byg(xo)) in the paper [33, 46]. The fact that |Vw| is allowed to be in L”~° to begin

with plays a crucial role in our proof of Theorem 3.3.

Remark 3.5. The Holder type condition (2.2) with v € (0, 1] is not needed in Theorem 3.4,
while this condition is assumed in Theorem 3.3. As a matter of fact, the proof of Theorem
3.3 requires (2.2) only through the use of Corollaries 3.10 and 3.18. Thus by Remark 3.19
below, making use of only (2.1), (2.3) and the p-thickness condition as in Theorem 3.3, we
still obtain inequality (3.2) with a constant C' = C p g.t,00,A1 bdiam(Q)/ro) JOT any finite energy
solution u € W, *(Q) provided q € (p,p + 9].

3.2 Local interior estimates

In this section, we obtain certain local interior estimates for very weak solutions of (3.1).
These include the important comparison estimates below the natural exponent p. We shall

make use of the nonlinear Hodge decomposition of [28].

Theorem 3.6 (Nonlinear Hodge Decomposition [28]). Let s > 1, ¢ € (=1,s — 1), and
w € Wy*(B) where B C R"™ is a ball. Then there exist ¢ € Wol’m(B) and a divergence free

vector field H € L7 (B,R") such that

V| Vu = Vo + .
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Moreover, the following estimate holds:

1+e

I e ) < Clomy el IVl 25

Using the above Hodge decomposition, the authors of [28] obtained gradient L? regularity

below the natural exponent for very weak solutions to certain quasilinear elliptic equations.

Theorem 3.7 (|28]). Suppose that A satisfies Hypothesis 3.1. Then there exists a constant
5y = Sl(nw\o,/\m) with 0 < §; < min{1, p — 1} sufficiently small such that the following holds
for any 6 € (0,8,). Let B be a ball and let the vector fields h, £ € LP~°(B,R"): Then for any

very weak solution w € Wy *~°(B) to the equation
div A(z,h 4+ Vw) = div [fP"f in B,
there holds

/B V(@) dz < Cloprgas / (1)~ + ()l ) da. (3.7)

It is worth mentioning that inequality (3.7) was obtained in [28, Theorem 5.1] under a
Lipschitz type condition on A(x,-), i.e., (2.2) was assumed to hold with v = 1. We observe
that the proof of |28, Theorem 5.1| can easily be modified to obtain (3.7) under the weaker
Holder type condition (2.2) with any v € (0, 1)( see also the proof of Theorem 3.17 below.)

We next state a well-known interior higher integrability result that was originally obtained

in [28] and [37] (see also [46]).

Theorem 3.8 (|28, 37|). Suppose that A satisfies Hypothesis 3.1, then there exists a constant

0o = Oatmprcnn € (0,1/2) such that for any very weak solution w € I/Vl’p_‘§2 Q) to the
(n,p,Ao,A1) loc
equation
div A(z, Vw) =0 in an open set Q)
belongs to I/Vli’fJFSQ(Q). Moreover, the inequality
L 1
- p+dg = p*SQ
< |V () [P+ dx) < Ctnpion) < |V ()P~ dl‘) (3.8)
B'r/2(x) ”'(‘r
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holds for any ball B,(x) C Q.

Remark 3.9. We notice that Theorem 3.8 was obtained in [28] under a homogeneity condi-
tion on A(z,-), i.e., A(x,\6) = |MNP2NA(x, €) for all z,& € R™ and A € R. This condition
has been removed in [16]. Moreover, the proof of Theorem 3.8 in [28] uses inequality (3.7)
and thus requires the Holder type condition (2.2). As a matter of fact, following the method
of [37], one can prove interior higher integrability under only conditions (2.1) and (2.3). For

details see, e.q., [46, Theorem 9.4].
A consequence of Theorems 3.7 and 3.8 is the following important existence result.

Corollary 3.10 ([28]|). Under Hypothesis 3.1, let 61 and 0y are as in Theorems 3.7 and
3.8, respectively and let B C R"™ be a ball. For any function wy € W'P=(B), with § €
(0,min{0y,0,}), there exists a very weak solution w € wy + W'*P™(B) to the equation

div A(x, Vw) = 0 such that

/ |vw(x)|p—5 dr < C("J’AoAl,’Y)/ |Vw0(m)\p_5 dr.
B B

We shall need to prove versions of Theorems 3.7 and Corollary 3.10 for domains satisfying
Hypothesis 3.2. These new results will be obtained later in Theorem 3.17 and Corollary 3.18.
A version of Theorem 3.8 upto the boundary of a domain whose complement is uniformly
p-thick will also be obtained in Theorem 3.21 below.

Next, for each ball Bog = Bog(xo) € Q and for any & € (0, min{d;,d5}) with 0; and d, as
in Theorems 3.7 and 3.8, respectively, we define w € u+Wy? °(Byg) as a very weak solution

to the Dirichlet problem

div A(z,Vw) = 0 in Bag,
(3.9)
w = wu on 0Bsp.
The existence of w is ensured by Corollary 3.10. We mention that the uniqueness of w is still

unknown. Moreover, by Theorem 3.8 we have that w € T/Vl(l;f(Bg r). Thus it follows from the

standard interior Holder continuity of solutions that we have the following decay estimates.
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Lemma 3.11 (Theorem 7.7 in [18]). Let w be as in (3.9). Then there exists a constant

Bo = Bomp.ror) € (0,1/2] such that

P p Bo %
|w — @Bp(zﬂp dx <C (—) |w — EBT(Z)lp dx
By () r By (z2)

for any z € Bog(xg) with B,(z) C B,(z) € Bar(xo). Moreover, there holds

1 1
P B -1 ;
( Vw|? dx) ’ ( Vw|? dx) (3.10)
By(2) B(2)

for any z € Bog(xg) such that B,(z) C B.(z) € Bag(xo).

=

Using the higher integrability result of Theorem 3.8, inequality (3.10) can be further ame-
liorated as in the following lemma. We notice that this kind of result can be proved by means

of a covering/interpolation argument as demonstrated in [18, Remark 6.12].

Lemma 3.12. Let w be as in (3.9). There exists a By = Bonp,aeni) € (0,1/2] such that for

any t € (0, p| there holds

1

¢ ‘ p\Po—t ¢ i
\Vw|"dz | < Cpag,ang <—> < V| dx)
By(2) r Br(2)

for any z € Bag(xg) such that B,(z) C B,.(z) € Bag(xo).

We shall now prove the following comparison estimate with exponents below the natural

exponent.

Lemma 3.13. Under Hypothesis 3.1, let § € (0,min{dy,0,}), where 6, and oy are as in
Theorems 3.7 and 3.8, respectively. With £ € LP=°(Q), for any u € WaP°(Q) solving (3.1)

and any w € u+ Wy’ (Byg) solving (3.9), we have the following:
Vu— VwlPde <61 [VafPde+  |fP0da
BQR B2R BQR

if p>2 and

p—1 2—p
|Vu — Vw2 de < 677° |VulP=° do + ( |£[P—° dx) ( V[P~ dm)
Bagr Bop Baor

Bar

if 1 < p < 2. Here we assume Bog € (0.
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Proof. Let ¢ be as in the hypothesis. Applying Theorem 3.6 with s = p — d and € = —9, we

have

|Vu — Vw| ™ (Vw — Vu) = Vo + H

p—3

in Byg. Here ¢ € VVO =0 (Bagr) and H is a divergence free vector field with

Li-

17, sy, S ONVU= Vol 5y - (3.11)
Using ¢ as a test function in (3.1) and (3.9), we have

I:= (A(x, Vu) — A(z, Vw), Vw — Vu)|Vw — Vu| ™ dz,
Bar (3.12)
=1 + 1, + I,

where we have set

I = (A(x,Vu) — A(z, Vw), H) dx,
Bar
I = fP=2(f, Vw — Vu)|Vw — Vu| ™ dr,
Bar
Iy = — FP=2(f, H) dx.
Bar

Applying the monotonicity condition (2.1), we have
I>  (|Vul* +|Vu)'= |Vu — Vw|> dr.
Bar
Thus when p > 2 we can bound [ from below using the triangle inequality

I> |Vu — V[P~ da. (3.13)

Bagr

2—-90 2—90

For 1 < p < 2, we have by Hélder’s inequality with exponents 5 and Cy— and
p— -D
Corollary 3.10 that
(=8)(p=2) | (6-p)(p=2)
Vu—Vwllde = (|Vu]? +|Vu) @7 TEE Ve — Vul ™ de,

Baogp Baog

=

p—
2—

< ( (IVul|? + |[Vw|?) 7 |Vu—Vw]2 5dm> X
Bar

O’l

2—p

55
X ( |VulP™° dyc) :
Bar
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This gives, when 1 < p < 2, that

2-p

»
|

Vu — VwlP~ do < 5+ < |Vu|P~° dx) : (3.14)
Bar

Bar

We shall estimate I; from above by making use of Holder’s inequality along with (2.3), (3.11),
and Corollary 3.10 to obtain

L) <A (VU + VP H| da,
P s - (3.15)

p—3 p
<9 ( |Vu — Vw[P~° d:zc) ( |Vu[P~° dx)
Bogr Bar

We estimate [5 from above by using Hélder’s inequality to obtain

p—1 1-6

p—

ps
|| < ( |£[P—° dx) ( |Vu — Vwl|P™? d:v) . (3.16)
Bar Bar
Finally, for I3, we combine Hélder’s inequality with (3.11) and obtain

LI< ] de,

Bar

(3.17)

1-6 p—

p—36 p—38
<6 ( |Vu — Vw[P~° dx> < |£[P—0 da:> .
Bar Baor

At this point, combining estimates (3.15), (3.16), (3.17) with (3.12) and (3.13) we get the

Sl =

desired estimate when p > 2:

|Vu — Vw|[P~° de < §r-1 V|~ da + |£P=° da.
Bsgr Bsr Bag

Likewise, for 1 < p < 2, combining the estimates (3.15), (3.16), (3.17) with (3.12) and (3.14),

we have

1-6 p—1

P35 P35
|Vu — V[P~ do < {6( |Vu — Vw[P~? dx) ( |VulP™° dm)

Bar Bagr

p—1 1-46
p—9

+ ( |f[P—° da:)p ( |Vu — Vw[P~° dx)
Bop Baogr

1-5 p=1Y\ 3=5
p—ob p—0
+ 5( |Vu — Vw[P~° dx) ( |£[P—° dm) X
Bor Baor

2—p

55
X ( |Vul|P~° dx) :
Bar
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Simplifying the above inequality, we get the desired estimate for the case 1 < p < 2:
p—1 2—p
|Vu — Vw[P~ de < 677° |Vu|P~ da + ( |£[P—° d:v) ( |Vu|P~? dx) :
Bar Bar Bar Bar
This completes the proof of Lemma 3.13. O
3.3 Local boundary estimates
We now extend the results of the previous section upto the boundary of a domain satisfying
Hypothesis 3.2. While the approach of [28] via nonlinear Hodge decomposition could be used
upto the boundary of the domain, it requires that the boundary be “sufficiently regular”. This
regularity assumption is unfortunately not easy to quantify. To overcome the roughness of
the domain boundary, we shall employ the Lipschitz truncation method introduced in [37].
Here some of the ideas of [61] and the pointwise Hardy inequality obtained in [21] will be
useful for our purpose. On the other hand, it should be noted that the approach of this
section could be modified to obtain, e.g., the local interior comparison estimate (Lemma
3.13) that was previously derived by means of the nonlinear Hodge decomposition.
Beside the standard boundedness property of the Maximal function M on L° spaces,
we also use the following property. Given a non-zero function f € L;, (R") and a number
B € (0,1), there holds M(f)? € A; with [M(f)?]4, < C(n, B). Moreover, if § is away from

1, say 8 < 0.9, then [M(f)?]4, < C(n) independent of 3 (see, e.g., [57] p. 229).

Lemma 3.14. Let Q is a bounded domain whose complement is uniformly p-thick with
constants rg and b > 0. There exists a 6o = Sompp) € (0,1/2) such that the following holds

for any 6 € (0,60/2). Let v € WoP°(Q), v £ 0, and extend v by zero outside Q. Define

r) = max v|O YV (x —|v(:c)]
o(z) = {Muv 9V >,d(xm)},

where ¢ € (p — do,p — 28] and d(z,09) is the distance of = from 9. Then we have g ~
M(|Vo|)Y9 g e. in R™ and

/gp_édx§/|Vv|p_5dx. (3.18)
Q Q
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Moreover, the function g~° € Apq with [9_6]Ap/q < Clnpb)-

Proof. As Q° is uniformly p-thick, it is also uniformly po-thick for some 1 < py < p with
Po = Pompp) (see [36]). Moreover, there exists a constant oy = dompp € (0,1/2) with
p — do > po such that for ¢ € (p — dg,p — 26], where § € (0,99/2), the pointwise Hardy
inequality

[v(z)| 1/q
m M(|Vo|9) V4 (z)

holds for a.e. € Q (see [21]). It follows that g(z) ~ M(|Vv|?)(z) for a.e. € R™. Thus by

the boundedness of the Hardy-Littlewood maximal function M we obtain inequality (3.18).

Moreover, for any ball B C R" we have

pP—q
S5 q
g % dx ( gﬁ dx)
B B

< M|V dx( BM(|W|Q)& dx> '

p—q

< {me Tol7)( >}_5/q{yiggMﬂwqu)}é/q

yeB

<C.

)
Here we used that the function M(|Vvlq)ﬁ is an A; weight since <1/2 <1 (see [57]
-9

p. 229). O
We now present an extension lemma which can be found in [61].
Lemma 3.15. Let v € W,°(Q), s > 1, where Q is a bounded domain and let X > 0. Extend

v by zero outside Q and set

Fy(0,Q) = {x e Q0 M(IVol*)Y (@) <\ Jo(z)] < Ad(x,@@)} : (3.19)

where d(:B,@Q) is the distance of x from 9Q. Then there exists a cA-Lipschitz function vy

defined on R™ with ¢ = ¢,y > 1 and the following properties:

e v)(z) =v(x) and Vuy(x) = Vo(x) for a.e. x € Fy;
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e v\(x) =0 for every x € Q°; and
o |Vuy(z)| < ¢y for a.e. z € R™.

Proof. Given the hypothesis of the lemma, there exists a set N C R" with | V| = 0 such that

[v(2) = v(y)| < ¢ |z = ylIM(VU")*(2) + M(VO") Y (y)] (3.20)

holds for every z, y € R™ \ N. The proof of inequality (3.20) is due to L. I. Hedberg which
can be found in [24]. It is then easy to show that Ul yoie is a cA-Lipschitz continuous

function for some c¢(n) > 1. Indeed, in the case when z,y € F) \ N, then by using (3.19) in

(3.20), we see that

[o(2) = v(y)| < clo —y[[M(Vo]) " (z) + M(]Vo])4(y)]
< 2c Az —yl.

On the other hand, if z € F) \ N but y € Q°, by making use of (3.19), we observe that

[o(2) = o(y)| = [v(z)| < Ad(,0) < Nz —yl.

We can now extend v, e 10 8 Lipschitz continuous function vy on the whole R™ with
A
the same Lipschitz constant by the classical Kirszbraun-McShane extension theorem (see,

e.g., [14, p. 80]). This extension satisfies all the properties highlighted in this lemma. ]

We next state a generalized Sobolev-Poincaré’s inequality which was originally obtained

by V. Maz’ya [39, Sec. 10.1.2]. See also [33, Sec. 3.1] and [1, Corollary 8.2.7|.

Theorem 3.16. Let B be a ball and ¢ € W'*(B) be s-quasicontinuous (see Definition 2.29)
with s > 1 and let k = n/(n—3s) if 1 < s <nand Kk =2 if s = n. Then there exists a

constant c(, ) > 0 such that

S

KRS é 1 s
( B|¢\ dx) < Cn,s) (CapS(N(¢),2B)/B’V¢| dx) ,

where N(¢) = {x € B : ¢(z) = 0}.
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The following estimate with exponents below the natural one has been known only for
regular domains (see [28]). Here, for the first time, it is obtained for domains with p-thick

complements. We state the below theorem in a slightly more general form.

Theorem 3.17. Suppose that A satisfies Hypothesis 3.1 and Q satisfy Hypothesis 3.2, then
there exists a constant 81 = 81(npbag,ary € (0,00/2], with §y as in Lemma 3.14, such that
the following holds for any § € (0,61): Given any vector fields h,f € Lp_‘s(fl) and any very

weak solution w € WyP™°(Q) to equation

div A(z, h + Vw) = div |[f]Pf, (3:21)

there holds

/Q VP dz < Conpaonso /Q (Jh(@)]P~° + [£(2)P?) da. (3.22)

Proof. As Q° is uniformly p-thick, it is also uniformly po-thick for some 1 < py < p. Let
do € (0,1/2), with p — dg > po, be as in Lemma 3.14. Let ¢ € (0,d9/2) and g be such that

p—0 < q<p—20 <p—29. Defining

r) := max w|H)V(x —]w(:v)]
g(z) = {Mw ) <>,d($m)},

then it follows from Lemma 3.14 that

/Qg(x)p_‘sdxg/ﬁ|Vw|p_5dx. (3.23)

We now apply Lemma 3.15 with s = ¢ and v = w, to get a global c\-Lipschitz function v

)

such that vy € Wol’ 1%‘5(52) Using v, as a test function in (3.21) together with (2.3) we have
/~ (A(z, Vo), Vo) dz — / F7-2(F, Vo) da
QNEFy QNEFy

- / <A(l‘, Vw) —A(ﬁ,h+Vw),VvA> dx
o (3.24)

QNFg

= —/ (A(x,h 4+ Vw), Vo) dx + / [£|P~2(f, Vvy) do
QNFy

< A/ |h+Vw|p_1da:+)\/ I£P~! da,
QNFg QNFg
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where Fy == F\(w,Q) = {z € Q : g(z) < A}. Multiplying equation (3.24) by A~*9 and

integrating from 0 to oo with respect to A\, we get
L—1,—1I ;—/ A<1+5>/ (A(x, Vw), Vvy) da dA
0 QNFy

— / A~(F0) / F[P=2(F, Vuy) da d)
0 QNFy

_ / \-(149) / (A(z, V) — Az, h + V), Voy) da d
QNEy

/ / (Jh+ Vw[P~" + [f[P71) dod) =: I,.
QNFY

We now continue with the following estimates for I;, j = 1,2, 3, 4.
Estimate for I, from below: Note that we have Vv, = Vw a.e. on F). Thus by changing the

order of integration and using (2.1), we get

I = / / D A(z, Vw), Vw) dX dz

= 5/99(:10) Y A(x, Vw), Vw) dx (3.25)

1
Y ORI
0 Ja

By Holder’s inequality, we have

p=3 s
/ |Vw|P~ da < </ |Vw|Pg(z)~° dm) (/ g(x)P° dw) ,
Qgp QQP QQp

and then by making use of (3.23), we obtain the estimate

/ |Vwl|P~0 da S/ \Vwl|Pg(z)~° de. (3.26)
Qap Q

2p

Now we combine (3.25) with (3.26) and get

> l/ VS da. (3.27)
0 Jq



Estimate for I from above: Again by changing the order of integration and making use of

Young’s inequality, we get
I = / / ~(H|£P=2(F V) d) da
:_/ g(z)°|f[P2E, V) da
0 Ja
1 -1 1-6
— [ £ |Vw| ° dx
0 Ja

< %/ \f\p_‘sdx—l—gﬁ |Vw[P~° dx
0 0

for any e > 0. Here we used that ¢~° < |Vw|™ a.e. in Q in the first inequality.

IN

Estimate for I3 from above: Likewise, changing the order of integration and making use of

Young’s inequality along with the Holder type condition (2.2), we get
Iy = / / U A(z, Vw) — Az, h + Vw), Vw) d\ dx

<5 [ 9@ "I (hp + [Vl ) [Vl da

< %/ |h|p—5dx+§/ IVw|P~ dz
Q Q

Estimate for 14 from above: Changing the order of integration and applying Young’s inequal-

for any € > 0.

ity along with estimate (3.23), we get
I, = / (b + VPt |fPY) d de
— [ 9(@) (b + V|~ + [f77) da (3.28)
T 1- 5 a
< / [VwP~° dx + /(|h|p—<S + [£[P70) da
Q Q
Combining estimates (3.27)-(3.28) and recalling that I; — Iy — I3 < Iy, we have
[ \Vw|P~Pdz < e(cqe + 5)[ fP~2dx + ¢ (2¢ + 5)/ |Vw|P=° dx +
9 9 9

+c1(ce +5)/ [P0 da
0

for a constant ¢; independent of € and 4.
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We now choose € = 1/(4¢;) and 6; = min{1/(4¢1),d0/2} in the last inequality to obtain

estimate (3.22) for any ¢ € (0, ;). O

Once we have the a priori estimate (3.22) and the interior higher integrability result from

Theorem 3.8, the following existence result follows by using techniques employed in the proof

of 28, Theorem 2].

Corollary 3.18. Suppose that A satisfies Hypothesis 3.1 and let Q satisfy Hypothesis 3.2
and & € (0, min{dy,d5}), with 8, as in Theorem 3.17 and 6y as in Theorem 3.8. Then given
any wo € WY=°(Q), there exists a very weak solution w € wy + Wy °(Q) to the equation

divA(z, Vw) = 0 such that

/\Vw|p_5da:§ C’(n,p7b7A0,A177)/ |Vw0|p_5da:.
Q Q

Remark 3.19. It is well-known that in the case § = 0, Corollary 3.18 and Corollary 3.10
hold as long as A satisfies (2.1) and (2.3), i.e., the condition (2.2) holding with v € (0,1) is
not needed. Moreover, the so-obtained solution w is unique in this case, whereas uniqueness
remains unknown in the case § > 0. We also notice that Corollary 3.18 has been known

earlier but only for more regular domains (see [28]).

In what follows, we shall only consider €2 to be a bounded domain satisfying Hypothesis 3.2.
Fix 29 € 02 and choose R > 0 such that 2R < ry and denote 2o = Qor(x0) = QN Bag(xo).

With some ¢ € (0, min{1,p — 1}), we consider the following Dirichlet problem:
divA(z,Vw) = 0 in Qp,
w = 0 on OQHBQR(QfQ)

Definition 3.20. A function w € W?7(Qyg) is called a very weak solution to (3.6) if

its zero extension from Qugr(zo) to Bagr(xo) belongs to WP~ (Byg(x)) and for all ¢ €

>

p—
1} 1—

W, 172 (Q2r), we have
/ Az, Vw) - Vo dx = 0.
Qogr
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In the following theorem we obtain a higher integrability result for equation (3.6), which
gives a boundary analogue of Theorem 3.8, and hence Theorem 3.4. We shall follow the
Lipschitz truncation method of [37] that was used to treat the interior case; see also [46,

Theorem 9.4|. Here to deal with the boundary case we use an idea from [61].

Theorem 3.21. Suppose that A satisfies Hypothesis 3.1 and Q satisfy Hypothesis 3.2, then
there exists a constant 63 = da(npp,no,A,) > 0 sufficiently small such that if w € Wl’p_52(QgR)
is a very weak solution to equation (3.6), then w € W'P2(Qg). Moreover, if we extend w
by zero from Qar to Bag, then the estimate

1
+d9

< |Vw[PTo2 dx) ’
iB

holds for all balls B such that TB C Bsp.

S C(n7p7b7A07A1) |vw| 2 dx

7B

Proof. Let z € 0Q N Bygr(x) be a boundary point and let p > 0 be such that B,,(z) C
Bsr(xo). We now set 2y, = y,(2) = Q2N By,(2) and observe that s, C Qap(zo).

As Q° is uniformly p-thick, it is also uniformly po-thick for some 1 < py < p. The same is
also true for Q5. Let 0 € (0,1/2), with p—dg > po, be as in Lemma 3.14 with Q= Q. Let
d € (0,00/2) and g be such that p —dy < ¢ <p—20 < p— 9.

Suppose now that w € W'~ (Qyp(z0)) is a solution of (3.6). Extending w to By, = By,(2)
by zero we have w € W'P7%(By,). Let ¢ € C°(By,) with 0 < ¢ < 1, ¢ = 1 on B, and

V| < 4/p. Define w = ¢w and g to be the function

g(x) = max {M(me“q(x), %} .

Then it follows from Lemma 3.14 that

/ g% dr < / V[P~ da. (3.29)
Qa2 Q

2p

We now apply Lemma 3.15 with s = ¢, Q = 2y, and v = W, to get a global cA-Lipschitz
p=9¢

17 . . . .
function vy such that vy € W, ' (£,). Using vy as a test function in (3.6) together with
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(2.3) we have

/ (A(x, Vw), Vuy) dx = —/ (A(x, Vw), Vu,) dx
QapNFy

szﬁFf

<A / V|~ da,
QgpﬂFf

where Fy := Fy\(w0,,) = {2 € g, : g(x) < A\}. Multiply equation (3.30) by A=(*9 and

(3.30)

integrate from 0 to oo with respect to A, we then get
L= / A~(149) / (A(x, Vw), Vuy) da d\
QapNFy

0
< A0 / |Vwl|P~! dz d\
0 QgpﬁFf

g(z)
= / / AT0dN | Vw|P~ d\ dx
Q2 40
1

— 1-0 p—ld
T ), ot vy

where the first equality follows by Fubini’s Theorem. Thus after applying Young’s inequality

and using (3.29), we obtain

s |
Qa,

< / (V] + w)plP~*) de (3:31)

2p

< / |Vwl|P~? da.
B

2p

|Vw[P~° dz + / V[P~ dz
Q2

Here the last inequality follows from Theorem 3.16 since w = 0 on Q2N By,,.
Our next goal is to estimate I; from below. To this end, changing the order of integration

and noting that Vv, = Vw a.e. on F\, we can write

I = / / AU AN (A(x, Vw), Vi) dx
Q2;7 g(Z)

= %/Q 9(z)°(A(x, Vw), Vo) da.

2p

To continue we set

Dy = {z € Q, \ Q, : M(|V0|)V1 < SM(|V|?x0,,)" "},

Dy =y, \ (2, U Dy),
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and note that w = w on §2,. Thus it follows from (2.1) and (2.3) that

00 ZAo/ g_5|Vw|pdx+/ 9(z) " (A(z, Vw), Vo) dx

Q, D,

—l—/D g(x) " (A(z, Vw), Vo)w da

> Ao/ g °|Vw|P dv — A1/ g 0| Vw[P| V| do (3.32)
Qp Dy
4A
- g7 |Vw|PHw| da
Do
= [2 - [3 — [4.

Combining (3.31) and (3.32), we obtain

LSL+L+06 | |VwP dr. (3.33)

Ba,
We now consider the following estimates for Iy, I3, and Iy.
Estimate for I, from below: Recall that by Lemma 3.14, g% € Ap/q- Thus by the boundedness
of M we have

I, = AO/ g(z)~°|Vw|? dx 2/ g(x)_a/\/l(|Vw]qXQp)p/q dx. (3.34)
B

Qp P

On the other hand, for x € B,/,, there holds

1/q 1/q
MV () < sup( |Vw|%zy) © s ( |Vw|my)
B’ B’

zeB’ zeB’
B'CB, B'NBg#(
1/q
< M(|Vwl|?xq,) () + ¢ ( \leqdy> ,
Ba,

where we have used that W = w on B, and w = 0 on °N B,. Also, recall that w is zero

outside By,. By Theorem 3.16 we find
Valdy < |[Vuelidy+—  Juldy<c  [Vul'dy,
BQp BQp pq B2p BQp
which gives

g(x) < e M(|Vw|)"(x)

1/q
< clM(|Vw|qup)l/q(x) + ¢ ( |Vw\qdy>
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for all z € B, 5. Here recall from Lemma 3.14 that g ~ M(|Vw|?)"/? a.e. in R™.

Letting now

1/q
6= { € Byas cM((Vulteo) 1e) 2 e [Vupdy)”"),

Bs,

then for every z € GG we have
g(x) < 261M(|Vw|qxgp)l/q(x). (3.35)

Combining (3.34) and (3.35) we can estimate I from below by

I > C/ M(|Vw|xq,) "I M(|Vw|"xo, )P dz
G
p=4 (336)

> c/ |Vw[P~° dz — cop” |\Vw|? dx :
Bp/a Bap

Estimate for I3 from above: By the definition of D; and the boundedness of the maximal

function M, we have
I - Al/ g |V V| de
Dy

1—

< [ MV T |VelP de

~

Dy

<67 [ M(Vuwl'xa,,) @ [VwP dz

Qa,
< 51_6/ |Vwl|P~° d.
Qa,
Estimate for I from above: By the definition of Dy we have
4
I, = 45 g 0| Vw P~ w| da
Do

1
<= [ MV@) TP ] de

< M(]Vw|qxgp)(p_1_5)/q \w| dz.
P JDy

With this and making use of Young’s inequality, we find, for any ¢ > 0,

Lse| M(Vulixg,) = de+ 22 / ol da
Q2p pp
p—34 (337)

SE/
Q

B2,

IVw|P~ dx + c()p” (

2p
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Here the last inequality follows from the boundedness of M and Theorem 3.16 provided dg
is sufficiently small so that ng/(n — q) > p.

Collecting all of the estimates in (3.33), (3.36)-(3.37) we obtain
p=3

/ Vw|P°der < (1+ c(e))p"( |Vw|qu> '
By/2

Ba,

(3.38)
ST (—:)/ VP dz.

B2,

Recall that the balls in (3.38) are centered at z € QN Bag(zo) and we have By, = By,(z) C
Bsr(xo). Let x1 € Bag(zo) and p > 0 be such that we have By,(z1) C Bagr(xo) and assume
for now that B,(z;) N0 # 0. Choosing any z € 00N B,(x;) such that |z — 2| = d(xy, 09),

we have |z — zo| < p and thus
Byja(x1) C Bsppa(2) C Bep(2) C Bry(x1).

With this, applying (3.38) we have

p—34

q

/ (Vw|P~° dr < (1+c(6))p"( |Vw|qu)
B, /a(z1)

Brp(z1)

(3.39)
+ 0+ +¢) / |Vw[P~ da.

Brp(z1)
At this point, choosing ¢ and e small enough in (3.39) we arrive at

p—0

a 1
|Vw|qda:) + - |Vw[P~ da.

IVw[P~° do < c(
2 Bryan)

B,/2(71) Brp(z1)

On the other hand, from the interior higher integrability bound (3.8) in Theorem 3.8
it follows that the last inequality also holds with any ball Br,(z1) C Bagr(xo) such that
B,(x1) C Q, as long as we further restrict dy € (0,52) so that ¢ > p — &,. Here 4, is as in
Theorem 3.8.

Now using the well-known Gehring’s lemma (see [17, p. 122]; see also |15, 46]) and a simple

covering argument, we get the desired higher integrability upto the boundary. O]

We now set

(53 = min{él, 52, 62}
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with 87,89, and dy as in Theorems 3.17, 3.8, and 3.21, respectively. For § € (0,93) and

we WP (Q), we let w € WHP=%(Qyp(20)) be a very weak solution to the Dirichlet problem

div A(z,Vw) = 0 in Qr(zo), (3.40)

w € w4 Wyt (Qr(x)).

The existence of such a w is now ensured by Corollary 3.18. Moreover, since we have higher
integrability upto the boundary from Theorem 3.21, we can now obtain the boundary versions

of Lemmas 3.11 and 3.12 (see Lemmas 3.7 and 3.8 in [51]).

Lemma 3.22 ([51]). Let u € Wy~ °(Q), with § € (0,03), and let w be a very weak solution

of (3.40). Then there exists By = Bo(nppre,n) € (0,1/2] such that

P B 1
0 P
wpde) < gy (2)" (| Jupa)
Bp(z) r Br(2)

for any z € 0Q with B,(z) C B,(z) € Bar(xo). Moreover, there holds

1
P p Bo—1 P
\Vw|Pdz | < Crppaga) <—> |Vwl|P dx
By(2) r By (2)

for any z € Bop(xg) such that B,(z) C B,(z) € Bar(zo).

Lemma 3.23 ([51]). Let u € Wy °(Q), with § € (0,63), and let w be a very weak solution
of (3.40). Then there exists a By = Bo(npprea) € (0,1/2] such that for any t € (0, p] there

holds

1

t : p\ Pt t ¢
|\Vw|" dx < Clnpbit,AoAr) (—) ( |Vw]| dx)
By (2) r Br(z)

for any z € Bag(xo) such that B,(z) C B,.(z) € Bag(xo).
We now prove the boundary analogue of Lemma 3.13.

Lemma 3.24. Under Hypothesis 3.1 and Hypothesis 3.2, let u € Wy °(Q) where §
(O,min{dl,gg}) with 8, and b5 as in Theorems 3.17 and 3.8, respectively, be a very weak

solution to (3.1) with f € LP79(Q). Let w € u + Wy °(Qur) where Qop = Qop(zo) with
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xg € 0 and 2R < rg, be a very weak solution to (3.40). Then after extending £ and u by
zero outside €2 and w by u outside (or, we have
|Vu — Vw|P~° de < §rt V|~ da + |fP=° dx
Bsp Bsr Baor
ifp>2 and
p—1 2—p
IVu — Vw|P~ de < 677° |Vu|P~ da + < |£[P—° dx) < |Vu|P~° dx)
Bar Bar Bar Bar

ifl<p<2.

Proof. Let 6 € (0,min{d;,d,}). Then § € (0,00/2) with dy as in Lemma 3.14. Let ¢ €
(p — 8o, p — 26] and define g to be the function

g(x) = max {M(]Vu - Vw\q)l/q(x), %} '

Then it follows from Lemma 3.14 with Q = (or that

/ g0 dr < / |Vu — Vw|P~ da. (3.41)
Qor Qogr

Also, by Theorem 3.17 we have

/ |Vw|P~ da < / |VulP~° da. (3.42)
QR

Qop

We now apply Lemma 3.15 with s = ¢, Q=Qpandv=u—w, to get a global c\-Lipschitz
p—94

function v, € WOI’H(QQR). Using v, as a test function in (3.1) and (3.40) along with (2.3),

we obtain
/ (A(z, Vu) — A(x, Vw), Vuy) do — / f|P~2(f, Vv,) do
QarNEY QorNFy

(A(z, V) — Az, V), Vos) dz + / £[P-2(F, Vuy) dr

QopNFE

QopNFE

N

)\/ (|f|p_1 + |VulP~t + |Vw|p_1) dx,
QgRﬁFf\
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where F\ := Fy(u—w,Qag) = {z € Qar : g(x) < A}. Multiplying the above equation by

A0+ and integrating from 0 to oo with respect to A, we then get
L —1,:= / / AU A(x, Vu) — Az, Vw), Vu — Vw) dz d)
QarNF)
— / / A=W FP=2(F Yy — V) dz d\
QarNEy
/ / (P VU + VP dad) =: I,
QgRﬂF

We now proceed with the following estimates for Iy, I, and I3.
FEstimate for Iy from below: By changing the order of integration and making use of (2.1),

we get

I, = / / ~UHNA(x, Vu) — Az, Vw), Vu — Vw) d\ dx
QzR g(x

6 g(z)°(A(x, Vu) — A(z, Vw), Vu — V) dx (3.43)
QR
> %/ 9(2)"° (|Vul* + \Vw|2)¥ |Vu — Vwl|? dx.
Qo

We now consider separately the case p > 2 and 1 < p < 2.

Case i: For p > 2, by using (3.41) along with Hélder’s inequality, we obtain

p—94

s
/ |Vu — Vw|P~° de < </ g_5|Vu—Vw|pdx> ’ (/ gp_‘sdx>p
QQR QQR QQR

p—24
P

< </ g °|Vu — Vw*(|Vul* + |Vu|*) = dx) X
QR

X (/ |Vu—Vw|p_5dm)p.
QR

Simplifying the above expression and substituting into (3.43), we get

1
L > 5 IVu — VP~ da. (3.44)

Qo

Case 11: For 1 < p < 2, we use the following equality

p—9

IV — V[P = [(|Vu|2+|Vw|2)’%2|vu—w|2g-5] 7
(3.45)

(p— 5)(2 p) p=385

x ([Vul’ + [Vwl|?) gz’
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2 2
Integrating (3.45) over Qs and making use of Holder’s inequality with exponents L S
p—= -D

2
and —, we get

J

s
2

/ IV — Vol dr < (/ (Vul? + [Vul?)’3 dm) (/ g(x)ﬂdx> «
QQR QQR Q2R

. (3.46)
x (/ (IVul? + [Vwl?) = [Vu — Vul?g(z) d:c)
Q2R
Combining (3.41) and (3.42) into (3.46) and then simplifying we get
(/ |Vu — Vw[P~? dx) < </ |Vu|P~° dm) X
Q2R Q2R
p—s

2

X (/ (|Vul* + |Vw\2)pz;2|Vu — Vuwl|?g(x)™° dx)
Q2R
Using this in (3.43), we arrive at

2—4 p—2
= =
L > ! (/ |Vu — Vw[P™° dx) </ |VulP™° dx> . (3.47)
6 Qor Qor

Estimate for I from above: By changing the order of integration, we get

I = / / A~ FP=2(F Ty — V) d\ da
QR J g(x)

= %/ g(x)°|f|P2{f, Vu — Vw) dx (3.48)
Qor
1
< -/ o(2) £ |V — V| da.
0 Qor

Since |Vu(x) — Vw(z)| < g(z) for a.e. z, by using Holder’s inequality in (3.48), we have
1
I <= |Vu — V| £~ Vu — Vw]| d
0 Qg
_ - (3.49)

| = 2
< = (/ |£|P~° d$) (/ |Vu — Vw|P~? dx) :
o Qor Qor

Estimate for I3 from above: By changing the order of integration, we get
g(z)
I :/ / A0 (JEP) 4 |Vl + [Vwl1) dAda
1

_ L / g(2)' 7 (JEPL + [Vulrt + [Vt de.
15 Jo,.
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Thus Holder’s inequality along with (3.41) and Theorem 3.17 then yield

—1

1-6
p—38 p—s
I < < / YV — Valr? dx) ( / 70 4 [Tl dx) | (3.50)
QQR QQR

As I} — I, < I3, we can now combine estimates (3.49) and (3.50), along with (3.44) in the

IS

case p > 2 or (3.47) in the case 1 < p < 2 to obtain the desired bounds. ]

Remark 3.25. Henceforth, unless otherwise stated, we shall always assume that 0 < § <
min{gl, bs, 01, d2}, where 61,02,01, and 0y are as in Theorems 3.7, 3.8, 3.17, and 3.21, respec-

tively.

Proposition 3.26. There exists A = A pp non, ) > 1 sufficiently large so that the following
holds for any T > 1 and any X\ > 0: fiz a ball By = Bg, and assume that for some ball B,(y)

with p < min{ry, 2Ry }/26, we have

By(y) N Bo N {a € R™ : M(xap, [Vul )75 () < A} 0 {M (xap, [f[7~)77 < e(T)A} # 0,

20

with €(T) = T max{l’ﬁ%l}; then there holds
{x € R" : M(xan [Vl ™)75 (2) > ATA} N By(y)| < H[By(y)l,  (3.51)

where
H = H(T) = T-@+) 4 so-dmin{ls}
Proof. By hypothesis, there exists zy € B,(y) N By such that for any » > 0, we have
Xago | V[P~ do < AP~ (3.52)
BT(CE())

and

Xago [P0 dx < [e(T)AP~°. (3.53)

Br(z0)

Since 8p < Ry, we have Bas,(y) C Basy(x9) C 4By. We now claim that for x € B,(y),

there holds

M(XaB,|Vul|P %) () < max {M(XBQp(y)|Vu|p_6)(x), 3”)\”_5} . (3.54)
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Indeed, for r < p we have B,(x) N4By C Bs,(y) N 4By = Bs,(y) and thus

X4Bo ’vu’pia dz = X Bz, (y) ’Vu|p76 dz,
By () By ()

whereas for r > p we have B,(z) C Bs,(z¢) from which, by making use of (3.52), yields

Xag, | VulP~° dz < 3" XaB,|Vu|P 0 dz < 3"\,
By () Bsr(zo)

We now restrict A to the range A > 375, Then in view of (3.54) we see that in order to

obtain (3.51), it is enough to show that
_1
{M (X, [VulP )75 > ATX} N B, ()| < H | B,(y)|- (3.55)

Moreover, since |Vu| = 0 outside 2, the later inequality trivially holds provided B, (y) C
R™\ €2, thus it is enough to consider (3.55) for the case By,(y) C €2 and the case By, (y)NJQ #
0.

Let us first consider the interior case: By,(y) C Q. Let w = u + Wy °(By,)(y) be a

solution, obtained from Corollary 3.10, to the problem

div A(z,Vw) = 0 in By,(y),

w = u on 0By,(y).

By the weak type (1, 1) estimate for the maximal function, we have

{M (X, ()| VulP %) 75 > ATA} N B, (y)]

< UM (X By ()| Vw|?~8)75 > ATA/2} N B, (y)]
) (3.56)
+ {M (X, |V = VwP8) 55 > ATA/2} N B, ()]

< (ATA)‘“’*‘” /

Bap(y)

|Vw|PH da + (AT X) =% / IVu — Vw|P~ da.

Bay(y)

On the other hand, applying Theorem 3.8, we get

p+d

p—04
IVw[P™ do < |VulP~° dz + |Vu — Vw|P~ do :
Bap(y) Bap(y)

50

ptd
p—04

Bap (v)



whereas by (3.52)-(3.53) and Lemma 3.13 there holds

V|~ da < |Vu|P~0 de < AP0,
Bap(y) Bsp(0)

and

|Vu — Vw2 dr < gr=omin{175} \p—s + [e(T)ymin{tp—1} \Jp—0
Farta) (3.57)
< A\P—9 [(5(1)*5) min{LprI} + T—Qé] :

where we used By,(y) C Bs,(zo) and the definition of €(7").

Combining (3.56)-(3.57) we now obtain

_1
[{M (X, [Vul" )77 > AT} N B, (y)|
< |B, ()| (AT)~0+0) [1 4 50+ min{tia )y o200 |
+ B, (y) (A7)~ [ ttatsd o ]
< |B,(y)| A~ =) p=(p+d) 1B,(y)] A*(pf5)(5(17—5)min{1»p%1}
since A,T > 1 and ¢ € (0, 1).
At this point, we can take A sufficiently large to get the desired estimates in the interior
case By,(y) C Q.
We now look at the boundary case when By, (y) N9 # 0. Let us recall that u € Wy (1)

and let yo € 0 be a boundary point such that |y — yo| = dist(y,9€2). Define w € u +

WP _6(932p(y0)) as a solution to the problem
div .A(Qf, VU)) = 0 in Qggp(y[)),
w = u on 0s2,(yo)-

Here we first extend u to be zero on R" \ Q and we then extend w to be u on R™ \ Q46,(yo)-

Since
Bas,(y) C Bsap(yo) C Bsep(y) C Bsrp(xg) C 4By,

we then obtain by making use of Theorem 3.21,
o1



p=3
| V[P dx) "< |Vw[P~°da

Basgp(y)

< ][ |Vul|P~ do + ][ |Vu — V[P~ da.
Bs7p (o)

Bs2p(y0)
Now using (3.52)-(3.53) and Lemma 3.24 in (3.56), we obtain the desired estimate in the

BQp(y)

boundary case. O

The above proposition can be restated in the following way.
Proposition 3.27. There exists a constant A = A, ppagn,,y) > 1 such that the following
holds for any T > 1 and any X > 0: Let u € Wy °(Q) be a solution of (3.1) with A
satisfying Hypothesis 3.1. Fiz a ball By = Bg,, and suppose that for some ball B,(y) with
p < min{rg,2Ry}/26 we have

{z € R : M(xap,|Vul"™)7 () > ATA} N B,(y)| > H [B,(y)l,
then there holds
By(y) N By C {M(xa| VulP )75 > A} U {M(xasy [£P~*)77 > e(T)A}.

Here €(T) and H = H(T) are as defined in Proposition 3.26.

We can now apply Lemma 2.35 and the previous proposition to get the following result.

Lemma 3.28. There exists a constant A = A pp o, > 1 such that the following holds
for any T > 2. Let u be a solution of (3.1) and let By be a ball of radius Ry. Fiz a real

number 0 < r < min{rg,2Ry}/26 and suppose that there exists N > 0 such that
{z € R™ : M(xap,|VulP )77 (z) > N} < Hr"|By|. (3.58)
Then for any integer k > 0 there holds
[{ € By M(xam | Vul”™) 775 () > N(AT)*1)
< ¢y H |{z € By : M(xan,|Vul?™")75 () > N(AT)*}|

1

+ ¢y [{z € Bo : M(xupo|[P~°) 777 () > e(T)N(AT)*}].
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Here €(T) and H = H(T) are as defined in Proposition 3.26.

Proof. Let A be as in Proposition 3.27 and set

C = {x € By : M(xap,|VulP )77 (z) > N(AT)**'}, D = D, N By,

where D; is the union

1

Dy = {M(xap, |Vl )75 (2) > N(AT)*} U {M (xa, [£[7~) 73 () > e(T)N(AT)*},

with €(7") and H being as defined in Proposition 3.26.

Since AT > 1 the assumption (3.58) implies that |C| < H r"|B;|. Moreover, if z € By and
p € (0,7] such that |C N B,(z)| > H |B,(z)|, then using Proposition 3.27 with A = N(AT)*
we have

Bp(ﬂf) N BO C D.

Thus the hypotheses of Lemma 2.35 are satisfied with £ = By and e = H € (0,1). This

yields
|Cl <e(n) H|D|
< c(n) H|{x € By : M(xap,|VulP"*)7 (x) > N(AT)"}|
+ e(n) o € By : M(xas, |fP~0)7 (x) > e(T)N(AT)"}|
as desired. ]

Using Lemma 3.28, we can now obtain a gradient estimate in Lorentz spaces over every

ball centered in the domain.

Theorem 3.29. Let all the Hypothesis in 3.1 and 3.2 be satisfied, then, with 6 as in Remark
3.25, for any p—9/2 < q < p+46/2,0 <t < oo and for any very weak solution solution
uwe WiP(Q) to (3.1), there holds

1 . =n_
||VUHL(q,t)(Bo) < C|BO|q ||VUHLP*5(4BO) [mln{roa 230}]1”“5 + C||fHL(q,t)(4Bo)-

Here the constant C' = Clyp1~,00,01,0) a0d By = Br,(20) is any ball with zy € Q@ and Ry > 0.
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Proof. Let By be a ball of radius Ry > 0 and set » = min{rg,2Ro}/26. As usual we set u
and f to be zero in R"™ \ Q. In what follows we consider only the case t # oo as for t = oo

the proof is similar. Moreover, to prove the theorem, we may assume that

1Vl -5 5y 7 0.

For T' > 2 to be determined, we claim that there exists N > 0 such that

1

{a € R : M(xap,|Vul~) 75 () > N}| < Hr"|B|.

with H = H(T') being as in Proposition 3.26. To see this, we first use the weak type (1, 1)

estimate for the maximal function to get

1 On
e € R MO |9u )5 (0) > N < w2 [ (gup
4B

Then we choose N > 0 so that

Cin
NI(’—)5 /43 \Vul[P~0 de = Hr™ | Byl. (3.59)
0

Let A and €(T') be as in Proposition 3.26. For 0 < ¢ < oo, we now consider the sum
S =3 (AT)*|{z € By : M(xan,|Vu/ NP7 (2) > (AT)*} 5.

k=1

By Lemma 2.18, we have

t

O < [ MOxan, [Vu/NP0)7s < C(Boli +5).

L(g; t)(Bo)

We next evaluate S by making use of Lemma 3.28 as follows:

§ < e (AT LH [{w € By : M(xam [Vu/NP)75 (2) > (AT)*}]

k=1
+ [{z € By s Mxas, [£/N7)75 (2) > e(T)(AT) 1|}
< ¢ (AT) Ha(S + |Bo|a) + ¢ M(xano £ /NP~°) 75 |0 1 080)-

At this point we choose T' large enough and § small so that

c(AT)' H = ¢ (AT)! (T*W) + 59 miﬂ{lvril})a <1/2.
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This is possible as ¢ < p + 0/2, and moreover, T' can be chosen to be independent of q. We

then obtain

i I T
S < 1Bolv + M (xano £/ NP~) 750 1080

Now applying the boundedness property of the maximal function M and recalling N from

(3.59), we finally get

1
IVullzgnme < [Bol* N + [[£]| Ligy@Bo)

N

1 =n_
| Bol [ Vull Lo-samoyr»= + [IEll Liq.t)aBo)-

3.4 Proof of Main Theorem

We are now ready to prove the main result of this chapter.

Proof of Theorem 3.3. Let § > 0 be as in Remark 3.25, and let By = Bg,(20), where zy € 2
and 0 < Ry < diam(€2). We shall prove the theorem with §/2 in place of §. Hence, we assume
that p—96/2<q<p+46/2,0 €[p—4,n|, and u € Wol’p_é(Q). By Theorem 3.29, we have

1 . —n/(p—6
IVull Lanzo) S |Bol || Vuull Lo-samy) min{ro, 2Ro}) ™™ P + || nq.(a80) 5.60)

1 . —n/(p—6 nl
< | Bol | V]| o-sqay) [min{ro, 2Ro}] ™~ + Ry ™ |1£]] cogp
where the second inequality follows from just the definition of Morrey spaces.
To continue we consider the following two cases.

Case (i). %0 < Ry < diam(€2): By using (3.60) and the inequality

/ |VulPde < C’/|f|p‘5dx
4By Q

. n— =9 p—0
< Cdiam(Q) ‘ ||f||L(q,t)(Q)

. n—9e=9% p—4
< Cdiam(Q) a ||f||59(q,t)(9)’
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which follows from Theorem 3.17 and Holder’s inequality, we get
IVull g om < R IV ull o-sapoyra ™" + R(;L%ngHE"(q,t)(Q)
< Ry "diam ()~ *[diam(€2) /ro] 7 ||| 2,00 +R(;L%6||f||£9(q,t)(§2) (3.61)
< Ry [ oy {[diam(@) /o] 77 + 1}
Case (ii). 0 < Ry < min {%, diam(Q)}: From (3.60), we have
IVulltqos < B IVullio-siamy Bo ™" + 1€l Lzo- (3.62)
We next aim to estimate the first term on the right-hand side of (3.62). To that end, let
r € (0,70]. If Bya(z0) C Q we let w € u+ Wy °(B,s5(2)) solve

div A(z, Vw) = 0 in B,/5(%),
w = u on 0B, 5(%).

Otherwise, i.e., B,/4(29) N O # 0, we let w € u+ Wol’pf‘s(Qm/Q(:co)) be a solution to

div A(z, Vw)

0 in Q,9(z0),

w = u on 0 s (x).
Here 29 € 02N B, /4(20) is chosen so that |29 — x| = dist(20,02), and thus it follows that
B.y/5(20) € Brja(xo) C Bsya(20). The existence of w follows from Corollary 3.10 or Corollary

3.18. In any case, by Lemmas 3.12 and 3.23 for any 0 < p < r/5 we have

/ \Vw[P= da < (p/r)"HP=9)Eo=D / V[P da,
Bp(z0) B../5(20)

where By = Bo(nppa0.n1) € (0,1/2] is the smallest of those found in Lemmas 3.12 and 3.23.

Hence, when p > 2, we get from Lemmas 3.13 and 3.24 that

/ |VulP~° < / |Vw|p_5dx+/ |Vu — Vw|P~° d
By(20) By (z0) By (z0)

p e+ (p-5)(Bo-1) B B
< (—) Vw|P=® dz + IV — V[P de
r Br/5(20) BT‘/5(ZO)

e+ (p-3) (o 1)
< <3> ' / V]~ do+
B’V‘/5(ZO)

T
= / Ve + / ]P0
Bg,./4(20) Bs3,./4(20)
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Similarly, in the case 1 < p < 2, using Lemmas 3.13 and 3.24 and Young’s inequality we

find, for any € > 0,

n+(p—8)(Bo—1)
/ VP~ < <£> i / |Vwl|P~0 da +
By (z0) r B, /5(20)

+ (0770 + ) / IVulP~™ dz + C / |f[P~° du.
Bs,./4(20) Bg,./4(20)

Therefore, if we denote by
o) = [ |vupid,
BP(ZO)

then we have

nt(p—3)(Bo—1) - 3r ~

o 5| (2) par bt oy [t o)
r B3, /4(20)

which holds for all e > 0 and p € (0,7/5]. By enlarging the constant if necessary, we see that

(3.63) actually holds for all p € (0, 3r/4].

On the other hand, by Holder’s inequality there holds

/ I[P~ da < P
B3, 4(20)

and thus (3.63) yields

i

L(@t)(Barja(z)) ST ||f||ce (2

(qt )(2)

(3.64)

n+(p—0)(Bo—1) . 1
o(p) < [ <§) ’ 4 @9 min{1, 215} +e|o(3r/4) + Cogr"

for all p € (0,3r/4]. Since 6 € [p — d0,n] and q € [p— §/2,p + §/2], we have

Ogn—@<n+(p—5)(ﬂo—l), (3.65)

as long as we restrict 6 < 2pfy/(1+4 fp). Note that the constant hidden in < in (3.64) depends
only on n,p, Ag, Ay,7, and b. Thus using (3.64) and (3.65), we can now apply Lemma 3.4
from [23] to obtain a § = §(p.a9.A;.45) > O such that

olp) < (5’)"_9@‘1 (/0 +

r
o7

qt)



provided we further restrict § < 6. Since this estimate holds for all
0<p<3r/4<3ry/4,

r .
we can choose p = 4Ry < 50 and r = ry to arrive at

9(17 %)
R\ _0w-8)
o) < (T0) T o4 BT I (3.66)

To

Substituting (3.66) into (3.62), we find
n—0 Q_Lé
IVullLnme S Bo" g " [[VullLe-s( +Ro Hche

n—~0 0 n

S Ry* PN o s() T Ro ||f||£9 (¢,1) ()

(3.67)

where we used Theorem 3.17 in the last inequality. Thus using Holder’s inequality in (3.67)

we get

n—=0 n__6
IVull g S Bo® [IEllco@o@ {(diam(Q)/To)p"s .4+ 1} : (3.68)

Finally, combining the decay estimates (3.61) and (3.68) for ||Vu/| () B,) in both cases

we arrive at the desired Morrey space estimate. ]
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Chapter 4
Global Weighted estimates in Lorentz Spaces

One of the main goals of this Chapter is to obtain global gradient weighted estimates of

the form
/|Vu|pwdx§ C’/ £ [Pwdz (4.1)
Q Q

for weights w in the Muckenhoupt class A; and for solutions u to the nonhomogeneous

nonlinear boundary value problem

div A(z,Vu) = div |f|Pf in Q,
v = 0 on 0f.

We shall state all the assumptions that we need for this chapter:

Hypothesis 4.1 (Assumption on A(x,()). We will assume the nonlinearity A(z, () satisfies
(2.1) and (2.2). Along with this, we will also assume that A satisfies (v, Ry)-BMO (see

Definition 2.2) condition as quantified in Theorem 4.3.

Hypothesis 4.2 (Assumption on ). We assume that Q is a (v, Ry)-Reifenberg flat domain

(see Definition 2.3) for some (v, Ry) as quantified in Theorem 4.3.

4.1 Main Theorems

We are now ready to state the main results proved in this chapter.

Theorem 4.3. Suppose that A satisfies Hypothesis 4.1 . Let t € (0,00], ¢ > p, and let w be
an Agjp weight. There exist constants T = T(npagay) > 1 and ¥ = YinpaoArgwe) > 0 such

that the following holds. If u € Wy*(Q) is a solution of (4.2) in a (v, Ry)-Reifenberg flat

This chapter previously appeared in [3]. It is reprinted by permission of Springer (see Page 109 )
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domain Q with [A]% < v, then one has the estimate

|Vu

| L@@ < Clapho,A gt ], .diam(2)/Ro) Il 2. (0.0 (2)-

Remark 4.4. By Remark 4.18 below and Lemma 2.21, it follows that if w is an upper bound
for [wlgp, i.e., [w]gp < W, then the constants C' and ~y above can be chosen to depend on w

instead of [wlg/p or [W]s.

Theorem 4.3 follows from Theorem 4.16 below (applied with M = ¢) and the boundedness
property of the Hardy-Littlewood maximal function on weighted spaces. Its main contribu-
tion is the end-point case ¢ = p, which yields inequality (4.1) for all A; weights w as proposed
earlier. The case ¢ > p has been obtained in [43, 44] but the proofs in those papers can only
yield a weak-type bound at the end-point ¢ = p.

Theorem 4.16 also yields the following gradient estimate below the natural exponent for

very weak solutions.

Theorem 4.5. Suppose that A satisfies Hypothesis 4.1 and let 6y € (0,n] be a fized number.
Then there exist T = T(npao,A1) > 1, 0 = O(npbo,00,01) > 1, and Y = Ynpoo,ao,n,) > 0 such that
the following holds: If u € Wol’p_d(Q) is a very weak solution of (3.1) in a (v, Ry)-Reifenberg

flat domain Q with [A]® <~ and £ € £L%(q,t)(Q,R"), then there holds:

VUl 2o g0@) < Clnpa,tto.00,01.diam(@)/Ro) |l 20 (0,0 ) (4.3)

forallg e (p—10,p], 0 <t <ooand by <0 <n.

The proof of Theorem 4.5 follows by first applying Theorem 4.16 (with M = p in Theorem

4.16) and the weight functions

w(r) = min{|z — 2|70, p =Y

for any z € Q and r € (0, diam(Q2)] and a fixed p € (0,6). Note that w is an A; weight with

its A; constant [w]; being bounded from above by a constant independent of z and r. See
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also Remark 4.18. The rest of the proof then follows verbatim as in that of [43, Theorem

2.3).

Remark 4.6. We mention that the sub-natural bound (4.3) was obtained in Theorem 3.3 (see
also [2]) but with the restriction 6 € [p—25,n|, and in [28] with 6 = n, i.e., for pure Lebesgue

spaces only. Note also that the super-natural case q > p has been obtained in [43, 44].

4.2 Interior estimates

Let u € WgP™°(Q) for some & € (0, min{1,p — 1}) be a very weak solution to the equation
div A(z, Vu) = div [f[P7>f

in a domain . For each ball Bogp = Bagr(zg) € 2, we let w € u + Wol’pfé(BgR) be a very

weak solution to the problem

divA(z,Vw) = 0 in Bap
(4.4)
w = u on 0Bsp.
For sufficiently small §, the existence of such w follows from the result of |28, Theorem 2|.
Lemma 3.13 tells more on the integrability property of w and its relation to v by means of
a comparison estimate.

Now with w as in (3.1) and w as in (4.4), we further define another function v € w +

Wy'P(Bg) as the unique solution to the Dirichlet problem

div Ap,(Vv) = 0 in B,
BR( ) R (4.5)

v = w on J0Bpg,
where Br = Bgr(x). This equation makes sense since we have good regularity for w as a

consequence of Theorem 3.8. We shall now prove another useful interior difference estimate.

Lemma 4.7. Under Hypothesis 4.1, let § € (0, 52), where 0y is as in Theorem 3.8 and let w

and v be as in (4.4) and (4.5). For T = P (p+ )

b (p—1)

, there emists a constant C' = C(y, pa0,01)

such that

min{p—tS,i_f}/T(

Vo — Vw|P~ dx < C’( Y(A, Bg)(z)" dx) |Vwl|P~? dx).

Br Br Bor
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Proof. Using (2.1) and the fact that both v and w are solutions, we have

(IVo2 + [Vu) T [Vw — Vo2de < (Ap, (Vw) — Ap,(Vv), Vi — Vo) d

Br Br

=C  (Ap,(Vw) — A(z, Vw), Vw — Vo) dz

Bpgr
< Y (A, Br)(x)|Vw['~|Vw — Vv| dx.

Br

4}
Pt 10, and 7 we get

Using Holder’s inequality with exponents p,

(|VU|2+|Vw|2)pTi2|Vw — Vol*dzx

Br

[un

p—

S

< ( N T(A, BR)(-T)de)

—1

p—0

]

g( T(A,BR)(x)de>T( |Vw|p_5dx)
Br Bar

where the last inequality follows from (3.8) of Theorem 3.8.

Thus for p > 2, using pointwise estimate
Vw — VP < (|Vo]? + |Vw|?) "2 [Vw — Vo,

we find

p—1 1 p—1

. - =
< IVw — Vul? dx) ’ < ( YT (A, Bg)" dx) ( |Vw[P~° dx) ’
BR BR BQR
By Holder’s inequality this yields the desired estimate in the case p > 2.
For 1 < p < 2 we write
(p—2)p (2-p)p

Vo = Vul’ = ([Vuf* + [Vwl?) 757 [Vw = Vol ([Vol* + [Vuwl?) 5
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p+3g
( | V[P dx) ( |[Vw — VP dx)
BR BR

( |Vw—Vv|pdx>p :
Br

=

P

(4.6)



to obtain

2
and apply Holder’s inequality with exponents — and 5
p -P

I3

2

IVw — Vol do < ( (IVol2 + V)T |V — Vo2 dx) x

Br Br

X ( (|Vo)? + |Vw|2)§dx)
Br

% (p
< ( Y (A, Bp) dx) ( |Vw|P~? dx) X
Br Bor

2—p

X ( \Vw — Vol? d:c) ( |Vwl? da:) :
Br Br

Here we used (4.6) and the easy energy bound

/ |VoulPdr < c/ |Vw|Pdx
Bg Bg

in the last inequality. Using (3.8) of Theorem 3.8 yields

2—p

D p

r 75
\Vw — VolPdr < ( T(A, Br)" dx) ( |Vw|P~? dx) .
Bgr Br Baor
Now an application of Holder’s inequality gives the desired estimate. O
5 - -
Corollary 4.8. Under Hypothesis 4.1, let T = Sg% and 6 € (0,02), where dy is as in
2 \P—

Theorem 3.8. Then for any € > 0, there exists v = 7y > 0 such that if u € W()l’p_6(Q) 5 a

very weak solution of (3.1) satisfying
|Vu|Pdr <1, f[P=° dx < AP~ and T(A, Br)"dx <7,
Bar Bar Bgr
for a ball Bog € Q, then there exists v € WP(Br) N W (Bg/s) such that
5 |Vu — Vol|Pdr < 7°, and ||Vv||Loo(BR/2) < Cy = Co(n,p, Ao, Ay).

Proof. Let w and v solve (4.4) and (4.5) respectively. Since we have v € W?(Bpg), standard

regularity theory gives (see, e.g., [56])

||Vv||poo( |VolPde < |Vw|Pdx

Br Br

N

Bry2)

P p

p—5 p—5
( \Vw]p5dx> < ( |Vu|p‘5d:v) < ().
Bor Bar
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Here we have applied Theorem 3.8. The proof of the corollary now follows from the compar-
ison estimate in Lemma 3.13 and Lemma 4.7. O
4.3 Boundary estimates

We now consider the corresponding local estimates near the boundary. Suppose that the
domain €2 is (v, Rp)-Reifenberg flat with v < 1/2. Let 2y € 9Q and R € (0, Ry/20) and
let u € WaP °(Q) be a very weak solution to (3.1) for some § € (0,min{l,p — 1}). On

Qaor = Qoor(0) = Baor(wo) N Q, we let w(z) be a very weak solution to the problem:

divA(z,Vw) = 0 in Qgg,
(4.7)
w € u-+ Wol’p*é(QmR(J?O))-

We now extend u by zero to R"™ \ © and then extend w by u to R™ \ Qaor(x).

Remark 4.9. Analogous to Lemma 3.13, we have the boundary counterpart given in Lemma

3.24. This will imply the boundary analogue of Lemma 4.7 as given in Lemma 4.10.

With 2y € 0 and 0 < R < Ry/20 as above, we now set p = R(1 — ). Here 7 is from the
definition of (v, R)-Reifenberg flat condition that we have assumed on €.
With this p and thanks to the existence and regularity of w in Theorem 3.21, we define

another function v € w + Wy?(€,(0)) as the unique solution to the Dirichlet problem

div Ag (Vv) = 0 in Q,(0),
5,(Vv) »(0) (48)
v = w on dQ,0).
We then set v to be equal to w in R" \ €,(0). The following boundary difference estimate

can be proved in a way just similar to the proof of Lemma 4.7.

Lemma 4.10. Under Hypothesis 4.1, let § € (0,09,), where 69 is in Theorem 3.21 and let w

0.
and v be as in (4.7) and (4.8). For 7 = %%, there exists a constant C = C(npnga)
such that
min{pfé,i%‘i}/T
Vv — Vw|[P~° dz < C ( T(A, B,(0))(x)" dx) ( | V[P~ dx) :
BP(O) BP(O) Bl4p(0)
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As the boundary of €2 can be very irregular, the L*-norm of Vv up to the boundary of Q2

could be unbounded. Therefore, we consider another equation:

div Ag (VV) =0 in B (0),
5,(VV) 5 (0) (49)

V. =0 onlT,
where T}, is the flat portion of B, (0). A function V € W'?(B}(0)) is a weak solution of

(4.9) if its zero extension to B,(0) belongs to W?(B,(0)) and if

Ap,(VV)-Védz =0

B, (0)
for all ¢ € Wy (BF(0)).
We shall now need the following key perturbation result obtained earlier in |50, Theorem

2.12).

Theorem 4.11 ([50]). Suppose that A satisfies Hypothesis 4.1. For any € > 0, there exists
a small ¥ = Ynpaosre > 0 such that if v € W'P(Q,(0)) is a solutions of (4.8) under the
geometric setting in Remark 2.4, then there exists a weak solution V € Wl’p(B;(O)) of (4.9)

whose zero extension to B,(0) satisfies

||VV||p°°(Bp/4(0)) S C(n,p,Ao,Al) ) |vv|p dQT,

B,(0

and

Vo = VV[Pde <€ |VolP dx.
By,5(0) B,(0)

We now have the boundary analogue of Corollary 4.8. The proof of the following corollary

follows with obvious modification as in [44, Corollary 2.10].

Corollary 4.12 ([44]). For any € > 0, there exists constants ¥ = Ympaoa,e > 0 and

51 = 51(%@,\0,/\176) € (0,02), where o9 is as in Theorem 3.21, such that the following holds with
_p(p+d)
T = —
g (p—1)
a very weak solution of (4.2) with

. IfQ is (7, Ro)-Reifenberg flat and for any & € (0,6y), let u € W P~°(Q) be

IVulP " x de <1, EP0vodr < AP0 and [A]R <+,

Baor(z0) Baor(z0)
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where xo € 0 and R € (0, Ry/20), then there is a function
Ve Wl’oo(BR/lo(l’()))

such that

HVVHL‘X’(BR/IO(:EQ)) S CO = CO(TL,p,AO7A1)7

and

|Vu — VVIP dr < 70, (4.10)

Br/10(0)

Proof. With o € 0Q2 and R € (0, Ry/20), we set p = R(1 — 7). Also, extend both v and f
by zero to R" \ 2. By Remark (2.4) and by translating and rotating if necessary, we may

assume that 0 € Q, o = (0,...,0,—pv/(1 —v)) and the geometric setting
B (0) € Q,(0) C B,(0) N {x, > —4vp}. (4.11)
Moreover, we shall further restrict v € (0,1/45) so that we have

Brjio(zo) C B,s(0).

We now choose w and v as in (4.7) and (4.8) corresponding to these R and p. Then, since

Bl4p(0> C BQOR((I,’(]), there holds

=
|VolPde < C |\VwlPdz < C ( ]Vu]p‘sda:) < C.
)

B,(0) B, (0 Baor(zo)

By Theorem 4.11 for any 7 > 0 we can find a v = Y pae,a.,n) € (0,1/45) such that, under

.11), there 1s a function V' & ’ N ’ 4 such that
4.11), there is a function V€ WHP(B,(0)) N W">*(B,4(0 h th
||VV||7200(BR/10($0)> <C ||vv|lp°°(Bp/4(0)) <C 5,0 [VolPde < C,

and

Vo — VV|Pdx < nP |VolPde < CnP.
B,/s(0) B,(0)

By Hoélder’s inequality, the last bound gives

Vv — VVIPdr < CpP~°. (4.12)

Bp/S(O)
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Now writing
|Vu — VVI|Pdx = IV(u—w)+ V(w—v)+ V(v—V)Pdr,
Br10(0) B,/5(0)
and using (4.12) along with Theorem 3.21 and Lemma 4.10, we obtain inequality (4.10) as
desired. O
4.4 Weighted estimates

We now use Corollaries 4.8 and 4.12 to obtain the following technical result.

Proposition 4.13. Under Hypothesis 4.1, there are constants X = Ay pagn) > 1 and
T = TapAoh) > 1 such that the following holds. For any e > 0, there exist constants
Y = Yprohre) > 0 and & = g pagare > 0 such that if u € WP (Q) with § € (0,9), is a
very weak solution to (4.2) with Q being (7, Ry)-Reifenberg flat, [A]f0 < ~, and if, for some

ball B,(y) with p < Ry/1200,

B,(y) N {z € R* : M(|Vul~0)75 (z) < 1} N {z € R" : M(If[""x0)77 (z) < 7} #0,

(4.13)
then one has

{z € R : M(|[Vu"=)73 (2) > A} N B,(y)| < €|B,(y)]. (4.14)

Proof. By (4.13), there exists an zy € B,(y) such that for any r > 0,
IVuPdr <1 and xalf|P~% do < AP, (4.15)

By (o) By (zo)
By the first inequality in (4.15), for any = € B,(y), there holds

M(Vul™)75 (@) < max { M(xp, ) [Vul’ )75 (2), 3"} (4.16)

To prove (4.14), it is enough to consider the case By,(y) C 2 and the case By,(y) NS # 0.

First we consider the latter. Let yo € By,(y) N OS2, we then have

Bs,(y) C Bep(yo) C Bi200p(Yo) C Bi2osp(o)-
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Thus by (4.15) we obtain

|Vu|Pdr < ¢ and xalf|P 0 dr < cyP?,
Bi1200,(y0) Bi1200,(y0)

where ¢ = (1205/1200)". Since 60p < Ry/20, by Corollary 4.12 (with R = 60p), there exists
a T = T(npAo,A;) > 1 such that the following holds. For any n € (0,1), there are constants
Y = Yprosrg > 0 and § = Spagn,, > 0 such that if Q is a (7, Ro)-Reifenberg flat

domain and [A]f < v, then one can find a function V' € W (B, (yo)) with

IVV | 2o (Bapw)) < NIV V | Loo (8o (0)) < Cos (4.17)
and, for § € (0,9),

Vu — VV[Pde < C \Vu — VV[P~2 dx < C P~ (4.18)

Bap(y) Bsp(yo)
In view of (4.16) and (4.17), we see that for A = max{3",2C)},
{z € R : M(|VulP~)55 (z) > A} N B,(y) C
C {z € R" : M(xp,,)|Vul’ )73 () > A} N B, (y)
C {x € R™ : M(xp,, )|Vt — VV[P0) 75 (z) > A/2} N B,(y).

Thus by the weak-type (1,1) Maximal function inequality and (4.18), we find

C
o €R: MValP )75(a) > NN B < 5y [ [Vu=VVP s
ng(y)

C _
< Gl Bl

This gives the estimate (4.14) in the case By,(y) N 0 # 0, provided n is appropriately
chosen. The interior case By,(y) C € can be obtained in a similar was by using Corollary

4.8, instead of Corollary 4.12. m

Proposition 4.13 can now be used to obtain the following result which involves A, weights.

Proposition 4.14. Under Hypothesis 4.1, there exists A = Ay pag,ay) > 1 and T = T, pagay) >

1 such that the following holds: for any w € Ay and e > 0, there exist ¥ = Y p Ag,Ase,[w]o) > 0
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and & = S(np g Arcfulo) > 0 Such that if u € WP (Q) with § € (0,9), is a very weak so-
lution of (4.2) with Q being (7, Ro)-Reifenberg flat, [A]f> < v, and if, for some ball B,(y)

with p < Ry/1200,

w(fr € R™ : M([Vul™)75 (2) > A} 0 By(y)) > ew(B,(y)),

then one has

B,(y) C {x € R : M(|Vul[?"%)75 () > 1} U {z € R : M(|f*xa)75 (z) > 7}, (4.19)

Proof. Suppose that (Z, Z;) is a pair of A, constants of w and let A and 7 be as in Proposi-
tion 4.13. Given € > 0, we choose a v = vz, =, ) and 0=20 (Z0,21,¢) s in Proposition 4.13 with
e/ (QEO)]I/ =1 replacing €. The proof then follows by a contradiction. To that end, suppose

that the inclusion in (4.19) fails for this v, then we must have that

By(y) N {w € R : M(|Vul )75 (z) <1} N {z € R" : M| x0) 75 (x) <7} £ 0

for some 0 € (0, 0). Hence by Proposition 4.13, if Q is a (v, Ry)-Reifenberg flat and [A)f° < ~,

there holds

e \ V=
o € RS MOV )75 > A0 B0 < (55 ) 1B

Thus using the A, characterization of w (Lemma 2.21), we immediately get that

w(fr € R™ : M([Vu™)75 (2) > A} 1 B (y))

o € R" : M(IVul9)75 (2) > A} 0 B,(y)| |
1B, ()|

w(By(y)) < ew(B,(y)).

IN
(1

w(B,(y))

IN
N

This yields a contradiction and thus the proof is complete. O

The Calderén-Zygmund decomposition type lemma 2.36 will allow us to iterate the result

of Proposition 4.14 to obtain Theorem 4.15 below.
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Theorem 4.15. Under Hypothesis 4.1, let A\ and T be as in Proposition 4.14, then for any
w € A and any € > 0, there ezist ¥ = Ynprosefwle) > 0 and & = O(nprorrefw]o) > 0
such that the following holds: Suppose that for any solution u € W()l’p_6(§2) with 6 € (0,6),
is a very weak solution of (3.1) in a (7, Ro)-Reifenberg flat domain €2, with [AJ% < ~,

suppose also that { B, (y;)}2, is a sequence of balls with centers y; € Q and a common radius

0 < r < Ry/4000 that covers Q. If for alli=1,...,L
w({z € Q: M(|VulP~)5s (z) > A}) < ew(B,(y)), (4.20)

then for any s > 0 and any integer k > 1 there holds

w({z €Q: M(|VulP~0)5s () > M})* <
< D (A9 wl{ € Q2 MUEP )7 (@) > 1A

+ (A w({z € Q0 M(IVul~)5s (z) > 1),

where the constant A = A, w]..)-

Proof. The theorem will be proved by induction on k. Given w € A, and € > 0, we take
Y = V(e fw]eo) and 0= 3(6’[7&]&) as in Proposition 4.14. The case k = 1 follows from Proposition
4.14 and Lemma 2.36. Indeed, for § € (0,6), let

C={zeQ: M(|VuPP)5s(z) > A}

1

D={zeQ: M(|Vulr)rs(z) > 1} U{z € Q: M([fPOya)7 (z) > 7}

Then from assumption (4.20), it follows w(C) < ew(B,(y;)) for all i = 1,..., L. Moreover,
if y € Q@ and p € (0,2r) such that w(C'N B,(y)) > ew(B,(y)), then 0 < p < Ry/1200 and
B,(y) N C D by Proposition 4.14. Thus all hypotheses of Lemma 2.36 are satisfied, which
yield, for a constant B = B(n, [w]),
w(C)® < B¢ w(D)*
< B2 w({z € Q: M(|VulP0)7s () > 11)+

+ B2 w({w € Q: M(F]P O xq) 75 (2) > })°
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for any given s > (. This proves the case k = 1 with A = 2B. Suppose now that the
conclusion of the lemma is true for some & > 1. Normalizing u to uy = u/\ and f, = £/},

we see that for every 1 =1,... L,
w({z € Q: M(Vw~)7 (@) > A}) =

—w({z € Q: M(|Vulr®)75 () > A2}

<w({z € Q: M(|VulP?)5s > A})

< ew(B(yi)).
Here we have used the fact that A > 1 in the first inequality. Note that u, solves

div A(z, Vuy) = div |f,[P72f, in Q,
u = 0 on 0f,

where A(z,€) = A(z, A\6)/N'~1 which obeys the same structural conditions in Hypothesis

4.1. Thus by inductive hypothesis, it follows that

w({z € Q: M(IVuy P55 () > A})* <

k
<> (A w({z € Q: M(If\P P xa)75 () > yAE}) ¢ (4.21)

+ (Ae)™ w({z € Q: M(|Vur P55 () > 1})°.

Finally, applying the case k = 1 to the last term in (4.21) we conclude that

w({z €2 M(IVul=)73 () > X1} <

k+1
1

< Z(Ae)” w({z € Q: M(|f[P0xq)77 (z) > YA}

+ (Ae)* B w({z € Q : M(|Vulr®) 7 (z) > 1})°.

This completes the proof of the theorem. n

We are now ready to obtain the main result of this section.

Theorem 4.16. Suppose that A satisfies Hypothesis 4.1 and let M > 1 and w be an

As weight. There exist constants T = Tupaga) > 1, 0 = dnpeaMwe) > 0 and
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Y = YonproAMwle) > 0 such that for any t € (0,00] and any q € (0, M], the following
holds: If u € Wi P™°(Q) is a very weak solution of (3.1) in a (7, Ry)-Reifenberg flat domain

Q with [AJf° <, then one has the estimate

1
IVullL, @@ < CIIMUEP™)7 || L@@, (4.22)
where the constant C = Cpp Ao,y t,g,M,[w]ee,diam(Q)/Ro) -

Remark 4.17. The introduction of M in the above theorem is just for a technical reason.

It ensures that the constant d is independent of q as the proof of the theorem reveals.

Remark 4.18. It follows also from the proof of Theorem 4.16 that if (Zo,Z1) is pair of As
constants of w such that max{=,1/=} < @ then the constants 6,y and C above can be

chosen to depend just on the upper-bound @ instead of (2o, Z1).

Proof. Let Ampagar) and T(npaga,) be as in Theorem 4.15. Take e = AMA7'27! and
choose § = S(H%AO,AhE’[w]m)/Q, where A = A, [u).,) and 0 are as in Theorem 4.15; thus
0 = O(np,Ao,A1,M,[w]o), Which is independent of ¢. Using Theorem 4.15 we also get a constant
Y = Y(np,Ao,Ar,M,[w]ee) > 0 for this choice of e.

We shall prove (4.22) only for t € (0, 00), as for t = oo the proof is just similar. Choose a
finite number of points {y;}~, C Q and a ball By of radius 2 diam(f2) such that

L
QC UBr(yi) C Bo,

=1

where 7 = min{R,/4000, diam(£2)}. We claim that we can choose N large such that for

uy =u/N and for alli =1,... L,

wi{z € Q: M([Vuy P77 (2) > ) < ew(Br (). (4.23)

Indeed from the weak-type (1,1) estimate for the maximal function, there exists a constant
Ctny > 0 such that

1 C
. p—9 e (n) p—0
‘{l‘EQM(’CUN‘ ) 6($)>)\}|<—<)\N)p_5/9‘vu‘ dx.
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If (Z9,Z1) is a pair of Ay, constants of w, then using Lemma 2.21, we see that

[1]

1

w({z € Q M(|Vuy P75 () > \}) < Zp <(L /Q IVl dx.) w(By).

AN)P=9| By
(4.24)
Also, there are C1 = Cy(p[w].) = 1 and p; = Pi(n,[u]) = 1 such that
w(By) < C ( |5l )pl w(B,(y;)) (4.25)
o) S Ui | o7~ r(Yi .
| Br(y:)]

for every ¢ = 1,2,..., L. This follows from the so-called strong doubling property of A,

weights (see, e.g., [19, Chapter 9]). In view of (4.24) and (4.25), we now choose N such that

Cn B, (y; P1/E1 1/E1
(5 /|vu|p 5d (‘ (y>’> (’_6 > )
(AN)P=9| By| | By Z0Ch

This gives the desired estimate (4.23). Note that for this NV we have

N < C1Bo|7 | Vull-s(0) < CIBol 7 [Exallirs(m)
(4.26)
1
< CM(EP " xa) (@) 75

for all x € 2. Here C' = Ciy, p ag,A1,M,[w]eo,diam(Q)/Re) @and the second inequality follows from

Theorem 3.3.

With this N, we denote by

S =" XNrw({z € Q: M(|Vuy[P~%)7 (z) > A*})s

k=1
and for J > 1 let

Sr= Muw({z e Q: M(|Vuyl?=)7 (z) > A*})7

k=1

be its partial sum. By Lemma 2.19, we see that

t

1S < IM(IVun =)= 1L, (a@) < Clw(@)7 + ). (4.27)

By (4.23) and Theorem 4.15, we find

SJ<ZA““ ZAeqw({er M(|fx [0 x) 75 () > yAED})d

7=1

+Zw (Ae) P w({z € Q : M(|Vuy|P%) 7 (z) > 1})7.
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Here recall that e = A A71271 ans A = A jw])- Now interchanging the order of summa-

tion, we get

J

J
SwéZX“”ﬁjb:V“”wmmLMﬂmv%mw%>kamﬁ
j=1

k=j

+Z (AeN) " w({z € Q@+ M(|Vuy[P) 77 (z) > 1})3

< C{IMUET) 7 1 gy +w(@)5] 3274

j=1
< C (1M7L ey + ()7

for a constant C' = Cnp ag,a,,0.6,M,[w]e)- Letting J — oo and making use of (4.27), we arrive

at
Y NN 5y L t
IMAun P2 75 iy < € [IMUE)7 15 gy + ()7 ]
This gives
_ 1 1
IVl < € [IMUEP x0) 7 o) + Nw(@)7] |
which in view of (4.26) yields the desired estimate. O

4.5 Theory of Extrapolation
Theorem 4.19. Forp > 1, let f € LP(Q,R") be a given vector field and denote u € Wy (Q)

to be the unique weak solution to (4.2). Suppose we have that

/|vu|p )dz < C, /\f\p (4.28)

holds for all weights v € A%l. Then for any p — 1 < q < 00, there holds

/ Vul?w(z) de < Clag o ) / ()" (z) da (4.29)
0 =1’ Jq
for all weights w € ATL

Remark 4.20. What we obtain in this thesis is the weighted bound (4.1) for all weights

w € Ay which unfortunately is not enough for us to apply the above extrapolation theorem.
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Howewver, it provides us with an alternative view on the conjecture of T. Iwaniec and gives us
a different sense of how far we are from completely resolving this conjecture. Of course, one

can also generalize this conjecture by proposing the bound (4.28) for all weights v € Aﬁ'

Proof. First we consider the sub-natural case p — 1 < ¢ < p. To that end, let w € A% and
-

suppose that f € LP(2,R") N LE (2, R") satisfying (4.28) for all v € A »_. Extend both £

and u by zero to R" \ © and define

= ME(|fP=1) (z
R(£) () 3_22k”MHk(| i)

k=0 L;?U/(P*D_}L[Iw/(lﬂ*l)

Here M) = Mo Mo --- oM (k times) and note that (see, e.g., [19, Chapter 9])
|‘MHLZIU/(P*1)_>qu/(p*1) < C(n,p,q’[fw]%)- (4.30)
Now it is easy to observe from the definition of R(f) that
()P < R(F)(x), and R[] o/ < 2£11%, " (4.31)

An important result which we shall need is the following estimate:

_(p—q) _(p—q)

R(f) -1 @ & Ap% with [R(f) (»—1) w]L < C([w}%), (432)

p—1

The proof of (4.32) is obtained as follows: it follows from (4.30) and the definition of R(f)
that

M(R(£)) < Clpu)_s ) R(E),
and thus we get that

RO < ey (o [ ROW)

(p—a) g. Using the last inequality, we find

(p—1)p

for any ball B C R" containing z. Set now s =

for any ball B C R",

< ) dx) . (4.33)



On the other hand, by Hélder’s inequality there holds

1

P p—1

( RE -y das)”ll (RO )

bg ta (4.34)
< < R(f) da:) < w(x) e da:) :
B B
Multiplying (4.33) by (4.34), we obtain the conclusion stated in (4.32).
We now obtain by Holder’s inequality
|Vu|'w dr = (Vul! R(£) *R(f)*w dx
Rn R
(p—a)/p (4.35)

a/p
< ( |Vu|pR(f)_S'dex> ( (F)*7aw dx)
R” R™

By making use of the hypothesis of the theorem along with (4.31), we can then estimate

the right hand side of (4.35) as

qa/p .
_s.P ( |f|p R(f)_s'gw dl‘) ( 'R,(f)s'(z?*q)w dx)
(F)" " qw] p ) Rn R

(

< C([R(f)_s‘gw}p%r) ( - 'R,(f)@%lw dx)
(
3

(p—q)/p

9
)2”1”f||ngu-

P
p—1

We now consider the case p < ¢ < oo and in this regard, we fix a w € ALI and let
o

f e LP(Q,R") N LL(Q,R™) be as in the theorem. For any h € LY4/P(R™), define

(a/p)’
/ —  (M)P(|p|@e=07)(x)
R'(h)(x) :== Z ZkHM/Hk ’

k=0 L@/ =1Y _p (a/(0=1))
M (hw) q q :
where M'(h) := and (¢/p) = ——, (¢/(p — 1))’ = ———— denote the conjugate
(h) (4/p) q_p(/( ) p—
Holder exponents. Then it is easy to observe that
Sl / / <q/(?z{€)1/>>’ (4.36)
|h| @@= (2) < R'(h)(z), and |R (h)HLg/@—l))' < 2||h||L53/p)' : '
We now choose an h € L%/P) (R") with 120l (@) = 1 such that
qa/p
vl wte)do = IV, = ([ IVaPh@ua) @
R" w Rn
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(a/(=1))"
For this choice of h, define H := [R'(h)] @»" . It is easy to see from (4.36) that 0 < h <

H. We now prove the following important estimate:

(Hw) € A e with [Huw]

P
p— p—1

< C([w}%). (4.38)

p—1

Analogous to (4.30), we observe that M'(R'(h)) < C() , yR'(h). Thus for any ball B

containing x,

, (Q/(P—l))/(l_p)
1— (a/p)__ (a/p)’ 1-p
(Hw)(z) P < C([w] ) H@e-07w(y) dy w(x)Tr
p=T B
1) 1
where we have used the fact that (M — 1) (p—1) = P With this we
(4/p) g—p+1
obtain the estimate
= (a/p) - T
( (Hw)'™P dx) < Cllw] o) ( H@/e-DY g dy) ( Wit dx) (4.39)
B p=1 B B
for all balls B C R".
On the other hand, by Holder’s inequality, we obtain
(o (‘Z/((l;*)ll))/ 1_(«1/((?}*)1/))'
Hw dx < < H @/e-1) q da:) < w dm) (4.40)
Q Q Q
— 1)) 1
Multiplying (4.39) by (4.40) and observing that 1 — (a/(p ,)) = , we get
(a/p) g—p+1
1—p Pf1 ﬁ}H
[Huw] 2, < Cu) 4 ) ( wa dl’) ( w dl“) < Clfw) o)
TN Q Q P
which completes the proof of (4.38).
Using our hypothesis on f and Hoélder’s inequality we now obtain
|VulP hwdx < \VulP Hwdx
R Rn
<C fIP Hwd
= (02, ) Jao [£7 H w de (4.41)

1/(q/p)’

p/q
<C ( \f\qwdx) ( \H\(q/p)/wdx)
(101 2,) \Jro ke

7



Concerning the last term on the right, we have

/ |H|(Q/P)'wdx: R'(h) (@/(=1))" 4, da
" R (4.42)

1
= R/ < 29D Il

where the last inequality follows from (4.36).
Substituting (4.42) into (4.41) and recalling (4.37), we obtain the desired estimate when

p < q < oo. ]
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Chapter 5

Sharp Existence Result for Riccati type
Equation

In this Chapter, we will study existence of solutions to equations of the form:

—div A(z,Vu) = |[VulP + 0 in Q
(5.1)
u=10 on 0f

Hypothesis 5.1. We will assume the nonlinearity A(x, () satisfies (2.1) and (2.2). Also we
shall assume that A(z, ) satisfies (7o, Ro)-BMO condition as quantified in Theorem 4.3. We

further assume that the domain §2 satisfies all the conditions of Theorem 4.3.

Remark 5.2. The Hypothesis 5.1 ensures that we have estimates of the form:

IVull g, @) < Conpro s fw diam(@)/50) | El] 22,0
holds for all weights w € A;.

In what follows, we will only assume that Hypothesis 5.1 are satisfied unless explicitly
stated otherwise.

We shall recall the Schauder Fixed point theorem:

Theorem 5.3 (Schauder Fixed Point Theorem). Suppose K C X is a closed, convex set

and assume also that

A K-> K
1s precompact. Then A has a fixed point in K.
Definition 5.4. Define the set
Er = {p € Wy () N Wy () : ¢l < T} (5.2)

where T' is a fixed constant to be chosen later. We shall impose the subset topology from

Wy (Q) on E. Note here that the norm || - ||3s1.» is defined in Definition 2.16.
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Lemma 5.5. The set Er is closed and convex for a fixed T.

Proof. Let v, be any sequence in Ep with v, — v strongly in W, (Q). Because v,, € W, (Q)
are uniformly bounded in W, (€) norm, we have that v, — v weakly in Wy"(). Since

WyP(€2) norms are weakly lower semicontinuous, we see that
. . 1,
||U||W017P(K) < hr{gg.}f ||Un||W01,p(K) < T'capy , (W, ¥ (K))

which automatically implies v € Ep and this shows that Er is closed.
It is easy to see that || - [[a/1s is & seminorm and seminorms are subadditive. This easily

implies that E7 is a convex set. ]

5.1 Main Theorem

Theorem 5.6. Let 2 be a bounded domain and assume that the nonlinearity A(z,Vu)
satisfies (2.3) for the proof of this theorem. Suppose there exists a solution u € WyP(Q) to
(5.1) with |VulP € M"“P(Q), then there exists a vector field ¢ such that 0 = —div( and
satisfies the estimate

NS Nars < IVl llars + 1Vl I
Remark 5.7. If we assume o > 0 and compactly supported in €2, then any weak solution
u € WyP(Q) solving (5.1) automatically satisfies [VulP € M'P(Q). To see this, consider any
function ¢ € C(Q) with ¢ > 0 and using ¢¥ as test function in (5.1), we get

/(A(m,Vu),pdﬂ’lV@ dx:/|Vu|p¢p d:c—l—/a(bp dx
Q Q Q

An application of Young’s inequality on the left gives

/|VU|P¢P dq;—l—/o’¢p dr < 1/ |VulPpP dx+C/ |VolP de.
Q Q 2 Q Q

In other words, we have that

/|Vu|qup dr < C’/ |Vo|P ds and /a¢p dx dr < C’/ Vol dx
Q Q Q Q

for all ¢ € C°(Q2) with ¢ > 0. This is precisely the trace inequality and hence Theorem 2.32

implies that o € M"“P(Q) and |Vu|? € M'?((Q).
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Before we proceed with the proof of the theorem, we need the following Lemma:

Lemma 5.8. Given any function g € L*(Q2), there exists a vector field h € L*(Q)) such that

g = div h satisfying the estimate
Ih(z)| < Li(g)()

where I1(-)(x) denotes the Riesz potential of order 1.

Proof. First we extend g to be zero outside §2. Now consider the Green’s function G(z,y)
associated to —A on the ball Q C Bp with radius R = diam(f2), then consider at the

following problem:

—Ap=yg in Bp
gb =0 on 8BR
We can then write ¢ = G % g := G % (—A¢) and from this it is easy to see that

Ag() = /B AGl,y)g(y) dy = / MGl y)(~Ad(y)) dy.

Hence we can write g(z) = (— div VG) * g := — div(h). More specifically, we have

hz) = /B V., Gle, y)gly) dy.

Since the Green function G(x,y) we considered was on Bpg, we easily see that the Greens
function G(z,y) must satisfy the estimate

1

jz —y*

VoG(z,y)| < C(R,n)
Hence we obtain the pointwise estimate

h(2)] < Li(g)(2).
O

Proof of Theorem 5.6. Consider a ball Bg D € and applying Lemma 5.8 with ¢ = |Vu/|P and
from (5.1), we see that ¢ = — div. Az, Vu + div(h) with h(z) = / V.G (z,y)g(y) dy. That

Br
is, if we set ((z) = A(x, Vu) — h(x), then we trivially have ¢ = —div (.
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From Lemma 5.8, it is easy to see that
C@) < Co) || A, V)l + [h@)F | < Cop |Vl + L(Vul) ()]

Integrating over a compact set K € R" with cap, , (K N Q) > 0 and dividing by capy, (K, Q),

we get

fKﬂQ ‘C‘p/ dx < C fKnQ |vu’p dx + meQ Il(‘vu|p)p/
capy, (KNQ) — P capy (KNQ) capy (KNQ)

< Cpp) (119l llarrs + 1T (V) laris )

Taking supremum over all compact sets K € R", we get the estimate

1S s < Cpy (Vg + 1L (VU L)

Note that since by assumption, we have |Vu[P € M*(Q), using Theorem 2.30, we see that
|| Vul?|[prr < 400 if and only if || Iy (|VulP)?'||a1» < +00. Using Proposition 2.31, we can
replace || 11 (|Vul?)? || a0 by |||Vu|p|\’]’\l41,p and this completes the proof of the theorem. [
5.2 Main Theorem - Converse

Theorem 5.9. Consider the equation

div A(z, Vu) = |Vul? + div([f[P2f) in Q 53)

u=0 on I

with the nonlinearity A(x,() and domain S satisfying Hypothesis 5.1. Then there exists a
constant Ts > 0 such that if

& = £ farsr < T,
then there exists a solution w € Wy (Q) with |VulP € M*P(Q) solving (5.3).

The proof of Theorem 5.9 will be carried in several steps. First, we approximate (5.3) and
then obtain existence and regularity for the approximated equation. Eventually we will use
the regularity and an appropriate test function to pass through the limit.

We shall first approximate (5.3) as follows: Consider any v € E; where Er is as defined in

(5.2). Note that we have not yet made any choice on 7" which will be made later on. Here f; is
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any approximating sequence which converges strongly in LPI(Q) to the given f, for example,
we take f; = T,(f) and this suffices for our purposes where T(z) := min{|z|, s} sgn(z) for
any s > 0 which is the usual truncation operator. We now extend f to be 0 on R™\Q2 and

consider the equation:

—div A(x, Vi) = T5(|VulP) + div(fs)  in Q

(5.4)
u=20 on 0f)
Now applying Lemma 5.8, we see that (5.4) can be written as
—div A(z, Vi) = div(hy) + div(f;) in Q
(5.5)
u=20 on 0f)
where
hy(z) = —/ V.G(x,y)Ts(|Vu|P) dy = —/ V.G(z,y)Ts(|Vo|?P) dy
Br Q
satisfies the estimate
|y (z)| < L([Vol)(z). (5.6)

We shall first show existence and regularity of a weak solution to (5.4) and then apply

Schauder Fixed Point Theorem 5.3 to show the existence and regularity of solution to (5.7):

—div A(z, Vuy) = T5(|VusP) + div(f;)  in Q 57)

us =0 on 0f)

Once we have existence and regularity for the solution in (5.7), we will show strong conver-
gence in Wy P(Q) of u, to some function u € W,*(€) and this will help us pass through the
limit in (5.7) and show existence of solution to (5.3). Along the way, we need to put some
restrictions on the vector field f.

The first assumption we make on f and hence automatically also on f; is that

o= |||f|p/||}\g’f7p < S; and hence |||fs|p/||}v/ﬁp < S .
83



Here we need to make a suitable choice of Ty and this will be made in the following Lemma.

Note that the above assumption essentially implies that

/ f|P de < S, cap; ,(K).
K

Lemma 5.10. There exists constants S1 > 0 and Ty > 0 such that for any v € Eq, with

|E,|?' || e < i, we have a unique solution iy € By, which solves (5.4).

Proof. Since h,+f, € L>(Q), we have the existence of a unique weak solution in i, € W, ()
to (5.5) from the standard theory of monotone operators. All that remains now to show is
us € Eg,.

From Theorem 4.3, we have the estimate

/ \Viis|Pw dz < Cy(n, p, [w]l)/ lh, + f,|”w dz.
Q Q

By assumption, we have that |[Vo|P € MYP(Q) and |f,["" € M*P(Q), hence it easy to see from

using (5.6) and Theorem (2.30) that
|||hs + fs|p/||M1;P S gg.

Now making use of Lemma 2.34, we see that

/

7 a1/ 1P
1V llarss < Coupy [+ Bl 1E |

By using Theorem 2.30 and Proposition 2.31, we get

~ /0l / P,
1Vl < Cupeny [l + bal? 1372 .
, 1 , 1 p/ .
< Clapcn IEF 2 +IV0PIE, ]

Define g(t) :=C, , &, (t + a)V —t = Cy(t + )’ —t where o = \||fs|p/\|}\ﬁp. Then ¢'(t) =0
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We can see that g is a decreasing function and

glto) = Calt + o (@(t + Olc(p/ - 1)) - (éz(t+ ;(p/ - 1)) e

If we assume that

1 re 1 71
o< (—) e <—) _y
Co(p' — 1) Co(p — 1)

then g(to) < 0 and hence there is exactly one root for g at some Ty € (0, to], i.e g(Tp) = 0.
We fix this choice of Tj and henceforth work with Ep, .

For this t = Ty, we have from (5.8), that
|||Va5|p”M1,p S é’Q[O{ + To]p/ = T().

This follows by the definition of 7 and from the assumption that v € Er, .
What we have just shown is that given any v € Eg, with |||f]”'||,;1» < S1, we have a unique

solution @ € Er, solving (5.4) and this proves the lemma. O

Theorem 5.11. Let Sy and Ty be defined as in Lemma 5.10. Assume the vector field £,

satisfies |||fs|P || a1 < Sy, then we have a solution u, € Eg, solving (5.7).

Proof. We shall apply Schauder Fixed Point Theorem 5.3 to prove existence. From Lemma
5.5, we already know that Er, is closed and convex. So all that remains to show before
applying Theorem 5.3 is that the operator B : E; — Eg, given by v — 1w, is precompact.
Here @, is the unique solution solving (5.4) as obtained in Lemma 5.10. Again from Lemma
5.10 we see that the map B is well defined.

Consider any sequence v* € Eg, with ||v*||a;1» < Tp, then the solutions @* solving (5.4)

are in E7, and hence we have that
o v* — v weakly in W, 7(Q) since v* € Eq,

e T,(|Vv*|P) is uniformly bounded in W~ (Q) since v* € Eq,
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o ¥ — @i, weakly in W, () and
Thus all the hypothesis of Theorem 2.40 are satisfied and hence we get
e @ — @, strongly in W;%(Q) for any 1 < ¢ <p,

® 1, solves
—div A(z, Vi,) = T,(|VulP) + div(fy) in Q
u=>0 on 02

This shows that the operator B : E, — Eg; is precompact under I/VO1 1(Q) topology and we
can now apply Schauder Fixed Point Theorem to prove the existence of a solution ug € Eg

solving (5.7). This completes the proof of the Theorem. O
1

Theorem 5.12. Let § > max{A—, 1} be any fized constant where Ng is defined in (2.2) and
0

)
define p = — Let us € Eg, be any solution of (5.4) and define
p —

plusl _
Wy = e—sgn(us).

Then there exists an Sy > 0 such that if ||&|7 |ane < So, then the following regularity

estimate holds:
||U’8||WOLP(Q) + ||w8||w(}vp(9) < M.
Here the constant Ms depends only on Sy, Ty and is independent of the solution.
Proof. Define v = e’*lw, as the test function. This is clearly an admissible test function
since v € L®(Q) N W, (), hence we see that
Vo = %IV, + dw,e™ !V, sgn(ug).

Using this as a test function in (5.7), we get

/(A(:C,Vus),sz>65|“S| d:c+/6|ws\e5“5<.A(:c,Vus),Vus> dx
Q Q
:/TS(\VuS|p)e‘S|“S|wS das+/<fs,V(65|“S|ws)> dx
0 Q

L+L=13+14
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Estimate for I;: Since Vw, = e*!"IVu,, using the condition (2.1), we see that

L :/(A(x,Vus),VwJeé'“S' dx
0
= /(A(x,Vus),Vus>e(“+5)|“s| dx
0

on/ |Vws|P dx
0

where we have used the fact p+ 06 =p— 1.

Estimate for I35 — I5:

- I, :/ (V) ™l dx—/é\w (A, V), Vug) da

/ |V, |p65|“5|

= /(1 — M) |V, [Pedle!
Q

wg| dor — 5A0/ |ws X |V ug|P da

wg| dx <0,

: 1 :
since we assume that § > —. As a consequence, we can ignore these two terms.
0

Estimate for I,: We have after expanding,

6/ £, el
Q

Estimate for I;: By Holders inequality, we have

. 1/p 1/p
/|f5|e‘5|“5| Vuulwy| dz < (/ I, P el da:) (/ Va0, ] dx)
Q Q Q
. 1/p’
= (/ |£s [P (e“|“5| -1+ 1)p dx) X
“ 1/p
X (/ |Vus P lwg|? d:v)
Q
. ) 1/p
< Cp) (Iup— (/Q |57 Jws” d:L‘) + HfSHLP’(Q)> x
1/p
X (/ |Vug|P|ws|? dzx) :
Q

Since both |f,|P" € MP(Q) and |Vu,|P € M P(Q), we see that from applying Theorem

Vuw,| dv =61} + I}

V| |wg] dx—l—/ |£,| ol
Q

2.32,

I <P Chit o) VW75 () + Coomo sl Lo () [ Vs || £ () - (5.9)

”]wl P>
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Here we have made use of the following Trace inequalities:

/ 1/p’ ) , 1/p'
(/WmﬂwA@) SGMmuﬂmmf”</7V%P¢O
Q Q
1/p /p
(/ |Vug|P|ws|? dx) < Co(Tp)Y (/ |Vw,|? dx) :
Q

Estimate for [ f : By Holders inequality, we get

. L/p 1/p
/ |f|e’ls | V| dz < (/ || errius] dx) (/ |Vw, [P dx)
Q Q Q

Proceding as in Estimate for I, we get

and

< IV 0y + CollEell o | Vv (5.10)

(p7|||f8|p/ H]ul p

Hence combining estimates (5.9) and (5.10), we get

I, < (1 + 5)/~Lp_100(u|fs|p/ ||sz||ip(g) + Ol(p,To)||f8||LP/(Q)||Vw8||LP(Q)‘

||1\41,p7T0)
Since we have assumed that f; € Ez,, we can replace ||fs][;,q) in the above equation
with a constant depending on 7j.

From Remark 2.33, there is a constant which we denote by Sy such that if || |fs\p/ | arie <

Ss, we then obtain

VAN

A
(1+0)u™ Coge. UK

MmLps )

This completes the proof of the theorem. n

Remark 5.13. Henceforth, we shall assume that ||| ||y < min{Sy, Sy} =: Ts with S,

1s as in Lemma 5.10 and Sy is as given in Theorem 5.12.

We have thus far shown existence and uniform regularity to solutions of (5.7) for a fixed

s > 0. If we can show strong convergence of the solutions u in I/VO1 P(Q)) as lim , we can then
S§—00

pass through the limit in (5.7) and conclude with existence of a solution to (5.1). This next

section will focus on proving this strong convergence.
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5.3 Strong convergence of approximate solutions
As a consequence of Theorem 5.12; we see that the sequence of approximate solutions {u, }
to (5.11) is uniformly bounded in W, ”(2) and hence has a weakly convergent subsequence

which satisfies the following:
i. u, — u weakly in W,P(Q),
il. 4, — w a.e in  and

iii. u, — u in measure on )

for some function u € W, *(Q).
Henceforth, we fix this subsequence n — oo and the weak limit u, from which we have the

following theorem:

Theorem 5.14. Let A(x,Vu) and Q satisfy Hypothesis 5.1 and assume that H\fn]p/HMl,p <

Ts as giwen in Remark 5.13 where £, = T, (f). Let u, be a solution to

—div A(z, Vu,) = T,(|Vu,|?) + div(f, n <)
( ) ([Vug[?) (£,) (5.11)

u, =0 on 0f).
as obtained in Theorem 5.11, then we have for any fized k > 0, the strong convergence of

VTi(un) = VTi(u) in LF(Q).

Proof. We shall make use of the following test function in (5.11):
v = el (2,

where z, = Ti(u,) — Ty (u) for some j > k and ¢ is a smooth increasing function satisfying

1+ A0

v(0) =0 and ¥ - (<

)l = 1.
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Clearly we see that v, € L* N W,"(Q2) and hence this is a valid test function. Using this,

we obtain

/(.A(:U,Vu),Vzn)66|Tj(“")|¢'(zn) d$:/Tn(|Vun|p)e5Tj(“")|1/J(zn)d:v
Q Q
—/(fn,VTj(un»(Se‘S'Tj(“")w(zn) sgn(uy,) dx—/(fn,Vzn)e‘slTj(“")%’(zn) dx
Q Q
—/(5(.4(3:, Vun),Vﬂ(un))e5‘Tj(“”)|¢(zn) sgn(uy,) dx
Q

L=0L+ 13+ 14+ 15

We now estimate the first term I; as follows:

I, = /(A(a:, Vuy,), VTi(u,) — VTk(u)>e5‘Tf(“")|w’(zn) dx
0

— (A(z, Vu,) — Az, VT (u)), VIi(un) — VT (u))el i ly! (2,) da

{lun|<k}
+ (A(z, VTi (1)), VTi(u,) — VTi(w)) el Tl (7)) da
{lun|<k}
+ (A(x, V), =V Ty (uw)) el () da
{lun|>k}

=L+ L+

We now split I + I5 as I + X5 where

- _5/ (A(m,Vun),Vﬂ(un»e‘s'Tj(un)‘@b(z’l) sgn(uy,) dx
{lun|>k}
+ Tn(]Vun|p)€5lTj(“")|¢(zn) de,
{lun|>k}
X, = -6 (A(z, V), VT (un)) e Tl (2, sgn(uy,) da
{lun|<K}
i Tn(]Vun|p)€5lTj(u")|¢(Zn) dr.
{lun|<K}
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Since j > k, we see that |VT;(un)|X{jun|<t} = |VUn|X{jun|<k} and hence we get,

X5 < oA, / Vel T ()] da + / Vunl? T (2] da
{Jun|<k} {Jun|<k}
< (A(x, Vu,) — Az, VTi(w)), V() — V()@ (2, da

{lun|<k}

{un|<k}
1+A

; (A, V(). VTa())e B0 35(20)] dx] ( ! 15)

{lun| <k} Ao

=X, + X7+ X5.
From our choice of 9, we see that I{ — X3 > I} and hence we get
N<-LF-FB+L+L+X5+X+1,
We shall now estimate each of the terms as follows:

Estimate for —I7: We know that u,, — u a.e, from which we see that

Az, VT, (w) Tl (2) B A(x, VT (1))l Wy (0)  ae.

From the pointwise estimate
Az, VT (u) ey’ (2) < Ae®  max  |¢(s)] |V T (u) [P~

s€[—2k,2K]

and noting that |VT,(u)|P~* € L (), we easily see from using Lemma 2.38 that
Az, VT (w) e Tl (2,) B A(x, VT (w)ed @l (0) strongly in L¥ ().
From the observation
X{Junl<k} (VT (un) = VI (w) = VTi(un) — VI(0) X {jun| <k} -

and using the fact that Vu, = Vu weakly in L? and ||VTj(u,)| r() being uniformly

bounded independent of n (since u,, € Ez) , we get that

VTi(un) = VTi(u) weakly in  LP.
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Since X{jun|<k} — X{ju/<k} a-€ in Q\ {Ju| = k} while VT, (u) = 0 a.e on {|u| = k}, we

must have that

Xfjunl<k} (VTk(up) — VTi(u)) = 0 weakly in  LP.

The above calculations along with using Proposition 2.39 implies that I? =% 0 as n —

Q0.

Estimate for —I;: Similar to how we applied Theorem 2.38 to estimate I7, we see that

x{\un|>k}VTk(u)e‘”Ti(“”)‘l//(zn) 50 strongly in  LP.

We also have that A(z, Vu,) is uniformly bounded in L?' () independent of n and

hence has a weakly convergent limit.

Combining both the facts and using Proposition 2.39, we see that I} % 0 and n — co.

Estimate for I3: Since f, = T, (f) and from the definition of z,, we see that

6f,e0 Tl (2, ) sgn(u,) 2 0 aein Q.

Also, £,e1 Ty (2,) sgn(uy,) is uniformly integrable in L” independent of n and hence

we can apply Vitaly Theorem 2.38 to conclude that
6F,e8 Tl (2 Y sgn(u,) % 0 strongly in - L¥ .

Since VTj(u,) is uniformly bounded, it has a weakly convergent limit.

Combining the above results and using Proposition 2.39, we see that I3 = 0 as n — oo.

Estimate for I,:

I :/ <fmvzn>66|Tj(Un)\,¢/(zn) d:L'—|—/ <fmVzn>65\Tj(un)|,(/)/(Zn) dr
{lun|<k} {lun|>k}

=1+ 1
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Estimate for I;: Similar calculations in the spirit of estimate I; shows that
£,e0 Tl (2,) B £y (0)  strongly in - L7

Since

X{Jun|<k} (VT (tn) — VTi(w) = VTi(un) — V(U)X {jun <k}

and X {ju,|<k} SN X{lul<k} a.€ in € \ {|u| = £k} while VTi(u) = 0 a.e on {|u| = k},

we must have that
X{junl<k} (VT (uy) — VTi(u)) = 0 weakly in  LP(€2).

Thus by using Proposition 2.39, we must have I} % 0 as n — oo.

Estimate I7: Proceeding in similar way as we estimated I7, we can easily show that

I2 %0 as n — oo.

Combining the estimate for I; and I, we see that I, = 0 as n — oo.
Estimate for X3: Similar calculations as in estimate I gives
X{Jun| <k} AT, VTk(u))e‘s‘Tj(“n)“w(zn)’ 20 strongly in LY

and

X{junl<k} (VT (up) — VT (u)) = 0 weakly in  LP.
Combining all this, we see that X; - 0 as n — o0.

Estimate for X3: Since A(z, VT}(u,)) is uniformly bounded in LP" independent of n, we

see that it is weakly compact. Combining this weak compactness with the observations
VT (w)ell 5 g (2,)] 2 0 strongly in L7,

we see that X3 = 0 as n — oo.
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Estimate for I;: Since j > k, we have x{ju, >k} (A(@, Vu,), VT;(un)) > Ao|VulPX{jun >3-
Also, it is easy to see that sgn(u,)X{ju,>k}¥(2,) > 0 a.e on €. From both these obser-

vations, we see that

/{ - [sgn (1) T (|Vun |P) — §(A(x, Vi), VT (1)) sgn(un, )T @)l (2,) da

S “vun|p - 5A0|vun|pX{|un\§J}] Sgn(un)eélTj(un)lw(zn) dx
{lun|>k}

< |Vu, P sgn(un)e‘S'Tj(“’L)lw(zn) dr.
{lun|>s}

1
In the last inequality, we have used the assumption ¢ > ~ along with the fact that
0

|Vt | X{jun<j3 = 0 on the set {|u,| > j}. Hence we get

I S/ |V, |P sgn(uy, ) el Tl (2,)) da
{lun|>3}

| (5.12)
< % (2k) |V, [P dz.
{lun|>5}
If we define y,, := erotlunl _ 1, then we get
—1\* .
L
{lunl>5} 0 {lunl>5}
p—1\" _imw p— 1\ e
< | =) e 71 Vyn|P de < | —— ) e »-1 Ms.
0 {lunl>5} 0
(5.13)

In the last inequality, we have made use of the uniform estimate in Theorem 5.12

Combining estimates (5.12) and (5.13), we see that

—1\?* j
I < (pT> G_TEIMJ

which implies lim sup lim sup 75 < 0.
j—o0 n—00

Using (2.2) and the fact that (A(x, VI (u,)) — Az, VIi(v)), VIi(u,) — VTi(u)) > 0, we
get
> A / (A2, V() — Alz, VTo(w)), V() — VTi(w) da.
{lun|<k}

Note that ¢’/7i)l > 1 uniformly and |¢/'| > 1. Combining all the estimates, this shows that

/{I Kk}(A(x, VTi(u,)) — Az, VTi(u)), VT (u,) — VTi(u)) =0 asn—oo.  (5.14)
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By using Vitali’s theorem 2.38, we see that

X{lun >k} (AT, VT (un)) — Az, VT (u)), VIi(un) — VTi(u)) =

(5.15)
= X{jun|>k} (A2, VT (u)), VI (u)) = 0 strongly in L' ().
Using (5.14) and (5.15) and applying (2.2), we see that
p—2
/ (IVTu(un))® + [VTe(w)?) 2 |VTi(u,) — VTp(w)|? dz 0 as n — oc. (5.16)
Q

We will split the proof into two cases:

p > 2: In this situation, an application of triangle inequality trivially gives:
(VTP + [VTa()) * (VTi(un) = VIi(w)])* > [VTi(ua) = VTi(w)? (5.17)

1 < p < 2: Applying Holder’s inequality, we get:

P

2

/Q\VTk(un) VT (u)Pde < (/Q(]VTk(un)\er VT3 (u)[2) 5 |V Ty () —VTk(u)\Qd:z:) x

2—p

2

< ([ 09BG)P + FT) o)

P

2

< vy ( [V 2+ (VT Vi) — VT dx)

(5.18)
In the last inequality, we used the fact that u € E, and the uniform estimate from Theorem

5.12.
Using (5.16) and (5.17) in the case p > 2 or (5.18) in the case 1 < p < 2, we see that
/|VTk(un) — VT (u)]P dz 0 as n — 00.
Q

This implies VT},(u,) = VT (u) strongly in L? for a fixed k and this completes the proof of

the Theorem. O
Theorem 5.15. Let u,, be as in Theorem 5.14, then we have

limsup/ |IVGr(un)P de — 0 ask — oo
Q

n—o0

where Gi(s) = s — Ti(s).
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Proof. Define y,, = 1% _ 1 and hence we get

—1\?
/ Vu,|[” dv = (pT) / e w19y, d
{lun|>k} » {|lun|>k}

Using the a priori estimate from Theorem 5.12, we get

—1\" p
/ VG (un)]P dz < <pT) e_”%kMg)
Q
which proves the theorem. O

Combining Theorem 5.14 and Theorem 5.15, we have the following Theorem:

Theorem 5.16. Let A and Q satisfy Hypothesis 5.1 and assume that |||f,"' ||y < Ts as

given in Remark 5.13 where £, := T, (f). Let u, be a solution to

—div A(z, Vi) = To(|Vunl?) + div(E,)  in O

u, =0 on Of).
as obtained in Theorem 5.11, then we have the strong convergence of Vu, — Vu in LP(92).

We now have all the estimates needed for the proof of Theorem 5.9.

Proof of Theorem 5.9. From Theorem 5.16, we can now easily pass through the limit in
(5.11) to show the existence of a solution to (5.1). This solution is in M*?(Q) since u,, € Er,.

Observing Er, is closed, we must also have that u € Eg,. This completes the proof.
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Chapter 0

Existence of Distributional solution

Consider the problem

div A(z, Vu) = div(|f|P*f) inQ
(6.1)
u=>0 on 0f2.

Our goal is to show existence of a distributional solution below the natural exponent under
some mild assumptions on f.

We assume that the domain €2 and the nonlinearity A(z, Vu) satisfy:

Hypothesis 6.1. We will assume the nonlinearity A(z, () is a caratheodory function which
satisfies (2.1) and (2.2) for some v € (0,1]. We will also assume that the nonlinearity

A(xz, Vu) and the domain 2 are such that the following global a priori estimate holds:

IVul[Lae) < ClIf]]Lo()- (6.2)
for all g € (p — 0o, p| for some &y < 1.
Remark 6.2. From Theorem 3.3, we see that there exists a g > 0 such that if Q° satisfies
the p-thick condition, then the estimate

|Vl L) < C|lf]| L)
holds for all ¢ € (p — do,p + o).

Lemma 6.3. Let f € (L*(2))" be a given vector field for some 1 < s < oco. Also suppose
that div(f) = u is a Radon measure in the sense of Definition 2.15 and |p|(K) < oo for all

K € Q) . Then there exists a sequence of smooth functions f. such that
i. fo—=fin (L°(Q))" ase — 0,

it. div(f.) = pe s a Radon measure in the sense of Definition 2.15 and
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11, for every K € €2, there exists an ex such that
|| (K) < oo forall e < ex

with the bound being independent of €.

Proof. First extend f to be zero outside (2. Let ¢, be the standard mollifier and consider the

sequence

fo=oerf= | odo—yfy)dy,
where (2, f2,..., f") == (¢ * 1 0ex f2,...,¢dex f™). By standard convolution theory, (i)
and (i) are satisfied since f’ are smooth functions.

All that remains is to show (ii7). In this regard, we observe that for any ¢ € C'°(€);) for

a fixed [ € N (see Definition 2.1), the equality

div(f dx| = s d
|/Q () ¥ de] |/Q¢€ ¥yl

holds for all € < e, where €q, is chosen such that spt(gbml x 1)) C Q) + €, € Q. Note that

[ oorvin=- [ €V <o
Q Q
which holds in the sense of Definition 2.15. This gives, for all € < €g, that

() < inf sup{/ div(£) i+ 1 € CHO), 4] < 1}
o Q

KeO

< sup {/ div(E) i - 1 € CHOx), 4] < 1}
P Q

for some fixed O such that K @ Ok & () with ex chosen such that for all € < ex, we have

spt(¢e, * ) € Ok + ex € 2 holds .

Thus
) < sup { [ (e v v e o), ol <1}
Y Q
= sgp{/ G ¥V dp: p € CHOk), |¥] < 1}
Q
< [ul(Ok +ex) < o0
for all € < ex with the bound being independent of e. O
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Remark 6.4. Since by assumption A(x,-) is continuous and satisfies (2.3), we have for any

sequence Vu; — Vu a.e in Q with uj,u € WyP~°(Q), the following convergence holds:
lim [ (A, Vuy), Vi) da — / (A(z, V), Vo) da
J—=o Jo Q
for all p € CX(Q). This follows since by estimate (6.2), we have that A(x, Vu;) is uniformly

p—

bounded in (L»=1(2))" and this gives us the desired weak convergence of A(x, Vu;).

>

6.1 Main Theorem

We are now ready to state our main theorem:

Theorem 6.5. Let f € (LP7°(Q))" be a given vector field with 0 < & < & chosen such
that Hypothesis 6.1 holds. Also assume that div(|f|P"*f) = u, a Radon measure in the sense

of Definition 2.15 satisfying |pu|(K) < oo for all K € Q. Then there exists a distributional
p—4

solution u € WS P™°(Q) to (6.1), i.e. the following holds for all ¢ € Wol’ﬁ(Q),

A0, Vo) do = [ 1697248, 95) da
Q Q
Proof. We apply Lemma 2.37 to f with s = p — ¢ and then consider the auxiliary problem

div A(z, Vu,) = div(|f[7*f) inQ
. (6.3)
ue = 0 on 0f)

By estimate (6.2), we have
Vel po-s ) < Clife]|o-s0) < ClIf || p-s(0) < 00.
Hence by Rellich’s theorem, we have upto a subsequence indexed by 7 such that
i. u; — u strongly in LP~°(€),
ii. Vu; — Vu weakly in (LP~°(Q))",
iii. u; — u a.e in € and

iv. u; — u in measure on 2.
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for some function u € Wy*~°(Q).

We shall fix this specific subsequence henceforth and show that this subsequence {u;} actu-
ally gives us the convergence needed to show that u is actually the desired weak distributional
solution to (6.1).

By Remark 6.4, it is enough to show that the sequence {Vu;} converges to Vu in measure
on €. Fix a set €, and consider the test function T (u.)¢ for some ¢ € C°(€42). with
0 < ¢ <1and ¢ =1on ). Note that this is a valid text function that can be used in (6.3),
hence we see that

/Q<A($,Vui),VTk(ui)>gbd;p — _/

(A(x,Vu;), Vo) Tk(ui)dx—l—/Tk(ui)gbd,ui
Q Q

/Q b

< Ck/ V[P da + k
Q

< Ck

which holds for all i > iq,,,. By using (2.1), we get

VT (u;)P de < Ck
)

for all 7 > i, , where VT (ue) = Ve - X{ju.|<k} - Hence by using Lemma 2.37, we see that

the whole sequence converges in the following sense:

i. Ti(u;) — Tp(u) strongly in LP(£2;) and

ii. VTi(u;) = VT (u) weakly in (LP(S))".

Note that the limit is the same u as from before.

We now show that Vu; — Vu in measure. Consider the decomposition:

{l’ VE |VUZ($) — VU((L’)| > (5} CDiUDy;UDsUDysU Dg U Dﬁ,
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where
Di={zeW:|u) >k},
Do ={z e |ul) >k},
Ds={z e |Vu(z) > k},
Dy={z e |Vu) >k},
Ds = {x € O : [ui(z) — u(z)| > n},
Ds = {z € W : [Vui(z) — Vu(z)| > 0, |u(z)| < k, |ui(z)] < k,
Vaui(z)| <k, [Vu(@)] <k, ui(z) — ulz)] < n}.

Since u, u; and Vu, Vu; are functions in LP~°(€2) and (LP~°(Q))" respectively, we have an

4
meas (U Di> <
i=1

Also since u; — u in measure, we have

ko(o) > 0 such that

ol 9

for all k& > k(o).

meas(Dj) <

wl| 9

whenever ¢ is chosen large enough.
o
If we are able to show that meas(Dg) < 3 then the proof of the theorem is complete. In

order to show this, consider the following set

K ={(5,¢,¢) ERxR* :|s| <k, [¢| <k, [('| <k, [C = (| = 0}

and let v(x) = m}}n(A(:B?C) — A(z,{"),¢ — ¢’). This is achieved since K is a compact set
and A(z,-) is a continuous function for almost every = € Q by assumption. Also by (2.1),
we have that v(z) > 0 for almost every x € Q.
By the continuity of the Lebesgue integral, we have for any given o > 0, there exists a
O’EU) > 0 such that; for any measurable £ C ) with / vdr < 20', then we must necessarily
E

have that meas(F) < /3.
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Using this fact, in order to show meas(Dg) < /3, it is enough to show that

/D y(z) dx < 20 (6.4)

To show this, consider the test function w = T, (u. — Tj;(u))¢ with ¢ as from before. We

see that

ne  ifu.>k+n
w = . (6.5)
—n¢ ifu. < —k—n
Since u;, T (u) € WP(€), we have u; — Tj,(u) € WP(Q;) and thus we see that T, (u; —

Te(u))p € WHP(€))) is a valid test function. Using this, we get

/Q<A(:c, Vu,), VT, (u; — T (w))) ¢ de = —/(A(x, Vu,), Vo) T, (u; — Ty (w)) dz

Q
+/§2Tn(uz’—Tk(U))¢dM-
< Cn.

By choosing 7 small, we can get

/

/Q<A($7VU1')7VT77(U1 —Ti(u))) pdx < %.

We also see that VT, (u; — Tj(u)) = 0 if |u.| > k +n and hence we get that
VT, (i = Talw)) = VT (Th () — Telw).
Since Ty (1;) — Ti(w) = Thay(u) — Ti(u) weakly in WP (y,5), we get

i | (e, VTL(). VT, (T () — ()}

(6.6)
_ /Q (A, VTi(u)), VT (T (1) — To(w))) ¢ de

Finally since T,,(Ty1n(u) — Ty(u)) converges weakly to 0 in W'P(Q4) as n — 0, there

exists an 7o(£2;42) such that

~

| / (A(, VT(w)), VT, (T (1) — Ti()))o ] < (6.7)

o
4

holds for all n < 7(42).
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Thus combining (6.6) and (6.7), we get for all n < 79(£212) and ¢ sufficiently large, that

| / (A, VT(w), VT, (T ) — Te(w) 6 da] < T

We are now in a position to prove (6.4); by the definition of v(z) and Dg and (2.1) and

the structure of ¢, we have that
/ v(z)dr < / (A(x, Vu;) — A(z, Vu), Vu; — Vu) pdx
Dg Dg
< / (A(x, V) — Az, Vu), VT, (T (wi) — Ti(u))) ¢ da
Dsg

<o
Here to get the second inequality, we choose an ¢ sufficiently large.
What we have shown is; given an €2;, then Vu; — Vu in measure on €2;. Hence by standard
measure theory, there exists a subsequence i, such that Vu,;, — Vu a.e on ;. But because
we already have that Vu; — Vu weakly on I/VO1 P _5(9), the stability result from Lemma 2.37

gives that the whole sequence itself converges a.e to Vu in ). This completes the proof of

the theorem. O
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