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Abstract

It is known that the geometric Satake equivalence is intimately related to the
Springer correspondence when restricting to small representations of the Langlands
dual group (see a paper by Achar and Henderson and one by Achar, Henderson,
and Riche). This dissertation relates the derived geometric Satake equivalence of
Bezrukavnikov and Finkelberg and the derived Springer correspondence of Rider
when we restrict to small representations of the Langlands dual group under con-
sideration. The main theorem of the before-mentioned paper of Achar, Henderson,

and Riche sits inside this derived relationship as its degree zero piece.



Chapter 1

Introduction

1.1 A motivational problem

Let G be a connected, reductive algebraic group over C with Weyl group W. A
small representation of G is a representation in which all weights lie in the root
lattice and no weight is twice a root. It turns out that these small representations
interact well with the geometry of the affine Grassmannian Gr and nilpotent cone
N of the Langlands dual group G. In [AH13], this correspondence was made precise
in characteristic zero, and in [AHR15], it was verified for a split reductive group
scheme over any Noetherian commutative ring of finite global dimension (the level
of generality in which the geometric Satake equivalence holds [MV07]). In both of

these works, the commutativity of the following diagram is proven

Perveo) (Gr*™) —<— Rep(G)am

Pervg(N) —s Rep(W)

where the four functors in the diagram are the following;:

e The geometric Satake equivalence Sg defined in [MV07] restricts to an equiv-
alence Sg" between Perveg o) (Gr®™), where Gr*™ is a certain closed subvariety

of Gr, and the category Rep(G)sm of small representations.

e By [AH13, Theorem 1.1], there is a finite map 7 : M — AN where M is open

in Gr™, giving rise to a functor ¥ : Pervg o) (Gr™™) — Pervg(N).



e TV acts on the zero weight space of any representation of G. Tensoring this ac-

tion with the sign representation ¢ of W, there is a functor @ : Rep(G)sm —

Rep ().

e IV also acts on the Springer sheaf Sp in Pervg(N), giving rise to a functor

S¢ = Hom(Sp, —) : Pervg(N) — Rep(W).
The proof in [AHR15] involves only two steps:
Step 1. For G of semisimple rank 1, the diagram commutes by direct computation.

Step 2. Every functor in the diagram commutes with ‘restriction to a Levi subgroup

of semisimple rank 1’.

1.2 Statement of the main problem

Let Dgg?(Grsm) be the bounded, G(9)-equivariant, mixed derived category of

constructible sheaves on Gr*" (for more details on mixed categories see [BGS96],
and for equivariant derived categories see [BL94]). The category D™ (N) is de-

fined similarly. The main result of this paper is the following theorem.

Theorem 1.2.1. Consider the following diagram.

. d rSSIIl ~
DR (Gr™) S8, DoCoh O (),

. l l (1.1)

D" ()~ D°Coh" ™ (p7)

There is a natural isomorphism of functors
der®s o derS;" <= derS¢g o ¥

making the diagram commute.



The functors involved are described below:

The derived Satake equivalence derSg defined in [BF08] restricts to an equiv-

alence derSE" between Dg’(mgi;(((}rsm) and DPCoh&*Cm (6" )sm-

U is already defined on the level of derived categories in [AH13].

derd is the composition (— ®o,. Oj-) © .

There is an isomorphism of algebras Hom®(Spr, Spr) = Ay := C[W]#0;..

Using this fact, and many others, [Rid13] gives the functor
derSg := Hom*(Spr, —)
between D™ (N) and D*Coh" €= (f*).!

Our method of proof still involves the same two steps as above. However, the
first step now involves calculations of Hom®-algebras instead of just Hom-algebras;
i.e., this is no longer only a degree zero computation. For the same reason, there
are many added complications in the second step as well.

One way to simplify the problem is to restrict to a diagram of additive subcat-
egories.

Semisg (o) (Gr™) der—fgi CthXGm (6")sm
l [ (1.2)

Semisg (N) R — Cohyp *&(h*)
Each of the functors above restricts to this setting. The commutativity of the first
diagram will follow from the commutativity of this diagram after passing to the

bounded homotopy categories K P(—)—this uses the notion of Orlov categories (see

IThe functor derS¢ is an equivalence if one restricts to the Springer block DZ’EL’; (N), the triangulated sub-

b,mix

category of D™ (N) generated by the simple summands of Spr.



Section 4.2) to lift the natural isomorphism 7 for Diagram (1.2) to a unique one
proving Theorem 1.2.1. Therefore, we concentrate on proving that Diagram (1.2)

commutes using Steps 1 and 2.

Remark 1.2.2. As we will see in Section 3 (and as was mentioned in Steps 1 and
2 above), the natural isomorphism for Diagram (1.2) will be constructed by pasting
together natural isomorphisms for Levi subgroups of semisimple rank 1 (i.e., for
each simple reflection). However, an object in CothXGm(ﬁ*) is not determined by
objects in Coh}/rVLXGm(B*) for each L of semisimple rank 1. We need, in addition,
an identification of the underlying vector spaces. Both compositions of functors,
der®s o derSE" and derSq o V¢, give an identification, but the commutativity of
(1.2) can only be deduced if the identifications are the same. Thus, we must work
2-categorically to keep track of the identifications along the way.

Throughout the paper, we will perform many 2-categorical computations involving
pasting together various 2-categorical diagrams. We will also prove the commutativ-
ity of several 2-categorical diagrams. For background on 2-categorical computations
of this flavor as well as various natural isomorphisms for sheaf functors, see the

appendices in [AHR15].

1.3 Organization of the paper

In Section 2, we fix notation for the rest of the paper, and we spend some time
defining all of the categories and functors in the main diagram before giving a
precise statement of the main theorem. In Section 3, we lay out all of the ingredients
needed for the proof of the main theorem, and we give a walkthrough of the proof
modulo details which will be verified in later sections. Sections 4, 5, and 8 give

some general results needed later. In Section 6, we define appropriate restriction



functors for each of the categories in the main diagram, and in Section 7, we prove
that each of the functors in the main diagram are compatible with restriction to a
Levi subgroup. In Section 10, we prove that the main diagram commutes for G a
group of semisimple rank 1, and in Section 11, we prove some lemmas needed for

the commutativity in Section 10.



Chapter 2

Notation and Preliminaries

In this chapter, we fix notation and discuss preliminaries needed for understanding

the statement of Theorem 1.2.1.

2.1 Notation

Throughout the paper, G will denote a connected, reductive algebraic group over
C. Fix a Borel and maximal torus B D T. The weight lattice will be denoted A
with the set of dominant integral weights A™. Let G denote the Langlands dual
group of GG, with maximal torus, Borel, weights, and dominant integral weights
given by T, B, A, and A respectively. Let W be the Weyl group of either G or G
(they have a canonical identification).

Sometimes we will instead work in a parabolic setting. That is, we will fix a
parabolic subgroup P of GG that contains the Borel B. There is a Levi decomposi-
tion P = LUp with L D T. Set C'= B N L, a Borel subgroup of L which contains
T. Since L and T are also connected reductive groups, we can perform any con-
struction equivalently for G D B DT, L D C DT, and T DT D T. Denote the
corresponding Weyl groups with subscripts—for example, W, Wi, and Wp. Write
g, b, [, and b for the Lie algebras of G, B, L, and T, respectively.

Let X be a variety with a stratification, and let Ox denote its structure sheaf.
If X carries an action of an algebraic group H, we write Pervy(X) (resp. D% (X))
for the category of H-equivariant constructible perverse sheaves on X (resp. the

H-equivariant bounded derived category of constructible sheaves on X). If F is



a complex of sheaves, we write H*(F) for the hypercohomology @ H'(RT(F))
(and H'(F) for H'(RT(F))), where H* denotes the ith cohomologgfezof a complex
of vector spaces.

We will often consider the derived category of mixed sheaves D2 (X ). When there

is a Frobenius action, we denote by (n) the Tate twist which decreases weight by

2n. If F,G € D2 (X), we write

Hom(F,G) = @Homvb (F,G[2n](n)).

nez

Moreover, Hom'(F,G) := Hom(F, G[2i](i)). Note that [n] increases weight by n,
o [2n](n) preserves weight. We will sometimes work in categories where there is

no notion of weight. In this case, we write

Hom*(F,G) = @Hom}" Gn)).

neL

Moreover, Hom'(F,G) := Hom(F, G[i]).

If K C H and K acts on X, then we define the variety
Hx®X=(HxX)/~

where (hk,z) ~ (h,k™'z) for all h € h,k € K, and z € X.

If R is a ring, we write R-mod for the category of left R-modules. When we
consider graded R-modules, we write (n) to denote grading shift; that is, if M is a
graded R-module, then (M (n)); = M;y,. If M and N are two graded R-modules

(or G,,-equivariant quasi-coherent sheaves), we write

Hom(M, N) = @5 Hom pmoa(M, N(n)).

nez

Moreover, Hom'(M, N) := Hom(M, N (i)).
We use double arrows = for natural transformations of functors and <= for
natural isomorphisms of functors. When we want to specify the direction of a

natural isomorphism, we write =



2.2 Reduction to semisimple categories

Throughout this paper, we will need to consider varieties over various fields and
sheaves on these varieties with various coefficients. Let X be a variety with a
stratification and with an action of a group G. When we want to distinguish among
versions of this variety defined over various fields, we will write Xy, Xan and Xc.

Consider the following diagram

’Dg’mix(XFq ) @2) I IDE;<XFq ) @@)
’Dg (X(C7 C)v
where we give Xr, and XFq the étale topology and X¢ the complex analytic topol-
ogy.
Diagram (2.1) restricts to the following diagram

fully faithful
) Y ey (

Pureq(Xr,, Q, match)

fully faithful]\ (2 2)

Semisg(X¢, C),

where Pureq(Xr,, Q) is the additive category consisting of objects

F ~IC[iy] (%) B Pic.lil (%‘) ;

and Semisg(Xc, C) is the additive category consisting of objects

G=1G[H D D ICnliml.

The autoequivalence [n] (2) on Pureg(Xr,, Q) in Diagram (2.2) coincides with

the autoequivalence [n] on the other two categories.

Instead of lugging weights around, we will often make use of the equivalence

in Diagram (2.2) in the computations to follow. Throughout the paper (since our



strategy is to prove commutativity of Diagram (1.2)), we will work exclusively with
Semisg(X) := Semisg(Xc, C), except for in Section 4.4, where we specifically need

to work with weights. We also define D™ (X) := K (Semisg(X)).

Remark 2.2.1. This definition of ngiX(X ) coincides with the definition from
other sources that we could have used to make sense of Diagram (2.1) before ex-

plaining Diagram (2.2).

2.3 The affine Grassmannian and the geometric Satake equivalence

Let O = C[[t]], power series in ¢, and 8 = C((t)), Laurent series in ¢. Define the
affine Grassmannian Gr to be the ind-variety G(R)/G (D). It carries an action by
G(9O) which gives it a stratification
Gr = |_| Gr?
AeA+
by finite-dimensional, quasi-projective varieties.
The celebrated geometric Satake equivalence (see [Lus83, Gin95, MVO07]) gives

an equivalence of tensor categories
Sc ¢ (Pervg(o)(Gr), ) — (Rep(G), ®)

where * is convolution of perverse sheaves and ® is tensor product of representa-
tions.

The proof of the above theorem involves producing a fiber functor
H* : Pervg o) (Gr) — Vecte

which satisfies the properties laid out by the Tannakian formalism (see [DM82]).

From this general theory, one learns that Pervg(oy(Gr) is equivalent to the category



of representations of some algebraic group. It can be shown that this algebraic
group is in fact G (see [MVO07)).

There is a more general result (see [ABG04, BF08]) which establishes an equiva-
lence at the level of derived categories. We will give an outline of the proof presented
in [BFO08], which is not independent of the proof in the abelian category setting
given in [MVO07].

One has three categories that are related by functors:

c—1
SG

/\

DZ’ZIS?(GI") —>H.G(D) Hé(g)(Gr)—mod — CthXGm (§%) (2.3)

The Satake equivalence S;' : Rep(G) — Pervg(o)(Gr) extends to a full em-
bedding g(_;l : CthXGm(g*) — Dg’g?((}r) (see [BFO08]), where CthXGm(g*) is
the full subcategory of Coh&*Gm (g*) consisting of all objects of the form V' ® O
with V € Rep(G x G,,). One of the main results of [BF08] is that there exists an
isomorphism of functors

KR < H.G(D) o 861 (24)

The functor xk will be defined in Section 8.
In [BFO08], Bezrukavnikov and Finkelberg show that the functor Hg, ) restricts

to an equivalence of categories
Semisg (o) (Gr) = Y := {certain Hg ) (Gr)—modules}.

Remark 2.3.1. Note that Y is the image of Semisg(o)(Gr) in H o) (Gr)—mod

under the functor H o)-

Similarly, the main results of [BF08] show that s gives an equivalence of cate-
gories

Y & Coh§® (g").

10



Combining these equivalences with (2.4), it follows that

Sg' + Cohg %™ (§%) & Semisg o) (Gr)

is an equivalence of categories. Taking bounded homotopy categories K°(—) gives

the desired derived geometric Satake equivalence

derS;' : DPCoh&¥Em () = Dg&i;{(Gr).

2.4 The Springer correspondence

Consider the Grothendieck-Springer resolution

GxBb 5 g
(g,2) — g-=
We have inclusions j*° : g** < g where g™ is the open subset of regular semisimple
elements, and 7 : N' < g where N is the set of nilpotent elements. Let y* and
fix be the restrictions of p to g = p~'(g") and N = G x5 n, respectively, and

consider the diagram

where each square is Cartesian. Let Gro = Ce, s,[dim g], which is a perverse

sheaf since pu is proper and small. There is a canonical isomorphism
Gro ~ ji3 (4 Cy[dim g])

which gives an action of W (by automorphisms in Perv(g)) on Gro, since ™ is a

Galois covering with group W.

11



Now define the Springer sheaf

Sp = (ua hCy[dim N].
Since the left square is Cartesian, we can base change to get an isomorphism

Sp ~ i*Gro[dim N/ — dim g].

Thus, we get an action of W on Sp which allows us to define a functor

Perva(N) —% Rep(W)
F +— Homperwn)(Sp, F)
called the Springer correspondence.
There is a more general derived Springer correspondence (see [Rid13]) that we

will review here. In this setting, define the Springer sheaf to be
Spr = (a1 Cpr[dim N

where ()1 : DE™(N) — D™ (N) is now the derived proper pushforward
functor. In general, all functors will be derived from now on.

Let Coh’ *®m(h*) be the full subcategory of D°Coh" *®™ (h*) consisting of ob-
jects M of the form M = (Vi ® Op.(i1)) @ ... & (V,, ® Op.(iy)). In [Rid13], Rider

proves an equivalence of additive categories

Semisg spe(N) —  Cohy *“m(h*)

F — @Hom(@[—%ﬂ:}—)?

meZ

where the subscript Spr denotes the Springer block; that is, the subcategory gen-
erated by simple summands of Spr.
We will give an idea of some of the elements of the proof. In [BM81], the authors

prove an isomorphism

End(Spr) ~ C[W].

12



This leads to a decomposition of the Springer sheaf
Spr~ P I, @ V4.
xelre(W)
Using this decomposition, and the fact that Homg,(Spr, Spr) ~ C[W]#0O;., Rider
was able to prove the equivalence. If we apply K"(—) to Rider’s equivalence of
additive categories above and note that Dggﬁ;(/\/’ ) = K"(Semisgspr(N)) (see

Section 2.2), we get her mixed equivalence [Rid13, Theorem 6.3]:

DGEmN) = DM Cob 6 ()
F — @Hom(@[—Qm],}")

meZ

2.5 The functor Vg

Let o be the base point of the affine Grassmannian; that is, the image of the
identity element of G(R) in Gr. Let O~ = C[t™!]. Let Gr, be the G(O™)-orbit of

o. Consider the evaluation map

GO) — G

tt — 0

Let & be its kernel. This map factors through G(C[¢t7']/(t7%)). The kernel of
the evaluation map G(C[t™!]/(t7%)) — G can be identified with g. Thus, we have
a homomorphism

& —g

of the kernels.
Note that the stabilizer of o € Gr in G(97) is G. Thus, the action of G(9D~) on

Gr

, induces a G-equivariant morphism

Gr.

o

~ &.

13



Composing this map with the one above, we get a G-equivariant morphism
' Gry — g.

Recall from the introduction that a small representation of G is one where all
weights belong to the root lattice and no weight is twice a root. Define the small

part of the affine Grassmannian of G
Gr™" = |_| Gr*
NeAd,
to be the union of the G(9)-orbits corresponding to the small representations of

G. Define the open subvariety M of Gr*™ to be
M = Gr*™" N Gr,

and let j : M — Gr™ be the inclusion map.

Now, let m be the restriction
T=npm: M= g.

By [AH13, Theorem 1.1], we have that 77(M) C N and 7 is a finite G-equivariant

morphism.! We can form the composition
. b,mix m b,mix
Ve =m.oj : Dy (Gr™) = Dy (N).

Remark 2.5.1. Since 7 is finite and j is an open inclusion, they are both t-exact,
and V¢ restricts to an ezact functor Perveo)(Gr™™) — Pervg(N). The functor
Ve also gives a functor on semisimple categories: Semisg(oy(Gr*™) — Semisg(N),

which will be denoted in the same way.

1The map 7 can be viewed as a generalization of Lusztig’s embedding Ng1,,, < Grgr,, (see [Lus81]) to other
types. Many of its properties are explicitly computed in [AH13].

14



2.6 The functor der®.

Let F € D*Coh®*Cm (). The functor der®s is defined by a composition of func-
tors. First, define Resgc(:f,) : DbCthXGm(g*) — DbCohNG(T)XGm(g*) to be the
restriction of the equivariance on F. Now, define RS : DbCohNG(T)XGm(Q*) —
DbCohNG(T)XGm(E*) to be derived coherent restriction (see §6.3 for the definition
of RG' for free coherent sheaves). Lastly, define (—)T : DbCohN@(T)XGm(B*) —
DPCoh™ €™ (h*) to be the functor of taking T-invariants. The functor der®s is
the composition of these three functors together with a twist by the sign represen-

tation € of W:

DVCoh® @ (g7) “F D"Coh™ e (b) (2.5)
F — ((-)"®e)oRE o Resf_(F).

15



Chapter 3
Walkthrough of Proof of Main Theorem

In this section, we will give the proof of Theorem 1.2.1 modulo details that will
be provided in later sections. As mentioned in Section 1.2, we will concentrate on

proving the commutativity of the diagram of additive categories in Diagram (1.2).

3.1 A preliminary result

Let W’ be a subgroup of W. Then, we define
Ry}, : Cohf! *®m(h*) — Cohy ™ (h")

as in Section 6.4. In this section, we will take W' to be the subgroup W, generated
by a single simple reflection s. The following lemma, whose proof we omit, allows
us to piece together information about a W-equivariant coherent sheaf from W-

equivariant coherent sheaves for all s.

Lemma 3.1.1. Suppose that G, H : A — Coh}/rVXGm(ﬁ*) are two C-linear functors

and A is a C-linear category. Suppose that we have an isomorphism of functors
¢ : For' o G = For" o H.
Suppose that for any simple reflection s € W, we have an isomorphism of functors
" 1 Ry oG = Ry, o H such that For'"* o ¢""* = ¢.

Then, there is a unique isomorphism of functors ¢V : G = H such that For"V o

o =¢.

16



3.2 Restriction functors

In Section 6, we will define appropriate restriction functors for each of the additive

categories in Diagram (1.2). In Section 6.1, we define a restriction functor
MY : Semisgo) (Grg) — Semisy, o) (Grr).

We similarly define restriction functors for the other additive categories in Diagram

(1.2): in Section 6.2, we define
RE : Semisg(Ng) — Semisy, (N7),
in Section 6.3, we define
RS : Coh§ G (g*) — CohZx®n (i),
and in Section 6.4, we define
RS : Cohf @™ (h*) — Cohf ™ (§*).

We also construct transitivity of restriction natural isomorphisms for each of the

restriction functors above: in (6.2) we construct
MY <= RE o RY : Semisg(o)(Gre) — Semisy (o) (Grr),
in (6.4), we construct
RE = RE RS : Semisg(Ng) — Semisy (N ),
in (6.7), we construct
R{ <= Rpo R : Cobf"®" (g") — Coby " (B"),
and in (6.8), we construct

Ry = Ryyz o Ry« Cohg @7 (%) — Cohy ™% ().
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3.3 Compatibility for restriction functors

In Section 7, we first define several intertwining isomorphisms between the re-

striction functors in Section 3.2 and the functors in Diagram (1.2). In (7.16), we

define
RS o derSE™ <= derSi™ o RY,

n (7.24), we define
RYS o derSq <= derSp « RY,

in Diagram (7.5), we define
RE oW = Uy o RE,
and in (7.2), we define

der®; o RY <= R} o derdg;.

Then, we show that the various functors in Diagram (1.2) are compatible with

the transitivity of restriction natural isomorphisms mentioned in Section 3.2. That

is, we will prove the following series of theorems.

Theorem 3.3.1. The following prism commutes:

Semisg(oy (Grg") derSe CthXGm(g*)sm
RE Ro
RG R% \

T Semisyo)(Grz") —— 5 CohfrxGm([*)Sm
L ol
Seamisy oy (Gr - Con ¥ (i), 1

Theorem 3.3.2. The following prism commutes:

Semisg(Ng) — derbe Cohy/e*®m (p %

G
RL WL
RYc
NG W

R Semisy, (N7) doS, CthrV LXGm ()
/’V
Semisy(Nr) Ri CothrV T XG’" (h* ﬁ%WT

derSy

18

(3.1)



Theorem 3.3.3. The following prism commutes:

Semisg o) (Grg") Yo Semisg(Ng) _
)\ NG
G T
%T SemiSL(g) (GI“SLm) 7 SemiSL (NL) (33)
— L o v /VL
Semisz (o) (GrsTm%qT T Semisy(Ny) R
T
Theorem 3.3.4. The following prism commutes:
- der® - .
COthGm(@*)sm erPe CothrVGXGm([J* W,
RS we
\L B \ -
Rg ILxG Y r Wi XGm (% (34>
Coby, ™™™ (") sm der® - Cohy, (h*)
. ° /RL & N v/ WL
CohZ*Cm (h*) g T dord, Coh!Vr <G (pdtwr

3.4 Sketch of proof of Theorem 1.2.1

In this section, we will give a proof Theorem 1.2.1 assuming that we have verified
all of the theorems in Section 3.3. It suffices to prove the commutativity of Dia-
gram (1.2) (see Section 4.2). We have the following more precise statement of the

commutativity of Diagram (1.2).
Theorem 3.4.1. There exists a unique natural isomorphism
NG : der® s o derSi" <= derS¢q o Vg

making the diagram below commute.

derSg*

SemiSG(g)(GrSGm) COthEXGm (g*)s

\‘DG \Iaer@é

RE Semisg (Nea) derSo RO Cohg/e*Cm (p*)
T

| RS derlpm
Semisy(o) (Gry) | T (0 Ry

\IJT\,A s

Semisy (N7) dorS, Cohg/™*®m ()

(3.5)
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Proof. In Lemma 4.5.1, we construct a natural isomorphism
nr : der®; o derS;" <= derSy o U

making the bottom face of Diagram (3.5) commute. The intertwining isomorphisms
give natural isomorphisms for all of the side faces of Diagram (3.5). Using these five

isomorphisms, notice that we can write down the following chain of isomorphisms.

R%ﬁ oder® s o derSE"

T

RS o derSq e Ug der®; o RY o derSgm
derSy o RS o U der®; o derSs™ o RY
derSt o Uro 9%%

The composition gives us a natural isomorphism
. pWa B sm Wa
QbG,T : RWT ° der<I>G ° derSG <~ RWT o derSG oWq.

Having 1 which makes Diagram (3.5) commutative is equivalent to having 7¢
such that R%g °NG = GG.T-
By Lemma 3.1.1, we can get a unique natural isomorphism 74 satisfying vagg °

Ne = ¢qr if whenever L has semisimple rank 1, there exists a natural isomorphism
P vagf oder®s o derSy" <= R%f oderSg o Vg

such that Rmﬁ o L = g 1.
To this end, let L have semisimple rank 1. From Theorem 11.4.1, we have a

natural isomorphism

Ny - der®; o derS;™ <= derSy o Uy,
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making Diagram (3.5) with G replaced by L commutative; that is, RVW;; oNL = ¢rr-
To this commutative cube, we glue the prisms (3.1), (3.2), (3.3), and (3.4) to get
the following diagram. We have shortened several notations to make the diagram
fit. We have written S for Semis and C for Coh, and we have suppressed writing the
Gyn-equivariance and the subscript g, in the various categories of coherent sheaves.

derSZP ey
¢ CH(8)

derSqg

derS7™

Sc(0)(Grg')

0)(Gr™) N\ CE( Rg

S0 (Gr™) Cf(v%)

der®
\I/ Rt
derSt

Cr (b7)

(3.6)
This pasted diagram has boundary consisting of two diagrams with domain R"¢ o
der®s o derSE" and codomain R&,Vg o derS¢q o . Composing the natural isomor-
phisms for one of these diagrams gives R%; o ¢, and the other gives ¢¢ . Since
the whole of Diagram (3.6) is commutative (see the pasting techniques given in
the appendices of [AHR15]), we have that R%; °¢pc. = ¢cr. Hence, Lemma 3.1.1

gives a unique 7 making Diagram (3.5) commute. O
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Chapter 4

Some General Results

In this section, we give some general results that will be used throughout the paper.

4.1 Equivariant derived category of a point

Theorem 4.1.1 ([BL94|, Theorem 12.7.2). Let G be a connected Lie group, Ag =

H(BG). Let Ag = (Ag,d = 0) be the corresponding DG-algebra.
1. There exists an equivalence of triangulated categories
‘CG : DIG :> Dg(pt)

which is unique up to a canonical isomorphism. It commutes with @* and

the cohomology functor (-) A, Mod -
2. The above equivalence restricts to the functor between the full subcategories

Le: Dﬁc = Dg .(pt).
Remark 4.1.2. Borel gave a description of Ag as H&(pt).

4.2 Orlov categories and the restriction to Semis

In this section, we will introduce the notion of an Orlov category. They are useful
in constructing natural transformations (and isomorphisms) of functors between
triangulated categories [Orl97]. Orlov categories and many of their properties are

discussed in [AR13].
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Definition 4.2.1 ([AR13] Definition 4.1). Let A be an additive category together
with a map deg : Ind(A) — Z. Then, A is called an Orlov category if the following

are satisfied:

1. All Hom-spaces in A are finite-dimensional.
2. For any S € Ind(A), we have End(S) ~ C.
3. If S, 5" € Ind(A) with deg(S) < deg(S’) and S # 5, then Hom(S, S") = 0.

An object A € A is said to be homogeneous of degree n if it is isomorphic to a
direct sum of indecomposable objects of degree n. An additive functor F : A — B
between Orlov categories A and B is called homogeneous if it sends homogeneous

objects of degree n in A to homogeneous objects of degree n in B.

The next theorem allows us to take a natural isomorphism for Diagram (1.2)

and lift it to a unique natural isomorphism proving Theorem 1.2.1.

Theorem 4.2.2 ([AR13] Theorem 4.7, [Orl97] Proposition 2.16)). Let A and B
be Orlov categories, and let F, F' : K°(A) — K®(B) be functors of triangulated
categories. Assume that F(A) C B and F'(A) C B, and that the induced functors

F|4, F'|4 : A — B are homogeneous. Any morphism of additive functors

0° - F|A — F/|A
can be extended to a morphism 0 : F — F' of functors of triangulated categories
i such a way that if 0° is an isomorphism, then 6 is as well.

The following two lemmas verify that the categories playing the role of A and

B (from Theorem 4.2.2) in Diagram (1.2) are Orlov.

Lemma 4.2.3. The additive category Semisgo)(Gr™) together with the map

deg(S[n]) = —n is an Orlov category.
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Proof. Properties (1) and (2) of being an Orlov category are obviously satisfied.
To verify Property (3), let S[n;] and S’[ns] be two non-isomorphic indecomposable
objects in Semisg(X); that is, they are shifted simple perverse sheaves. Notice

that,

HomsemiSG(D)(Grsm)(S[TLﬂ, S/[nz]) = Hom%g(glrsm)(s, S/)

If —ny < —ng, then ny — ny < 0. But S,S” are simple perverse sheaves, so they
live in the heart of a t-structure, which forces the Hom-space to vanish since the
axioms of a t-structure disallow maps between S and S’[negative]. In the case when
ny = ng, the above Hom-space vanishes (by Schur’s Lemma) since S and S’ are

non-isomorphic simple objects. [

Lemma 4.2.4. The additive category CohEVXGm(B*)Sm together with the map
deg(V ® Op.(n)) = —n

1s an Orlov category.

Proof. Again Properties (1) and (2) of being an Orlov category are clear. For
Property (3), let V and V' be two simple W-representations and let ny,ny € Z.
Then, it follows that HomcothfXGm(ﬁ*)<V ® Op(n1), V' ® O.(ng)) is isomorphic
to Homcohfvrw@m(ﬁ*)(v ® O, V' @ O (ny — n1)), and a map in this Hom-space is
determined by where the generators are sent. But, V' @ Oy. is generated in degree
0 and V' ® Op.(ny — n1) is generated in degree —(ny — ny). Thus, if —n; < —ny,
then —(ny —ny) is positive and the Hom-space vanishes since V' ® O;..(ny —ny) is
generated in positive degrees (and these modules are non-negatively graded). On
the other hand, if n; = ny and V' % V', then the Hom-space also vanishes (again

by Schur’s Lemma). O
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4.3 Actions on Hom*-algebras

In this section, we will construct various actions of rings on Hom®-algebras. In the

next lemma, we do this for the constructible side.

Lemma 4.3.1. Let X be a variety with an action of an algebraic group G, and let

F,G € Semisg(X). Then, Homg s x)(F, G) is an Hg(pt)-module.

Proof. Let a: X — pt be the map to a point. Notice that,

Homg i, (x) (F,G) = H°RI'RHom(F,QG)
—  H*(RHomy x)(C, RHompy ) (F, 9)))
= H'(RHong(X) (a*Cpy, RHompp (x) (F,9)))
= H '(RHong(pt) (th, a*RHong(x) (F,6)))
= Hompp () (Cpy, axRHOmpy () (F, G)).

Since H(pt) = Hom;j&( (€

ot) (Cpts Cp ), we see that there is a natural action of Hg(pt)

on Hom;)g(x) (F,G) by composition. This makes Hom'Dg(X)(f, G) into an H&(pt)-

module, as desired. O

We will construct an action of an isomorphic ring on Hom®-algebras on the
coherent side. The following lemma will help us to understand what an object in
CothrVXG’”(ﬁ*) looks like. That is, if M € CthVXGm(G*), then M carries compatible
actions of both W and Oj., which is the same as saying that M is a CW#0O;.-

module.

Lemma 4.3.2. Let G be a group and R be a ring carrying an action of G. Then

M has compatible G and R actions if and only if it is a CG#R-module.

Proof. Recall that the multiplication on CG#R is given by
(97 T)(h, S) = (gha (hil ’ T)S). (41>
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Suppose that M has compatible G and R actions. That is,

g-(r-m)=(g-r)-(g-m). (4.2)
Define an action of CG#R on M by
(g,7) -m:=g-(r-m). (4.3)
Let us check that this action makes M into a CG#R-module. We will verify
(g,7) - (b, s) - m) = ((9,7)(h, 5)) - m. (4.4)
Starting from the left-hand side of (4.4), we have
(9,7)-((h,5)-m) = g-(r-(h-(s:m))) = g-(r-((h-5)-(h-m))) = (g-7)-(g-((h-5)-(h-m))

by applications of (4.3) and (4.2). Continuing with another application of (4.2) as

well as the G action on R, we yield

(g-7)-((g-(h-s))-(g-(h-m)))=(g-7)((gh-s)-(gh-m)).
Now, using the fact that M is an R-module and the G action on R, we get
((g-7)(gh-s))-(gh-m) = ((gh-h~'r)(gh-s))- (gh-m) = (gh-((h™"-7)s)) - (gh-m).
Equations (4.2), (4.3), and (4.1) give

gh-((h=" - 1)s) -m) = (gh, (k™" -1)s) -m = ((g.7)(h,5)) - m.

On the other hand, suppose that M is a CG# R-module. Define a simultaneous

action of G and R on M by

g-(r-m)=(g,r)-m.
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We will show that this action gives compatible G and R actions on M that is (4.2)

holds. The left-hand side of (4.2) is equal to

(g.r)-m=(g,9" " (g-)1)-m = ((1,g-7)(g,1))-m = (1,9-7)-((9,1)-m) = (g-7)(g-m)

by (4.1) and the CG# R-module structure on M. O
Proposition 4.3.3. Let M, N € CthXGm(g*). Then, Hom hGXGm(g*)<M7 N) is
Olgy
an (’)g’l -module.
Proof. Define the action of (’)gi on Hom, | ¢xc, (g*)(M, N) by
Olng,.

(a- f)(m) :=a- f(m).

where a € (’)gq,f € HomCthXGm(Q* (M,N), and m € M. Note that a acts on N
fr

)

since O+ does and since qu is a subring of Og-. n

Remark 4.3.4. In the proof above, if we instead took a € O, then a - f would

have failed to be a G-module homomorphism.

Remark 4.3.5. If M, N € CthVXGm(E*), then a similar argument asserts that
HomcothfXGm(ﬁ*)(Mv N) is an Og‘:—module. Again, the whole of Op. does not act,

only the invariant ring does.

4.4 Some purity results

For this section only, we will consider all of our varieties over I, with the étale
topology, and our sheaves will have Q-coefficients. Let X be a variety with a
stratification X = |_| X, and with an action of an algebraic group G. Consider

weWw
the triangulated category Dg’mlx(X ).

Corollary 4.4.1. If the stalks of IC(X,,) are pure of weight 0, then the costalks

are also pure of weight 0.
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Proof. Consider the inclusion i : pt < X,. We will show that i'IC(X,,) is pure.
Notice that,

i'1C(X ) = DD'IC(X,) = Di*DIC(X,,)

Since ICs are fixed under D, it follows that DIC(X,) = IC(X,,). But 1C(X,,) is
pure of weight 0. By assumption, we have that i*DIC(X,,) is also pure of weight
0. Since D) sends objects of weight < v to objects of weight > —v (see [BBD82]),

we have that Di*DIC(X,,) is pure of weight 0, as desired. O

We will make use of the following facts in the proof of the next lemma. Let

F € D™ (X).

o If X is simply connected, then F is locally constant if and only if F is
constant. This is true because there is a bijection between locally constant
sheaves and representations of 7 (X). Since X is simply connected, 7 (X) =

0, and there are no nontrivial local systems.

e [f F is constructible on a smooth variety X with trivial stratification, then

F is locally constant by definition.

o If X is smooth and simply connected with trivial stratification, then a con-

structible sheaf (necessarily constant) is determined by its stalk at any point.
We will also make use of the following two extra assumptions:!

e If F is constructible with respect to the trivial stratification on a smooth

simply connected variety X and H'(F,) = H'(F), is pure of weight 7, then

PHAEX(F) [ dim X] = H(F)

1There is no problem in making these assumptions because they hold for Gr and N
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is a direct sum of pure Q ; (—%) This is an eigenspace decomposition where

l') is given by the rank.

the number of copies of @ (—2

e If F has pure stalks, then it is pure of weight 0 since
PHI(F) = H X (F)[dim X]

is a direct sum of @e (4mX=) [dim X], each of weight i (see [BBD82]).

Lemma 4.4.2. Let X be a variety stratified by affine spaces X = |_| Xy and
weW
carrying an action of an algebraic group H. Let F,G € Dzimlx(X). Suppose that F

has pure stalks of weight 0 and G has pure costalks of weight 0. Then, for every 1,

Hom'(F,G) is pure of weight 1.

Proof. We proceed by induction on the number of strata on which F and G are
supported. For the base case, suppose that F and G are supported on a single
stratum X,,. Since F is constructible on the smooth variety X,, with trivial strat-
ification, it follows that F is locally constant. But X, is also simply connected.
Thus, F is determined by its stalk at any point. Since F has pure stalks of weight
0, it follows that H'(F,) = H'(F), is pure of weight i. Now apply the bullet points
above to deduce that F is pure of weight 0.

Since G has pure costalks of weight 0, we know that DG has pure stalks of weight
0, and we can apply the method of the first paragraph to get that DG is pure of

weight 0. The purity of F and DG gives decompositions
F ~ @ H F[—i] and DG ~ 5 H'DG[~i].

The perverse cohomologies have eigenspace decompositions as described above.
Putting this all together, we have F ~ @, P, . @e (dmX=t) [dim X —¢] and DG ~

D, P.... @e (4= X=1) [dim X —¢]. These ranks may be different, so we will relabel
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to make the argument more transparent. Let j = % in the first decomposition

and k = % in the second decomposition to stress this difference. Then, we

have
F o~ @@ )[2j] and DG ~ @Q

But, we are actually mterested in G, not in DG. Thus, we apply D to the second

sum to get
G~PTy, (-
Now, notice that k
Hom'(F,G) =~ Hom' (@@A 1. DY (- )
- :
~ @Hom 7) 24], Q, (—k) [-2k])

12

EB Hom ™~ (Q,, Q,) (—k — j)
7,k

But this is just cohomology of affine space (which is contractible); therefore,

. Q,(—k—j) ifi=2j+2k
Hom'(F,G) ~ 2 )
0 else

Hence, for every 1, Homi(]-" ,G) is pure of weight i, and the base case is done.
Now suppose that if H; and H, are supported on X .,,, H; has pure stalks of
weight 0, and Hs has pure costalks of weight 0, then we have that for every i,

Hom'(H;, Hs) is pure of weight . Also, suppose that F and G are supported on

X<y Consider the inclusions

ew ' Xew = X Xo : Ju
We have a distinguished triangle

icuntcwG = G = jundnG =
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Applying Hom(F,—), we get the long exact sequence

- = Hom'(F,icyuit,G) — Hom'(F,G) — Hom'(F, juujiG) — - ..
Since we have the adjoint pair (*, ), it follows that

... = Hom'(i%, F,i.,,G) — Hom'(F,G) — Hom'(j;, F, juG) — ...

Now, 7%, F has pure stalks of weight 0 since F does, and i’<wg has pure costalks
of weight 0 since G does. By the induction hypothesis, it follows that for every 1,
Hom' (%, F,i',G) is pure of weight i.

Turning our attention to Hom'(j:F,jG), we see that j* F has pure stalks of
weight 0, jrG has pure costalks of weight 0, and both are supported on a single
stratum. This is an instance of the base case, and Hom'(j* F, j* G) is pure of weight
1 for every i.

Now, let us look at more of the long exact sequence from above
... — Hom ' (j2 F, j*G) — Hom'(i* , F,i",G) — Hom'(F,G)

But Hom' ' (53 F, 75 G) is pure of weight i — 1 and Hom'(i*,F,i' ,G) is pure of
weight ¢. Thus, there can be no morphism which preserves the eigenvalues of Frobe-
nius. The same is true for the right side of the sequence. Therefore, our long exact

sequence breaks into a short exact sequence for every ¢
0 — Hom'(iZ,, F, i) — Hom'(F,G) — Hom'(j,. F, j,G) — 0

Since for every 4, we know Hom'(i*,F,4\,G) and Hom'(j*F, j:G) are both pure

of weight 4, it follows that Hom'(F,G) is pure of weight 4, as desired. O

Remark 4.4.3. An analogous proof using the technique of induction on the support

is given in [BY13, Lemma 3.1.5].
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Let U be the functor U : D, (X) — D, (X) that forgets the G-action. For more

about the following lemma and its proof, see [AR13].
Lemma 4.4.4. If for every i, Hom'(UF,UG) is pure of weight i, then Hom$(F, G)

is a free He(pt)-module.

Proof. This is similar to the proof of Théoreme 5.3.5 in [BBD82]. We have several

different types of Hom. Consider the following:
Hom(F,G) = H°(Ra,RHom(F,G)) where F,G € D*(X)

Homg (F,G) = H},(Ra,RHom(F,G)) where F,G € Dg(X)
Hom(F,G) = U ‘H'RHom(F,G) where F,G € Dg(X)
Three facts are essential for this proof.

1. Note that Hom*(UF,UG) = Hom*(F, G) for F,G € Dg(X).

2. If F € D& (pt) is pure, then F = @tH”(}')[—n]. This is an equivariant
nez

version of Théoreme 5.4.5 in [BBD82].

3. Under the equivalence Dg(pt) = dg — mod over H&(pt), we know that C,,
corresponds to the free module H¢(pt), and a constant sheaf V., with un-

derlying vector space V' corresponds to V @ Hg(pt) (see Section 4.1).

4. Since U preserves weights, it kills nothing.

By assumption, Hom®*(UF,UG) is pure. By 1 and 4, we have that Hom¢,(F, G)

is pure. Applying 2, we see that

Ra,RHom(F,G) = ' H"(Ra.RHom(F,G))[—n]

ne”L

By 3, this corresponds to a dg-module with free underlying module and differential

equal to 0. Thus, Hj,Ra.RHom(F,G) is a free Hg(pt)-module, as desired. ]
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Since Hom(F, G) is a free H%(pt)-module, the equivalence in Section 2.2 asserts

that Hom®(F, G) is also a free H&(pt)-module.

4.5 The diagram commutes in some simple cases

Lemma 4.5.1. Let T' be a mazimal torus of G. Then, Diagram (1.2) for T

derSsm

Semisyo) (Gri) ——5 CohL*® (h*) gy

\I]Tl lder@jﬂ

Semist (N7) s Cohy %™ (§*)

commutes.

Proof. Let n = rank(7T'). Notice that Gry ~ Z", and that Gr3" ~ pt. The nilpotent
cone Nr is also a point, since zero is the only element of h that acts nilpotently
on every representation of T'. Thus, Spr ~ C,;. The Weyl group of T is the trivial

group. Therefore, our diagram becomes

He 5 3
Semisy(o) (pt) AN Coh?;XGm (6*)sm

mi l()f

Semisz(pt) fom ) Cohg™ (h*)

Consider ICy; > C; € Semisy(o)(pt). Now, Hj. ) (Cyy) = V(0) @ Op., where V/(0)
is the trivial representation. Thus, when we apply the functor (—)T, we obtain
C ® Op.. Now, let us travel the other way around the diagram. Notice that since
M is a point, the functor m, : M — N7 is now the identity functor. The functor
j' 1 M < GrJ" is also the identity. Hence, 7,j' = id. Thus, when applying the

bottom arrow, we have

Hom*(C;,C,;) ~ H}(pt) ~ C® O..

ptr =
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Since both of these isomorphisms come from cohomology, there is a canonical
natural isomorphism between the functors corresponding to the two paths around

the diagram. Hence, the diagram commutes. O]

Lemma 4.5.2. Let Gy and G5 be connected complex linear algebraic groups. If the

diagrams

Sm

. smy 9erSE] G1XGm [ 2%
Semis, (o) (Grg;) —— Cohy (87)sm

\I,GIJ/ J/der@Gfl

Semisg, (NG1) W} CthGl XGm (F)){)

and

Semisc, (o) (CrE) ——2 Coh§?*® ()

\I’GQJ/ J/der<1>cv2

. WaoXGm /7y
Semisg, (Ne,) gz~ Coby @7 (b3)
commute, then the diagram

derSgY x g, G1XGaXGm (<% <
Cohg (81 X 85)sm

lderq)c“l x GQ

W, W, G ~ ~
Cohy, “7 27 (B3 x b3)

Semis(a, xa,)(0) (GrSGnllX@)

\I}GleQJ

Semisg, xa, (NeyxGs) e ——

also commutes.

Proof. Consider the diagram

sm sm
clclrSG1 X dchG2

Say0)(Grg)) x Se,0)(Grg;)

CE(37) x C2(33)

k

dcr@gl ><dcr<1>5;2

derSa, x Gy

Vg, xWa, S(Gl XGz)(D)(GrSGn:XGz)

Hom® (ml ,—)xHom?* (@2 -

(87 X 85)sm

W‘w

der<I>@1 xGig

SGI(NGI) X SGZ(NGZ)

x

Scuxa:(Naxa)

VG, xGy

Cgl Xdz
Ch ' (b7) % Cpr 2 (B3)

T

Hom* (Spr, ﬁyz,*) Wa, xWa,

Cr: (b} x b3)
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where we use the same shorthand as in Diagram (3.6). Proving the commutativity
of the front face will give the proof of the theorem. Let us show that all the other
faces commute.

The top face commutes by the Kiinneth formula and by Diagram (2.3). The left
face commutes because sheaf functors commute with X (see [BBD82]). The right
face commutes by associativity of ®c. The bottom face commutes because RHom
commutes with X (see [BBD82]). The back face commutes by assumption.

Now, we would like to deduce the commutativity of the front face from the
commutativity of the other five faces. Notice that any indecomposable object in
Semis(q, x@,)(0)(Grg, «,) s in the (essential) image of the functor K. Thus, since
all functors are additive, we can deduce commutativity of the front square by

commutativity on indecomposable objects, and we are done. O]

Lemma 4.5.3. Let G be a connected complex reductive linear algebraic group, and
let Z be a finite subgroup of the center of G. Then, Diagram (1.2) for G commutes

if and only if it commutes for G/Z.

Proof. Consider the following diagram

derS(S;“} z

G/ZXCm /<%
COhfr/ x (gG/Z)sm
l COthGm (6" )sm
Wa zxXGm

COhﬁ_ (bg/Z) der®

f.f. Ve ~
Red

SCmiSG(NG) dorS COhKI/XGm (6*)

Semisgz(o) (Grzn}z)

Rgd der® 7%
derSg"

Yoz SemisG(g) (Grzm)

derSg /7

SemiSG/Z(NG/Z)

Notice that Q*G/Z ~ g* and BE/Z ~ Bh*. The center of G acts trivially on small
representations, which gives the two equivalences between the coherent sheaf cat-

egories in the diagram. Thus, the right square commutes. Since the center of G
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acts trivially on small representations, GrSGH}Z ~ Grp;", which gives the equivalence
between the semisimple categories. Thus, the top square also commutes. Regard-
ing a G/Z-equivariant sheaf as a G equivariant sheaf commutes with ¥, and the
left square commutes. In a similar way, the bottom square commutes. Hence, the
front square commutes if and only if the back square commutes, and the lemma is

proved. ]
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Chapter 5

Some Remarks on Line Bundles, Chern
Classes, and the Hom®-algebra of the
Springer Sheaf

In this section, we reinterpret a construction of Lusztig concerning line bundles

and maps in the derived category of sheaves on the base in terms of Euler classes.

5.1 Lusztig’s construction

Let us recall Lusztig’s construction [Lus95, Section 1.8]. Let X be a complex al-
gebraic variety, and let p : E — X be a rank n vector bundle with zero section
i : X — E. In this setting, p ~ ' and p, ~ i*. Consider the bounded, constructible
derived category DP(X). If A € DP(X), then Lusztig constructs a degree 2n mor-
phism in Hom%i,( x)(A, A) in the following way.

Let A’ = p*A € DP(E). Then, there exists a canonical adjunction morphism

A — i i A =it A = i ptA = q A
Apply py to get a morphism
p[A/ — p!i!A = A. (51)

Now, note that pCp = Cy[—2n], and that we have the following isomorphism

pA =p(Cp@p'A) = (pCp) ® A=Cx[-2n]® A= A[-2n].  (5.2)

Composing this isomorphism with (5.1) above, we get a morphism A[—2n] — A,

as we had hoped. We will denote this morphism by Lusg.

Remark 5.1.1. If we take p : E — X to be a line bundle (n =1), and A = Cy,
then we have that

A =pCx =Cy.
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In this case, (5.2) is just the isomorphism pCp = Cy[—2n] that we had before.

5.2 FEuler classes

This section follows the book [Sch00]. We will build up the definition of the Euler
class of a vector bundle in several steps. Throughout, let p : £ — X be a complex
rank n vector bundle, i : X — E be its zero section, ory,g be its orientation sheaf,

and wy/g be its dualizing complex. Then wx/g ~ orx,g[—2n].

Definition 5.2.1. An orientation class of the vector bundle p : E — X is a choice
of element ux/p € I'(X;0rx/g). The Thom class g of p: E — X is the image of

the orientation class px/g under the canonical isomorphism
I'(X;orx/g) ~ Hy (E).
The Euler class ep € H"(X) of p: E — X is defined by
ep = 1T,

where T is the image of T in H™"(E).

Remark 5.2.2. For line bundles p : E — X, the Euler class eg coincides with the

first Chern class ck;.

5.3 Lusztig’s morphism is an Euler class

Theorem 5.3.1. Lusztig’s construction gives the top Chern class of the vector

bundlep: F — X.

Proof. Lusztig chooses an isomorphism pCp ~ C,[—2n]. Let us choose an ori-

entation class px/p : Cy = i'Cp[2n] that coincides with Lusztig’s isomorphism
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(recall that p; ~ i'). We will move px/e through to a Chern class and show that
Lusztig’s construction is the same.
Consider the canonical isomorphism I'(X; orx ) ~ H¥'(E). We can rewrite this

in sheaf-theoretic language as
Hom(Cy,orx/g) ~ Hom(i,Cy, Cx[2n]).
Since wx,p[2n] ~ orx g and wx/p 1= i!QE, the isomorphism above becomes
Hom(Cy,i'C,[2n]) ~ Hom(i,Cy, C[2n]).

This is just the isomorphism induced by adjunction 4,i'C ,[2n] 2, Cg[2n]. Pulling
tx/k through this isomorphism gives the Thom class 75.

Now, we would like to rewrite the construction of 7, and eg in sheaf-theoretic
language. Recall that 7}, is the image of 7z under the isomorphism H¥'(E) ~

H?"(E). We can rewrite this isomorphism as
Hom(i\Cy,Cg[2n]) ~ Hom(Cp, Cr[2n)]).

This isomorphism is induced by the adjunction map Cp SALCN 1,0°Cp = 1uCy, so
we can define

75 : Te © adj,.
Lastly, the Euler class (and top Chern class) is given by

ep = 1i'7p € Hom(Cy, Cy[2n]).

Let us rewrite the construction of 75 in one fell swoop. It is the composition

iCy X2 513" C pl2n] 22 Chl2n).

To construct 77, we need only compose with adj,. That is, 75 is given by

WX/ adj,

GREN » 143" C[2n] — Cp[2n].

QE Z'!QX
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To form eg, we apply i* to this composition to get

Cy %y 25 i'chlon] 2% C[2n).

It is clear that this is the construction of Lusztig’s element in Hom(C ., Cy[2n]).

]

Remark 5.3.2. In the case that p : E — X is a line bundle (n = 1), then the
image of Lusg under the isomorphism Hom(Cy, Cy[2]) ~ H?*(X) is the Chern

1
class cy,.

5.4 The Hom*-algebra of the Springer sheaf

For this section, take X = G/B and let p: £, — G/B be a line bundle of weight

A on the flag variety. Consider the diagram

Pulling back along 7 gives a line bundle 7*£L) on N. Applying Lusztig’s construc-
tion gives a degree-two map Lusy-,, : C — Cg[2]. Applying s gives a degree-two
map

pir(Lusyc, ) € Hom?(Spr, Spr).

We would like to understand the isomorphism
Aw =~ Hom*(Spr, Spr). (5.3)

constructed in [Lus95]. Let 'H denote the free associative C-algebra with unit on

the set of generators A € h* and s; € A. There is a unique surjective algebra
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homomorphism

'H — Aw
S; > 8
A — 1®A
Theorem 5.4.1 ([Lus95], Theorem 8.11). There is a unique isomorphism Aw —
Hom?®(Spr, Spr) of graded algebras with unit whose composition with the homomor-

phism 'H — Aw is equal to the homomorphism in [Lus95, 8.10(a)].

Remark 5.4.2. For our purposes, we take the negative of Lusztig’s isomorphism
Ay S Hom*(Spr, Spr) defined in [Lus95, Theorem 8.11]. This allows us to prove
commutativity of Diagram 1.2 for a group of semisimple rank 1 (see Theorem
11.4.1).

Also, in [Lus95], Lusztig does not deal with the Springer sheaf and works in a
slightly different levle of generality. However, we can deduce our results easily from

the results in [Lus95].
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Chapter 0

Restriction Functors

In this section, we define appropriate restriction functors for each category in

Diagram (1.2).

6.1 Restriction for the affine Grassmannian

Let P be a parabolic subgroup of G that contains the Borel B. Let L be the
unique Levi factor of P containing T'. Let P — G denote the inclusion and P — L
denote the projection. These maps induce maps between their corresponding affine

Grassmannians

Gr; &£ Grp AN Grg. (6.1)
We can define a first-try restriction functor
RS = (qp)s o (ip)' : D(Grg) — DY(Gry).

However, this functor does not preserve perversity. To this end, recall that the
connected components of Gry, are parametrized by characters of Z (Z) where L C G
is the Levi subgroup of G containing 7" whose roots are dual to the roots of L.

Now consider the functor ﬁf : D*(Grg) — Db(Gry) defined by

R(F)= P RO [x 201 — 206)],

XEX*(Z(L))
where (—), denotes the restriction to the connected component of Gry, associated
to the character y € X*(Z (Z)), and pr, and pg are the half sums of positive roots
for L and G, respectively. This functor shifts by the appropriate amount on each

connected component to assure preservation of perversity. Recall the following

theorem of T. Braden.
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Theorem 6.1.1 ([Bra03, Theorem 2]). The functor 9_‘{5 restricts to a functor

(denoted in the same way) from Semisg(p)(Grg) to Semisyo)(Gry).

Remark 6.1.2. In fact, RE = E)Tif on the identity connected component of Grg,
which is where Grg" lives. Thus, we need not define D_Cif (even more so since
Braden’s theorem also implies preservation of semisimplicity for 97{5) We chose to

use it only because it is more commonly used in the literature.

Let us define an analogous functor for equivariant derived categories. In this

setting, define (RY) as the composition of functors

G(9) P(9)

Forpo (ip)" (ap)+ Fory, (o)
Dg(o)(GrG) — D}Do(o)(GrG) — D})D(o)(GrP) — DIJDD(D)(GYL) - Dg(o)(GfL)
and Y as the composition
orggg; RE ForILD((g)) b

Dg(o)(Grc) — D?D(D)(GTG) — DIJDJ(D)(GTL) — DL(D)(GTL)-

Note that SRY still preserves semisimplicity.
Now, we will construct a transitivity isomorphism (R%)T <= (RE)To (RF)T. We

have the following Cartesian square:

Grg —— Grp

| |

Grog —— Gryp,
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Define the transitivity isomorphism (R%)! <= (RL)To(RE)T by using the following
pasting diagram

LG P(D)

(9 )" ()« Fory (o)
DY) (Gro) Brriy DY) (Gra) —— Db o (Grp) — Db, (Gry) SO Db o (Gry)
Forc(f) Forp(?)
\B()j) lFo ggg; J{Forgig; ForgENJ) Forc((g))
O e Forg(o)
DB(D)(GYG) — Dpo)(Grp) —— Do) (Grr) —— Do) (Gri)
o Jw! 8] !
ForB®)

()= oo
Dg(o)(GfB) B Dg(o) (Gre) Dg(o) (Gre)
() ()

B(D) (GYT) ) C(D) (Grr)

B(D)

For
(D) c©)
\ ForT(D)
b
DT(D) (GI‘T)

Restricting to semisimple sheaves, this isomorphism induces an isomorphism

MY = RE o RY : Semisg(o)(Grg) — Semisy (o) (Grr). (6.2)

6.2 Restriction and induction for the nilpotent cone

Let P — G be the inclusion of the parabolic and P — L be the projection onto

the Levi. These maps induce the following
N & Np 25 N (6.3)
We can define a restriction functor
RE = (pp)s o (mp)' : D°(Ne) — D (N).

Let us define an analogous functor on the level of equivariant derived categories.

In this setting, define 7%%' as the composition of functors

ForP ForL

DE(NG) 225 Dh(NG) 225 Db (W) 2225 Dh () 25 D ().
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Theorem 6.2.1 ([Bra03, Theorem 2]). The functor RS restricts to a functor

(denoted in the same way) from Semisg(Ng) to Semisy (N7).

Now let us construct a transitivity isomorphism 75% & 7%:% ° 7%%1 We have the

following Cartesian square:

NB —)Np

| o |

Nc—>NL

Define the transitivity isomorphism
RY = RERY (6.4)
by restricting the following pasting diagram to the appropriate semisimple cate-

gories

Forp

DE(NG) =225 Db (W) — L Db (A7) s Dh(A) —2E,

ForG B Forg
Forg Forg Forg Foré
B

Db (N) — s Db () —2 Db (A ) 2 Db ()

o lm’ () ()

DY (i) — 2 DY (Ne) 25 Db ()

& (- (-

Foro

Di(Nr) —= Dg(Nr)
w Forg
Dp(Nr)

In the sequel, we will need to consider the induction functor ff : D2(NL) —
D2 (Ng) which is the left adjoint of the restriction functor RY. It is defined as the

following composition

DE(NG) <2 Dh(Ng) <2 Db (Ap) <22 Dh(A) i DY (A
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where i is the left adjoint of Forf. (see [BL94, §3.7.1]). We have a transitivity
isomorphism

16 = TEo IS : DP(N7) — DR(NG) (6.5)
defined by the following pasting diagram:

D (Ne) T Dp(Ne) o Dp(Np) o Dp(N1) e Dy (ML)

P P P L
G 7B 7B 7B P Tc
B Yo

Di(Ng) O Di(Np) O D(N1) E De(N)

() QF QF
Dy(N) 5 D(Ne) 5 DENG)

(h

Ok
Ok Ok

Di(Nr) +—— De(Nr)

T

()

gl

Dy(Nr)

e

6.3 Restriction for coherent sheaves on g*

We will define a restriction functor
RS : Coh$”®m (§*) — Cohkx®m (1),
First, define
Res? : Coth;XGm(g*) — Coh{;XGm (g"),
which just restricts the action of the group on each factor. Also define
LxGpm, (x RE' LxGm [}
VN®Og +— (Vi ® Oy) X0y O

to be the coherent restriction functor.

Remark 6.3.1. O;. is not a module over Oy since there is not an obvious map

[* — g*. However, there always exists a non-degenerate bilinear form on §* that
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restricts to one on [*. By identifying §* with § and U* with { using this form, we
can make Oy a module over Oy because there is a natural inclusion | — § and

hence a natural map Oy — O;.

Define our restriction functor as the composition of these. That is,
RS := RS o Res¥.

Now we will define a transitivity isomorphism for RY. Consider the diagram

G
Res?

. . G’ . .
Cohf*r (§7) ——L» Cohf*® (§) —— Cohf*®" (")

m lResqL« \’RGS%
N G’ § .
COthGm(g*) RY Cohngm([*) (66)
T ~
Cohngm (6*)

The top left triangle commutes, and in this case the natural isomorphism is actually
an equality Resg — Resko Resg. Similarly, the bottom right triangle commutes by

the equation
(V)\ X Og*) ®Og* OF)* = ((V)\ & Og*) ®Og* Oi*) ®Oi* 06*’

so we have a natural isomorphism R?l — R%, ° Rfl. The top right square com-
mutes, so pasting together the natural isomorphisms in the diagram gives a tran-
sitivity isomorphism

RY < RLoRY. (6.7)

6.4 Restriction for coherent sheaves on h*

Define a restriction functor
Ryy© : Cohy @™ (h*) — Cohg/» ™ (§*)
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by restricting the action of the group on both factors from W¢ to Wp. Notice that
W, W, W,
RyS = Ry~ o Ry<, (6.8)

which we will use for our transitivity isomorphism.
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Chapter 7

Functors are Compatible with
Restriction

In this section, we will prove that each of the functors in our main diagram are

compatible with the various transitivity isomorphisms defined in Section 6.

7.1 der®s

We want to define an isomorphism for the square

G i ~
CohS*Cnm (g7) — Ly Cohl*Cm (i)

der@c-l J/der@,;

Clohfe 7 (i) ——» Coblf= % (i)
W,

Consider the following elaboration of the diagram above:

Res¢ G
Coh"m (§*) ———L— CohL®m () ——=— Cohl"®n ()

Res G ResL - Resf“

Ng(T) - N (T) N ()
— ! |
R
Colie ™ () L Confe " () L cons D i
Rg/ Rg/ Réi, (71)
Ne(T)xCrm iy fg)) TYXGrm 7 TYXGrn /7
Col ™" (%) 5 Coly " () = Coby™ " ()

-)Te (-)7® ,
) rVe EA

Cohg! @™ () ——=— Cohy***" (h*)

The top and bottom compositions are RY and RVWVS, respectively, and the left and
right compositions are der® = and der®;, respectively. Each of the faces obviously
commute, and the composition of the natural isomorphisms on these faces give a

natural intertwining isomorphism

der®; o RY <= R} o der®y. (7.2)
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Now, we will prove that the intertwining isomorphism in (7.2) is compatible with

transitivity of restriction defined in (6.7) and (6.8).

Theorem 7.1.1. The following triangular prism commutes:

X o der® ~ .
COthrXGm(g*) G Cohllc/;/gx(l}m(h*) .
RY Ry
L RWG&
W
i - der®d ; -
RS CohExCm (17 L Coh}/=*Cm (h*)
% | /%

der®;

Cohl*®m (i) s Cohl/™Cm ()

Proof. Certainly the left-hand triangle commutes by (6.7) and the right-hand tri-
angle commutes by (6.8). The front two rectangles commute by Diagram (7.1) for
G and for L. Thus, we can define a natural isomorphism for the back face using
the natural isomorphisms for the other four faces, and hence the triangular prism

commutes. O

7.2 Vg

We follow exactly the treatment in [AHR15] and point to it for more details. We
include a brief summary in this paper for the sake of completeness. Our goal is to

define an intertwining natural isomorphism RVWVS oWg <= U o RY for the square

Semisg(0)(Grg) — Y9, Semisg(Ng)

lmg lﬁg (7.3)

Semisy(o)(Gry) — L Semisy, (NL)

and to prove that this intertwining isomorphism is compatible with the transitivity
of restriction defined in (6.2) and (6.4).

First, we lay down some preliminary results.
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Lemma 7.2.1 ([AHR15], Lemma 5.2). The following square is cartesian:

ML'—>MG

NL '—>NG

Recall Diagrams (6.1) and (6.3). We will produce a similar diagram relating M,
and ./\/lg.

Proposition 7.2.2 ([AHR15], Proposition 5.3). We have i,(Mp) C Mg, and

there is a morphism wp : Mp — Np making the following square cartesian:

Mp SN Mg
-
NP &) NG
Let i%' : Mp — Mg and ¢p' : Mp — M, be the restrictions of ip and g¢p,

respectively. Then, we have the following diagram analogous to Diagrams (6.1) and

(6.3):
ap’ i
ML <— MP — Mg.

Fitting everything together, we have a diagram of commutative squares:

TG
GI"SGm < T Mg >NG

ispm] i/};"] mp]

Gr}m — MP s Np (74)

Jp
lqspm lqﬁ’t lpp

s
Gl"SLm<jL JML L >NL

where the top right square is cartesian by Proposition 7.2.2 and the bottom left
square is cartesian by the definition of Mp.
Recall that the functors ¥g, Uy, RY, and ﬁ% are gotten by restricting functors

from derived categories to semisimple categories. Thus, we can define the intertwin-
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ing natural isomorphism for Diagram (7.3) by defining it for the corresponding de-
rived categories. Using the morphisms in Diagram (7.4), we can make the following

pasting diagram and use it to define our intertwining natural isomorphism:

ForG®©)
DY ) (Cr2) —% Dy (Caz) — Dh(Ma) "5 Dy ()
Forgggg ForP Forg Forg
4 ForP(®) 4 4
sm (7a)*
Do) (Gra) — Dp(Gr m) 26, Dy (MG) —= Dy(Ng)
(ispm)‘ (ism)‘ (1/\/()' m‘P
M Forp®) b (mr)-
DY o (Gr3) 2 D (Gr) —2 Db (M) 05 Dh(Np)  (75)
FOTILD(%))) For? Forf Forf
~ - o L(D) ~ (71- )
(42)+ (g5)« (aph)« (pp)+
~ L(D) ~

DY o) (Cr5") s DY (GrP) — s DY (M) 2% DY (A)

We are ready to prove that the intertwining natural isomorphism R%f Vg <=
VU o RY defined in Diagram (7.5) is compatible with the transitivity of restriction

n (6.2) and (6.4).

Proposition 7.2.3 ([AHR15], Proposition 5.4). The following prism is commuta-

tive:
s o
Db(o)(G ) . Dg(NG)
R R
RE
e DY o (Gry™) ——* Db (N7) (7.6)
RE R
sm Y
)(GTT ) D} (Nr)

Proof. We will paste together two large commutative prisms to give the commuta-

tive prism in the statement of the proposition. In these large commutative prisms,
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we shorten the notation for the forgetful functor For by writing F. Consider the

following large prism.

G(D)

b sm J6°Fa) b
D, o)(GTG) Dg(Me)
' Fgio)
\ . YoRS
G(D) Db Grow PoYP©) Db M
('eFp(s) Po)(GT7") p(Mp)
/ ( )* LI:’(<DD)) /
(VoFpis) i op B oFy P
sm B°7B(©) ()xoF,
D%(o)(GrB ) Dy(Mp) -
()xo g ((LS)) b sm \ i Il:((f)) b
DL(D)(GrL ) Dp(My)
(.)*ong(LO) *oF \ /
T(9) « ) ([;((g OFC(O oL
sm c©
Dg(o)(Grc ) De(Mc)
) i m/ S FroFE ) /P T
DT(D)(GrT ) Dy (Mr)

(7.7)

All of its constituent cubes and prisms commute after noticing that we have the

following two cartesian diagrams which are defined in [AHR15, (5.6)].

MB—>MC

Gry' —— Grg’ Mo —— My
Consider another large prism.
gep
DY(Me) (). D (N)
()'oFS ()'oFS
\ (')!(’m
()\org () DhN)
YeoFF
oFP ()oFE
Dj(My) s D) U
y*opg
wFE TL)*
e Db (M) (re) DY (N})
OFL OeFf \ Aé
(7o)«
“ De.(No)
Aﬁg ()oFS
Dy(My) ke Dh(Ny)
(7.9)
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All of its constituent cubes and prisms commute after noticing that we have the

following cartesian diagram.

MB—>NB

l l (7.10)

Mp—>Np

which is defined using the cartesian diagram in Proposition 7.2.2 and its analogue
with B playing the role of P.

Now, we are able to paste the two large prisms, (7.7) and (7.9), along the face
labeled by D2(Mg), DR (M), and D2(Mz7) to get the commutative prism (7.6).

]

7.3 derS

In this section, we will set out to define an isomorphism for the square

Semisg (o) (Gre) LN Cohgxc’m (")

lmg lRf (7.11)

Semisy(o)(Gry) TN CohvarX(Gm (1)

that is compatible with transitivity.
We will deduce this from the nonequivariant version in [AR15a]. Consider the

following diagram

SemiSG(D)(Grg) COthGM (g*)

T T

Semisy (o) (Grr) CohLxCm (1)
J (7.12)

Semis(g(g)) (Grg) COthGm (Né)

T T

Semis(L(D))(GrL) CohfLrXGm (J\TE)
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where the vertical functors on the coherent categories are quotient (or tensoring)
functors.

We will produce a natural isomorphism for each of the faces except the top one.
Then we will use these natural isomorphisms to produce one for Diagram (7.11)
(the top face of Diagram (7.12)).

The left square commutes because hyperbolic localization (and in fact, all sheaf
functors) commute with the forgetful functor (see [BL94]). The right square com-
mutes because all of the functors in the square involve tensoring. The bottom
square commutes by [AR15a, Theorem 2.6].

We will require some work to prove an isomorphism for the front and back
squares of Diagram (7.12). They are essentially the same except for swapping the
roles of G and L, so we will make our argument for the back square. To this
end, consider the following triangular prism whose front face is the back square of

Diagram (7.12).

H, 0) (Grg) —mod

G(
V \

Semisg (o) (Grg) Coth;XG’” (")
OGS, o) (66~ (7.13)
H(Grg)—mod
SemiS(G(D GI"G hSXGm (Né)

As mentioned in Section 2.3, there exists an isomorphism of functors
K < HE;(D) o gal

Thus, the top triangle commutes. The back right square also commutes by an

argument in [BF08]. The bottom triangle commutes by [YZ11] and [AR15b].
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Commutativity of the back left square of Diagram (7.13) remains. To verify this,
we will carefully study the interaction between forgetting equivariance and taking

cohomology.

Theorem 7.3.1. Consider the following diagram of categories and functors.

. (o) o
Semisg(o)(Grg) —— Hp o) (Grg)—mod

J/For lH'(Grc)®Hé(D)(Grc>

Semis(g(g))(Grg) L.) H'(Grg)—mod
There exists a natural isomorphism of functors making this diagram commute.

Proof. Consider the following diagram which is an extension of the one in the
statement of the theorem.

. HE . Red .4 ~
Semisg(o)(Gre) —o, Heyo)(Grg)—mod —, H?, o) (pt)—mod C D(Ag) —— D (pt)

lH-(GrG)@)Hé(D)(GrG)f J{C@H&(D)(pt)* lFor

For H*(Grg)—mod e, H*(pt)—mod C D(Vectc) —=— D"(pt)

|
|
\L Rgd

Semis (o)) (Grg) AN H*(Grg)—mod
The right-most square commutes by [BL94|. The square whose horizontal functors

are Rgd commutes by the fact that

H*(Grg) ~ C®pye

G(D)

(pt) Hé(g)(GI‘G) (714)

The composition of all the functors along the top and bottom rows are just push-
forwards to a point. Since sheaf functors commute with forgetting (see [BL94]), the
subdiagram formed by traveling along the perimeter of the diagram also commutes.

Let F € Semisg(o)(Gr¢). In the previous paragraph, we constructed an isomor-
phism

Red(H*(Gre) ®pe

G(D)

(Gr) Heyo)(F)) = Rgd(H (For(F))). (7.15)
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We would like to “zip up” the diagram

. % (o) o
Semisg o) (Grg) —— Heyo)(Gra)—mod

J/H.(Grc)(gHé(D)(GrG)

For H*(Grg)—mod _fed H*(pt)—mod C D(Vectc)

]
]
4 < Rgd

Semis o)) (Gre) —&  H*(Grg)—mod
thereby proving that our isomorphism is in fact one of H*(Grg)-modules rather
than only H*(pt)-modules.

To this end, consider the following diagram which encodes the module structure

on the objects in our diagram.

Homa(g) (@7 Q) X HOHIE;(D) (g, .7:) ° Hom.G(D) (Q, .F)

For l«:(gﬂé(o)(pt)i C®HE;<D)(N)7\L For
(C®up, | o) Homg)(C, C)) x (C@mp,  or) Homgy o) (C, F)) —— C@py,  or) Homg o) (C, F

~J(7.14) (7.14)l~

Hom*(C, C) x Hom*(C, F) - Hom*(C, F)

Commutativity of this diagram is equivalent to (7.15) being an isomorphism of
H*(Grg)-modules instead of only H*(pt)-modules. But the diagram certainly com-

mutes since For is a quotient functor by the positive degree elements in H é(g)(pt);

therefore, it coincides with the functor C ® HE o) (01) ~ n
The functors k and = in Diagram (7.13) are equivalences—thus, x~! and Z7!

exist. The new triangular prism with x and = reversed still has all the faces except
the front one commuting. This implies the commutativity of the front face as well.

Now we return to Diagram (7.12). We have just constructed a natural isomor-
phism for the front and back faces. Our goal was to construct a natural isomorphism

for the top face.
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Theorem 7.3.2. There exists a natural isomorphism of functors
RY o derSg <= derSy, o RY (7.16)

making Diagram (7.11):

Semisg(o) (Gra) % Coh§*®" (§)

lmg‘ lRf

Semis o) (Grp) —<2Ly CohL*Gn (1*)

commute.

Proof. We have constructed natural isomorphisms for all faces in Diagram (7.12)

except for the top face. Thus, if F € Semisg(o)(Grg), we have an isomorphism
derSL(RE (F)) Q0. Oy = RE (derSa(F)) @o,, Oy

We would like to lift this isomorphism (i.e. erase ®o,, O N from both sides). Thus

we have
Hom(V(\) ® O, V(A) @ Oy)
Hom(V(\) ® O/\Yp VN ® O/\T;)
where

Hom(V(A) ® Oy, V(A) @ O.) and Hom(V(A) ®@ Oy, V(A) @ Oyy)

are free Oy.- and O Nz—modules, respectively. And the map is quotienting by the
ideal of the nilpotent cone, which is generated by positive degree elements. Thus
this is an isomorphism in degree zero. Hence, our isomorphism lifts to a unique

isomorphism, and we are done. O
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7.4 derSg

Our goal is to define an isomorphism for the square

Semisg(Ng) derSe, CohE’GXGm(B*)

lﬁ% Wf
Semisy, (N7) N Cohg = *®m (h*)

that is compatible with transitivity of restriction from (6.4) and (6.8).

It suffices to define an intertwining isomorphism

D (Ng) 5% CohexCn (i)
lﬁg lR%(L; (7.17)
Dy () 5 Coh™e En (h7)
that is compatible with transitivity of restriction.
Now, define a category Ay, whose objects are integers and whose morphisms are
given by
0 if m < n or if m # n(mod 2)
Hom(n,m) = .
W x Sym 2 (X) if m >n and m = n(mod 2).
This category comes equipped with an autoequivalence [1] such that n[1] = n+ 1.
A number of objects of interest have a categorical description in terms of Ay,. For
example, we can rewrite the Springer sheaf Spr . as the functor
Aw 2 DE(NG)
n — Spr,[n]
Lemma 7.4.1. Let Vectféw be the category of functors Ay — Vectc. There is an

equivalence of categories VecteV ——» Coh™>Cm ().

Proof. Let F': Ay — Vecte be a functor. Then, M = @ F(n) is the underlying

nez
vector space of the module. A morphism in Ay, determines the action of W and

Of 05*. O
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Armed with this categorical machinery, we can factor derSq as
DE(Ng) VectDG We)™ 5Pr6, g cteW

where Y is the Yoneda embedding. Doing this for both G' and L and considering

restriction functors, we get the following diagram:

DY (Ng) —— Vectn© ¢Na)*? Spra, Vectéwc

Fg lo@c)op l (7.18)

DY (VL) —X— Vectpt AR TN VectéWL

Defining an isomorphism for the outside rectangle in Diagram (7.18) is equivalent
to defining one for Diagram (7.17). We will give a natural isomorphism for the left

rectangle first, and then show that it is compatible with transitivity of restriction.
Lemma 7.4.2. Consider the following diagram:

Dl (Ng) — Veot 264"

lﬁ? l"(ffw

DR(N) —— Vect(C LWL

There exists a natural isomorphism of functors making this square commute.

Proof. Consider the following diagram:

Dh (W) —F s DY (W) — 2y DY) — 22y DY) —E s D (A

I [ [ [ I

oo‘ op o(mp), b op o *,0 b op o(~P)oP b o
Vec tDG W) “OE% 7 cte Dp(Na)?® *>( r) VectCDP(NP) Polor)™S pVectgp(NL) P20 VectgL(NL) '

Each of the faces are labeled by an adjunction isomorphism, and their composition

gives the desired natural isomorphism. O]
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Lemma 7.4.3. The triangular prism below is commutative.

b o
D2 (Ng) Y ) VectgG Ne)™
RE o(Z§)eP
. o(igm
b o
RS DY (NL) ¥ ) VectgLWL) ’
REL + %p
b op
DP.(N7) X Vecto ! W)

Proof. For the left-hand triangle and right-hand triangle, we use the natural iso-
morphisms (6.4) and (6.5), respectively. The front two rectangles commute using
the natural isomorphism constructed in Lemma 7.4.2 for G and for L. Thus, we
can define a natural isomorphism for the back face using the natural isomorphisms

for the other four faces, and hence the triangular prism commutes. O]

It remains to produce a natural isomorphism for the right square in Diagram
(7.18) and show that this isomorphism is compatible with transitivity of restriction.

This is equivalent to exhibiting commutativity of the diagram

Aw,, 2% Db(NG)

[
Aw, 2y Db(A)

L

as well as of the following prism

Spr,
Aw, s Dg(Ng)
\ S ‘ff\
AWL —L DE (N L)
¢ Ix
Ay, Dy (Nr)

Rather than doing this, it is easier to restate the problem in the following way: de-

fine a (W, x X)-equivariant isomorphism Z¢ (Spr,) = Spr ., such that the following
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square commutes
Zf (Spr,) — Spr,,

~T:7§ or ¢GTN

Iy 1I7 (MT )fﬁtcv'zLI’Iq (MT)
T LT

Lemma 7.4.4. There ezists a (W x X)-equivariant isomorphism fLG(%L) =

Spr , such that the following square commutes

G

TG
TSer,) R B2

~|ZI¢¢r ba |~

TETHSor,) 53,78 o)
T~ "L~T

Proof. In [AHR15], a Wi -equivariant isomorphism ff(mL) = Spr,, is con-
structed which makes the square commute. It remains to show that this isomor-
phism is also X-equivariant. However, we will instead show that the isomorphisms
o : I8 (Spr,,) = Spr,, and ¢, : f%m:r = Spr, are X-equivariant and deduce
from this the X-equivariance of Z¢ (Spr,) — Spr ., using Lemma 7.4.6.

We focus on verifying the X-equivariance of ¢g (the argument for ¢, is similar).

Consider the following diagram:

X — Hom%;a (NT) (MT’ MT)

TG
T
©

s 7.19
Hom?, o (Cg,.Cg,) —— Homb, . (Spr,,, Spr,) (7.19)

This diagram describes the action of X on both fg (@T) and Spr .. That is, the
action of X on qu (%T) is given by the composition qu op, and the action of X on
Spr,, is given by the composition 4, o g. Thus, proving that ¢g : fg (%T) = Spr,,

is X-equivariant is equivalent to verifying the following:
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1. The triangle commutes (i.e., pi, o © <= Z¢), and
2. the images of X under © o p and under ¢ coincide in Home b (Fc) (Cx..Cx)-

First we focus on proving (1) above. The functor © is given by composing the

functors in the following diagram.

DE(Nr) —2s DYy (W) 225 Dy (W)

Now recall that fg is defined by the following composition:
<t m
Dh(Ne) <2 Dl (W) 220 DYy (W) 225 DY (A7) <2 D).

Our goal is to prove that p, c © <— fg , but since the first two functors in
both definitions are equal, this reduces to showing that there exists a natural
isomorphism 7§ o (mp); <= i, o i.e. Consider the commutative diagram

NB i—B>./\N/’G Z:GXBNBL)NG, (720)

where 75 is the inclusion map. With this in mind, we need to prove that there

exists a natural isomorphism making the following diagram commute.

Dy(N) 2% Dy(NG)

Dg(Nea) == Dg(Ne)
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To do this, consider the diagram gotten by taking right adjoints of each functor:

Dy(Np) N Di(Neg)

mp)’

(i) /
g

D% (NG) Forg

i.e.

G
For®

DY(Ne) «—— Dh(NG)

The bottom quadrilaterial commutes because sheaf functors commute with forget-
ting [BL94], the left triangle commutes by the definition of induction equivalence
[BL94], and the top triangle commutes by Diagram (7.20). We have constructed a

natural isomorphism

(mp)' o For§ <= i.e.op'. (7.21)

Since 7§ o (mp); and pyoi.e. are the right adjoints of the left and right hand sides of
(7.21) respectively, and right adjoints are unique, we deduce that there is a unique
natural isomorphism induced from (7.21) that makes the diagram commute. Hence,
we have constructed a natural isomorphism i, o © <= qu .

Now, we will verify (2). First, we will define p and ¢ from Diagram (7.19).
Note that Hom%% ( NT)(%T’MT) — p*. Thus, p is just the inclusion map. For
q, recall that X can be viewed as the collection of line bundles on G/B. Thus,
q(L)) = Lusz+z, (see Section 5.4). Consider the following diagram of functors

whose composition also defines the functor ©.!

DhNT) — 2 DY (N

ind. equiv lN

b o b ( A/
D¢ (G/B) —— Dg(Ne)
1In Lemma 7.4.5, we verify that the two given definitions of © coincide.
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It is clear using this definition of © that the images of X under © o p and under ¢

coincide in Hom%ké W) (Cx.-Cx)- O

Lemma 7.4.5. The two definitions of the functor © coincide.

Proof. We use a similar argument (using right adjoints) as in the above proof.

Recall that the two definitions of © are given by the following two compositions

Dh(N) — s DY (N

ind. equiv.lN

Dg(G/B) —— D(Ne)

Dh(Ny) —2 DY (N) 220 D (W)
DY (N

That is, we must show that the following square commutes:

Dy (Nr) —22 Dy(Np)
ind. equiv.lfv Nli.e. (722)
Dg(G/B) —— Dg(Na)

Factor ind. equiv. and i.e. as v§ o (ir), and 7§ o (ig), respectively, where ip : Np <

GG/ B is the inclusion of a point. Take the right adjoints of each functor to get:

(pB)+
DY (Nr) =~ DY (Np)
(ir)' (i)'

ind. equiv. D%(G/B) <T D%(NG)

G G
For% Forg

D(G/B) +—— De(No)
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The bottom square commutes because sheaf functors commute with forgetting

[BL94], and the top square commutes by base change since

NB 'i—B>./\7G

NT = pt 'Z—T> G/B

is a Cartesian square. Thus, the diagram of right adjoints commutes, which implies

that Diagram (7.22) also commutes. O

Lemma 7.4.6. If the isomorphisms ¢¢ : fg%T = &G and ¢r, : f%&T =
mL are X-equivariant, then the isomorphism ff@L = m(} constructed in

[AHR15] is X-equivariant.

Proof. First note that each isomorphism f : A — B in the statement of Lemma
7.4.4 induces an isomorphism End®(A) = End®(B) by precomposition with f=*
and postcomposition with f. The action of X on A is a map X — End*(A) that
is injective for every case in Lemma 7.4.4. The isomorphism f : A = B being
X-equivariant is equivalent to X C End?(A) being identified with X C End*(B)
under the induced isomorphism End®(A) = End®*(B). In this case, we will say
that the induced isomorphism is X-matching.

Now, consider the following diagram of induced maps

° ~G ~ °
End (IL&L) m) End (mg)

TG
IL NT%EQSL ¢GT~
. o/ 7GTL ~ yzeel
End*(Spr, ) End*(Z7 Z7Spr,, )i@%End (Z7Spr,) Fomatehing by def.

(7.23)

oL ~ TfLG f?]

L

End* (i’%&ip) « T End (Spr,.)

X-matching by def.
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The morphisms Z¢, 75, and Z¢ are X-matching because the X-action on fg%v
f%&,f, and fzq MT are defined using these respective morphisms. By assumption,
we have that ¢g and ¢ are X-matching. The left square (which looks like a
triangle) clearly commutes, and the top square commutes by [AHR15].

We will prove that the isomorphism labeled by [AHR15] is X-matching. Since
if and ¢ are X-matching and the left square is commutative, it follows that
ffngL is X-matching. Now, since fLGQbL,ZQ , and ¢g are X-matching and the top
square is commutative, it follows that the isomorphism labeled by [AHR15] is X-
matching. Hence, the isomorphism ffmj: — Spr,, constructed in [AHR15] is

X-equivariant. O

The previous lemmas in this section, when taken together, give a construction

of an intertwining natural isomorphism

Ry} o derSg <= derS;, o RY. (7.24)
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Chapter 8
The Kostant Functor «

thGm (g*) N

Coh®" (T (h*/W)) (see [BF08]) mentioned in Section 2.3. A similar explanation was

In this section, we develop what is needed to define the functor s : Co

recently worked out independently by S. Riche [Ric14].
Let M :=V ® Oy be a free G x G,,-equivariant coherent sheaf on §*. We may

instead view M as the space of regular maps
M={u:g"—V}

Note that Oy, G, and g all act on M. We will elaborate on the action of Oy« Let

r € Oz and A € g*. Then,
(r-w)(A) = r(Mu(d).

Define a sheaf 3 on §* whose fiber at any point A € §* is its centralizer (§*)". Its

global sections are given by

PG)={/:6" = 8lad(f(N)(A) =0, VA€ g}

Equip I'(3) with a Lie algebra structure via

[f,9](A) = [f(A), g(N)]
for all f,g € T'(3), and X\ € g*. Define an action of 3 on M

fou g =V (8.1)

68



Lemma 8.0.7. The action (8.1) makes M into a 3-Lie algebra module. Further-

more, this action is compatible with the action of Og-; i.e.,
re(fru)y=00-f)u=f-(r-u), (8.2)
for allr € Oy-.

Proof. First we will verify that the action of 3 on M satisfies (8.2). Let r € O+, f €

3,u € M, and A € g*. The left-hand side of (8.2) becomes

by the Leibniz rule. This simplifies to

(FQ) - 7) - W) (X) + (N (A - ) (V).

Thus, to verify (8.2), we must show that ((f(A) - r)-u)(A) = 0. To this end,

notice that

So, it suffices to show that f -7 = 0. First, suppose that r is a constant function.
Then f -7 = 0 since the g-action on constant functions is zero. Now, suppose that
r is homogeneous. By the Leibniz rule, it is enough to consider the case when 7 is

linear. To this end, suppose that r : g* — C is linear. Then for all x € g,
(- 7)(A) = r(=ad"(z)(})).
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So, notice that

(f-1)Q) = (F(A) - ) (A) = r(=ad"(f(X))(N)) = r(0) = 0.

Now we will show that the action of 3 on M in the statement of the lemma

makes M into a 3-Lie algebra module. That is, we will verify that

[fogl-u=f-(g-u)—g-(fu), (8.3)
for all f,g € 3 and u € M. Let A € g*. Then, for the left-hand side of (8.3), we
have
(1.1 ) = (T 9] - u)(X) = (FO) - (9N - )N ~ (9(A) - (F) - ) ().

The right-hand side of (8.3) gives

(f - (g-u)X) = (g (f - w)(X) = (f(A) - (g - uw))(A) = (g(A) - (f - w))(A).

Thus, it remains to show that

(F) - (g(A) - w))(A) = (F(A) - (g - u)(A) (8:4)

and similarly for f and g swapped. Since the arguments are exactly the same,
we will verify the first one. First, suppose that ¢ is a constant function. That is

g(p) = g(A) for all u € g*. Notice that

(9-u)(p) = (9(p) - w)(p) = (g(A) - w) ().

Hence g - u = g()) - u and we have verified (8.4) when g is constant.

Now suppose that g = 7 -2 where r € Oy and = € §. Note that every element of
M is a linear combination of functions of the form r - . Thus, it suffices to verify
(8.4) for g = r - x. We can view z € § as a constant function §* — §; that is,

g(A) = r(N)x. In this case, we have



by the constant function case of the theorem. Continuing, we have

rN Q) (z-u))(A) = (r-(f(N)-(z-w))(A) = (F(X)-(r-z-u))(A) = (F(A)-(g-w)) (V)
by (8.2), and we have verified (8.4). O

Remark 8.0.8. Let r € Oy, A € g%, and f, g € 3. Notice that,

[ £, 91(A) = [(r - )N, g(N)] = [r(M)F(A), g(M)], (8.5)

and we can now slide the constant r(X\) throughout. That is, [r- f,g] = [f,7 - g] =
r-[f,q]. In Lemma 8.0.7, we showed that T'(3) acts on M, but the compatibility of
Og» with 3 guarantees that the action (8.1) extends to an action of the sheaf of Lie

algebras 3 on the coherent sheaf M.

We can now define the Kostant functor  : Coh®*®m (§*) — Coh®m(T(h*/W)).

Any coherent sheaf F € Coh&*Cm (g") when restricted to gy, is a sheaf of ;

cy =
Oreg

representations. We can form the universal enveloping sheaf U(3[g; ) which is a
sheaf of associative algebras. Then, we get a sheaf Flz. of U(3lg, )-modules. We

have the following result of Kostant.

Proposition 8.0.9 ([Kos63] Proposition 11). Let x € g be arbitrary. Then g*

contains an [-dimensional commutative subalgebra, where | = rank g.

In our case, we are considering = € gy,,, so dim(g;,,)* = rank g;,, = [. By the

proposition above, (§.,)* is a commutative Lie algebra. Hence, U (3], ) is a sheaf

of commutative associative algebras. Thus, in fact, Flg, is a Sym(3lg;,  )-module.

We can apply the global spectrum functor Spec to F ir., U0 get a coherent sheaf

on Spec Sym(3g, )-

hGXGnL (g*

We have started with an object in Co ) and constructed an object in

Coh®™ (Spec Sym(3

i1, ) However, we want an object in Coh®m (T (b*/W)). Let’s

continue.
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Let 7* be the cotangent sheaf on h* /W. Apply the Grothendieck-Hartshorne
procedure to construct a vector bundle Spec Sym(7*) from this sheaf. This is, in
fact, the tangent bundle T(h*/W). But, since T(h*/W) is a tangent bundle, it

comes with a canonical surjection

T(h*/W)

|

b* /W

This is an affine morphism, so we have that T(h*/W) = Spec p1Or - ), where
Ouiyw) is the structure sheaf on T(h*/W). But, notice that Spec Sym(7*) =
Spec PO ywys 80 Sym(T*) = pr.Oq e mry- In addition to the vector bundle
projection, we have another map pr : gy, — h* /W, which is the projection to the

spectrum of invariant polynomials. These maps fit into a diagram

T(h*/W)

|

g:eg L 6*/W

We can pullback the vector bundle along pr to get a new vector bundle (which is

necessarily the fibered product). Thus, we have a cartesian square

8o Xie w T(O7 /W) —Z T(h* /W)

B 2 b* /W

But, since p; was affine, we know that gj., xﬁ*/WT(B*/W) = Spec prp1 O iy
Above we saw that Sym(7™) = p1.Opg/mr, S0 we now have that gr, X«

T(h*/W) = Spec pr*Sym (7). In [BF08], it is shown that pr*7* ~ ;

[ This
reg

implies that pr*Sym(7™) =~ Sym(3/g:, ). Putting all of these isomorphisms together,
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we see that gy, Xg-/w T(h*/W) ~ Spec Sym(3 ir,)- Making this identification in

our diagram, we have

Spec Sym(3|g:, ) 2 T(h /W)

PQ |

B = b* /W

Now let e, h, f € g be a principal sl triple with f € i_, and e € f1,. Let e+3(f) be
the Kostant slice to the principal nilpotent orbit, and let ¥ be the image of e+ 3(f)
under a G-invariant isomorphism § ~ §*. Thus, there is an inclusion ¢ : ¥ < Oreg-
As mentioned in [BF08], we have a canonical isomorphism ¥ ~ h* /W. Updating

our diagram yields

Spec Sym(3|g,.) ——— T(h*/W)

po lpl
D gl T W

<k

~

Since we have an isomorphism ¥ ~ h* /W it follows that pulling back the vector

bundle py : Spec Sym(3 é?cg) — Greg along ¢ gives a vector bundle isomorphic to

T(h*/W). That is, we have the diagram

T(H*/W) —— Spec Sym(3lg,.) ——— T(b*/W)

T

Pt g, bW

<k
\rcg/

~

Continuing the definition of the Kostant functor, we take the object Spec Flg: =€

Coh®" (Spec Sym( i, )) that we constructed before, and we restrict to T(6*/W).

Let us give a concise definition of the Kostant functor.
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Definition 8.0.10. The construction of the Kostant functor k is given in the

paragraphs above. That is, r; : Coh®*®m (§°) — Coh® (T(h*/W)) is defined by

k(F) = "Spec F

<k
Oreg

Remark 8.0.11. [t is shown in [BF08] that H¢,q) (Gr) = O(T(6*/W)) (see Re-

mark 9.2.5). Thus, the functor r takes values in Hg, ) (Gr)-mod.
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Chapter 9

Modules, Module Homomorphisms, and
Free Modules

Consider the following diagram on Hom®-algebras induced by the functors in Dia-

gram 1.2.

sm
derSE

Homéemisc(g)((}rsgm) (‘F7 g) —— Hom (derSZ;m (F)7 derS&m(g))

lder@c

g Homcoh}?’XGm (5 (der®¢ o derSE (F), der®y; o derSg*(G))

Coh§ *C™ (§*)gm

HomSig ) (V6 (F), W(G)) —— Homwscin e (dexSi o W (F), derSg o W(G))

(9.1)
In this section, we show that each of the Hom-algebras in Diagram (9.1) is a free
module over the appropriate manifestation of the ring H&(pt). We also show that

each arrow in the diagram is a module homomorphism.

9.1 The Hom-algebras are modules

We have shown in Lemma 4.3.1, Proposition 4.3.3, and Remark 4.3.5 that the

Hom-algebras are modules over H&(pt) ~ Og’l ~ (9%‘*/ , respectively.

9.2 The arrows are module homomorphisms

9.2.1 The top arrow
In this subsection, we show that the top arrow in Diagram (9.1) is an Og—equivariant

map.
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Lemma 9.2.1. The functor k induces an Og-equz’vam’ant map
I_IO—mCOhSXGm(g*)(M7 N) — MHE;@)(Gr)—mod(ﬁ(M)u H<N))

Proof. By Proposition 4.3.3, we know that Hom M, N) is a free (’)gi—

cohngm(g*)(
module. Now equip both M and N with 3-module structures. Again, we get that
the space of maps is an (’)gq—module (here we use the compatibility of the actions
of Ogi and 3 given in (8.5)). At each step in the definition of the Kostant functor
(see Definition 8.0.10), the ring (95 still acts, and we can follow it through the

definition of . O]

Remark 9.2.2. This implies that the functor k=* also induces an Ogi—equz'vam'ant

map

(= (M), 5 (N).

HomHE;(D>(Gr)—mod(M7 N) — I_Io—mCothG’” ()

We also have the following easy lemma.

Lemma 9.2.3. The functor H.G(o) induces an Hé(D) (pt)-equivariant map

HoméemisG(D)(Gr) (fa g) — MHé(D)(Gr)—mod<Ha(D)(F)a H.G(D) (g))

We need a theorem from the paper [BF08]. This theorem will allow us to prove

that on Hom . (Gr)—moa (M, N), the actions of H¢, ) (pt) and (’)5 coincide.

©)
Theorem 9.2.4. [BF08, Theorem 1 (a)] Assume G is simply connected. We have
a canonical isomorphism He oy ,¢, (Gr) = O(Np jwi-jwl) where A C (t/W)?
is the diagonal. Here the projection Ny A — Al corresponds to the homomor-
phism Hg (pt) — Hé(D)NGm(Gr); and the two projections N w2 A — /W =
t/W correspond to the two homomorphisms Hey o) (Pt) = Heyo)ug,, (Gr). The iso-

morphism is specified uniquely by these requirements.
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Remark 9.2.5. R. Bezrukavnikov and M. Finkelberg (see [BF0S, Section 2.6])
note that the fiber of NxZ over 0 € Al is the normal cone to Z in X. In partic-
ular, the fiber of N wy2A over 0 € Al is the total space of the tangent bundle
T(t*/W). Thus, Theorem 9.2.4 implies the canonical isomorphism Hey o) (Gr) =

O(T(t/W)).

Corollary 9.2.6. The actions of H, o) (pt) and OQG; coincide on

HomHé(D) (Gr)—mod(Mv N) :

Proof. Let M and N be H¢, 5 (Gr)-modules. Then HomH&(D)(Gr)_mod(M, N) carries
actions of both H(';(D)(pt) and Ogi. Let p : Gr — pt be the map to a point, and let
7 : T(t/W) — /W be the tangent bundle map. By Theorem 9.2.4, we have the

commutative square

Hp, ) (Gr) —2— O(T (/W)

p#] ,,#]

Hg o) (pt) —— O(F/W)

Let f € HomHé(D)(Gr)_mod(M, N) and let 7 € H¢, 5 (pt). In what follows, - denotes
the module action of Hg o) (Gr). Then the two actions p?(r) - f and (B o n? o
©(r)) - f, mentioned before, make sense and are equal by the commutativity of the

diagram. [

We will need one more theorem from [BF08].

Theorem 9.2.7. [BF08, Theorem 4] The functor
derS;' : Coth;eXeGm (§") — Semisg(o)(Gr)

1$ a full imbedding, and there exists a natural isomorphism of functors

K < Ha(g) o derS&l.
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Now we are ready to prove that the top arrow in Diagram (9.1) is an (H¢, o, (pt) ~

Og)—equivariant map.

Theorem 9.2.8. The functor derSg gives an (Hé(g) (pt) ~ Og)-equivarmnt map
Homéemisc(g)(Gr) (Fv g) - I—Io_mcothXGm (g*)(derSG(‘F)v deI'SG(g))

Proof. Let f € Homg, s, o () (F,G) and let r € HE, o (pt). We keep the notation

of Corollary 9.2.6. Notice that,

Ko HZ;(D)(T -f) = Fﬂ_l(p#(r) : H.G(g)(f)) Lemma 9.2.3
=k ((Bor?op)(r) - He o) (f)) Corollary 9.2.6

= (Bon®op(r)) (k1o H 0y (f))- Lemma 9.2.1

By Theorem 9.2.7, we know that ﬁfloHé(D) <= derSg. Using this in the equations

above, we have that

derSq(r - f) = (Bon™ o p(r)) - (derSa(f)).

9.2.2 The bottom arrow
We would like to prove a version of Theorem 9.2.8 for the bottom arrow in Diagram
9.1. We will make heavy use of the ideas in [Lus95, Section 8]. First we give a lemma

whose proof we omit.

Lemma 9.2.9. Let F, G, H € Semisg(Ng) and let v € H&(pt). Let

f € Homéemisc(]\/’g) (‘F7 g) and gc Homéemisc(/\/’g)(g?H)'
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Consider the map a : Ng — pt. Define v - f := foa*v.! Then
velgef)=(v-g)ef=ge(v-f)
Theorem 9.2.10. The functor derS gives an (H&(pt) ~ O%’Y)—equz’vamant map
Homg, s () (F, 9) — Ho_mCO}IIyrme(é*)(derS(F),derS(g)).
Proof. The map
Homg i (v (F5 9) = Hom g won . (derS(F), der§(G))

induced by derS is the composition of the map
° Hom® (Spr,-) . . °
HomsemiSG(NG)(]:, g) ——— HomHom.(m,@)_mod(Hom (Spr, F), Hom*®(Spr, G))
(9.2)
with the isomorphism Hom®(Spr, Spr) ~ Ay (see Section 5.4). Thus, it suffices to
prove that (9.2) is an H&(pt)-module homomorphism.

Proving that (9.2) is an H&(pt)-module homomorphism requires careful consid-

eration of the H&(pt)-actions on each of the spaces in the following diagram:
Hom*(F, G) ® Hom*(Spr, F) = Hom*(Spr, G). (9.3)

However, since both Hom*(Spr, F) and Hom*(Spr, G) are Hom*®(Spr, Spr)-modules,
we need to be sure that the actions of Hom®(Spr, Spr) and Hg,(pt) are compatible.
The actions of H¢,(pt) and Hom®(Spr, Spr) on Hom®(Spr, F) can be summarized

in the following diagram:

Hom*(Spr, Spr) ® Hom*(Spr, F) = Hom*(Spr, F), (9.4)

1To make sense of this composition, one needs to use the image of v through the isomorphism

Ha(pt) = Homéemisg(pt) (gpwgpt)

and to use the image of f through the isomorphism

Homg is, (W) (P2 9) = Homg, s - (wig) (Cars RHom(F, G)).
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where Hg(pt) acts on each of the spaces. By Lemma 9.2.9, the three actions of
H}(pt) in (9.4) agree.

Similarly, we have the following diagram:
Hom®(Spr, Spr) ® Hom®(Spr, G) N Hom*(Spr, G), (9.5)

which, by Lemma 9.2.9, describes the compatibility of the H&(pt)-actions and the
action of Hom*(Spr, Spr) on Hom®(Spr, G).

Putting together the compatibilities of actions on Hom®(Spr, ) and
Hom®(Spr, G) arising from (9.4) and (9.5), the proof of the theorem follows by

applying Lemma 9.2.9 to (9.3). O

9.3 The Hom®-algebras are free modules

We want to show that
Homéemisc(g)(Gr) (fa g)
is free as an Og—module. To do this, we need a series of lemmas.

Lemma 9.3.1. The stalks of IC(X,,) are pure of weight 0.

Remark 9.3.2. Here X, is the closure of a stratum in the Iwahori stratification

of the affine Grassmannian.

Proof. Consider the Bott-Samelson resolution 7 : )?ES — X . It is known that

X BS is smooth and projective; therefore, 7 is a proper map (thus, 7, = 7). Consider

dim X, )

7,Qy[dim X ] ( 5

which is a semisimple perverse sheaf by the Decomposition Theorem [BBD82]. We

have

7. Qy[dim X, ] (dimf”) ~ @ 160 (3)

XeIrr(W)
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where each summand is pure of weight 0. We know that IC(X,,)[dim X ] <@>
occurs in this direct sum with multiplicity one. Therefore, it is enough to show
that stalks of 7,Q,[dim X ] (%) are pure. Consider the following Cartesian

square:

XBS e 17 l(y)

ook
Xy — {y}

We can use the Proper Base Change Theorem (and the fact that 7 is proper) to

(s (5)

But 77 !(y) has an affine paving by [Hai]. Thus H.4 (7 '(y)) is pure, and this

get

~ a*@e,w—l(y) = Hu(r '(y))

Y

implies that Hg (w7 1(y)) is pure as well. O
Lemma 9.3.3. The stalks of IC(O) on the nilpotent cone are pure.

Remark 9.3.4. Here O is the closure of a nilpotent orbit.

Proof. In [Spr84], the stalks of ICs appearing in the Springer correspondence are
shown to be pure. For other ICs, the result follows because the nilpotent cone
together with its G-action fits into the general framework of [MS98, Proposition

2.3.3]. O

Theorem 9.3.5. Hom’

DT (Y (F,G) is pure of weight i.

Proof. Lemma, 9.3.3 asserts that the stalks of IC(O) are pure. The proof of all

subsequent lemmas follows exactly as before. O
Corollary 9.3.6. Homg,;;.. .\ (F,G) is a free He(pt)-module.

Proof. Combine Theorem 9.3.5 and Lemma 4.4.4. [
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Theorem 9.3.7. All objects in the diagram are free modules over Hg(pt) ~ Og ~

Og‘f .

Proof. Lemma 4.4.4 and Corollary 9.3.6 give the freeness for the constructible
categories in the diagram. Since derSg and derSg are equivalences of categories
(so the maps they induce on Hom®-algebras are isomorphisms), and by Theorem

9.2.8 and bot arrow Theorem, we get the freeness of Hom-algebras on the coherent

side. ]
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Chapter 10

The Diagram Commutes for Groups of
Semisimple Rank 1

In this section we will prove the theorem below.

Theorem 10.0.8. Let G be a reductive group of semisimple rank 1. Then Diagram

(1.2):

derS3™ s
SemisG(g)(Grsm) —G> COth]jX(Grm (g*)sm

\I,Gl lder@d

Semisg(N) R — Cohy *&(h*)

commutes.

10.1 Classification of semisimple rank 1 groups and reduction to G =

(C*)*! x PGL(2,C)

It will be useful to know all of the groups of semisimple rank 1. They are classified

in the following lemma.

Lemma 10.1.1 ([GKMO04] Lemma 8.1). Let K be a connected reductive complex
linear algebraic group of rank n and of semisimple rank one. Then K is isomorphic

to either
1. (C*)"1 x SL(2,C),
2. (C" ! x PGL(2,C), or
3. (C*)" 2 x GL(2,C).

Define K := K/{£I} where I is the identity matrix. If K is isomorphic to (1)

in Lemma 10.1.1, then K is isomorphic to (2). If K is isomorphic to (3), then K is
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isomorphic to (2). Lemma 4.5.3 shows that it suffices to prove Theorem 10.0.8 for
only G = (C*)"" ! x PGL(2, C). Lemma 4.5.2 asserts that the proof of the theorem
for G = (C*)"! x PGL(2, C) follows from the proofs for (C*)"~! and PGL(2,C).
But the theorem was proven for G = (C*)"! in Lemma 4.5.1, so Theorem 10.0.8

will follow from the proof for G = PGL(2,C).

10.2 Sketch of proof

Henceforth, in view of Section 10.1, we proceed with G = PGL(2,C); thus, G =
SL(2,C). Notice that {—2,0, 2} is the set of small weights for G, so V(0) and V(2)
are the two irreducible small representations of G, and Gry' = Gr’ U Gr?

Define Sprg, := IC(Gr°) @ IC(Gr?). The category Semisgo)(Gr™) is generated
by Sprg,. Thus, in order to prove Theorem 10.0.8, we need an isomorphism of

objects

n : der® s (derSE* (Spre,)) — derSe(¥e(Sprg,))
that is natural; i.e., for every f : Sprg, — Sprg,[n], the diagram

der® s (derSE" (Spre,)) ——— derSg (¥ (Sprg,))
derd g (derSEm ( f))l lderSG(\pG( ) (10.1)
der® g (derSE (Spr, [n])) —=— derSq (Ve (Spr,[n)]))

P. Achar, A. Henderson, and S. Riche [AHR15] have constructed an isomorphism 7
for n = 0. In Section 11.3, we will show that any f can be obtained by composing
linear combinations of degree zero maps and a fixed degree two map. We will
compute der®s(derSE*(f)) (resp. derSe(Vea(f))) in Section 11.1 (resp. Section

11.2). Finally, in Section 11.4, we will deduce the commutativity of Diagram (10.1).
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Chapter 11

Proofs of Lemmas in §10.2

We will define a degree two map f : Sprg, — Spre,[2] which can be combined with

degree zero maps to make any map Spr, — Sprg,[n]. Consider the diagram

~ ~ pr
Grg xGrgy, —— GrgxGrg —— Grg

x (11.1)

Gr’™

Let Lger be the determinant line bundle on Grg. Then, t*pri(Lget) is a line bundle
on GrgxGrg. The image of its first Chern class ¢;(¢*pri(Lae)) € H?(CGrgxGrg)

under the isomorphism
201l Tl 2 B _
H*(GrgxGrg) ~ Hom (chgxcrgagergxcrg)-

defines a degree-two map of constant sheaves. We define f as the pushforward

along m of this degree-two map:

fi=mi(er(tpri(Laer))) € Hom* (Spre,, Sprey,)-

11.1 Computing der®;(derSE"(f))

Recall that Diagram (7.13) commutes; therefore, the construction of the map
der®s(derSE™(f)) in the nonequivariant case (for the bottom triangle) will lift
to a unique map in the equivariant case (for the top triangle). Hence, we content
ourselves with making the argument in the nonequivariant case.

Consider the determinant line bundle L, on Gr. Let F € Semisg (o) (Gr) and its

first Chern class ¢1(Lqet) € H?(Gr). Then derSg(F) = H*(F)@0;- € CothEXG’” ()
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is a module for H*(Gr). Notice that

C()th;XGm <g*> ——cC1 (Cdet) Cohngm (g*)

is a degree two map. In [YZ11], Yun and Zhu assert that this map is the action of
a principal nilpotent element e € g*.

On the other hand, there is a way to get from Cohgxc’” () to H*(Gr) — mod.

Lemma 11.1.1. There is a fully faithful functor ev ore : CothGm (§°) — Rep((G'x

Gm)°).

01
Proof. 1dentify g with g* via the Killing form K(—,—), and let e = €

0 0
SLy(C). Let V ® O4(k) € CothGm (g). This free coherent sheaf can be regarded

as the space of functions § — V with G x G,, acting on both g and V where G,,

acts by k via the regard functor re. Consider the functor

CohS*®m (§) % Rep((G x Gp,)°)

where ev, is the map K(—,e). This functor is fully faithful. O

Let V = V(1), the natural representation of G = SLy(C). Let M = V@V ® Oy-.
Using the fact from [YZ11] above and Lemma 11.1.1, we can find a unique map
M — M (2) that corresponds to the action of e : V@V — V ® V(2) on the first

factor.
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Lemma 11.1.2. The map

VeV L VevVes

TRy — @@ @h)+ iy @1 ®e)
11QY — (10 Oh)+ (1 Qe
YT — (1R f) — £ @2 @ h)
YRy — HT1®@f) -1 @y @ h)

is the unique G-equivariant map that corresponds to the action of e : V. — V{(2).

Proof. Since M = V ® V ® §* is a free coherent sheaf, a map M — M (2) is
determined by a map of G-representations V @ V — V @ V ® §* where g* is the
degree 2 part of Q. We want a G-equivariant map ¢ : V@V — V ®V ® g* that

makes the following diagram commute

VeV s vevVeg

idx idl leve

V®va®v

Choose a basis {71 ® T2, 21 @ y2,1 @ To,y1 @ Yo} and {z1 @ T3 @ €, 11 R T3 ®
[i2102 07,01 Q1@e,11 @010 [,11 012 @h ) @2, e,y1 Q12 @ f, 141 ®
To@h,y1 Ry ®e, 11 QY2 @ f,11 @ya @ h} for V@V and V ® V ® g respectively.
Since ¢ is a G-equivariant map, ¢ is required to preserve weight.

Let us compute the weights of each of these basis elements. Notice that h-x; = z;
and h - y; = —y; for i € {1,2}. Also, [h,e] = 2e, [h, f] = —2f, and [h, h] = 0. The

weights of the basis elements can be found by summing the weights of the factors.
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We list the weights of elements in the following table:

wt —4 wt —2 wt 0 wt 2 wt 4
NP Y1y 1 ® Ya TLQTy |1 QxR
T1QYpf| n®r | 11Qra®h
NRLRXf | 11 R Rf | 11 Ry ®e
YR @h | 21 Q@b | 1 @z Qe
1 R@T2®h
N Ry ®e

Since ¢ is required to preserve weight, we have the following first approximation

of ¢:

VeV

1 X To

T & Yo

Y1 @ X2

Y1 QYo

L

l

VeVeg

axwzh(ml X T2 ® h) + amyzE(xl @ Y2 @ 6) + ay1x26(y1 X T2 &® e)

bx1ﬂc2f<m1 QT2 ® f) + b$1y2h<x1 @ Y2 & h) + by1x2h(y1 & T2 & h)

+ by1y2e(y1 X Y2 & 6)

Cxlng(xl Rxe® f)+ C:vlygh(xl ®y2 @ h)+ Cylxzh(yl ® xe @ h)

+ cy1y26(y1 ® Y2 & 6)

oryof (21 @Yo @ f) + dyanf (11 @ T2 @ f) + dyryon (1 ® Y2 ® h)

First, let us impose that ¢ be G-equivariant; that is, ¢(g - x) = g - ¢(z) for

every € V@V and g € {e, f,h}. Checking this condition on every basis vector

of V&V, we get a system of 22 equations in the 14 unknown coefficients above.
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Solving this system, we get the following

VeoVv VeVeg

T1 QT —m(z1 @@ h)+n(r; @y @e) + (—n — 2m)(y1 ® 2 @ e)

LDk

1 @ Yo k(21 ® 2@ f)+ (—3k — sn—m)(z1 @ y» @ h)

+ (—3k+3n) (11 @12 @ h) + (—k — 2m) (1) @ y2 Ve)

!

Y1 Q To (—k—?m)(x1®x2®f)+(%k—%n)(m1®y2®h)
+ Gh+an+m) (Y @ @ h) + k(y @y @)

PRy — (—n=2m)(x1 @@ f)+n(y1 @2 ® f) + m(y1 ® y2 @ h)

where k, m, and n are free variables.

Imposing that ¢ make the diagram above commute, we are able to discern that

k=0, m= —é, and n = 0 and get a unique map
VeV -5 VeVeg
QT — (21 ®12Qh) + Ly @@ e€)
1 QY +H— %(I1®y2®h)+i(y1®y2®e)
BRI — @1 ®12® f) — 1 @22 @ h)
N QY2 — i(x1®y2®f)—§(y1®y2®h)
]
Applying the functor (- ®o, (95)T to ¢, we get the map
Ve % VeV el
1@y — (21 Qy2 @ M)
N QT +—— —%(y1®$2®h)
10
Let us store in our memories the element | ° € b. This element of b was
0 —1

8
gotten by going along the top then right arrow in Diagram (1.2).
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11.2 Computing derSq(¥q(f))

Consider the following extension of (11.1):

Ne—? GrgxGry, ——— GrgxGrg s Grg
#l X‘ (11.2)
N =~ (Gr*™)° « J Gr"™

where the square on the left is Cartesian. Recall that

J = (e (1 pri (Laer))) € Hom? (Spre, Sprg,).

For G = PGL(2,C), the map 7 : M — N is an isomorphism. Thus, Vg = 7,j* =

j*. Hence Wq(f) = j*(f), and since the left square is Cartesian, we have
Ve (f) = jrmuler(pri(Lae))) = g™ (1 (pri(Lact))- (11.3)
Note that GrgxGrg ~ G/BxG/B and that
0Py (Lae) 22 LyBLuiy (11.4)

is a line bundle on this space. We will now focus on determining the weight \" € h*.

Let V be the adjoint representation of G. The homomorphism ¢ : G — GL(V)
induces a morphism of ind-schemes Gry : Grg — Grgrv) over C. Identify Grgrv
with the set of O-lattices in V' ® F'. Consider the lattice Ag := V ®c O. We can

define a line bundle £,, whose value at a point A € Grgy,v) is the line
det(A : Ag) := det(A/AN Ag) @ det(Ag/A N A)®™"

where det(—) = A*P(—). Let Eﬁo := Gr},L,, be the pullback line bundle on Grg.

The next lemma computes the restriction Eio |Gy -
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Lemma 11.2.1 ([YZ11], (4.1)). The element

- Z dim Vv - (x“, M) x”

xY Eweight(V)

is the restriction of c{(ﬁﬁo) to the point t*, if we identify X*(T) with H2(pt).
Recall that the adjoint representation V' has weights {—2,0,2}. Lemma 11.2.1
asserts that L"f(o |yt is the line bundle on G/ B of weight
—(1-(=2,1)(=2) +1-(0,1)(0) + 1- (2,1)(2)) = —4,

VX
5

X

since the pairing of a weight x¥ and a coweight x is given by (x",x) =

Lemma 11.2.2 ([YZ11]). We have an isomorphism of line bundles on Grg:

@dy ~, o
Edet - £A0'

Here,

1 .
dy =5 > dimV - (xY,0)°

xY Eweight (V)
where 0 is the coroot corresponding to the highest root 6% of G.
Let us compute dy for V' the adjoint representation. In this case, # = 2, and we
have
1

dvziuw—zm%m.wﬂﬁ+1wzm%:4

Corollary 11.2.3. In (11.4), N = 1.

Proof. Note that L, is the restriction Lget|,1- However, Lemma 11.2.2 asserts that
L3~ L3, But L34 ]cn ~ L], | = L4 by Lemma 11.2.1. Hence, Laet|gy = L1

as desired. [

Combining Corollary 11.2.3 with (11.3), we have that
\IJG(f) = ,U!}/*(Cl (‘Clg‘ctriv))- (115)

91



As in Section 5.4, we see that

Va(f) = m(Lusy ¢ ge,,,,)) = t(luscecy), (11.6)

where 7 : N — GG/ B is the projection map.

11.3 Generators of the Hom-algebras

In Section 9.3, we established that all the Hom-algebras in Diagram (9.1) are free
modules. In this section, we will determine the graded ranks of the Hom-algebras
as modules over H&(pt).

First, let us compute the Hom-algebras (as graded complex vector spaces) of ICs

on Gr*™ corresponding to small representations of G.
Lemma 11.3.1. We have

C ifn=0,4,8
Hom, oy (IC(C1°), IC(Gr)) =

0 else

Proof. Recall that for any A € A*, we have IC(@) ~ Cqx[dime Gr*]. Notice that

HomSemlsG(D) Gr) (IC(G ) IC(G )) = HomSemlsG(D> Gr) (QGYOJ (C )
~ HZ(pt).

But we know that

C ifn=0,48,...

Hg(pt) ~
0 else
O
Lemma 11.3.2. We have
C ifn=26,10,...

HomSemlsg<D)(Gr)(IC(G )IC(G ))2
0 else
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Proof. Let a : G2 — (@ ~ pt) be the map to a point. Notice that

HomSemlst(D)(Gr (IC(G ) IC(G )) = Homsemlsg(o)(er (QGrQ[ |,C ) G0 o)
~ Hom Semlsg(j)(Gr( Coo, Com)
= HomSemlsG(Q)(Gr( o 0:Ca)
~  Homg, . o (Cam Com)

12

HZZS)(PU
But we know that

C ifn=2,6,10,...

Heo) (pt) =

0 else

and the result follows. O]

Lemma 11.3.3. We have

C ifn=26,10,...
HomSemlsG(D) Gr)(IC(G ) IC(G ))

0 else

Proof. Notice that

12

HomSemlsG(D)(Gr (IC<G ) IC(G )) DDHomgemisG(D)(Gr)(IC<GrO)7IC(GrQ))

12

DHOME, ., o, () (PIC(Gr?), DIC(G1?))
= DHomSemlsG(g)(Gr (IC<G ) IC(G ))
~ DA, g(oz (pt)

from the computation in the proof of Lemma 11.3.2. But this is just the dual vector

space, so as a graded vector space, our answer does not change. ]

Lemma 11.3.4. We have the following

C? ifn=4,812,...

HomSemlsG(D>(Gr (IC(G ) IC(G )) = C an =0 andn = 2, 6, 10, A

0 else
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Proof. This lemma takes significantly more work than the previous ones. First,
we will need the equivariant cohomology of P!. First note that G(9) does not act
on P!, but G = G(C) does. We are interested in extracting the G()-equivariant
cohomology of Gr? from these calculations, though. A useful observation is that the
functor Db 0)(Gr) = D ¢(cy(Gr) is fully faithful. Hence, we have an isomorphism
of Hom groups. Thus, we can compute G(9)-equivariant cohomology from G-
equivariant cohomology.

Let us first compute the G-equivariant cohomology of P*. We have a closed and

complementary open inclusion
iipt =Pl Al
This gives a distinguished triangle
' IC(PY) — IC(PY) — j,j*IC(P') 5

Now apply Homg,,.e1)(IC(P'), —) and use adjunction of (*,.) and (;,'). We get

a long exact sequence

- Homgemisc(pt) (Z*IC(P1)7 Z'IC (]Pl)) - HomgemisG(Pl)(IC<Pl)7 IC (]Pl))

— HomSemlsG Al) ( *IC(P1> *IC<P1)) -
Using the fact that IC(P') ~ Cpi[1] and wpr ~ Cp:i[2], we have

- Homgemisg (pt) (i*gpl [1]7 i!OJpl [_ 1]) - Homgemisc (P1) (QI[M [1] ) QI[M [1])

- HomgemisG(A1)<j*QIP’1 [1]7j*gP1 [1]) —
Now, we collect the shifts and apply the pullback functors to get

n
- HomSemISG (pt) (Cpm Wpt) — HomSemisG(Pl)(gHDl , Cp1)

— Homgemisc (A1) (@Al ) QAl ) —
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But the dualizing complex on a point is just the constant sheaf on a point. Thus,

we have

- HomSemlsG(pt (pr (C ) - Homgemisc (P1) (QIEM ) QIP’l)

— HomgemiSG(Al) (QAl ) QAI) —
But, we know that

- C ifn=26,10,...
HomSemlsG (pt) (C (C ) HG (pt> &

ptr =
0 else
and since A! is contractible, we also have that
. . C ifn=0,4,8,...
Homg,, s, a1)(Car, Car) 2= He(pt) =
0 else

Putting this together, we get the equivariant cohomology of P!

. i C ifn=0,2,4,6,...
HomsemisG(Pl)@PhQPl) ~ Hi(P) ~

0 else

Let us get back to computing Homg,is.(ar) (IC(G %), IC(G )). We have the

closed and complementary open inclusions
P! Gr'™ < M :j
Consider the distinguished triangle
i,i'IC(Gr?) — IC(Gr?) — j,j*IC(Gr?) 5

Apply Homg, .. G(Gr)(IC(G_rQ), —) and by a similar process as before, we end up

with the long exact sequence

.= Homgc_rfliSG 1y (Cp1, Cpr) — HomSemlsg(Grsm)(IC(G %), IC(G )

- Homgemisc M) (QM ) QM) -
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Together with the equivariant cohomology of P! above and the fact that M is

contractible (so has the same cohomology as a point), we get the result

C? ifn=4,8,12,...

HomgemisG@)(Grsm)(IC(GrQ)a IC(GTQ)) ~q C ifn=0andn=2,6,10,...

0 else

Armed with this information and the fact that

. C ifn=0,4,8,...
H o) (pt) ~
0 else

we can find the generators and ranks of our groups as modules over Hé(o)(pt).

Corollary 11.3.5. We have the following:

. HoméemiSG(D)(Grsm)(IC(@), IC(@)) is a free HY, o (pt)-module with rank 1
and generator in degree 0.

. HoméemiSG(D)(Grsm)(IC(@), IC(@)) is a free HE;(D)(pt)—module with rank 1
and generator in degree 2.

o HoméemiSG(D)(Grsm)(IC(@), IC(@)) is a free Hé(g)(pt)—module with rank 1
and generator in degree 2.

. HoméemiSG(o)(Grsm)(IC(GrQ), IC(Gr?)) is a free Hé(g)(pt)—module with rank 3

and generators in degrees 0, 2, and 4.

Since we have shown that derSg" preserves the action of Hg, o (pt) = O§i on

Hom groups in Theorem 9.2.8, we obtain the following corollary.

Corollary 11.3.6. We have the following:

e Hom

CthXGm(g*)(V(O) ® Og+, V(0) ® Og+) is a free (’)gi -module with rank 1

and generator in degree 0.

e Hom hGXGm(g*)(V(O) ® O+, V(2) ® Og) is a free Ogi -module with rank 1
Ol

and generator in degree 2.
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e Hom héxGm(g*)(V(Q) ® Og+, V(0) ® Og) is a free (’)g* -module with rank 1
Ollg,.

and generator in degree 2.

e Hom

o thGm(@*)(V(Q) ® O+, V(2) ® Og<) is a free (’)g’l -module with rank 3
Ollgy

and generators in degrees 0, 2, and 4.

11.4 Rank 1 commutativity
Let us return to the situation of Section 10.2 to prove that Diagram (10.1) com-
mutes.

Theorem 11.4.1. Let G be a group of semisimple rank 1 and G be its Langlands

dual group. Then, there exists a natural isomorphism of functors
NG : der®s o derSi" <= derSeg o Ug.

Proof. By Section 10.1, it suffices to consider the case where G = (C*)"~!1 x
PGL(2,C). In this case, G = (C*)" ! x SL(2,C). We would like to prove that

there exists an isomorphism of objects
n : der® s (derSE* (Spre,)) — derSe(¥e(Sprg,))

that is natural; i.e., for every f : Sprg, — Sprg,[n], the diagram

der® s (derSE" (Spre,)) ——— derSg (¥ (Sprg,))
der® - (derS2 ( f))l J/derSG(\IIG( ) (11.7)
der® g (derSE (Spr,[n])) —=— derSq (Ve (Sprg,[n)]))

P. Achar, A. Henderson, and S. Riche have constructed a W-equivariant 7, for
n = 0. By Section 11.3, it suffices to prove the commutativity of Diagram (11.7)

by considering only
f = mu(e(e"pri(Lae))) € Hom®(Sprg,, Spre,)-
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In Section 11.1, we computed der®(derSE"(f)), and in Section 11.2, we computed

derSe(Ve(f)). Rewriting Diagram (11.7) with these computations, we have

(Ve V)h ——— C[W]
deréé(derSEm(f))l derSa (Ya(f)) (118>

Ve V) eh 224 cw] e b

Let {fu=2z@y+y®@zr,w=2Ry—y®ax} be a generating set for (V®V)T and
{r =1+s,0 =1—s} be a generating set for C[W]. Since 7y is W-equivariant, we

have n9(u) = o and 7y(w) = 7. We have the following two diagrams

Ur——— O wW———— T
WO h+—— 7 ®h SU@h—— g0 ®h

which chase v and w around Diagram (11.8). Using Lusztig’s isomorphism Ay, ~
Hom*(Spr, Spr) (see Remark 5.4.2) and an identification h ~ h* using an invariant,

symmetric, bilinear form, we compute derS¢ (V¢ (f)) and fill in the diagrams below:

Ur——ma0 w7
lw@h——ir@h fu@h—— to®h
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