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Abstract

Our main focus will be to investigate the various facets of what are commonly called
dynamical systems or flows, which are triples (S, X, ), where X is a compact
Hausdorff space and 7 : S x X — X is a separately continuous action of a
semigroup S on X.

Historically, as was introduced by R.Ellis 1960, the enveloping semigroup, which
is a closure of the set of continuous functions on a compact space X, was discov-
ered to be an important tool to study dynamical systems. Soon, a realization of the
existence of a universal compactification of a phase semigroup with an extended
homomorphism onto the enveloping semigroup lead to an alternate approach to
study these systems via this compactification. The importance of this alternative
approach in this respect derives from the fact that the dynamical and many topo-
logical properties of S can be translated into properties of its compactification.

In Chapter one we will present a brief summary of notations and basic results
from topological algebra as well as some basic information on the Stone-Cech
Compactification, 8S5.

In Chapter two we will expand on some of the work in chapter one and recall
the necessary background from topological dynamics. We will define the envelop-
ing semigroup and review some of the well known results concerning its structure.
Fundamental and well known theorems which lead to the assertion as to the ex-
istence of a universal system will be presented. Utilizing this universal property
we will further explain how all other dynamical systems arise as quotients of this
universal system via suitable closed left congruences.

In Chapter three, we concentrate on the special case where the phase semigroup

is the set of natural numbers N under addition and treat its compactification as
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the set of ultrafilters on N and the extended action as that of SN. In so doing
we will present results which relate notions of proximality and almost periodicity
in a dynamical system to combinatorially rich central subsets of N. In lieu of an
appendix we have also included in this chapter a rather deeper exposition of an
example in symbolic dynamics arising from an action of N on the product space
X = ﬁl{O, 1}, which is isomorphic to a variety of other dynamic mappings, like the

quadratic map on the cantor set which has significant applications in data storage

and transmission, linear algebra and many other areas [5].



Chapter 1

Introduction

In this chapter, we give background on semigroups which will be used in the thesis.

We refer the reader to [2] and [12].

Definition 1.1. A semigroup is a pair (S, *) where S is non-empty set and * is a

binary associative operation on S.

Formally a binary operation on S is a function * : S xS — S and the operation
is associative if (z *xy) * z = x % (y * 2) for all x,y and z in S. We say S is closed

under * if x xy € S whenever x,y € S.

Example 1.2. (a) The set of natural numbers N under addition or multiplica-
tion s a semigroup.
(b) (S,%) where S is a non empty set and x *y =y for all x,y € S.

(c) (S,V) where x V y = mazx{z,y}.

Definition 1.3. Let S be a semigroup,
(a) S is commutative if xy=yx for all x,y € S.
(b) The center of S is {x € S :for ally € S,zy = yz}.
(c) An element x € S is right cancellable (respectively left) if whenever y,z € S
and yx = zx (respectively, xy = yz) one has y = z.
(d) S is right (respectively left) cancellative if and only if every x € S is (respec-
tively left) cancellable.

(e) S is cancellative if S is both left cancellative and right cancellative.

In a semigroup S, an element z is called a zero element if z x s = s % z = 2, for

all s € S.



Example 1.4. (a) The set of positive integers under addition is a cancellative
SEMIGToUp.
(b) A left zero semigroup is right cancellative but not left cancellative.

(c) A right zero semigroup is left cancellative but not right cancellative.

Definition 1.5. Let S be a semigroup,
(a) An element x € S is an idempotent if and only if zx = x.
(b) E(S)={x €S :xis an idempotent}.

(c) Let e € E(S). Then H(e) = U{G : G is a subgroup of S and e € G}.

Example 1.6. (a) The only idempotent in (N,-) is 1.

(b) The set of idempotents of the left zero semigroup is E(S) = S.

Theorem 1.7. Let S be a semigroup and let e € E(S). Then H(e) is the largest

subgroup of S with e as identity.

Proof. We want to show H(e) is a group. Note we have e is an identity for H(e) and
H(e) contains every group with e as an identity. Also every = € H(e), there exist
G € H(e) such that z € G which implies « has an inverse. The only remaining
thing to show is that H(e) is closed. Let z,y € H(e) and let G; and G5 be a
subgroups of S with e € G1 NGy, x € Gy and y € Go. Let G ={[[_,z;:ne N
and {x1, 2, ...z, } € G1UGs}. Thus zy € G and e € G. To show that G is a group,
the only requirement is to show the existence of inverses. So let [["_, x; € G. For
i € {1,2,..n}, pick y; such that x,+1_;y; = e [ Note that [\, z; = H}:n Tpi1—i)-
Then from definition of G, [[\_, v; € G and (I[;_, z;)(I]=, vi) = e. The group
H (e) referred to as maximal groups. Given any group G C S, G has an identity e

and G C H(e). O

Definition 1.8. Let S be a semigroup and let L, R and I be a nonempty subset of
S.Then



(a) L is a left ideal of S if and only if SL C L.
(b) R is a right ideal of S if and only if RS C R.
(c) I is an ideal of S if and only if I is both a left and right ideal of S.

Definition 1.9. Let S be a semigroup, L is left ideal of S, and R is right ideal of
S. Then
(a) L is a minimal left ideal (respectively R minimal right) of S if and only if
L (respectively, R) is a left (respectively, right) ideal of S and whenever J is
a left (respectively, right) ideal of S and J C L(respectively J C R) one has
J = L (respectively J = R).
(b) S is left simple (respectively, right simple) if and only if S is a minimal left
(respectively minimal right) ideal of S .
(c) S is simple if and only if the only ideal of S is S.

Remark 1.10. If S is simple, then the only ideal of S is S itself.

Example 1.11. (a) Semigroups with a zero has only one minimal left (right-two
sided) ideal of S namely the trivial one {0}.

(b) (Z,+) has no minimal ideal.

Lemma 1.12. Let S be a semigroup.
(a) Let Ly and Lo be left ideals of S. Then Ly () Lo is a left ideal of S if and only
if Ly( Ly # 0.
(b) Let L be a left ideal of S and let R be a right ideal of S. Then L\ R is non

empty set.

Proof. Statement (a) by definition of left ideal is immediate. To see (b), let z € L
and y € R. Because x € L then yx € L, and also because y € R then yxr € R.

Thus LN R # 0. O



Lemma 1.13. Let S be a semigroup.
(a) Let x € S. Then xS is a right ideal, Sx is a left ideal and SxzS is an ideal.
(b) Let e € E(S). Then e is a left identity for eS, a right identity for Se, and

an identity for eSe.

Proof. Statement (a) is immediate. For (b), let e € E(S). To see that e is a left
identity for eS| let z € eS and pick t € S such that © = et. Then ex = eet = et = z.

Likewise e is a right identity for Se. m

Theorem 1.14. Let S be a semigroup.
(a) If S is left simple and e € E(S), then e is a right identity for S.
(b) If L is a left ideal of S and t € L, then St C L
(c) Let ) # L C S. Then L is a minimal left ideal of S if and only if for each

te L, St=1L.

Proof. (a) By Lemma 1.13(a), Se is a left ideal of S. Since S is a left simple then
Se = S. Since e € E(S), by Lemma 1.13(b), then e is a right identity for S.

(b) This follows immediately from the definition of left ideal.

(c) Suppose that L is a minimal left ideal of S and ¢ € L. By Lemma 1.13(a),
St is a left ideal and by (b) St C L. Since L is minimal, hence St = L. Conversely,
since St = L for some t € L and St is a left ideal, it follows that L is a left ideal.
Let J be a left ideal of S with J C L and pick » € J. Then by (b), Sr C J. Thus

J CL=Sr CJ. Hence L is minimal. O

Definition 1.15. Let S be a semigroup. Then e is a minimal tdempotent if and

only if e € E(S) and e = ef = fe for all f € E(S).

There is a corresponding “right” version of the following well known theorem.

We will omit the routine proof and refer the reader to [12].



Theorem 1.16. Let S be a semigroup and let e € E(5).

(a) If e is a member of some minimal left ideal (equivalently if Se is a minimal
left ideal), then e is a minimal idempotent.

(b) If S is simple and e is minimal, then Se is a minimal left ideal.

(c¢) If every left ideal of S contains an idempotent and e is minimal, then Se is
a minimal left ideal.

(d) If S is simple or every left ideal of S has an idempotent then the following
statements are equivalent:
(i) e is minimal.
(i) e is a member of some minimal left ideal of S.

(iii) Se is a minimal left ideal of S.
Proof. See [12], Theorem 1.38. O

Lemma 1.17. Let S be a semigroup, let L be a left ideal of S, and let T be a left
ideal of L.
(a) For allt €T, Lt is a left ideal of S and Lt C T
(b) If L is a minimal left ideal of S, then T' = L.(So minimal left ideals are left
simple.)
(c) If T is a minimal left ideal of L, then T is a minimal left ideal of S.

Of course, the right-left switch of this statement also holds.

Proof. (a) Note that S(Lt) = (SL)t C Lt and since T is a left ideal of L then
LtC Lt CT.

(b) Pick any ¢t € T'. By (a), Lt is a left ideal of S and Lt CT C L, so Lt = L so
T=1L.

(c) To see that T is a left ideal of S, pick any ¢t € T'. By (a), Lt is a left ideal of

S and Lt is a left ideal of L. Since Lt C T and T is a minimal left ideal of L then



Lt = T. Therefore, ST = S(Lt) = (SL)t C Lt = T. Hence T is a left ideal of S.
To see that T is minimal in S, let J be a left ideal of S with J C T'. Then J is a

left ideal of L, so J =T. O

We now see that all minimal left ideals of a semigroup are intimately connected

with each other.

Lemma 1.18. Let S be a semigroup , let I be an ideal of S, and let L be a minimal

left ideal of S. Then L C I.

Proof. Since L, I # () then S(LNI)# 0. Also S(LNI)C LNI. Hence LNIisa

left ideal. But L is a minimal left ideal, implies L NI = L. Therefore L C I. [

Theorem 1.19. Let S be a semigroup, let L be a minimal left ideal of S, and let
T CS. Then T 1s a minimal left vdeal of S if and only if there is some a € S such

that T' = La.

Proof. Suppose T is a minimal left ideal of S. Since SLa C La then La is left
ideal. Let @ € T then La C T'. But T' is minimal and hence La = T'. Conversely, let
a € S then La C L which is a left ideal of S. Since L is a minimal left ideal then

La = L. Thus La is a minimal left ideal and thus 7" is a minimal left ideal. O]

Corollary 1.20. Let S be a semigroup. If S has a minimal left ideal, then every

left ideal of S contains a minimal left ideal.

Proof. Let L be a minimal left ideal of S and let J be a left ideal of S. Pick a € J.
Then by above Theorem 1.19, La is a minimal left ideal which is contained in

J. ]

Lemma 1.21. Let S be a semigroup and let K be an ideal of S. If K is minimal
in {J:J is an ideal of S} and I is an ideal of S, then K C I.



Proof. To show that K C I. Note that I N K # () which is an ideal of S, also
INK C T and INK C K. Since K is a minimal then I N K = K and thus

K C 1. [l

Definition 1.22. Let S be a semigroup. If S has a smallest ideal, then K(S) is

the smallest ideal.

Theorem 1.23. Let S be a semigroup. If S has a minimal left ideal, then K(S)

exists and K(S) = U{L : L is a minimal left ideal of S}.

Proof. Let I = U{L : is a minimal left ideal of S}. First we will show [ is a
minimal ideal. Let L € I be a minimal left ideal. Let J is any ideal of S, then
by Lemma 1.12, JNL # (). Let x € JN L and s € S, then sz € L and J. So
J N L is a left ideal and a subset of minimal left ideal L. Therefore J N L = L.
Hence I C J, which implies that I is the smallest. So it suffices to show that I is
an ideal of S. We have that I # () by assumption. Let z € I. Pick a minimal left
ideal L such that x € L. Then sx € L C I, for all s € S. So [ is left ideal. Also by

Theorem 1.19, Ls is a minimal left ideal of S so Ls C I while xs € Ls. O]

Lemma 1.24. Let S be a semigroup.
(a) Let L be a left ideal of S. Then L is minimal if and only if Lv = L for every
x € L.

(b) Let I be an ideal of S.Then I is the smallest ideal if and only if Izl =1 for

every x € 1.

Proof. (a) If L is a minimal and « € L, then Lx is a left ideal of S and Lz C L so
Lx = L. Now assume Lx = L for every x € L and let J be a left ideal of S with

JCL PickeeJ Then L=LzxCLJC JCL.



(b) If I is smallest ideal, then I C IxI. Since x € I, then Izl C I. Therefore
I =1z]. OJ

The proof of the following result is well-known and may be found in [12].

Theorem 1.25. Let S be a semigroup, then
(a) If L is a minimal left ideal of S and R is a minimal right ideal of S, then
K(S) = LR.
(b) If there is a minimal left ideal of S which has an idempotent. Then every
mainimal left ideal has an idempotent.
(c) If there is a minimal left ideal of S which has an idempotent. Then there is

a manimal right ideal of S which has an idempotent.

Theorem 1.26. Let S be a semigroup and assume that there is a minimal left ideal
of S which has an idempotent, and let e € E(S). Then the folowing are equivalent:

(a) Se is a minimal left ideal.

(b) Se is left simple.

(c) eSe is a group.

(d) eSe = H(e).

(e) e € K(95).

(f) K(S) = SeS.

Proof. (a) implies (b). Fallows directly from Lemma 1.17 part (b).

(b) implies (c). Trivially eSe is closed. By Lemma 1.13 e is a two sided identity
for eSe. Let x = ese € eSe. One has x € Se, so Sx is a left ideal of Se. Since
Se is simple, then Sz = Se. Thus e € Sx. let e = yx for some y € S. Then
eye € eSe and eyer = eyr = ee = e. Thus z has a left inverse in eSe. For the

right inverse, start with zeye = z(eyex)eye = (xeye)(zeye). Since eSe has closed



binary operation, and zeye € ese has a left inverse say r; apply it to both side.
Then e = zeye.

(c) implies (d). Since eSe is a group and e € eSe, then eSe C H(e). On the
other hand by Theorem 1.7, e is the identity of H(e). So given = € H(e), then
x = exe € eSe. Hence H(e) C eSe.

(d) implies (a). Let L be a left ideal of S with L C Se and let t € L. Then ¢t € Se,
so et € eSe. pick x € eSe such that xz(et) = e. Then zt = (xe)t = x(et) = e. Thus
ee€L,soSeCSLCL.

(a) implies (e). Since K (S) = U{L : L is a minimal left ideal of S}. This complete
the proof.

(e) implies (f). Since SeS is an ideal and and K(.S) is the smallest ideal then
K(S) C eSe. But e € K(S). Thus SeS C K(S).

(e) implies (a). This follows from the next Theorem. O

Theorem 1.27. Let S be a semigroup and assume that there is a minimal left
tdeal of S which has an idempotent. Let T'C S.
(a) T is a minimal left ideal of S if and only if there is some e € E(K(S)) such
that T = Se.
(b) T is a minimal right ideal of S if and only if there is some e € E(K(S)) such

that T = eS.

Proof. (a) Let L be a minimal left ideal of S and an idempotent f € L. Suppose
that T is a minimal left ideal. Since S'f is a left ideal contained in L, Sf = L. By
Theorem 1.26, fSf is a group. Let a € T, then faf € fSf. Pick x € fSf such
that x(faf) = f. Then zaxa = (xf)a(fx)a = (zfaf)ra = fra = za. Hence za is
an idempotent. Also za € T while by Theorem 1.23, T C K (S). So za € E(K(S)).

Finally, since Sxa is a left ideal contained in T', so T' = Sxa. Conversely, suppose



that e € K(5), by Theorem 1.23, pick a minimal left ideal I of S with e € I. Then
by Theorem 1.14 part (c), Se = I.

(b) Since S has a minimal left ideal which has an idempotent. By Theorem 1.25,
S has a minimal right ideal which has an idempotent. Thus the proof follows by a

left-right switch. O]

Theorem 1.28. Let S be a semigroup and assume that there is a minimal left ideal
of S which has an idempotent. Given any minimal left ideal L of S and any minimal
right ideal R of S, there is an idempotent e € RN L such that RN L = RL = eSe

and eSe is a group.

Proof. Let R and L be given. Pick by Theorem 1.27 an idempotent f € K(S) such
that L = S f. By Theorem 1.26, we get fSf is a group. Let a € R and let « be the
inverse of faf in fSf CSf. Thenx € Sf =L ,since fS C S then fSf C Sf so

ax € RN L. By Theorem 1.23, ax € K(5). Also

axaxr =a(xf)a(fx)
=a(xfaf)z 1)

=afx

=ax.
Let e = ax. Then eSe C Sz C L and eSe C aS C R so eSe C RN L. To see that
RNL CeSe. Let be RN L. By Theorem 1.14, L = Se and R = eS so by Lemma

1.2, b = eb = be. Thus b = eb = ebe € eSe. Now RL = eSSe C eSe C RL, so

RL = eSe. As we see e € K(S), so by Theorem 1.26, eSe is a group. O]

We are intrested in the relationship of a minimal left (right) ideal with other

minimal left (right) ideals. The following result can be found in [12].

10



Theorem 1.29. Let S be a semigroup and assume that there is a minimal left ideal

of S which has an idempotent. Then all minimal left ideals of S are isomorphic.

Proof. See Theorem 1.64 [12] O

The next theorem gives us the structure of the smallest ideal of any semigroup
which has a minimal left ideal with an idempotent. The following result can be

found in [12].

Theorem 1.30. Let S be a semigroup and assume that there is a minimal left
ideal of S which has an idempotent. Let R be a minimal right ideal of S, let L be
a minimal left ideal of S, let X = E(L), let Y = E(R), and let G = RL. Define
an operation . on X X G XY by (x,9,vy).(x1,91,91) = (x, gyx191,y1). Then
(a) The minimal right ideals of S partition K(S) and the minimal left ideals of
S partion K(S).
(b) The Mazimal group in K(S) partion K(S).
(c) All minimal right ideals of S are isomorphic and all minimal left ideals of S
are 1somorphic.

(d) All mazimal groups in K(S) are isomorphic.

Remark 1.31. All topological spaces we will be considering here after involve

Hausdorff spaces.

Definition 1.32. Let S be a semigroup. For s,t € S with product st we define
(a) Given x € S, the function A\, : S — S is defined by \.(y) = zy
(b) Given x € S, the function p, : S — S is defined by p,(y) = yx

and we write p.(y) = yr = A\.(y); the functions p, and A\, on S are called right

and left translations respectively.

11



Definition 1.33. (a) A right topological semigroup is a triple (S,+,T) where

(S,4) is a semigroup, (S,T) is a topological space, and for all x € S, p, :
S — S is continuous.

(b) A left topological semigroup is a triple (S,+,T) where (S, +) is a semigroup,
(S,T) is a topological space, and for all xz € S, \, : S — S is continuous.

(c) A semitopological semigroup is a right topological semigroup which is also a
left topological semigroup.

d) A topological semigroup is a triple (S,+,T) where (S,4) is a semigrou

( polog group ple (S,+, , group,
(S,T) is a topological space, and + : S X S — S is continuous.

(e) A topological group is a triple (S,+,T) such that (S,+) is a group, (S,T)
s a topological space, + : S x S — S is continuous, and In : S — S is

continuous (where In(z) is the inverse of x € S).

Definition 1.34. Let S be a right topological semigroup. The topological center of

S is the set N(S) ={zx € S : A, is continuous }.

Theorem 1.35. Let S be a compact right topological semigroup. Then E(S) # ().

Proof. Let Z ={T C S :T # 0, T is compact and T.T C T'} is the set of compact
subsemigroups of S. By using Zorn’s Lemma we will show & has a minimal element.
Since S € Z, # # . Let € be a chain in Z. Since S is Hausdorff space then ¢
is a collection of closed subsets from the compact space S. Hence it has finite
intersection property, N4 # () which is a compact set since the intersection of
closed set is closed set subset of a Hausdorff space. Thus N€ € Z. So by Zorn’s
Lemma we may pick a minimal member A of Z.

Let x € A. We will show that x.x = x. We start by showing that Az = A. Let
B = Az. Then B # () and since B = p,[A], then B is the continuous image of a

compact space, hence is compact. Also BB = AzAx C AAAx C Ax = B, thus

12



B e Z. Since B=Ar C AA C A and A is minimal, then B = A. Let C' = {y €
A:yr = x}. Since x € A = Az, we have C' # (). Also, since A = AN p,[{z}],
so C'is closed and hence compact. Now given y, z € C one has yz € AA C A and
yzex = yxr = x so yz € C. Thus C € Z. Since C' C A and A is minimal, we have

C =Asox e and so zx = x as required. n

Corollary 1.36. Let S be a compact right topological semigroup. Then every left
tdeal of S contains a minimal left ideal. Minimal left ideals are closed, and each

minimal left ideal has an idempotent.

Proof. 1f L is any left ideal of S and x € L. since we have Hausdorff space then
Sz = p,(5) is a compact left ideal contained in L. It follows any minimal left ideal
is closed and by Theorem 1.35, any minimal left ideal contains an idempotent. We
need to show that any left ideal of S contains a minimal left ideal. So let L be a
left ideal of S and let & = {T" : T is a closed left ideal of S and 7" C L} which
is partially ordered set by inclusion. &/ # (). Applying Zorn’s Lemma, &/ has a
minimal left ideals M. Since M is a minimal among left closed ideals contained
in L. But since every left ideal contains a closed left ideal, M is a minimal left

ideal. O

Theorem 1.37. Let S be a compact right topological semigroup.

(a) All mazimal subgroups of K(S) are (algebraically) isomorphic.

(b) Mazimal subgroups of K(S) which lie in the same minimal right ideal are
topologically and algebraically isomorphic. In fact if R is a minimal right ideal
of S and e, f € E(R), then the restriction of ps to eSe is an isomorphism
and a homeomorphism onto fSf.

(¢) All minimal left ideals of S are homeomophic. In fact, if L and J are minimal

left ideals of S and z € J, then p.; is a homeomorphism from L onto J.
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Definition 1.38. Let X be a discrete topological space. A Stone-Cech Compacti-
fication of X is a pair (p,Z) such that:

(a) Z is a compact space,

(b) ¢ is an embedding of X into Z,

(c) ¢[X] is dense in Z, and

(d) given any compact space Y and any continuous function f: X — Y there

exists a continuous function g : Z — 'Y such that go ¢ = f.

Z

Remark 1.39. (a) Any two Stone-Cech Compactification of the same topological

space X are homeomorphic.

(b) The topology induced on X as a subset of Z is the original topology of X .

Definition 1.40. Let D be any set. A filter on D s a nonempty set pu of subsets

of D with the following properties:
(a) If A, B € p,then AN B € p.
(b) If A€ pand AC BC D, then B € p.
(c) D& p

The following are some examples of filters.
Example 1.41. The set of neighborhoods of a point in a topological space.

Example 1.42. In topological space, the open neighborhoods of a point form a

filter base for the filter of neighborhoods of that point.
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Definition 1.43. An ultrafilter on S is a filter on S which is not properly contained

in any other filter on S.

Definition 1.44. Let D be a set and let U be a filter on D. A family <7 is a filter
base for U if and only if o C U and for each B € U there is some C' € & such

that C' C B.

Definition 1.45. Let S be a topological space and let 5S={P:P is an ultrafilter

on S } the set of ultrafilters on S.

Remark 1.46. If S is a discrete topological space 3S will be the Stone-Cech Com-

pactification of S.

Definition 1.47. Let S be a topological space we define the set.
(a) Given AC S, A={peBS:AcP}
(b) Leta € S. then e(a)={ AC S:ac A}

Remark 1.48. (a) In the topological space BD we shall be thinking of ultrafilters
as points.

(b) For each a € D, e(a) is the Principal ultrafilter corresponding to a.

Remark 1.49. We define the topology of BS to be the topology generated by the
sets A as a basis. BS with this topology is the the Stone-Cech Compactification of
S.

The following Theorem will tell us what g(p) is in terms of the underlining set

X.

Theorem 1.50. Let 5D be the Stone-Cech Compactification of the discrete set
D. Then given any compact Hausdorff space Y and any continuous function f :

X — Y there exists a continuous function g : SD — Y such that go ¢ = f.
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Xf—>Y

Proof. Let Y be a compact space and let f: X — Y. For each p € 8D let 4, =
{cly fla] : A € p}. We claim <7, has finite intersection property. Let Ay, Ay, ..., A, €
p then N7, # 0. Hence ) # f(N, A;) € N2, f(A;) € N, f(A;). Thereore 7, has
a non empty intersection. Choose g(p) € N.eZ,. We need to show that the digram
commutes and that g is continuous. Let z € D Then {z} € p(z) = {A C D :
x € A} and so g(p(2)) € cy f[{x}] = cy[{f(2)}] = {f(z)}. Hence go v = f. To
see that ¢ is continuous. Let p € 8D and let U be a neighborhood of g(p) in Y.
Since Y is compact Hausdorff space then y is normal implies Y is regular. Pick a
neighborhood V' of g(p) with clyV C U and let A = f~![V]. We claim that A € p.
Suppose that D\ A € p. Then g(p) € cly f[D\A] and V is a neighborhood of g(p)
so V' N f[D\A] # () which is a contradicting the fact that A = f~'[V]. Thus A € p
and so p € A. We claim that g[A] C U. Let ¢ € A and suppose that g(p) ¢ U. Then
Y\clyV is a neighborhood of ¢g(q) and ¢(q) € cly f[A]. Thus (Y\cly V) N f[A] # 0

which is a contradicting the fact that A = f~![V]. O

Remark 1.51. Given a discrete semigroup (S,+), one can extend the operation -
to BS, the Stone-Cech Compactification of S. So that (BS, ) is a right topological
semigroup (i.e for each p € BS,the function p, : BS — BS, defined by p,(q) = q-p
is continuous) with S contained in the topological center (i.e for each x € S, the
function A\, : BS — BS defined by \,(p) = x - p is continuous ). (It is also if S is

not discrete, such an extension may not be possible).
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Definition 1.52. Let (S,+) be a semigroup, for any A C S and x € S we define
—r+A={se€ S :x+s e A}. Given any two ultrafilters p,q € 5S we define their

sumbyp+q={AC S|{x eS| —x+Acq}ep}
The following next two Lemmas are well known results.

Lemma 1.53. Fvery left ideal in 58S contains a minimal left ideal.

Proof. First we know from the structure of 55 that we have a left ideal since 5S+p
is a left ideal Vp € 8S. Let r € 35, then S + r C S + p which are both closed
and compact left ideal since p,(8S) = S + p is compact and since every compact
subset of Ty- space is closed. We will try to show S + r is a minimal left ideal.
Consider I' = {#S + r; is a closed left ideals of 4S5 and S + 7 C S + p}. Then
[' # (0 since we have S + r. Also I' is partially ordered by inclusion {7} C T
then Ty < Ty} Let C = {8S + 1 2 S + 1y DO ...} be a chain. Note that by
finitely intersection property QBS + r; is a closed left ideal and # (). So C has
lower bounded M = NBS +r;. By Zorn’s lemma I' has a minimal left ideal 5.5+ M
among left closed ideals contained in £S5 + p.

We need to show 55+ M is minimal left ideal for all space. So if L C BS+M and
L is a left ideal. By corollary 1.36 we know every left ideal contains a closed left
ideal, thus there exist L, C L such that L, is a closed left ideal. Now L; C L C M,

and hence L = M. O
Lemma 1.54. Let S be a semigroup then K(BS) is a smallest ideal

Proof. From previous lemma we show that 55 has a minimal left ideal, so K (55) #
(. Let p € K(BS). Then there exist a minimal left ideal L € K (35) such that p € L.
Then S +p C L C K(BS) and thus K(5S) is a left ideal. Similarly K(385) is a

right ideal. Therefore K (5S5) is an ideal. Now, to show K (/S5) is smallest ideal we
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will show first K (3S) is a minimal ideal. Let M be an ideal such that M C K(35).
To show M = K(3S). Let L be any minimal left ideal C K (£S5), then M N L # (.
We claim M N L is a left ideal in 8S, let € M N L and since S + x € M and
BS+x C Lthen 5S+x C MNL.So MNLis aleft ideal. Since So M NL C L and
by minimality of L then M N L = L. Therefore L C M and hence M = K(£5)is
a minimal ideal.

Now, for showing K (5S) is the smallest one. Let I be an ideal in K(5S). We
know K(8S)NI # 0, then K(3S)NI C K(5S). Let x € K(BS)N1 then fS+x €
K(pS) NI and hence K(BS) NI is an ideal. Therefore K(8S) NI = K(BS5). So
K(8S)C I. O

Remark 1.55. Note that in (SN, +) there are infinitely many minimal left ideals

and minimal right ideals.

Theorem 1.56. Let D be any set.
(a) BD is compact Hausdorff space.
(b) D€ BD
(¢c) D is dense in fD

Proof. (a) Suppose p and ¢ be two distinct ultrafilter of D. Let A € p\g then
A= D\A € q. So A and E\TLX are disjoint open subsets of 5D containing p and
q respectively. Hence 8D is T, space.

To show BD is compact, we will show that a family y ={The sets of the form A
with the finite intersection property } has non-empty intersection. Let v= {A C
D:Ac pr. I F € pe(y)={F : 0 # F C v and F is finite}. From definition for p
there is some p € mAeFA\ and by definition of A we get NF € p. Thus NF # () and
hence v has finite intersection property. Hence there exist an ultrafilter ¢ € D

such that v C ¢ {see theorem 3.8 [6] }, and so ¢ € Nu. Thus SD is compact.
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(b) This is clear since we identify the points of D with the principle ultrafilters
generated by those points.

(C) We will try to show if p is ultrafilter in 5D is a limit point of D if every
neighborhood of p contains at least one point of D different from p itself. Let U be a
neighborhood of p, so there is a basic open subset of A of BD for which p € A cUuU.
Then by definition of A we have ( # A and any a € A satisfy e(a) =a € DN A.

So DNA # () which mean D has its limit point. O

Remark 1.57. (a) 8D has a smallest ideal.
(b) The sets of the form A are the clopen of BD.
(c) For every AC D, A= clgp elAl.

Remark 1.58. (a) 8D is not commutative.
(b) BD is a right topological semigroup.
(¢c) The center of 8D in the algebraic sense is e(D).

(d) BD is contains idempotents.

We are particularly interested in the semigroup (8N, +), as an extension of
(N, +). This is intrinsically interesting as being a natural extension of (N, +), and
the sense of Definition 1.38, the largest possible extension. It also has important

applications to combinatorial number theory and topological dynamics.
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Chapter 2

Dynamical Systems and Decomposing
Left Congruences

2.1 The Enveloping Semigroup
Most of the result of this section can be found in [1], [12] and [14] and we will include
them here because they will lead us to the important results in Theorem 2.9 and

Theorem 2.10.

Definition 2.1. Let S be a semitopological semigroup and X be a compact Haus-
dorff space. An S-flow or alternately S-system is a triple (S, X, ) such that m :
S x X — X is an action of S on X which is separately continuous. We denote
7(s,p) by sp; to say that w is an action means that (st)p = s(tp) for all s,t € S.
Also if S has an identity e then the identity acts as the identity mapping on X (i.e

ep=npforallpeX).

Definition 2.2. A homomorphism from an S-system X to an S-system Y is a
continuous function f : X — Y satisfying f(sx) = sf(x) for all s € S, x €
X. If additionally f is a homeomorphism from X onto Y, then it is called an

tsomorphism of S-systems.

Definition 2.3. Let X denote an S-system. For x € X, we define the orbit of x to
be the set Sx = {sx : s € S} and the orbit closure T'(,) to be the topological closure
of Sx.

Definition 2.4. The S-system X s is called point transitive if there exists an
v € X such that {x} ULy is all of X. If we choose some distinguished point
p € X, then we call the pair (X,p) a pointed S-system; the point p is referred to

as the base point. In that case the homomorphism also preserves the base points.
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Definition 2.5. A right topological monoidal compactification of S (where S has
an identity, otherwise one can attach an identity to S) is a pair (T, f) such that .
(a) T is compact Hausdorff right topological semigroup with identity.
(b) f is a continuous homomorphism from S into T
(c) f(S)U{e} is dense in T, where e is the identity of T
(d) f carries the identity of S to the identity of T

(e) f(S)C A(T), where N(T) ={x € T : A\, is continuous }.

One motivation to introduce and to study monoidal compactifications on S is
because of a close relationship that exists between these compactifications and S-
flows. These connections allow one to study many aspects of the theory of S-flows
from an algebraic point of view.

By standard compactification arguments (see Theorem 1.50) there exists a uni-
versal right topological compactification (55, 7) of S, which is characterized by the
universal property that if f :.S — T is a right topological compactification of S,
then there exists a unique continuous homomorphism F' from S to 1" such that

f = Foj. That is the following diagram is commutative.

B(S)
j =la
.
S f—»T

Theorem 2.6. Let (X,p) be a transitive pointed S-system and let (Y,q) be a
pointed S-system. Then there ezists at most one homomorphism from (X,p) to
Y.q). If f: (X,p) — (Y,q) and g : (Y,q) — (X,p) are homomorphisms of
transitive pointed S-systems, then f and g are inverse homeomorphisms and hence

S-system isomorphisms.
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Proof. Suppose f,h: (X,p) — (Y, q) be homomorphisms of S-systems. Then for

each s € S,

f(sp) =sf(p)
=sq
=sh(p)

=h(sp)

so we have f and h, two continuous functions which agree on the set {p} U {Sp}.

(2.1)

Thus f and g agree on the dense set {p} U {Sp} of X. Therefore f and h agree on
X.

Now, suppose f : (X,p) — (Y,q) and ¢ : (Y,q) — (X,p) are homomor-
phisms, if we can show that the composition fog and the identity map I are a

homomorphisms then by the first part above, we get fog = I. Note that for r € X

fog(sr) =f(g(sr))
=sf(g(r)) (2.2)
=s(fog)(r)
So fog is a homomorphism and since I(sr) = sr = sI(r), I is also homomorphism.
Thus by the first part of Theorem there exists at most one homomorphism and
hence fog = I, similarly gof = I,. This means f and g are inverse each other,

and hence f is an isomorphism. Thus f is an S-system isomorphisim. O

Definition 2.7. Let X be a compact Ty-space, and let T = {f : X — X| fis
continuous } which is a semigroup under composition. We form the Ellis semigroup
S(T) = cl(T), by taking the closure of T in the Cartesian product XX endowed
with the topology of pointwise convergence. The enveloping semigroup is the Ellis

semigroup with the identity mapping on X adjoined to it .

The following theorem will help us to prove out result in Theorem 2.8.
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Theorem 2.8. Let (X, T) be any topological space and let V' be the product topology
on XX. (a) (XX, 0,V) is a right topological semigroup, where o is composition of
functions.

(b) For each f € X*, \; is continuous iff f is continuous, where A;(g) = fog =
pg(f)

Proof. (a) Let f € X* and suppose that the net (g;);c; convergence to g in the
product topology of X*. Since a net (f;);c; convergence to f in XX if and only
if (fi(y))ier convergence to f(y) for every y € X, we get (g;(f(x)))ier convergence
to g(f(x)) in X. Therefore (g; o f)ic; convergence to g o f in X*. Hence (g; o f)
is continuous , which means p; is continuous. Therefore XX is a right topological
semigroup.

(b) Suppose that f € X¥ is continuous. Then for a given net (g;);c; which is
convergent to g in (X*, V) we get (f(gi(x)))ics converging to f(g(x)). This implies
that (fog;(z))ier convergence to (fog)z. Therefore fog; is continuous which means
that A is continuous. Conversely, suppose that for each f € X¥, X # is continuous.
Let (z;);er be a net converging to x in X. Then Af(x;) — Af(z) = f(x). Similarly,

A¢(z;) = f(z;) — Ag(x). This prove that f is continuous. O

By using Theorem 2.8, we will prove the following theorem [which is posed in [12].

This theorem will allow us to prove that the enveloping semigroup is a semigroup.

Theorem 2.9. Let S be a right topological semigroup, and let T be a subset of the

topological center of S. Then cl(T) is a semigroup if T is a semigroup.

Proof. Let z,y € cf(T). We want to show that xy € c/(T). Let U be any neigh-
borhood of xzy. We need to show that U NT # ¢ . By Theorem 2.8, since p, is

continuous, there exists a neighborhood V' of x such that p, (V) = Vy C U. Since

z € cl(T) then VNT # ¢. Let z1 € VNT then Ay, (y) = 21y = py(z1) € U. Since

23



x1 € T which is a topological center of S, A;, is continuous. Therefore there is a
neighborhood W of y with A, (W) C U. Since y € ¢l(T) then W NT # ¢. Let
y1 € WNT. Then we have A\, (y1) € Ay (W) C U then 191 = Ay, (y1) € U and

since S is a semigroup then z1y; € T. Therefore UNT # ¢ and so zy € c/(T). O

Theorem 2.10. The enveloping semigroup 3(T') is a compact right topological

SEMIGroup.

Proof. By Theorem 2.8, X* is a right topological semigroup and the set of all
continuous functions 7' is a topological center of X*. Then by Theorem 2.9, X(T')
is a semigroup. Since X is compact, by Tychonoft’s theorem X x X x X... is
compact. Since T' C X x X x X... and (7)) is closed subset of compact Hausdorff
space then X(T') = ¢/(T) C X x X x X... is compact Hausdorff space. We need
to show that py is continuous on (7). Let f € X(T'), we need to show p; is
continuous on X(7"). To do that we will first show p; is continuous on 7. Let
(g:)ier be a net on T convergence to g. Since g is a pointwise convergence, then
for any = € X, g,(x) — g(z). Hence ¢, (f(x)) — ¢(f(z)). Therefore ps(g,)
convergence pointwise to p¢(g). Therefore py is continuous on the dense set 7" and

hence on its closure (7). O

Theorem 2.8 and Theorem 2.10 show that the mapping S — X(7") defined
by for s € S, ©° the continuous mapping * — sr : X — X is a monoidal
compactification of S, which is sometimes called the Ellis compactification of S for

the S-system X.

2.2 Relation between the Enveloping Semigroup and Dynamical
Systems

In this section we will be looking at some results from [15] showing the relationship
between the enveloping semigroup and dynamical systems. In all of our work we

will attach an identity to (S, +).
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The results that follow will allow us to associate a left congruence on S to any
pointed flow (X, p). Furthermore they will allow us to set up a one-to-one corre-
spondence between isomorphism classes of transitive pointed S-flows and closed

left congruences on 5S.

Definition 2.11. Let (T1,71) and (Ty, j2) are monidal compactifications of S. A
homomorphism of compactifications from Ty to T3 is a continuous-identity preserv-

ing homomorphism [ : Ty — T such that o j1 = Js.

Remark 2.12. If f : (X,p) — (Y, q) and g : (Y, q) — (X, p) are homomorphism
of transitive pointed S-systems, then f and g are inverse homeomorphisms of each

other and hence S-system isomorphisim.

The next few results are from [7] showing the relationship between the enveloping

semigroup and the dynamical system.

Remark 2.13. Let S be a topological semigroup, and let (T,j) be a monoidal
compactification. We may view T as an S-system, where the action is defined by

sending (s,t) to j(s)t. We will call this flow (s,t) — j(s)t on T the associated

flow.

Lemma 2.14. Let (11,j1) and (13, j2) be monidal compactifications. Then [ :
(T1,j1) — (T3, j2) is a homomorphism of compactifications if and only if 5 is a

homomorphism of pointed S-systems.

Proof. Suppose that 5 : (11,j1) — (1»,Jj2) is a homomorphism of compacti-
fications. Thus by Definition 2.11, § o j; = js. Hence B(sx) = [(ji(s)x) =
B(j1(8))B(x) = ja(s)B(x) = sP(x). Therefore § is a homomorphism of pointed

S-systems.
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g B

—>T

Conversely, if # is homomorphsim of pointed S-systems, then for s € S and
x € Ty we get B(j1(s)x) = f(sx) = sp(x) = ja(s)B(x) ....(%).

Letting = 1, we found 8 o j; = js. thus 5o ji(s) = ja(s) for all s € S. Let
x,y € T1. We want to show S(yz) = B(y)5(z). Since y € Ti, then there exist a net
{j1(s4)} converging to y. Note that ji(s,)z converge to yx by right continuity of

Ty. Thus B(j1(sq)x) converging to S(yx). On the other hand

J1(Sa)x = j2(s4)B(x) by (x) above

= B(j2(54))B(x)

(2.3)

Since (3 is continuous then 3(j1(s,)) convergence to 5(y). By right continuity of

Ty, B(j1(sa))B(x) converging to B(y)5(z). Therefore B(yz) = (y)B(x). O

Remark 2.15. Let (S, X,7) be an S-system. For each s € S, let w° denote the
continuous mapping x — sx : X — X. We form the Ellis semigroup by taking
the closure of S(w) = {7 : s € S} in the cartesian product XX endowed with
the product topology. Alternately this is just the closure of S(m) in the space of all

functions from X to X endowed with the topology of pointwise convergence.

Lemma 2.16. Let (S, X, ) be an S-system. By Remark 2.13, we can consider the
Ellis compactification ¥(X) as an S-system.

(a) For p € X, the mapping [ — f(p) : ¥(X) — X is a homomorphsim of

S-systems, and a homomorphsim of pointed S-systems from (3(X),Ix) to

(X, p) where Ix is the identity function.

26



(b) If (T, 7) is a monoidal compactification of S, then the homomorphism of part
(a) from (3(T), 17) to the associated flow (T, 1) is an isomorphism, where 1

15 the identity of T.

Proof. For (a). Let ¢ : ¥(X) — X which is defined by ¢(f) = f(p) for given
p € X, then ¢(sf) = (sf)(p) = sf(p) = so(f) for all s € S and f € X(X). Also
¢(Id,) = Ix(p) = p. Therefore ¢ is a homomorphism pointed S-systems.

For part (b). By definition of the action of S on the set of functions 77, we have
7 = \j(s) for s € S. Hence ¥(T') is the closure of S(7) = {\;s)}. We claim that
{\: : t € T} is compact set in TT. It is suffices to show {)\; : t € T} is closed
set. Suppose that a net A\, converge to f. Since t, € T and T is compact space
then ¢, converge to t for some ¢t € T. Note that A\ (z) = tox = pz(ta). Since
pe is continues we have p,(t,) — p.(t) = tx = M\(x). Hence A, — N\, = f,
which means the set {\; : ¢ € T'} contains its limits. Hence its a closed set. Since
DiseSyC{n:teTh ST ={Ne:5€S8) € {\:teT} On the
other hand let ¢ € T. Since j(S) is dense in T, there exist a net j(s,) — t.

Thus Ajis) () = j(sa)(x) = p2j(sa). Since p, is continuous, so p;(j(sa) —

pz(t) = tx = M\(x). Hence {N\ : t € T} C X(T) = {\;(s) : s € S}. The fact that
T is a monoid and part (a) of the theorem also ensure that the identity of the
enveloping semigroup go to the identity of 7. Therefore X(7') = {\; : t € T}.
Define ¢ : X(T) — T by 1(\;) = t. It suffices to show 1 is an isomorphisim.
Since
U(sA) = D(AsAe)
= psi(As)

(2.4)

= st

= s1p(N\y).
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Hence 9 is a homomorphisim. It clear ¢ is onto, and since ker{¢)} = I, then 9 is
1-1. Thus # is an isomorphisim. By Theorem 2.6 since the homomorphisim between

two pointed systems are unique then ¢ = ¢. Therefore ¢ is an isomorphisim. [

Theorem 2.17. Let (S, X) and (S,Y) be flows, and let 6 : X — Y be a surjective
homomorphisim. Then there exists a unique homomorphisim of Ellis compactifica-
tions ¥ : X(X) — X(Y), which is given by ¥(a) = 0(a(x)), where x € X satisfies
O(z) =y. Thus 3 is a functor from the category of transitive pointed S systems to

the category of S-monoidal compactifications.

Proof. See [2] Proposition 1.6.7. O

Theorem 2.18. Let (X, p) be a pointed S-flow, and let o : £(X) — X be the flow
homomorphism t — tp of Lemma 2.16. Then o is an isomorphism of flows if and

only if (X, p) is isomorphic to the flow arising from some monoidal compactification

(T.7)-

Proof. Suppose that o is an isomorphisim of flows. Then (X, p) is isomorphic to
the Ellis compactification. Conversely, suppose that (X, p) is isomorphic to some
monidal compactification (7, 7). By Theorem 2.17, there exist an isomorphisim
¥ X(X) — X(Y) defined as in Theorem 2.17. Hence (X, p) is isomorphic to its

Ellis compactification (3(7"), Ix). O
Note for a flow X, we will to consider the possibility of extending the action of
the set S on X to its monoidal compactification of 3.S.

Definition 2.19. Suppose that X is an S-system and (T,j) is a monoidal com-
pactification of S. We say that the action of S on X extends to T if there exists

an action (t,x) — tx from T x X — X satisfying that
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(a) the action is right continuous (t — tx : T — X is continuous for all
x e X),

(b) the identity of T acts as the identity mapping on X,

(¢) the action of T' extends the action of S in the sense that sx = j(s)x for all
s € S,x € X, where the left-hand side of the equality is the action of S on

X and the right-hand side is the action of T on X.

Theorem 2.20. Let (S, X, m) be an S-system where 7 is separately continuous.
(a) The continuous m action of (S,m) on X extends uniquely to an action T of
BS on X such that the mapping t — tx : S — X s continuous for each
x € Xi.e, the action T is right continuous.
(b) For each t € BS, lett: X — X be defined by t(x) = tx. Then the function
¢ S — XX defined by t — t from in to is a continuous homomorphism

onto the enveloping semigroup of ¥ of {n :n € S}.

Proof. (a) We will show first the action 7 : S x X — X can be extended to the

action 7 : S x X — X.

BS x X

)

J xid

SxX — T SX

Let K ={n:n € S} where n : X — X defined by n(x) = nz. Note that 7 is a
continuous since it is defined like the separately continuous action 7. Let T = Y K.
By Theorem 2.10, T'= XK is a compact right topological semigroup.

Let 1) be a continuous mapping, ¢ : S — T defined by n +— n. Since T is compact
and 1 is continuous, thus by the universal property of 55 (See Definition 1.38) there

exists a continuous homomorphism ¢ : S — T such that ¥(n) = n = ¢(j(n))
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BS

g Y

—>T

for all n € S (That says the diagram above commutes). Moreover, 5S is compact

and T is Hausdorff, ¢(j(S)) = ¢(j(S)) = #(8S). On the other hand from the

commutative digram above and the density of K in T, ¢(j(S) = ¢(S) = K = T.
Therefore ¢(/5S) = T which means ¢ is onto. Define 7(¢,z) = tz = ¢(t)(x) where
t € BS. Note that 7 is right continuous. It is also straightforward to verify that

this gives an action 7(nt, x) = ¢(nt)(x) which implies
= o(n)o(t)(x)
= ¢(n)(tx)
= (n)(tz)

=7 (n,tx).

(2.5)

The uniqueness it will come since j(.S) is dense in 5S\{e}.
(b) From part (a), we see that ¢ is continuous onto 7". Also 7 is a homomorphism

since w(nt, z) = ¢p(nt)(x) = ne(t)(x) = n7(t,z). Hence 7 is a homomorphism. [

Corollary 2.21. Let X be an S-system, x € X. Then {x} Ul = (BS)z, the

orbit of x under the extended action 7.

Proof. Note that j(S) U {0} is dense in 85. By Theorem 2.20, since the extended

action is right continuous and onto. It follow that

7((S) U {0},2) =(j(S) U {0})x
=j(S)z U {z} (2.6)

=Sz U{z}
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is dense in the closed set ($S5)x because a continuous image of a compact set into
Hausdorff space is closed. Hence {2} U Sz = {z}USz = {z}UT,) = {z}UB(S)z =

B(S)x. O

Definition 2.22. A transitive pointed S-system (X, p) is said to be universal if

there exists a homomorphism from it to every other pointed S-system.

The problem we will now consider is the existence of a universal transitive

pointed S-system (Note by the Theorem 2.6, it is unique up to isomorphism).

Theorem 2.23. Let (35S, 7) be the universal right topological monoidal compactifi-
cation of S. We define w: S x S — BS by w(n,p) = j(n)p where the right-hand
side is addition in BS.Then (S, S, ) is an S-system, and the pointed S-system

(S,0) is a universal transitive pointed S-system.

BS

S — 35

Proof. By Remark 1.58 S is the center of S (i.e j(S) = S C A(5S)), so m(n,p) =
jn)+p={AC S{z € S| —x+ A € p} € j(n)} = Ajw)(p). Thus that 7 is
separately continuous. Since j is a homomorphism, 7(n; + ng, p) = j(ng + ng)p =
Jj(n1)j(na)x = j(ni)nap = m(ny, nep). Therefore m defines an action of S on SS.
Since j(0) = 0 then 7(0,z) = j(0)z = 0z = 0z = z act as an identity on 3S. Also
(S x {0})U{0} = j(S)0U {0} = j(S) U {0} is dense in BS, so the action is point
transitive.

To show (39, 0) is universal. Let (Y, ¢) be a pointed S-system. By Theorem 2.20,

the extended action K : S x Y — Y is a right continuous action of S on Y.
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Define g : 6S — Y by ¢(t) = tq, where the right-hand side is the extended
action. Since the action is an extension then g(@) = 0¢ = ¢; hence g preserves

distinguished points. Finally for n € S,

g(nz) =g(j(n)z)

=g(j(n)j(r)) where j(r) ==z

(2.7)
=g(i(n+7))
=j(n+r)q
But j is a homomorphisim, thus
=j(n)j(r)q
=j(n)g(r)
=ng(r) (2.8)
=ng(j(r))
=ng(z).
Thus g is a homomorphism of S-systems. [

We see from Theorem 2.23, how the universal right topological compactification
of S yields the universal transitive pointed S-flow (3.5, 0) We will now consider

how all other such systems may be obtained (up to isomorphism) from it.

Definition 2.24. An equivalence relation on a topological space X is closed if it
15 closed as a subset of X x X, and that an equivalence relation ~ on a semigroup

S is a left congruence if a ~ b implies sa ~ sb for all a,b,s € S.

Remark 2.25. If ~ is a closed left congruence on S then the relation ~ on S
defined by s =~ t if sp ~ tp for all p € BS s a closed congruence relation on BS

and is the largest closed congruence contained in that ~.
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Theorem 2.26. Let (X, z) and (Y,y) be transitive pointed S-flows.
(a) p =(xz) q if and only if px = qx is a closed left congruence, where px is the
extended action to BS in Theorem 2.20.

(b) There exists a homomorphsim from (X, x) onto (Y, y) if and only if =(x z) SR (v,y)-

Proof. (a) To show ~(, ) is a left congruence. Let p,q € £S5 and p ~(; ) ¢. Then
pr = qx implies tpe = tge, t € 35 and hence tp ~(,,) tq. Hence =, a left
congruence relation. To show that ~(, ;) is closed. Let n, — n and t, — ¢ such
that nq &) ta. Then nox = t, 2. Since p, is right continuous on X, nex — nw.
Similarly {,o — tx. Therefore nx = tx and hence n ~(, ;) ¢, impling that ~ .
is a closed relation.

(b) Suppose that ¢ : (X,z) — (Y,y) is a homomorphsim. Let p,q € 85 such

that p =) ¢ then pr = gz which implies ¢(pzr) = ¢(qz)

= po(z) = q¢()

= py=qy (2.9)

=Py, q inY.
Hence ~(x 1) SRy, Suppose that ~(x ) C~(v,y). By Theorem 2.29, (X, z) = (3S/
~(x.x), [0]) and (Y,y) =2 (8S/ =y, [0]). So there exist a homomorpsim ¢ : (8S/
~(x.), [0]) — (BS/ ~(vy), [0]). Hence there exist a homomorphism g : (X,z) —

(Y y). O

Lemma 2.27. Let ~ be a closed left congruence relation on 3S. We obtain a
pointed transitive S-flow as follows: Let X = {[x] : x € 58S} be the set of equiv-
alence classes endowed with the quotient topology, and define m : S x X — X
by m(n,[x]) = [n + x] (the extended action of BS on X is also given by the same
formula). Then (X, [0]) is a transitive pointed S-flow, and the map from S — X

defined by x — [x] is a homomorphism of S-flows.
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Proof. Clearly the quotient space obtained as the equivalence classes of a closed
relation on a compact Hausdorff space is again a compact Hausdorff space. Thus X
is a compact Hausdorff space. We will show that 7 : S x X — X yields an action
on BS. To see that, since m(n+t,z) = [n+t+z| =[n+ (t + )] = w(n, (t + z))
and 7(0,2) = [0 + 2] = [2]. By standard quotient argument we are assure that
7 is continuous, and thus we have an S-system . Since S is dense in S, then by
definition 7(S,0) U [0] = [S] U [0] is dense in X. Therefore (X, [0]) is a transitive
pointed S-system and the map « : S — X = S/ ~ defined by = — [z] is a

homomorphism since a(n + z) = [n+ z] = a(n + [z]) = n + [z]. O

Theorem 2.28. Let ~ be a closed left congruence on 3S. Let a : S — T
(where T' is the enveloping semigroup of the a action of 5S on S/ ~) be the onto
homomorphism of Theorem 2.20, which is defined by a(n) = i where n([z]) =
[nz].. Then the relation ~ which is defined by s ~ t if sp ~ tp for all p € BS is
the kernel relation of o. There is an induced action of BS/ ~ on BS on S/ ~

and hence a homeomorphism from BS/ = to the enveloping semigroup T .

Proof. To show = is the kernal relation. Let ny ~ ny, then by definition
= N1T ~ NaT
= [n1x]. = [naz]~ (2.10)

= ni[z]. = ngfx]. V€ pS

= N1 =N (2'11)

= a(ny) = a(ng)
Hence = is the kernel relation of a. To show = is a closed relation. Suppose that

no, — n and t, — t such that n, = t,. By definition of = relation, n,xr ~ t,x.
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Since p, is continuous on S then p,(n,) — nz. Similarly p,(t,) — tz. Hence
n ~ t because ~ is closed relation. So ~ is a closed relation and there exist an
induced action 58S/ ~ on 3S/ ~. By the 1 isomorphism theorem there exist a

continuous isomorphism & : 35S/ ~— T defined by a([n]) = a(n) where n € 55/

pS| =~

)

Sa—>T

Since the domain 45 is compact then 55/ ~ is compact . Hence the inverse of

function 7 is continuous . Therefore 7 is a homeomorphism. O

The next Theorem shows that if (X, p) is a transitive pointed systems, then the
associated left congruence ~(x ) on 3S determines the pointed flow (X, z) up to

isomorphisim.

Theorem 2.29. Given a transitive pointed S-system (X, p), there exists a unique
closed left congruence ~ of 5S such that (X, p) is isomorphic to the S-system (5S/
~,[0]). Hence the closed left congruence on 3S gives rise to a transitive pointed

S-system via the construction of Lemma 2.27, and these S-systems section all the

1somorphism classes of transitive pointed S-systems.

Proof. Let (X,p) be a transitive pointed S-system. By Theorem 2.23, (39,0) is
universal pointed S-system. So there exists a homomorphism v : 55 — X defined
by 7v(t) = tp. Note that since (X, p) is transitive, and by Corollary 2.18 {p} UBS =
BS.p, 7 is a surjective. Define a relation ~ on S by u ~ v if y(u) = (v), the kernel
relation of . Note that ~ is closed since if u,, and v, be two nets such that v, — u

and v, — v, by the continuity of v we get v(uy) — y(u) and y(v,) — v(v).
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So if uy ~ v, then y(u,) = 7(v,) which implies that vy(u) = v(v) and so u ~ v
thus ~ is a closed congruence. To shown that ~ is left congruence. Suppose that
u ~ v, thus y(u) = v(v). Hence ty(u) = ty(v). Since v is a homomorphisim then
(tu) = ~y(tv). Hence tu ~ tv for t € 5S.

Let Y = S/ ~ with the quotient topology and let ¢ : S — Y be the quotient
map. By Lemma 2.27, (Y, [0]) is a transitive pointed S-system. Since ~ is the kernel
relation for ~, there exists a unique continuous injection 6 : ¥ — X such that

6 o ¢ = . Since 7 is surjective , so is €. Since Y is compact and € is 1-1 and onto,

pS/ ~

~

S ———>X

we actually get 6 is a homeomorphism.

For uniqueness, suppose that = is another closed left congruence on S such
that ¢ : (8S/ =,[0]) — (Y,[q]) is an isomorphisim. Note that (Y,¢q) = (X, p)
from above. Let 7 : S — S/ = be the quotient mapping. Then ¢ o 7 is an
S- homomorphism from (55, [0]) to (Y, ¢q). By Theorem 2.6, must be equal 7 (i.e

¢ ot =r ). We claim = be the kernel relation for 7. Let u = v where u,v € 5S

(2.12)

=7(v).

Hence by definition of ~, u ~ v they agree with ~. Thus we have uniqueness. [J
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The associated left congruence on S to the pointed flow (X, p) we showed so
far is the first step in the algebraic approach to the study of flows, and set up a
one-to-one correspondence between isomorphism class of transitive pointed S-flows
and closed left congruences on 5. These results allow us to pay attention to the
quotients under closed left congruences of the universal right topological monidal
compactification of S. Theorem 2.28, also give us information about the enveloping

semigroup in this setting.

2.3 Principal Left Congruences and Minimal S-Systems

We have seen in the previous section that transitive pointed S-systems are classi-
fied by closed left congruences on the universal right topological compactification
£S. In this section we introduce and investigate an important special class of left
congruences on 3S which can readily be identified, and the correspondence of this

relations with minimal systems.

Definition 2.30. Two elements s,t in a semigroup S with identity are related

under Green € relation if they generate the same principal right ideals, i.e.; if

sS =1tS

Lemma 2.31. Let T be a right topological semigroup with identity 1, and let e = >
be an idempotent in T.
(a) The relation =, defined by x =, y if e = ye is a closed left congruence on
T and is the smallest one identifying 1 and e.
(b) Every equivalence class contains precisely one element from Te.
(¢) Two relations satisfy =.C=y, if and only if, ef = f. Hence =, is equal to
=, if and only if, ef = f and fe = e. That is if and only if, e and f are

related under Green J€ relation.
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Proof. (a) To show =, is a left congruence. Let z,y € T and x =, y. Then ze = ye
implies tre = tye and thus tx =, ty. Hence =, a left congruence relation. To show
that =, is closed. Let n, — n and t, — t such that n, =, t,. Then n,e = t,e.
Since p. is right continuous on T, noe — ne. Similarly t,e — te. Therefore
ne = te and hence n =, t, impling that =, is a closed relation. Since 1.e = e and
e.e = e then l.e = e.e, implies 1 =, e. Claim =, is the smallest one identifying 1
and e. Suppose ~ is a left congruence identifying 1 and e and x =, y. By definition
r=xl~ze=ye~yl =y = =.Cn~.

(b) Claim that no two distinct members of T'e are related under =.. Note that
Tee = Te? = Te, hence e acts as a left identity on Te. Suppose that t;e # tye such
that t1e =, tqe , then tiee = tyee implies that t1e = tqe, which is a contradiction.
Thus no two members of Te are related =,.

(c) Suppose that =.C=y. Since 1 =, e then le = ee. But =.C=; implies [ =
1f = ef. Conversely let f = ef. If xe = ye then xf = xef = yef = yf. Thus
=.C=y. Similarly we can show =;C=, if and only if; fe = e. Hence =.==; if and
only if; ef = f and fe = e. To show that if =.== then e and f are related under
Green 7 relation, we note that Since ft = eft Vt € T. Then fT C eT'. Similarly

since et = fet € f1 then eI C fT. Hence fT = eT. m

Remark 2.32. The left congruences of the form =; of lemma 2.27 are called

principal left congruences.

Theorem 2.33. For each idempotent e € 5S, the S-subsystem (8S+e,e) of 5S is

isomorphic to the S-system (5S/ =e,[0]). The isomorphism is given by assigning

to any equivalence class its unique member in 5S + e.

Proof. We see in Lemma 2.31, each equivalence class of =, contains exactly one

member of 45 + e. Consider the continuous onto quotient map ¢ : 5S — (£S/
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=.. Then, clearly, the restriction of ¢ to 58S + e is continuous and onto its image.
Since each equivalence class contains exactly one member of 35S + e, then ¢|zs.
is also one-to-one. To see that (¢|gsie) " is a homeomorphism it suffices to show
that (¢|gsse)”! is continuous. Note that since we have ). is continuous and 3S
is compact, then 8S + e is compact. Let I’ be a closed set in S + e. Then F is
compact, and thus ¢(F) is a closed set. Since (¢~1)"L(F) = ¢(F) is closed, ¢ *
is closed map. Also ¢|gsie is a homomorphism since ¢|gsie((t +€) + (s +€) =
t+et+ste]=[t+el+[s+e] = dlpsie(t +€) + dlasie(s + ¢) and since [0] is

identified with e under =,, the result follows. n

The previous Theorem 2.33, allows us to identify the S-system principal left con-

gruences with the principal left ideals of 55 which are generated by idempotents.

Lemma 2.34. Let X be an S-system. The following are equivalent.
(a) For any non-empty compact subset Y of X, SY CY implies X =Y.

(b) For any x € X, the orbit closure Iy is all of X.

Proof. Assume (a). For z € X since S(Sx) C Sz, then the orbit Sz is is invariant
under S. We claim ST, C I'(;). Let v € I'(;) then there exist a net v, € Sx
such that v,, converges to v. Let s € S. Since Sz is invariant then sv,, € Sx. By
separate continuity of the action , sv, — sv € I'(). Therefore I,y is an invariant
set. Since I'(;) is also non empty compact subset of X, then by part (a) ') = X.

Assume (b). Let Y be any non-empty compact S invariant subset of X. We
claim that Y contains the orbit closure of any point in it. Let x € Y. To see that
I';y €Y, we first note that since X is a Hausdorff space, Y is closed. Let y € I'¢,).
Then there exist a net s,x € Y such that s, — y. Hence since Y is is closed

set, y € Y. By part (b), I'gy = X C Y. Therefore Y = X. ]
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Definition 2.35. An S-system X is called minimal if it satisfies either (and hence
both) of the conditions of Lemma 2.34. A pointed S-system (X,p) is called min-
imal if X is minimal. Note that such a system must be point transitive since, in

particular, the orbit closure of p is X.

Theorem 2.36. Let L be a minimal left ideal of 5.S, the universal right topological

monoidal compactification of S. Then the S-system L of 5S is minimal.

Proof. Let (S,Y, ) be an S-subsystem of subsystem (S, L, ) where Y C L. To
show (S,Y,m) = (S, L, w). We have seen in Theorem 2.20, that we can extend the
action 7 to 7 on S to get the extended system (3S,Y, 7). Note that the extended
action is +, then S +Y C Y. Then Y is a left ideal of (85, +). However L is a

minimal left ideal. Therefore Y = L. O

Theorem 2.37. Let f : X — Y be a homomorphism of S-system from X onto

Y. If X is minimal, so isY .

Proof. Let M be a proper closed S-invariant subset of Y (i.e SM C M). Hence
fYSM) C f~1(M). Since f is onto and M C Y, implies f~(M) is proper subset
of X. Also since f is continuous then f~'(M) closed in the Hausdorff space X.
Therefore f~(M) is compact and a Hausdorff subset of X. Since f is a homomor-
phisim then Sf~Y(M) C f~Y(M). Impling that f~*(M) is an S-system contained

in X. But X is minimal, implies X = f~!(M). Since f is onto, then M =Y. [

Theorem 2.38. Let (S, X, ) be an S-system, v € X, and L a minimal left ideal
of BS. Then the following are equivalent.

(a) The orbit closure Iy of x contains x and is a minimal S-system.

(b) For the extended action of BS on X, there exist t € M(BS), the minimal

tdeal, and y € X such that x = ty.
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(¢c) v € L.
(d) There exists an idempotent e € L such that ex = x.

(6) F(x) = Lzx.

Proof. (a) = (c). We have seen in Theorem 2.20, that we can extend the action 7
to 7 on 8S. Let L be a closed, minimal left ideal in 8S. Since 7 is continuous, 35
is a compact and X is compact Hausdorff space, then 7(L,z) = L + z is a closed
compact subset of L giving us the S-subsystem (S, L, 7) of X. Note that z € X
and Lz C I'(,). But since I',) is minimal system , thus z € I',;) = L.

(¢) = (d). Since z € Lz, there exists t € L such that tz = x. Since (55, +) is a
compact right topological semigroup, then by Theorem 1.30 let H be a maximal

subgroup with identity e in containing ¢. Then

exr = e(tx)
=(e+t)z

(2.13)
=tz

(d) = (b). By (d) there exist an idempotent e € L C M(SS) such that ex = z.
Take e =t and the proof follows immediately .

(b) = (a). Consider the S-homomorphism of Theorem 2.23, # : (3S,0) —
(X, y) defined by 7(p) = py where x = ty for some t € M(3S). Since M (8S) is the
union of all the minimal left ideals, there exists a minimal left ideal J such that
t € J. The restriction of the homomorphism 7 to J gives an S-homomorphism
g : J — Jy. By Theorem 2.36, the S-subsystem J of S is minimal and by
Theorem 2.37, Jy is a minimal S-system (which contains = since z = ty and

t € J). Hence by Lemma 2.34, it must be the orbit of x.
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(¢) <= (e). Assume (c). By Theorem 2.36, the S-subsystem L is minimal and
by Theorem 2.37, Lx is a minimal S-system. From the hypothesis it contains x.
By Definition of minimality Lz = I'(;). The converse is immediate since there is

an identity adjoint to 5S. ]

Corollary 2.39. Let X be an S-system and let L be a minimal left ideal of the
universal right topological monoidal compactification 3S. Then
(a) The set of points x for which I'gy is a minimal S-system containing x is
equal to | J{Ly : y € X}.
(b) The collection {Ly : y € X} is a partition of closed sets in the sense that
Ly Lz # 0 implies Ly = Lz.
In particular, if X is a union of minimal S-systems, then the collection partitions
the space and the orbit closure of every point is a minimal S-system containing

that point.

Proof. (a) Let z € [J{Ly : y € X} then x € Ly for some y € X. Hence z = ty for
some t € L. By Theorem 2.38 part (a), I,y is a minimal S-system containing .
Conversely if I'(;) is a minimal S-system containing x, then by Theorem 2.38 part
(a) and (e), 'y = La.

(b) Since L is a minimal left ideal, by Theorem 2.36, (L, X, 7) is a minimal S-
system. Let y, 2 € X. Then Ly and Lz are a minimal S-system. To show Ly () Lz #
() implies Ly = Lz. Let r € Ly() Lz, then r = lyy = lsz. But Lr = Ly = Lz. Hence

Ly = Lz. The particular part follows from the preceding ones (a) and (b). O

Part (b) of the following theorem can be found in [6] for the case that S is a

discrete group. But here we consider the case where S is the semigroup (.5, +).

Theorem 2.40. Let S be the semitopological semigroup with universal right topo-

logical monoidal compactification (S.
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(a) Let ~ be a left congruence on BS. The S-system (8S/ ~,[0]) is a minimal
pointed system, if, and only if, e ~ 0 for some idempotent e in some minimal
left ideal of BS, i.e., if and only if, =. defined by v =, y if and only if xe = ye
s contained in ~ for some minimal idempotent e.

(b) Let L be a minimal left ideal in BS. For each idempotent e € L, the min-
imal pointed S-system (L = S + e, e) is mazximal among all the minimal
pointed S-systems in the ordering of S-systems. As e is allowed to run over
the idempotents of L, one obtains in this way unique representatives for the
isomorphism classes of all the minimal pointed S-systems which are maxi-
mal as minimal pointed S-systems. Every minimal (pointed) S-system is the

image of one of these minimal (pointed) systems.

~

Proof. (a) Suppose that (8S/ ~,[0]) is a minimal S-system. By Theorem 2.38 part
(d) (by considering X = 35S/ ~ and z = [0]) there exists an idempotent e in some
minimal left ideal of 85 such that e = e + 0 = 0. Hence e ~ 0.

Conversely, suppose that e is an idempotent in a minimal left ideal L such that
e ~ 0. Then ¢[0] = [e + 0] = [¢] = [0]. Which implies that the condition (d) of
Theorem 2.38 holds. Then by part (a) of Theorem 2.38, (3S/ ~,[0] is a minimal

S-system. To show that =.C~. Let x,y € 5 such that x =, y then
=rt+e=y+te
r+e~y+0=2 Sincee~ 0
y+e~y+0=y Sincee~0 (2.14)
=Tr~rte=yt+e~y
=T~y

(b) Since L is a minimal left ideal then by Theorem 2.36, (L,e) is a minimal

system. Let f € L be an idempotent and f # e. Since L = L+ e then f =t +e for
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some t € L. It follows then f +e=t+ (e+¢e) =t + e = f. Similarly we can show
e+ f=e. So e and f act as right identities for each other. Note that if e+ f = f
then since f + e = e, by Lemma 2.31, e = f which is a contradiction. Thus e and
f are not left identities for each other and hence (L,,e) and (L, f) are distinct
S-systems. Let (X, p) be minimal S-system. Then by Theorem 2.29, there exist a
closed left coinsurance ~ such that (8S/ ~,[0]) 2 (X, p). Hence (8S/ ~,[0]) is a
minimal system. We have shown in part (a) there exist an idempotent e € L such
that e ~ 0 and thus e =.C 0. Hence by Theorem 2.26, there is a homomorphism
(L,e) — (X,p) = (BS/ ~,0). If (X, p) in turn admitted a homomorphism onto
an (L, f) where f # e, then the composition would be a homomorphism (L, e) —
(L, f). This would imply that by Theorem 2.26 =.C=;. Thus by Lemma 2.31,
e+ f = f.Since S+ f =L =pS+eand e+ f =e, then e = f. That is a
contradiction because f # e. Since we have homomorphism ¢ : (L,e) — (X, p)
and a homomorphism ¢ : (X,p) — (L, e) and go ¢ is the identity map from (L, f)
to (L,e). Then f and g are inverse homeomorphism and hence (X, p) and (L, e)
are isomorphic S-systems. It follows that if a pointed minimal system admits a
homomorphism to one of the form (L, f), then it is isomorphic to (L, f), and that
every pointed minimal system is the homomorphic image of some (L, e) for some
idempotent e € L. Thus these systems give a complete set of representative of the

minimal pointed systems which are maximal as such. O]

Definition 2.41. Let X be an S-system. A point x € X is called an almost periodic
point if given any neighborhood U of x, there exists a compact subset K of S such

that given s € S, there exists k € K with ksx € U.

Definition 2.42. A subset A of S s said to be Syndetic if there is a compact

subset K of S such that KS ={ka|k € K,a € A} C A.
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The next theorem we will give us another representation of the notion of an

almost periodic point.

Theorem 2.43. Let (S, X) be a flow, and let x € X. Then x is an almost periodic
point if and only if for every neighborhood U of x there is a syndetic subset A of
S such that Az C U.

Proof. Let U be a neighborhood of z and let A be syndetic subset of S such that
Ax C U. Since A is syndetic then there is a compact subset K of S such that
SK = KS C A. Hence KSx C Ax C U. Now, given s € S there exist k € K with
ksx € U..

Conversely, Let  be an almost periodic point. Then there exist a compact subset
K of S and neighborhood U of x such that Knx C U. To show S has a syndetic
set A such that Az C U. Consider KS = A and let J = K be our compact set.

This complete the proof. O]

Remark 2.44. Let x be an almost periodic point and I'(,) is not a minimal set.
Then for some y € I'(y), we get y = n.x for some n € S. Implies for some a € S,

a.y = a.s.x € I'yy where a.y € I'yy. Therefore Iy C 'y, But I'iyy # T'ay.
We recall the following result from [5] and we present it here without proof.

Theorem 2.45. Let X be an S-system for which the action m: S x X — X is
continuous (not just separately continuous). Then x € X is almost periodic if and

only if I'py is a minimal S-system which contains x.

Remark 2.46. Note that in this case that for a large class of semigroups, sepa-
rately continuous actions on compact spaces are automatically jointly continuous:

locally compact groups, discrete semigroups, subsemigroups of groups containing
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the identity in the closure of their interiors. For such semigroups, Theorem 2.45

add to the string of equivalences of Theorem 2.538.
The following corollary can be found in [5], but we will give simple proof for it.

Corollary 2.47. If X is compact and if x is almost periodic, then each point of

I'(z) @s an almost periodic point.

Proof. Since x is almost periodic point , then by Theorem 2.45, I, is a minimal
system. Thus by minimality every point y € I'(,) we have I'(,y = I'(). Hence y is

an almost periodic point. O

Definition 2.48. Let X be an S-system. Two points x,y € X are said to be
proximal if for any open cover 2 of X, there exists s € S and U € ) such that
sx,sy € U. Two points that are not proximal are said to be distal. A point of a
dynamical system is said to be distal if it is proximal only to itself. The system X

is distal if every two distinct points are distal.

Theorem 2.49. Let x,y be distinct points in the S-system X. Then x and y are
prozimal, if and only if, tx = ty for some t € BS with respect to the extended

action.

BS x X

J X1

SXxX——>X

Proof. Suppose that z and y are proximal. Then by definition of proximality for
each open cover o of X, we can pick n, € S and U, € a such that n,z,n,y € U,.
Since (S is compact, the net {j(n, } has a convergent subnet to some t € 5S. By the

right continuity of the extended action n,x — tx and n,y — ty for this subnet.
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If we now take a to be the neighborhood basis of X, then o x a will be a basic
neighborhood the diagonal A in X x X. Note that the net (n,x,n.y) — (tz,ty).
It follows that the net {(n,z, n,y)} must converge to some member of the diagonal,
i.e.,the individual nets converge to the same point. Since {(n,z,n.y)} also converge
to (tx,ty), it follows that tx = ty.

Conversely suppose that tx = ty for some t € 55. Let €2 be an open cover of
X, and let U € () contain tx = ty. By right continuity there exists an open set
V' containing ¢ such that Vo C U and Vy C U. Since j(S) is dense in S, there

exists n € S such that j(n) € V. It follows that nz,ny € U. O

Corollary 2.50. Let x be a member of an S-system X for which the action is
jointly continuous. Then there exists an almost periodic point y € X which is

proximal to x.

Proof. Consider the extended action of 8S. Let e be an idempotent in a minimal
left ideal L of 3S. Let y = ex. Then y € Lxr = Lex = Ly. By Corollary 2.39,
I'(;) is a minimal S-system. Hence by Theorem 2.45, y is almost periodic. Since

ey = eex = ex, it follows from Theorem 2.49, that y and = are proximal. n

The following lemma will help us prove Theorem 2.52 and allows us to use the
structure of the minimal ideal of 55 as a union of its minimal left ideals as well as

the union of its right ideal

Lemma 2.51. Let X be an S-system and R be a minimal right ideal in 5S. If x

and y are proximal then there exist an element k € L such that kx = ky.

Proof. Since x and y are proximal then then by Theorem 2.49, there exist r € 5(5)

such that rx = ry. Let R be a minimal right ideal and let t € R, then trax = try
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where tr € R. Let L be a minimal left ideal such that ¢tr € L. This complete the

proof. O

The following theorem can be found in [1] but we will give alternate and direct

proof for it.

Theorem 2.52. Let X be an S-system and xz,y € X. Then x and y are proximal

if and only if tx =ty for allt € L, for some minimal left ideal L € 3S.

Proof. By Lemma 2.51, if R is a minimal right ideal in S, there exist £ € R
such that kx = ky. Let L be be a minimal left ideal in $S containing k. Let
F=A{telL:tr=ty}, F#0. Let r € 8S, t € F then rtz = rty , implies
BSF C F. Thus Fis a left ideal. Since F' C L and L is a minimal left ideal implies

that F' = L. The other direction it is straightforward from Theorem 2.49. O]

The following was posed as a question in [1]. Here we will use the machinery

provided in this section to give a direct proof for it.

Theorem 2.53. Let (S, X) be a flow and let x,y € X. Show that if x and y are

proximal and (x,y) is an almost periodic point of (X x X,S) then x = y.

Proof. Let z and y be aproximal and let (z,y) be an almost periodic point in
(X x X,S). By Theorem 2.45, I'x, ) is a minimal S-system and (z,y) € ['x,y).
We first claim this '@, y)NA # 0. If 'z, y)NA = (). Since (z,y) is proximal implies
by Theorem 2.8, tz = ty for some ¢t € 3(S). But in this case (tz,ty) € I'z,y) and A
which is a contradiction. Now since I'z, y) NA # 0, let (z, z) € I'(z, y) and A. This

then would imply that Iz, 2) = Iz, y). Note that 'z, z) = {s(z,2) : s € S} C A.

Since A is closed . Hence x = y. O

Theorem 2.54. Let (S, X) be an S-system. The prozimal relation ~ is an equiv-

alence relation if and only if S has a unique minimal left ideal.

48



Proof. Suppose S contains exactly one minimal left ideal. For the reflexive and
symmetric part is trivial. Suppose (z,y) and (y, z) are proximal points, then by
Theorem 2.52, there exist a minimal left ideal L; such that tz = ty for some t € L.
Similarly Since (y, z) is proximal then by Theorem 2.52; there exist a minimal left
ideal Lo such that ky = kz for some k € Ls. Since we have unique minimal left
ideal then L; = Ls. Thus we can pick j € L; such that jx = jz. Hence the proximal
relation ~ is an equivalence relation.

Conversely, suppose ~ is equivalence relation and let L; and Ly be a minimal
left ideals in £S. Let u; and us be two idempotents in Ly and Ls respectively with
uy ~ ugy if and only if uyus = ug and uguy = uy. Then (x, uix) and (z, usx) are prox-
imal. Since ~ is an equivalence relation, it implies that (ujz, usx) are aproximal.
Now, we also we have uj(uiz, usx) = (uu1z, uusx) = (U2, ugusx) = (urx, usx),
so by Theorem 2.38, I'u1 &, uox) is a minimal S-system containing (uz, upx). Thus
(urx, ugx) is an almost periodic point of (X x X, S). It follows then from Theo-
rem 2.53, uyx = ugx. Since x € X is an arbitrary u; = us € L1 N Ls. since the

minimal left ideal in 3S are disjoint, therefore L; = Ls. O

The following example gives us a dynamical system where the proximal relation

is an equivalence relation

Example 2.55. Let S := (R, +) act on the one-point compactificaion X := R U
{0} of R by sx = s + x, where s + 0o is defined to be oo for all s € S. Claim
X = RU {0} has unique minimal left ideal. By definition of left ideal, if L is
a left ideal of X then X + L C L. Which implies that oo an element of L. Let
J = {oo} then clearly J is a left ideal which is contained in L. Hence X has a
unique minimal left ideal. Therefore by Theorem 2.54, the prozimal relation on the

system (S, X) is an equivalence relation.
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Remark 2.56. In case (S = N, +). Since (5(N),+) has more than one minimal

left ideal. Therefore the proximal relation is not an equivalence relation.

The following corollary can be found in [1] where the acting semigroup is the
Enveloping semigroup. Here we will adapt the procedure developed so far and

prove the corollary in the case where S is the acting semigroup.

Corollary 2.57. Let (S, X) be an S-system and let P be a set of all proximal pairs

which 1s closed in X x X. Then it is an equivalence relation.

Proof. Suppose Ly and Ly are two minimal left ideals in 55. Let u; and us be two
idempotents in L; and Ly respectively with u; ~ wus if and only if ujus = us and
usuy = uy. Let x € X. Since ~ is an equivalence relation, (x,u;x) is a proximal
pair. Also (usz, u1x) = (us, uguix) = lim s;(x, uyx) where {s;} is a net in .S such
that s; — wus. Since (x,u1x) is a proximal a pair, then there exist t € £S5 such
that tz = tuyz which implies s;tz = s;tuix. But s; € A(B(S)) this would imply
that ts;x = tsju;x. Hence (s;z,s;uiz) is a proximal pair. Since P is closed in
X x X we have (ugz,u1x) = lims;(x,u;z) € P. As we have noted in the proof
of Theorem 2.54, uy(ugz, u1z) = (ugusx, uguix) = (U, uguix) = (Usx,usx), SO
by Theorem 2.38, I'cuyx, upx) is a minimal S-system containing (upx, uiz). Thus
(usx,uyx) is an almost periodic point, so by Theorem 2.53, usxz = wujz. Since
r € X is an arbitrary u; = ug € L; N Ls. since the minimal left ideal in S are
disjoint, therefore L; = Ly. Therefore by Theorem 2.54, the proximal relation is

an equivalence relation. O

Corollary 2.58. If the acting semigroup is (BN,+) then the set of all proximal

pairs is not closed in X x X.
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Proof. Assume that the set of all proximal pairs is a closed set. By Corollary 2.57,
the proximal relation is an equivalence relation. Thus by Theorem 2.54, 5S has a

unique minimal left ideal. Which is a contradiction. O

Remark 2.59. A flow (S, X) is said to be distal if for all x,y € X and x # y the

pair (z,y) is not prozimal. Equivalently

Aﬂ{(sx,sy) cse St =0,
where N :={(z,2) : z € X}.

Theorem 2.60. Let (S, X) be a flow. the following statements are equivalent:
(a) (S,X) is distal.
(b) lim, nox # lim, nyy for all (z,y) € (X x X)|A and all nets {n,} in S for
which both limits exist.
(c) ¥ is a group whose identity is the identity function. where 3 is the enveloping
SEMIGroup.

(d) 3 is left simple and contains the identity function.

Proof. The equivalence of (a) and (b) follows from the extended action definition
on Theorem 2.17 we have lim,n,x = txr # ty # limynyay for all t € . By
Remark 2.59 (a) and (b) holds.

Assume that (b) holds. Then tz # ty Vt € 3. Therefore every member of ¥ is one-
to-one and every member of ¥ has an inverse. we claim that the only idempotent in
3} is the identity mapping. Suppose P is an idempotent in > and Px # x. Consider
P(Px) = Px. Since P is one-to-one then Px = x which is a contradiction. Thus
Px = x. Therefore if P is an idempotent in ¥ then P is an identity So every
idempotent in Y is an identity. Therefore there is a unique identity. Hence the
smallest ideal K (X)) is an a group which contains the identity. Hence ¥ = K(X) is

a group. Thus (b) implies (c).

o1



clearly, (c) implies (d).

Assume that (d) holds and let £ € X. Since X¢ is a left ideal and we have X is
left simple then »¢ = . Since X contains the identity function I, there exists a
¢ € ¥ such that (¢ = I . Hence (&(x) = z for all x € X. Let x # y then Iz # Iy.
Suppose tr = ty for some t, then there exist ¢! such that ¢t 'ta = ¢t 'ty. Hence

Ix = Iy which is a contradiction. Thus z = y. Thus (b) holds. O

Theorem 2.61. The minimal sets of a flow (S, X) are precisely the sets J(x) =
{&(x) : £ € J}, where x € X and J is a minimal left ideal of ¥. in particular,

every closed invariant set contains a minimal set.

Proof. Let J be any minimal left ideal of ¥ and let x € X. For any &£ € J, where
(S¢(x)) = (X¢)(x) = J(z). Hence J(x) is a minimal set. On the other hand, if Y is
a nonempty, closed, invariant set and z € Y, then J(z) C Y, with equality holding

if Y is minimal. O

Corollary 2.62. Let (S, X) be a distal flow. Then every orbit closure is a minimal

set. Thus X is a disjoint union of minimal sets.

Proof. Let z € X. By Theorem 2.61, Sz = (x) contains a minimal set, and by
Theorem 2.60, Sz = ¥(z) is a minimal. Since two minimal sets are either disjoint

or identical and since z € ¥(z), X is a disjoint union of minimal sets. ]

Theorem 2.63. Let X be a distal S-system, and let L be a minimal left ideal
of the universal right topological monoidal compactification 5S. Then for every
idempotent e € L, ex = x for every x € X. It follows that the orbit closure
[z @s minimal for every x € X and the enveloping semigroup X is a compact
right topological group, which is the continuous image of the group eBSe for any

idempotent e € L.
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Proof. All but the assertion of the last clause by Theorem 2.60 and corollary 2.62.
If I'(,) is the orbit closure of Sz, then by minimality I',) = Lz. Since e acts as a

left identity on X then for ¢t € L, tx = etex. Hence (eSe)r = I'y). O

Corollary 2.64. Let X be an S-system and let e be an idempotent in a minimal

left ideal L of BS. Then X is distal, if, and only if, under the extended action

FiyU{z} = (e+ BS +e)x for every x € X.

Proof. Suppose X is distal then I' ;) U{x} = (e + S +e)x for every x € X follows
from Theorem 2.63. Conversely, suppose x,y are proximal. Then by Theorem 2.49
nxr = ny for some n € 5. By hypothesis x = etex, so ex = eetex = x, so e
acts on the left as an identity. Thus enex = eney. The element ene is in the group
e+ S +e, so there exists ¢ with gene = e. Then x = ex = qenexr = qeney = ey = y.

Therefore X is distal. O

The next theorem and corollary can be found in [1] but we will give an alternate

and direct proof by using the machinery used in this section.

Theorem 2.65. Let X be an S-system and x be a distal point, and let L be a
manimal left ideal of the universal right topological right monoidal compactification

BS, then for every idempotent e € L, ex = .

Proof. Suppose = a distal point, then by Corollary 2.50 there exists an almost
periodic point y € X which is proximal to x.

Case 1: If x # y. Since x and y are proximal. Then x is not distal which is a
contradiction.

Case 2: If v = y, then x is almost periodic point. By Theorem 2.45, I'¢,) is a

minimal S-system which contains X (i.e ',y = I'() = X). By the Theorem 2.38,
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part (c) and (d) I'gy = L, and for each ¢t € L, tv = etex. Hence X = I'(yy =

(e + BS +e)x, so x = etex. Thus ex = eetex = x. O

Definition 2.66. Let (X,T) be a flow with X is compact Hausdorff space. Then
X is a ( necessarly disjoint ) union of minimal subsets if and only if every point

of X is almost periodic. ( In this case we say X is pointwise almost periodic).

Corollary 2.67. Let X be a flow. Then
(a) If x € X is a distal point, it is an almost periodic point.

(b) If (S, X) is distal, it is pointwise almost periodic.

Proof. Consider the extended action by 5S. Let L be a minimal left ideal of 8.5
since z is distal , then by Theorem 2.65, there exist an idempotent e € L such that
ex = = . By part (d) of Theorem 2.38, I'(;) is a minimal S-system and this end
proof part (a). Since X is distal , so our work in part (a) satisfy for every point.

Hence (S, X) is point wise almost periodic. ]

2.4 Decomposing Left Congruences on the Stone-Cech
Compactification

This section is based on Auslander [1] and Lisan [15]. In this section we consider
the congruences on the Stone-Cech Compactification and identify the distal and
proximal flows by factoring congruences on it. We will be more interested on min-
imal left ideals L in 3S. Throughout this section let L be a minimal left ideal
of 3S , and view L as a minimal S-flow. Let e = €2 € L be a fixed idempotent
in L. Let =, denote the closed left congruence on S (defined in Lemma 2.31)
determined by e. If (X, x) is a transitive pointed flow, then it is a minimal flow for
which ex = z if and only if the associated left congruence ~(x ;) contains =, (see

Theorem 2.40).
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Lemma 2.68. Let L be a minimal left ideal as described above. Let x,y € X and
let m: S x X — X be a natural projection. The following are equivalent:

(a) m¢(x) = 7¢(y), where ¢(x) = ex and 7¢(y) = ey.

(b) tx =ty for somet € L.

(c) tx =ty for allt € L.

Proof. 1t easy to see (¢) = (a) by taking ¢t = e. (a) = (b) since e € L. For
(b) = (c), since t € L and L is a minimal left ideal , L + ¢ = L. For any ultrafilter

nel  ifn=>b+t, then nx = (b+t)xr = (b+1t)y = ny. O

Definition 2.69. For a minimal left ideal L of 5S, we define the L-proximal
relation Py on an S-flow X by xPry if any of the three equivalent conditions of

Lemma 2.68 are satisfied.

Theorem 2.70. Two points x,y in an S-flow X are proximal if and only if xPry
for some minimal left ideal L. Thus the proximal relation P (This proxzimal relation
P is defined on Definition 2.48), is equal to UPy, where the union is taken over

all minimal left ideals.

Proof. Suppose z,y are proximal. By Theorem 2.49, there exists an ultrafilter
t € S such that tr = ty. Pick v € M(B8S) where M(5S) asmallest ideal in S5
then (u+t)xr = (u+1t)y, and note that u+¢ is in some minimal left ideal .J of 5S.
Hence by Lemma 2.68, x P;y. Note that this implies P C UP;.

Coversely, if x Py for some minimal left ideal L, then tx = ty for some ultrafilter
t € L and then from Theorem 2.49, z and y are proximal ( i.e any two points in one

of these Py, it will be proximal). This also says UP, C P, implies that UP, = P. [

Remark 2.71. The relation Py for the minimal flow on L is called the strict

proximal relation on L, and is denoted by ® in this special case. It is characterized
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by any of the three conditions of Lemma 2.68 (in particular, for x,y € L, Py if

and only if ex = ey).

Theorem 2.72. The relation Py, is a right congruence on (8S. Its restriction to L,

®, is the smallest right congruence on L which identifies the idempotents in L.

Proof. Let e be an idempotent in L. By Lemma 2.68, we have xPpy if and only
if ex = ey. This is clearly an equivalence relation. If ex = ey and ¢t € 4S5, then
ext = eyt. Thus xtPryt, thus Pp is right congruence on S. By definition of ®,
then @ is also a right congruence on L. Since L + f = L for each ultrafilter f € L,
the idempotents in L are right identities for L. Hence if f and ¢ are idempotents
inL,e+ f=e=e+g, and thus f®g. Suppose that 2 is a right congruence on
L which identifies all the idempotents. Let x,y € L such that ex = ey. Hence x
in some maximal subgroup of L. Let f be the identity of this maximal subgroup.
Then ef2f. Since € is a right congruence, then ex()fxr = x. Similarly, y is also in
some maximal subgroup of L with identity g. Then eflg and ey{2gy = y. Hence

x®ex = eydy, so by transitivity zQy. Thus ¢ C €. O]

Remark 2.73. We recall from definition 2.30, two elements n,t on a monoid T
are related under Green relation F€ if they generate the same principal right ideals.
When restricted to a minimal left ideal L in a compact right topological monoid,
by Lemma 2.7/, this relation can be characterized by (n,t) € J if and only if
(n,t) € H(e), the mazimal subgroup containing the idempotent e for some e € L.

Thus the F€-equivalence classes are the mazximal subgroups of L.

We recall that the smallest ideal in the semigroup S is the union of disjoint
minimal left (or right) ideals. Equivalently it is the union of its maximal subgroups.
(Let us now look at these subgroups as boxes. Then any element x € L could come

from any of these boxes say H(f) for some idempotent f € L). Thus two elements
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x,y € L are related under green relation if they both belong to the same box. We
would now like to describe this relation between x and y in terms of some fixed

idempotent e € H(e).

oYy

Lemma 2.74. Let (T,+) be a right topological semigroup and let L be a minimal
left ideal. Then (n,t) € J the green relation if and only if n,t € H(e) for some

ultrafilters n,t € L.

Proof. Letn,t € H(e) for somen,t € L. Since n,t € L then T+n = T+t = L. Note
that H(e) = LN R, where R is some minimal right ideal. Then n+7T =t+T = R.

Conversely, Suppose (n,t) € . then n + 7T =t + T and since (n,t) € L then
T+n =T+t Since T'+n = L is a minimal left ideal and ¢ + 71" by Theorem‘1.27,
is a minimal right ideal and t +n € T +nNt+ T, it follows t +n € H(f) for some
idempotent f. We want to show n,t € H(f) which is the same box containing
n +t. Suppose t ¢ H(f) (this mean t # f ). Note that f + T is a minimal right
ideal such that L N f + T = G where G is some maximal group. Since f € L and
f € f+T and f is an idempotent then f € G. Hence G = H(f). Note we have
te Landift e f+ T then t € H(f) which is a contradiction with the hypothesis

t¢ H(f). Thust ¢ f+T. Therefore t +T and f + T are two disjoint right ideals
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and H(f) C fT. Hence t+ TN H(f) =0.Butt+net+T andt+n € H(f),

thus t € H(f) and similarly n € H(f). O

Definition 2.75. Let « is a closed left congruence on 3S, we define the F€-trace
ay of a on L to be £ NaN (L xL). Let H(e) = e+ S + e = e+ L denote the
mazximal subgroup containing e in the minimal left ideal L. We define the H(e)-
trace o, to be the set (H(e) x H(e)) N . Note that o, is a closed left congruence
on H(e), and hence the equivalence class consist of left cosets of the subgroup

H,(e) :={g € H(e) : gae}. Finally, we define the ®-trace ag of a to be N a.

Lemma 2.76. For z,y,e = €> € L and o a closed left congruence on BS, the
following are equivalent:

(a) (z,y) € o

(b) z,y € H(f) for some idempotent f € L and (ex,ey) € a,

(c) z,y € H(f) for some idempotent f € L and ex € eyH,(e)

Thus the subgroup H,(e) determines the left congruence o .

Proof. (a) = (b): Let (x,y) € ay = A Nan(LxL) (ie., (z,y) € A ). We
will show by Definition 2.75 (x,y) € H(f) Na.. By Lemma 2.74, (z,y) € H(f) for
some idempotent f € L. We now claim that e+ x,e +y € H(e) x H(e) N «. Since
a is a left congruence, (e + z,e+y) € a. Since H(e) = e+ L, e+ € H(e) and
e+y € H(e) therefore (e + x,¢ +y) € Q.

(b) = (c¢): Suppose that z,y € a. = (H(e) x H(e)) Na. Then by left adding by
the inverse of e+y in H(e), we obtain ((e+y) ' +e+x,¢e) € a,ie.,(e+y)  +e+x €
Hy(e). Thuse+x=c+y+(e+y) ' +e+ze€(et+y)+ Hyle).

(¢) = (a): Suppose that z,y € H(f) and e + x € (e +y) + H,(e), then e + x =

e+y+h, where (h, €) € a.. By adding on the left by e+y we get (e+x, e+y) € a, and
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left adding again by f, we obtain (f+z, f+y) = (f+e+zx, f+e+y) = (x,y) € a.

Since x,y € H(f) then by Lemma 2.74, (z,y) € €. Hence (z,y) € a. O

Definition 2.77. For the relation o and  on a set X, ao f:={(x,z2) : (z,y) €

a, (y,z) € B for somey € X}.

Remark 2.78. [t is easy to show the relation cvof3 is left closed congruence relation.
To show avo f3 is a left congruence. Let (x,z) € awo 3 then by definition there exist
an ultrafilter y € B(S) such that (z,y) € o and (y,z) € (. Since the relations o
and B are left congruence relations then by definition for allp € B(S), p+x = p+vy
and p+y = p+z. Thus p+x = p+z. Implies that ao B is left congruence. To show
ao f is a closed relation. Let (v, z,) € o 8 such that {x,} — =, {z,} — z.
Then there exist a net {y,} — y such that (x,,y,) € o and (y,, z,) € B. Since
the relations a and B are closed relations then (v,y) € o and (y, z) € 5. Therefore

(x,2) € wo .

The next theorem gives the a factorization of the restriction to L of a closed left

congruence on 3S.

Theorem 2.79. Let o be a closed left congruence on 5S. Then o N (L x L) =

Ap O = Oy O Uy .

Proof. From the Definitions 2.75, we know that ay = # Na N (L x L) and
ap = N a. We also see from the definition of o that a0 as C oo C «. Thus
oy oap C an L x L. Since the o is commutative then ag o vy C N L x L.
For the other direction, suppose that xz,y € L are two ultrafilters and zay.
Since * € L, x € H(f), where H(f) is the maximal subgroup box in L with
the identity f such that f 4+ 2 = x. Note that f + x and f + y are in the same
subgroup box H(f). Then since « is a left congruence, (x = f + z)a(f + y). By

Lemma 2.74, (z = f+x, f +y) € au. Also since (f +y)a(f +2 = z)ay ( ie.,
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[+ yay) and since (f 4+ y,y) € ® implies (f + y,y) € agp. Thus (z,y) € ax o ag.
Hence a N (L x L) C ay o ag. Therefore o« N (L X L) = a o ag. Similarly
anN (L x L) = ag o ay. Finaly since if (z,y) € « implies (y,x) € «. Hence

Qp O Ay = Qlyy O U ]

Theorem 2.80. Let e = e+ e € L and let a and B be closed left congruences
on B(S). Then aN L x L C B if and only if Hy(e) C Hg(e) and ag C Po. The
restriction of a left congruence « to L is determined by the group H,(e) and its

P-trace ag.

Proof. Suppose that o« N (L x L) C S. Let x,y be two ultrafilters in L x L and
(z,y) € a. Then (z,y) € 5. Since P is restricted on L, then by definition agp C fo.
To show H,(e) C Hg(e). Let z € H,(e). Then zae. Since (z,e) € L x L then
(x,e) € an (L x L) C . Thus zfe and therefore x € Hg(e). Hence H,(e) C
Hg(e). On the other direction, suppose that H,(e) C Hg(e) and ag C g, and let
z,y € Hy(e) € Hg(e). By Lemma 2.74, (z,y) € ax C Bu. By Theorem 2.79, we
have a N (L X L) = ag o aypy C P o By C B. It is clear from Lemma 2.76 that
H,(e) and ag determine «. Since a N (L X L) = g © aye. Again by Lemma 2.76,

H,(e) determine the left congruence « . Thus H,(e) and ag determine a. O
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Chapter 3

The Case of /N and Proximal
Homomorphisms

3.1 Distal and Proximal Homomorphisms on 35

In this section we will extend the work of [1] and [15] to investigate proximal and
distal homomorphisms. By Theorem 2.38 if (X, z) is a minimal S-flow there is
going to be a left closed congruence « such that L/« is isomorphic to X. We will
then show the existence of closed left congruences o and o, which are factors of

a, and use these factors to analyze a and in turn study (X, z) by means of ag and
A p.

Definition 3.1. Let (X, z) be a minimal S-flow and L be a minimal left ideal on
B(S). Define the closed left congruence relation ~(x z) by (x,y) €~(x.2) if and only

if nx = tx. When the relation ~x ) restricted to L, we will denote it by c.

Lemma 3.2. Let (X, z) be a minimal S-flow. Let 9(X,z) = {g € H(e) : gz = x}.

Then H,(e) =9 (X, x) where e is an idempotent in the minimal left ideal L.

Proof. We need to verify that H,(e) = 4 (X, z). Note that

={g € H(e) : (e + g)x = ex} (3.1)

Hence H,(e) C¥9(X, ).

Let g € 4(X, x) then by definition of green relation gz = x = ex. Thus gae. Hence

G(X,x) C Hale). O
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Definition 3.3. Let X and Y be an S-systems.

(a) Two points z,y € X are said to be proximal if for any open cover Q of X,
there s € S and U € () such that sx, sy € U. Two points that are not prorimal
are said to be distal. A point of a dynamical system is said to be distal if it
1s proximal only to itself. The system X is distal if every two distinct points
are distal.

(b) The S-flow homomorphism 7 : X — Y is distal (respectively prorimal) if

m(x) =m(y), x #y imply that x,y are distal (respectively proximal).

Lemma 3.4. Let X be a minimal S-flow, and let v € X. If f+ f = f € L, where
L is a minimal left ideal in B(S). For distinct g,h € H(f), and gr # hx, then

gx, hx are distal.

Proof. Suppose that gz, hx are proximal. By Theorem 2.49, (n+g)x = (n+h)x for
some ultrafilter n € 8S. Since g,h € H(f), where f is the identity of this subgroup
H(f), then f+g =g and f+h = h. Hence (n+g)z = (f+n+ f+ gz =
(f+n+ f+ h)x. By Theorem 1.26, (f+n+ f) € f+ S+ f = H(f), and so

f+n+ f has an inverse k in the group H(f). By left adding k, then

gr = (f+g)v

=k+f+n+f+ge

=(k+f+n+f+hz (32)
=(f+h)z
= hz.

This contradicts the hypothesis gx # hx. [

We find the following result in [1] in the case where S is a group. We modify the

result and give a proof to the case where (S, +) is a semigroup.
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Theorem 3.5. Let S be a semitopological semigroup and let L = L 4+ u be a
minimal left ideal in BS for some idempotent u € L. Let w: (X,z) — (Y,y) be a
homomorphism of minimal pointed transitive flows where x is an almost periodic
point in X with ux = x . Then 9(X,x) = 9(Y,y) if and only if 7 is a prozimal

extension.

Proof. Suppose 7 is a proximal homomorphism. Let g € (X, ), then

gr =1x
= 7(gr) = 7(x)

(3.3)
= gr(x) = m(x) (since 7 is a homomorphism)

= 9y =Y.
So 9(X,x) is a subset of ¢4(Y,y). Now we need to show 4(Y,y) is a subset of
9(X,z). Suppose f € 4(Y,y)\4(X,z), then n(fx) = fr(x) = fy =y = 7(x).
Since ux = x then w in the group ¥ (X, x), implies u is the identity of 4(X,x).
Also since uy = w(uz) = w(z) = y then u in the group ¢(Y,y), implies u is the

identity element in ¢(Y,y). Hence if (fx,x) are aproximal then by Theorem 2.52,

(u+ flr=ur wel
= (u+t flz == (3.4)
= fr=ux. Since f € 4(Y,y) then u+f=f

But fz # x. Therefore (x, fz) is not proximal. Hence 7 is not proximal which is a
contradiction.

Conversely, Suppose that 4 (X, x) = 4(Y,y) and 7 is not proximal. Then there
are distinct xy,xo € X such that w(zy) = m(x2) where (z1,z2) are not proxi-
mal. Hence ux; # uwxs. Since 7(z1) = w(x2), then ur(zr,) = un(xy) implies that

m(uxy) = m(uxs). Since X is minimal flow, then X = I'(,), where I'(;) is the orbit
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closure of . Then

= 11 = kx for some k € 3(S)

= ury = (u+k)z
(3.5)
= (u+k+u)r since ux=x

su+k+ut+tu=u+k+uel+u

Similarly, uxe = (u +t + w)z, where (v +t 4+ u) € L 4+ u for some t € 3(95).

Let 6 = u+k+u, & = u+t+u be two element in the subgroup u+5(S)+u C L+x
with dz = uxy and &x = uzy. Then oy = on(x) = 7(dz) = 7w(uxy) = w(uxe) =
m(€x) =E&y. So 1+ 0 +y =y implies L+ € G (Y, y).

But in the same time since

UT] # UTo
= dx # &
(3.6)
= T+ #a
=0 ¢9(X, x)
Which is a contradiction since ¢4(X, z) = ¢4(Y,y). Hence 7 is proximal. O]

The relation ag and « are closely linked with notions of distality and proxi-
mality, as the next theorem indicates in [15] and we will give an alternate proof

for it.

Theorem 3.6. Let 7 : (X,2) — (Y, y) be a homomorphism of pointed minimal
flows, and ex = x where e is the idempotent on the minimal left ideal L. Let o
denote ~(x ) restricted to L and (8 denote the restriction of ~,) to L (Recall
(n,t) €Ex(x,) if nw =tx).

(a) The homomorphism w is distal if and only if ae = Po.

(b) the following statement are equivalent:
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(i) The homomorphism m is proximal.
(i1) 9(X,7) = 9(Y,3).

Proof. (a): Assume that 7 is distal, and suppose that (n,t) € Be = 5N ®. Then

ny =ty and e +n = e 4+ t. It follows that
m(nx) = nr(x)

= ny
=ty (3.7)
= tn(x)
= 7(tz).

and e(nx) = (e+n)z = (e+t)x = e(tx). By Theorem 2.49, nx, tx are proximal.
But since 7 it distal that implies nz = tz. We can then conclude that (n,t) €
anN® = ag, and thus B C ag. For the other inclusion let (n,t) € «, then
nx = tz. It follows that w(nz) = nw(x) = ny and n(tx) = tn(r) = ty. Hence
(n,t) € f and so ag C Ss.

Conversely, suppose that ags = P, and let p and ¢ are distinct elements in X
such that m(p) = m(q). We want to show 7 is distal homomorphisim by showing
p, q are distal points. Since Lx = X by minimality of X, so there exists ¢t,s € L
with tz = p and ¢ = sz. By Lemma 2.34 and Theorem 2.38 part (d), there exists
an idempotent f+ f = f € L such that ¢ = fq. Since L = L+ f which mean f is a
right identity of L then ¢ = (s+ f)x. Thus ¢ = fq = (f+s+ f)z. Also (¢, f+t) € ®
(since f+t=f+ f+t=f+1). Also ty = tn(x) = w(tx) = 7n(p) = 7(q) and so
(f +t)(y) = fr(q) = n(fq) = 7(q). Since ty = (f +t)y, thus (¢, f +t) € 8 implies
that (¢, f +t) € Bs. By hypothesis since ag = ¢ then (¢, f +¢) € a, and hence

p=tx = (f+t)r. Since (f+1t) and f+ S+ f are in the same subgroup H(f) and
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since (f +t)r =p # q= (f + S+ f)z. Then by Lemma 3.4, p and ¢ are distal
points.

(i) <= (ii): Note that by Theorem 3.5, 7 is proximal if and only if ¢ (X, z) =
G(Y,y).

(il) <= (iii) Suppose that (X, z) = 4(Y,y) To show a» = [,. Suppose that
G (X,r) = 9(Y,y). To show a C [y it is enough to show that a C 5. Let

(p,q) € apy = Nan (L x L) then (p,q) € «, implies pxr = qx
= m(pr) = 7(qx)

= pr(z) = qm(x)

= py=qy (3.8)
= (p,q) €8
a C f.

To show ,» C ae it is enough to show  C «. Let (p, q) € 3, then py = qy. Since

p,q in some subgroup H(f) then by Lemma 2.76,
= (@ +py=y
= (¢ +p) €9 (Y,y) =9 (X, )
= (@ +pr =1 (3.9)
= q((q" +p)z) =gz

= (@' +q¢ ' +pr=qz

Therefore we obtain

= pr = qx
= (p.q) €a (3.10)

= 6 Ca.
(iii) <= (i) Suppose that a = [, to show that 7 is proximal. Let p and ¢

are distinct elements in X such that 7(p) = 7(q). We want to show 7 is proximal
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by showing tp = tq for some t € 3(S). Assume that tp = tq for all t € L. Since
LX = X by minimality of X, so there exist r, s € L such that p = sz and ¢ = rz.

Hence t(sx) = t(rs). But n(p) = w(t(sz)) = n(t(rx)) = w(q)

= (t+ s)n(z) = (t + r)n(2)
= (t+s)y=(t+r)y (3.11)

Hence (t+s,t+7r)€p.

Also since t + s,t+1r € LN R, where R =t + 3(S) is a minimal right ideal. Hence
t+s,t+r € H(f) = S for some idempotent f € L. Therefore (t+s,t+7r) € ay =

L. Thus (t+s,t+r) € a. Hence (t+ s)x = (r +t)x which is a contradiction. [

For a trivial single point flow Y = {y}, the associated left L-congruence ( which
is ~(x4)/) is of course L x L. A flow is distal (respectively proximal) if and only if
the homomorphism to this trivial flow is distal (respectively proximal). The next
corollary follows directly from Theorem 3.6, by considering the homomorphism to

the trivial flow.

Corollary 3.7. Let (X, z) be a pointed minimal flow with ex = x and associated
left L-congruence . Then the flow is proximal if and only if oy = 7 N (L X L)
if and only if 9(X,z) = H(e) = e + B(S) + e. It is distal if and only if ag = P.
(a) The following statement are equivalent:
(i) (X, x) is proximal.
(i1) ay = 7 N (L x L).
(i11)) 9(X,x) = H(e) = e+ 5(S) + e.
(b) (X,x) is distal if and only if ag = P.

Proof. (i) <= (ii) Suppose X is aproximal and we would like to show a, =

S N (L x L). We will apply Theorem 3.6, and to do that, let Y = {y} be a trivial
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single point flow space. Let us construct a map 7 : (X, z) — Y = {y} defined by
7(z) = y which is a homomorphism since 7(nz) = y and nm(x) = ny = y. Since
X is proximal then by the previous theorem then 7 is proximal. Note that for all
(p,q) € (L x L) then py = qy = y. This show that all the elements in L x L are

related respect to 5. Then

By =#NBN(Lx L)
(3.12)

=H#N(LxL) since LxLeSf

Since 7 is proximal, by Theorem 3.6 part (b), ay = B = 5 N (L x L). Now
for the converse if a,y = J N (L X L) = By, since B, from above is also equal
S N (L x L) it is immediate that o = (. Thus By Theorem 3.6 part (b),
7 is proximal. (i) <= (iii) Assume (X, z) is proximal. Since 7 is proximal then
9(X,z) =9 (Y,y). Note that 9(Y,y) = {g € H(e) : gy = y} = H(e). Therefore
G (X,x) = 9(Y,y) = H(e). Conversely, if 4(X,z) = H(e) = 4(Y,y) Then by
Theorem 3.6 part (b), 7 is proximal homomorphism.

(b) Suppose that (X, z) is distal 7 : (X, 2) — Y = {y} is distal homomorphism.

By Theorem 3.6 part (a), then oy = 4. Since 5 = & N 5 we get P C O. Thus
ap, € ®. Let (t,n) € ® then ny = ty = y, implies (n,t) € . Thus a C ®. Hence
Be = PN B = P. Therefore ag = P as desired. conversely, if ag = P. Since as we
show above 8 = ® then S = fe. Thus by Theorem 3.6 part (a), 7 is distal and

then (X, x) is distal. O

The following result is in [15], but we will look at the special case when the
acting of the semigroup is N and S(N) will be taken as a universal extension of

fHows.

Theorem 3.8. Let (X, z) be a pointed minimal N-flow with ex = x and let « be

the associated left L-congruence for (X, xz) (recall (n,t) € a if nx = tx for n,t €
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L). There exist a closed left congruence v such that (B(N)/v,[1]) is a universal
prozimal extension of (X, x) with e[1] = [1]. Given any minimal N-flow (Y,y) with
ey =y and associated left L-congruence (3, a necessary and sufficient condition for

it to be a factor of the universal proximal extension is that 4(X,z) C 4 (Y,y).

Proof. We show in the proof of Theorem 2.40 that =,C~(x,) (where (n,t) €=,
if n+e=1t+eand (n,t) €, if ne = tr). Consider the set of all closed left
congruence o on [3(N) which contain =, and a». Note that ar = # Nan (L x
L) C o, also if (n,t) €=, then we have n +e=1t+e

= n+erxr=(t+ex

= n(exr) = t(ex)

(3.13)
= nr =1tr sinceexr ==z

= (n,t) € a.
Hence =,C a. Since a and =,C « therefore o # (). Let v be the intersection of
these closed left congruences. Since X is compact space then v # (). Since «is in the
collection of congruence implies v C «, and so v C a . Also since o contained
in v, thus a» C 7. Therefore a» = v,. Since 7 is the intersection of all closed
left congruence containing =., o, implies that =.C ~. So by Theorem 2.40 part
(a), by taking X = B(N)/v then (B(N)/v,[1]) is a minimal N-flow for which e

fixes the base point [1] = [e]. By Theorem 2.26, the inclusion v C a implies a
BN) /o

PNy ——— (X, )

homomorphism ¢ : (8(N)/7,[1]) — (B(N)/a,[1]). Since « is associated left L-

congruence there is an isomorphism ¢ : (8(N)/a, [1]) — (X, z), [t] — tz. Note
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the composition ¢ o ¢ gives a homomorphism from (3(N)/v,[1]) to (X, z). Since
v = . by Theorem 3.6, we can conclude that homomorphism is proximal.

For the universality of (8(N)/v,[1]). Let (W, w) be a minimal flow with ew = w
and ¢ : (W,w) — (X,2) a proximal homomorphism. Let 6 be the associated
left congruence for the pointed flow (W, w). By Theorem 3.6, 6, = o, and since
ew = w then =,C 0. It follows that v C #, and as in the preceding paragraph, by
Theorem 2.26 and Theorem 3.6, there is aproximal homomorphism from (G(N)/
7,[1]) onto (W, w).

Finally, suppose that (Y,y) is a minimal flow with ey = y, [ is the associated
left congruence for this pointed flow, and ¢4(X,z) C 4(Y,y). Let g € H,(e) then
gae

=>gr=er==zx
= g€ 9(X,) (3.14)

= H,(e) C¥Y(X,x).
Now let g € 9(X, x), then gz =z

= gr = ex
= goe

(3.15)
= g € H,(e)

=Y (X,z) C Hy(e).

Hence ¥(X,z) = H,(e), and similarly, 4(Y,y) = Hgz(e). Since 4(X,z) C
¢ (Y,y) and hence H,(e) C Hg(e). By Lemma 2.76 we can conclude that ar C (.
Since =.C f and ay C B C 3, from the definition of v, we have v C 5. By The-
orem 2.26, there exist a homomorphism from (5(S) /7, [1]) onto (Y, y). Conversely,
suppose we have a homomorphism from (5(S) /v, [1]) onto (Y, y). By Theorem 2.26,
~v C B and since we have shown a = 7v,. Hence ay = v, C Bx. By Theo-

rem 3.6 part (b), 4(X,z) CY(Y,y). O
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The next theorem shows the existence of the universal distal extension of flows.

Theorem 3.9. Let (X, z) be a pointed minimal S-flow with ex = x and let « be
the associated left L-congruence for (X,x). There exist a closed left congruence
v such that (6(S)/7,[1]) is a universal distal extension of (X,z) with e[1] = [1].
Given any minimal S-flow (Y,y) with ey = y and associated left L-congruence
B, a necessary and sufficient condition for it to be a factor of the universal distal

extension is that ag C Be.

Proof. In Theorem 3.8, we show that =.C~(x ). Let o be the set of all closed left
congruence on [(.S) which contain =, and «ag. Note that ag = aN (L x L) C «,

also if (n,t) €=, thenn+e=t+e

= n+e)xr=(t+e)x
= nr =tx (since ex = x)
(3.16)

= (n,t) €

==.C a.
Since ag, =.C « therefore o # (. Let v be the intersection of these closed left
congruences. Since the space is compact then v # (). Since « is in the collection
of congruence implies v C a,and so v C ag. Also since ag contained in ~y, thus
ag C vg. Therefore ag = 7g. Since v is the intersection of all closed left congruence
containing =,, ag implies that =,C ~. By Theorem 2.40 part (a), then (8(S)/~, [1])

is a minimal S-flow for which e fixes the base point [1] = [e].

p(S)/a

B8/ y—X
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By Theorem 2.26 the inclusion 7 C « implies a homomorphism ¢ : (5(S5)/
7,[1]) — (B(S)/a, 1). Since a is associated left congruence there is an isomor-
phism ¢ : (8(S)/a,1) — (X,z), [t] — tz. The composition ¢ o ¢ gives a
homomorphism from (8(S)/~,[1]) to (X, ). Since 7 = ag, by Theorem 3.6, we
can conclude that homomorphism is distal.

For the universality of (3(S)/~,[1]). Let (W, w) be a minimal flow with ew = w
and ¢ : (W, w) — (X, z) be a distal homomorphism. Let 6 be the associated left
congruence for the pointed flow (W, w). By Theorem 3.6, 03 = ag. Since ew = w
then =.C 6, also since 03 C 6 therefore v C 0. As in the preceding paragraph, by
Theorem 2.26 and Theorem 3.6, there is a distal homomorphism from (3(5) /7, [1])
onto (W, w).

Finally, suppose that (Y, y) be a minimal flow with ey = y and 3 is the associated
left congruence for this pointed flow, and agp C fg. So ag C . Also if (n,t) €=,

thenn+e=t+e
=n+e=t+e
= (n+e)y=(t+e)y (since ex =x)
=ny =ty (3.17)
= (n,t) €
==.C B.
Then from the definition of v we have v C [ . By Theorem 2.26, there exist
a homomorphism from (5(S)/v,[1]) onto (Y,y). Conversely, suppose we have a

homomorphism from (3(S)/,[1]) onto (Y,%). By Theorem 2.26, v C 8 and since

we have shown ag = ve. Hence ag = 7o C fo. O

The next theorem in [15] give quick and direct proof of ([1], Theorem 10.9) we

include it here without proof to prove Theorem 3.13.
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Theorem 3.10. Let (X, z), (Y,y), and (Z,z) be minimal pointed S-flows with
ex =ux, ey =y, and ez = z and associated left L-congruences «, 3, respectively.
Letm: (X,2) — (Z,2) and ¢ : (Y,y) — (Z, z) be homomorphisms with v distal
homomorphism. Then there is a homomorphism x : (X,x) — (Y,y) such that

m=1ox if and only if 9(X,z) CY(Y,y).

Theorem 3.11. Let (X, z), (Y,y) be as in Theorem 3.10 with Y distal. Then there
exist a homomorphism x : (X,x) — (Y,y) if and only if 9(X,z) C 9(Y,y). In
particular, if both are distal then they are isomorphic if and only if 9(X,z) =
GV, y).

Proof. Let Z = {z} be a trivial single point flow. Define ¢ : (Y,y) — Z by
¥ (y) = z which is a homomorphism since ¥ (ry) = z and rn(y) = rz = z. To show
¥ is distal, let p,q € Y such that p # ¢ and ¢¥(p) = ¥(q). By distality of Y , p and
q are distal. Thus this would imply that 1 is distal homomorphism, which means
that all the hypothesis of Theorem 3.10 are satisfied which completes the proof.
For the particular part, suppose x is an isomorphism. From the first part we
have 4 (X,z) C 4(Y,y). Since we have an isomorphism and (Y, y) is distal then
similarly we can get 4(Y,y) C 4(X, z). Conversely if 4(X,z) = 4(Y,y), then by
Theorem 3.10, there is a homomorphism (X, z) — (Y,y) and a homomorphism

(Y,y) — (X, z). By Theorem 2.6. O

In the next theorem we will present the proof for the case where v is proximal

in the statement of Theorem 3.10.

Theorem 3.12. Let (X,z), (Y,y), and (Z,z) be minimal pointed S-flows with
ex =x, ey =y, and ez = z and associated left L-congruences a, 3, respectively.

Let m : (X,2) — (Z,2) and ¢ : (Y,y) — (Z,z) be homomorphisms with 1)
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proximal. Then there is a homomorphism x : (X,x) — (Y,y) such that m = o x

if and only if ay C By.

Proof. First assume that 1 is a proximal homomorphism and y exists. To show
ag C Be. By Theorem 2.26, o C 3, and hence ag C [e.

Conversely, suppose that ag C B4 is hold. Since 1 is a proximal homomorphism,
then by Theorem 3.6 part (b), we have 5, = 7. Also since 7 is a homomorphism,
by Theorem 2.26, a C «y. Therefore a;» C . = 7. Note that o =~ x o) N(I x L)

where (~(x ) is left closed congruence defined by (n,t) €~(x ) iff nx = tz). Let

*

o =2~(x 4. Hence

a=a"N(LxL)
=ag o ayy By Theorem 2.79
C Boo B (3.18)
CBop
C B
Hence by Theorem 2.26, it follows there exist a homomorphism (X, z) — (Y, y). It
follows that there is induced a well- defined homomorphism x : (X, z) — (Y, y).

Since homomorphism are unique between pointed follows, we conclude 7 = 1 o

X- O

The following theorem follows directly from Theorem 3.12.

Theorem 3.13. Let (X,z), (Y,y) be as in Theorem 3.12 with Y prozimal. Then
there exist a homomorphism x : (X,z) — (Y,y) if and only if oy C By. In

particular, if both are prozimal then they are isomorphic if and only if ay = By.

Proof. Let Z = {z} be a trivial single point flow. Define ¢ : (Y,y) — Z by

¥ (y) = z which is a homomorphism since ¥ (py) = z and pr(y) = pz = z. To show ¥
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is proximal, let p, ¢ € Y such that p # ¢ and ¢(p) = ¥ (q). By proximality of Y then
p and g are proximal. This would imply that ¢ is proximal homomorphism. Which
means that all the hypothesis of Theorem 3.12, satisfied. Thus the conclusion of
Theorem 3.12 holds.

For the particular part, suppose x is an isomorphism. From the first part we
have a, C f4. Similarly since we have isomorphism and (Y, y) is proximal we get
By C ay. Conversely if ay = B4, then by Theorem 3.12, there is a homomorphism
(X,z) — (Y,y) and a homomorphism (Y,y) — (X, x) where o and /3 are the
kernel relation respectively. By Theorem 2.6, we have an isomorphism. O
3.2 The Case of N and Ultrafilters as Acting Semigroups
In this section we will concentrate on the special case where the phase semigroup
is the set of natural numbers N under addition. In so doing we will present results
which relate notions of proximality and almost periodicity in a dynamical system

to combinatorially rich central subsets of N.

Definition 3.14. Let X be a compact Hausdorff space. Given the dynamical system
(N, X,m), z € X, and p € BN, we define the extended action of SN as follows:
pr = my(x) = Nagp c{mu(x) :n € A}.
Theorem 3.15. Let (N, X, m)be a dynamical system, x,y € X, andp € BN. Then
the following are equivalent:

(a) y € mp(x).

(b) For each neighborhood G of y, {s € N: my(z) € G} € p.

(¢c) mp(x) = {y}.

Proof. (a) implies (b). To show that K = {s € N : w,(x) € G} € p, let y €
mp(z) and let G be neighborhood of y (i.e y € m,(x) N G). Since y € my(x),

by Definition 3.14, for each A € p, y € cl{ms(z) : s € A}. Which implies that
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B = {ns(x) : s € A} NG # 0. Let m(x) € B for some t € A. Note that m(x) is
in G and hence M = {A: A e plU{{s € N : ny(x) € G}} satisfies the finite
intersection property. But since p is an ultrafilter which is maximal with respect
to the finite intersection property, M = p. Therefore {s € N : 7,(z) € G} € p.

(b) implies (c). To show that m,(x) = {y} suppose that y,z € m,(x) and y # z.
Let G7 and G5 be two disjoint open sets such that y € G and z € (5. Consider the
two sets A = {s € N: n4(x) € G1} € pand B = {s € N: 74(x) € G5} € p. Note
that p is an ultrafilter and hence ANB # (). Let s; € ANB. Then 7, (z) € G1NGy,
which is a contradiction.

(c) implies (a). Clearly y € {y} = m,(z). O

From here on we will write 7,(z) = {y} = v.
As the special case where X = BN Definition 3.14 will allow us to extend the

operation on (N, +) to SN as follows:

Definition 3.16. Let (S,+) be a semigroup, for any A C S and x € S we define
—r+A={se S :x+se A}. Given any two ultrafilter p,q € BS we define their

sumbyp+q={ACS|{zr eS| —xz+ Aecq}e€p}
The following theorem shows the action of N can be extended to the action on

BN.

Theorem 3.17. Let (N, X, ) be a dynamical system, x,y € X, and p,q € SN. If

mp(x) =y and m,(y) = z, then 7 p(x) = z, where q + p is defined as above.

Proof. To show that m,.,(x) = 2, let G be a neighborhood of z and let A = {s €
N : my(z) € G} and let B = {s € N : m,(y) € G}. Since m,(y) = z then by
Theorem 3.15, B € ¢. If we can show that B C {s € N: —s+ A € p} then

{seN:—s+ A€ p}e€q Sothat A € ¢+ p as required. Let s € B. Since 7,
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is continuous and m4(y) € G, pick a neighborhood U of y with n4(U) C G. Let
C ={t e N:m(x)e U}. Since my(z) = y then by Theorem 3.15, C' € p and
given t € C implies ms(m(z)) = w5(tx) = s(tx) = (s + t)z = mps(x) € G. Hence

t+s€A ThusC C —s+ A. So —s+ A€q. O

Theorem 3.18. Let (N, X, 7) be a dynamical system and X a compact Hausdorff
space. Then
(a) For each p € BN, m, of definition 3.14 is a function from X to X.

(b) S(X) = {r,: p € N},

Proof. (a) Let x € X, and p € SN. Since X is a compact space, m,(z) # 0. Let
y € my(z) then by Theorem 3.15, m,(x) is only a point in X. Hence m, is well define.

(b) Given p € BN, take © = {{ms: s € A} : A € p}. We claim O is a filter in a
set {ms : s € N}:

(i) Since O ¢ p then © # (. (ii) Let A, B € p. Since p is an ultrafilter then
ANB # 0. Let ¢y = {ms : s € A} € © and Cy = {m; : s € B} € ©. Then
CinNCy={ns:s€ ANB} #0. (iii) Let C; = {ns: s € A} € © and Cy = {m; :
t € B} such that C; C Cy. Suppose t € A then m; € C and since C; C Cy then
m € Cy implies that ¢t € B. Therefore A C B. Since p is unaltrafilter and A € p
then B € p. Hence (5, € ©.

Let z € X. Then using the same proof above it is clear that O(z) = {{ms(x) :
s € A} : A € p}is afilter on X. By the definition of m,(x), then ©(z) converges
to my(x). Thus 7, € cl{ms: s € N} = X(X). Hence {7, : p € BN} C E(X).

Coversely, Given f € cl{m, : s € N} = X(X). Then there exists a filter © on a set
{ms: s € N} such that © converges to f. Take K = {{s € N, n, € A} : A € O},
K is a filter on N. Let p € N such that K C p. Let z € X, then O(z) converges

to f(z). Then given any neighborhood G of f(x), there is a set A € © such that
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{ms(x) : mg € A} CG. Then {s e N: 7, € A} C{s € N: 74(x) € G} € p. By

Theorem 3.15 my(z) = f(x). Thus f = m,. O

Theorem 3.19. Let (N, X, 7) be a dynamical system and X a compact Hausdorff
space. Define ¢ : N — X(X) by ¢(s) = 75 where s € N, and let © be the
continuous extension of ¢ to SN. Then

(a) For each p € BN, ®(p) = m,.

(b) ®(p+q) = ®(p) o ®(q) where p,q € BN.

B(N)

¢

N2 S~ 5(X)

Proof. (a) Let p € SN. By Definition 3.14, m,(z) = Naep cl{ms(x) : s € A}, z € X.
Hence we have 7, = Nagp, cl{ms : s € A}. Let A € p. Then ®(A) = ¢(A) = {~s :
s € A}. Since ® is continuous, ®(p) = ﬂAepém C ﬂAepm = Nuep cl{ms : s €
A} =T,

(b) By Theorem 3.17, ®(p + q) = mpq = 7y 0 T3 = (p) 0 P(q). O

Definition 3.20. Give a subsets A of N and given s € N, then A+s={a+s €

N:ae A}

Theorem 3.21. On (BN, +). Define shift function ¢s : BN — BN by ¢s(p) =
p+s={A+s:Acp} where s € S and p € BN. Then
(a) (BN, ¢s) is a dynamical system.

(b) Forp,q € BN, ¢p(q) =p+4q
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Proof. (a) Given s,t € N and p € SN. Then (¢5 0 ¢;)(p) = ¢s(Pe(p)) = ds(p+1t) =
(p+t)+s=p+(t+s) = mis(p). Hence ¢s 0 ¢y = ¢yys. Let A € p. we claim

that ®(A) C ¢(A) and so ¢, is continuous as required. If ¢ € A then A € ¢ implies

A+ s €q+s. Hence ¢5(q) =q+s € A+ s=¢gs(A).
(b) Given p,q € SN and D C N. Then D € ¢,(q) = Naep cl{ps(q) : s € A} if
and only if for each B € p there exists s € B such that —s + D € ¢ if and only if

{seN:—-s+Deq}ep. O

The following two Theorems are identical to that of Theorem 2.38 and Theo-

rem 2.49 respectively and the proofs are not included here.

Theorem 3.22. Let (N, X, 7) be a dynamical system and X a compact Hausdorff
space and suppose x € X. Let L be a minimal left ideal of (BN, +). Then the
following statements are equivalent:

(a) x is almost periodic point.

(b) There exists p € L such that m,(z) = x.

(¢) There exists p € L with p+p = p such that m,(z) = x.

(d) There exists p € L with p+p =p, andy € X such that my(y) = x.

Proof. The proof is identical of Theorem 2.38. m

Theorem 3.23. Let (N, X, ) be a dynamical system, x,y € X. Then x and y are

proximal if and only if there exist p € BN and z € X such that m,(x) = my(y) = 2.

Proof. The proof is identical of Theorem 2.49. m

Theorem 3.24. Let (N, X, ) be a dynamical system. Let x and y be proximal in
X with y almost periodic point. Then there is an idempotent u in the minimal left

ideal of the semigroup (BN, +) such that m,(x) =y.
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Proof. Let x and y be aproximal. By Lemma 2.52, there is a minimal left ideal L
of (BN, +) such that whenever ¢ € L, m(x) = m(y). Since y an almost periodic
point. By Theorem 3.22 (c), there exists an idempotent p € L such that 7,(y) = v.

Thus 7,(z) = m,(y) = . O

Definition 3.25. Let (N,+) be a semigroup . A set A C N is central in N if and

only if there is an idempotent p in a minimal left ideal of (BN, +) such that A € p

The central sets developed by Bergelson and Hindman on Topological dynamics
and the next theorem will give us a basic characterization about the central notion

of being central in (N, +).

Theorem 3.26. Let (N, +) be a semigroup with an identity e adjoined to it. A set
A C N s central in N if and only if there exists a dynamical system (N, X, 7) and
there exist x,y € X and a neighborhood G of y such that x and y are proximal, y

is almost periodic point, and A = {s € N: sz € G}.

Proof. Let A be a central subset of N. Let X =[], _y{0,1},, where X is the set
of infinite sequence of ”0”s and ”1”s. Let P, : X — {0, 1}, be the projection,
where P; assigns to the point x = {z(s)}, its sth coordinate x(s) € {0,1} (i.e.
Py(z) = xz(s)). For each s € N, define 7y : X — X by mg(z(t)) = z(s+1t). Clearly
T is continuous. Let s € N and consider a subbasic set P, *(a) where t € N and
a € {0,1}. Then 7 Y(P;*(a)) = P;}}(a). Also given s,t € N —{e}, r € N and x €
X. We get (mgom)(z)(r) = ms(m(2))(r) = m(x) (s+71) = 2(t+s+71) = mps(x) ().
Therefore (N, X, ) is a dynamical system.

Let € X such that z(s) = 1 when s € A, and z(s) = 0 when s ¢ A.
Pick an idempotent w in the a minimal left ideal of (AN, +) with A € wu. Let
y = mu(z). Then by Theorem 3.22, y is almost periodic point. Since m,(y) =

Tu(my (7)) = Turu(x) = mu(x). Thus by Theorem 3.23, x and y are proximal. Let
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e

G =P yle)) = {z € X : z(e) = yle) = y(e)}. Since y = m,(z), we have that
{s € N :7m4(x) € G} € u. So we may pick t € A with m;(z) € G. Since t € A hence
yle) = m(z)(e) = z(t +e) = z(t) = 1. Thus G = {z € X : z(e) = 1}. Then given
s € N, mg(x) € G if and only if m¢(z)(e) = 1 if and only if z(¢) = 1 if and only if
s€ A. Hence A= {s € N :my(zr)} € X as required.

Coversly, since x and y are proximal, y is an almost periodic point, by Theo-
rem 3.24 there exists an idempotent u in a minimal left ideal such that y = 7, (z).

Then A € u, so that A is central. n

3.3 Symbolic Dynamics: an Example

In this section we will apply the machinery in previous section for an example that
illustrates some of the ideas that have been developed. This example is one of the
most basic examples of an action of N, because isomorphic copies of it arise in a
wide variety of settings. Symbolic dynamics has been used in ergodic theory, topo-
logical dynamics, hyperbolic dynamics, information theory and complex dynamics.
We will consider an N action where N is the set of natural number on the space

X = ][{0,1}, where X is the set of infinite sequence of 70”s and ”1”s.
i=1

Lemma 3.27. Let T : X — X be a continuous map. The action of 1 : N x X —>
X defined by w(n,z) = T™(x) where T"(x) is a left shifting operator gives rise to

an N-system.

Proof. Since any topology on the finite set {0, 1} is compact and Hausdorff space,
so by Tychonoff theorem X is compact and Hausdorff space.

We claim 7 is separately continuous map. Let n € N be fixed, then 7(n,z) =
T"(x) is continuous since T' is continues. Similarly if x € X is fixed. Since N

is a discrete then 7 is continuous. Moreover since for all n,t € N and =z € X,
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m(nt,x) = T"(x) = T"(T"(x)) = 7(n,7(tx)) we get an action. Therefore 7 is an

N-system. O

Theorem 3.28. The orbit closure of any tuple which contains every finite string
of 70”s and 17 s is all of X. Therefore the system (N, X, ) is a point transitive

N-system.

Proof. Given x = (x1, 22,3, ..., Tn, Tni1,..) € X. Let p be a tuple in X which con-
tains every finite string ”0”s and ”1”s. we need to show that for any neighborhood
U of z there exists a point k.p in the orbit, N.p, of p such that k.p € U where
k € N, i.e UNN.p # (. Note for every basic neighborhood U = {x1} x {xs} X
e X {xp} X ﬁ{o, 1} of z it will contains the set V,, = {y /y; = z;,1 < i < n} for
some n,i.e.; V; is the sequence whose entries agree with elements with U up to the
n™ entry. Give p be a point in X which contains every finite string ”0”s and ”1”s,
1.6, D= (P1,D2s ooy Dry oeey Phy L1, T2y oLy Psy Dst 1, ---). Lhere exist some k such that
T*(p) = 1,9, ...Tn, Ps, Pss1s --.) € Vi, C U. Hence k.p = T’“—(m = X and therefore

X is p-transitive point. ]

The proof of the following Lemma is identical of the proof of Lemma 2.28, but

we have it here as an alternate proof by using notions of ultrafilters.

Lemma 3.29. Let o : BN = BN/ ~—— YPN be the homomorphism which is
defined by a(p) = p where p(x) = px. Then the relation ~ defined by p ~ q if and

only if px = qux for all x € x s trivial and hence a is an homeomorphism.

Proof. To show ~ is trivial on SN we need to show that for any distinct elements
p and ¢ in S(N), p is not related to ¢. Since SN is Hausdorff space pick disjoint
subset A, B C N such that p € A and ¢ € B (implies A € p and B € q).

th

Define an element w = (.....,1" ", .....) € X if and only if n € A. Therefore each
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n € A, nw = T"(w) = (1,.....) has first coordinate is 1, and for each n € B,
nw = T"(w) = (0,....) has first coordinate is 0. Since AN B = () and A € p
and B € ¢, then p.w has first coordinate is 1 and ¢g.w has first coordinate is 0. It
follows that p # ¢ as a function on X. Thus ~ is the trivial relation on SN which
is the kernel relation on SN for the homomorphism « : N = N/ ~— >5N. By
1%t isomorphism theorem there exist a continuous isomorphism 7 : AN — X/AN.

Since AN is compact, then this isomorphism is homeomorphism. O

The following theorem tell us that our example has a proximal pair which is not

an equivalence relation.

Theorem 3.30. Let (6N, +) be a semigroup where + is the extension of the usual

addition. The dynamical system (N, BN) has at least one prozimal pair.

Proof. Let (N, N) is a distal. By Theorem 2.60, ¥(fN) is a group. By Theo-
rem 3.29, we have shown that X(5N) and SN are isomorphic. It means that (5N, +)
is a group which is a contradiction. Hence (N, SN) is not distal. Hence there exists
at least one proximal pair. Also, since (6N, +) has more than one minimal left ideal,

hence by Theorem 2.54, the proximal relation is not an equivalence relation. [

Definition 3.31. Let n = (ng,ny,na,...) and t = (tg,t1,ta,...) be two elements in

X. Let d[n,t] = Syey il
We will now show that this function d[n, t] is a generalization of the usual concept

of distance.

Theorem 3.32. d is a metric on X.

Proof. Clearly, d[n,t] > 0 for any n,t € X, and d[n,t] = 0 if and only if n, = ¢; for
all 7. Since |n;—t;| = |t;—n;|, it follows that d[n, t] = d[t,n]. Finally if r,n and t € X,

then |r; —n;| + |n; — t;| > |r; — t;| from we deduce that d[r,n|+d[n,t] > d[r,t]. O
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The following Theorem says that two points are close to each other if their first

few terms agree.

Theorem 3.33. (The proximity theorem): Let n,t € X.
(a) If n; =t; fori=0,1,2,...,m, then dn,t] < QLm

(b) If dn,t] < 2%,” then n; = t; fori=20,1,2,...,m.

Proof. If n; = t; for i < n,then

dn,t] =y ot p oyl oy =

On the other hand, if n; # ¢, for some j < m, then we must have d[n,t] > 2i >

U

-=. Therefore if d[n,t] < -

5 5w, then n; = t; for i < m.

Theorem 3.34. X has a dense set of periodic points.

Proof. Let T : X — X be the shift operator which is a continuous function. Let S
be the set of periodic points. To show S is dense in X we need to produce a sequence
of periodic points S,, which is convergent to an arbitrary point z = (xg, 122, ...)
in X. We define a sequence S,, = (xq, x1, ...Tn, To, T1, ...Tp, To, --.), this means S, is
the repeating sequence whose entries agree with  to the n* entry. By Proximity

Theorem, d[z, s,| < 2%, so we have S,, — . O

The induced topology by the metric d of Theorem 3.32 is equivalent to the

product topology on X.

Lemma 3.35. The metric d defined on X induced topology is equivalent to the

product topology on X .

Proof. Let U = [[;°, On = {to} x {t1} x ..{tn} x []:2,.1{0,1} be a basic open
set in product topology. Let = = (x¢, 1, ...Tn, Tpt1...) € U, then z; € O; Vj. But
O; ={t;} j=0,1,...,n. So for any = € U we have x = (¢, s, ...t,, Tps1, ...). Take

r = g and By(xy, 1), Ba(22,7), ... By, 7). Since d;(z;,y;) = |y; — x;| = 0 or 1,
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then we have Bj(x;,7) = {t;} for j = 0,...n. Therefore [[}Z, B;(x;,7) x [[{0,1} =

U. O

Definition 3.36. In the dynamical system (S, X, 7) a point v € X is called periodic

with period t if there exist t > 0 so that w(t,z) = x.

Example 3.37. In the set of sequences in our space X = [[{0, 1} where the action
i=1
is shifting a periodic point will be like x = (....bbbD.....) for some finite block bbbb.

Theorem 3.38. Periodic points are almost periodic points in (X,N).

Proof. Let x = (x1, 22,3, ..., Ty, X1, T2, T3, ..., Tp, ...) be a periodic point and let
U=A{z1} x {x2} x ... x {z,} X ﬁ{O, 1} be an open neighborhood of z. Let K =
{1,2,...,n} be a compact subset Zo?N. Suppose m € N, we need to show there exist
k € K such that mkx € U . If m € K thenn—m € K and m+(n—m)x =nz € U.
If m ¢ K, pick j € K such that m = j (mod n), then m + (n — j) = rn for some

r € N. Hence (m+ (n — j))x = rn.x € U. O

The converse of Theorem 3.38 is not true, and we will provide a counter example.

Definition 3.39. A finite subtuple U in a tuple w is "Syndetically often” iff there
exist k € N (depending on U) such that U is a subtuple of every subtuple of length

k (i.e U is a subtuple of w(n),w(n+1),...,w(n+k)).

Definition 3.40. A set M in the space X is minimal if does not contain any other
set A satisfying the same property as set M.

Lemma 3.41. A point x € X, where the action is the shifting defined in Lemma 3.27,

1s almost periodic point iff every subtuple in x is syndetically often.

Proof. Suppose x = (x1, 9,3, ..., Z,...) is an almost periodic point. Let w =

(T, Tont1s -y Tmag) be any finite tuple of length . We want to show that this
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finite tuple w is syndetically often by showing that by defenition there is k such
that w is a subtuple of any finite subtuple from x of length k. Consider U =
{z1} x {xo} X o {xmar} X oo X {Tpm} X ﬁl{O, 1} be an open neighborhood of z. By
definition of almost periodic point thereiexist a compact set K = {aq,az,....,a,}
of N such that given n € N | there exist ap € K with (ax + n)z € U. That
means the string xy, x9, T3, ..., T, Will be repeating in our sequence z and the
gaps are of finite length. Let f = max K. We claim that any subtuple of length
J = (m+1)+ 1+ /5 contains w. Note that for the sequence

T = (T1, %2, T3, ooy Ty Tyt 15 - Tinetls Ty s Tpys -1, T, T3...) we have the following:

Case (1): Clearly any subtuple which starts with an initial points {x;} where
1=1,2,...,m —1 and length J will contain w since J > m + [.

Case (2): If the subtuple of length .J start from any point from the gap z4,, z3,, ...
Since x is almost periodic point we see from above the maximal length of this
gap will be § and then xy,x9, 23, ..., Ty, Timr1, .. will appear again. Therefore the
subtuple of length J with an initial point from the gap contains w.

Case (3): Suppose the subtuple starts with an initial point {z;} where i =
m,m-+1,...om+1l Let v = 2, %41, Tiva, .- Tita;, 1, T2, T3y ovy Ty Ting1 With length
J. Tt is easy to see that v contain the tuple w and |y| = o;+I+m~+1 < J. Therefore
w is syndetically often.

Conversely, let z = (z1, %2, 23, ..., Ty, ...) € X such that every finite subtuple is
syndetically often. Let U = {x1} x {x2} x ..{2,} X ﬁl{O, 1} be an open neigh-
borhood of z. Then {z1, za, ...,z } T {Zm, Tmi1, ey xm;k} for some length oy, € N.
Consider K = {1, 2, ...,k + 1} be the compact set in N. Consider &, 1, Tpy2, ..., Tpik-
Note that this contains x1, x9, z3, ..., x,.. Now let x,,, = x; for some m € k. Then

it is easy to see that (m +n)x € U. O
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Example 3.42. Let X = [[;2,{0,1}. We will write 0 = 1,1 = 0 and if a =
ayQs...a,, is a finite tuple, define a = aiasy...a,, (for example if a = 01101 then
a = 10010 ). We define inductively a sequence of finite tuples a, where each a,
is a subtuple of a,.1(i.e we have a3 C ay C az C ....). Let a; = 0, and if a, has
been defined, let a, 1 = ana,. Thus ay = 01,a3 = 0110, a4 = 01101001 etc , then

lim,, o0 @, = w = 0110100110010110....

Another way to construct this is as follows.

Definition 3.43. If b is a finite tuple, let b* denote the tuple of length twice the
length of b obtained from b by the substitution 0 — 01, 1 — 10. ( For example, if

b= 01101, then b* = 0110100110). Let by = ay = 0, and inductively let b,+1 = b.

Lemma 3.44. Let b as on Definition 3.43 then:
(a) (b*) = (b)".
(b) (an-1Gn-1)" = ap_1a5_;.

(¢c) b, = ay.

Proof. By using the definition it is easy to see that :

QG = Qpyq. ]

It follows from the construction above that the limit of a finite tuple w produces

itself under the substitution 0 — 01, 1 — 10.

Theorem 3.45. Let w be as defined in Example 3.42 then w is an almost periodic

point but is not periodic point.
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Proof. We claim every finite subtuple in w is syndetically often. Note that for 0
it is syndetically often since the sequence made up of pairs 01 and 10. But the
sequence reproduces itself under the substitution 0 — 01, 1 — 10. So 01 is also
syndetically often. For the same reason for initial finite subtuple 0110,01101001
etc are syndetically often. But this sequence of initial finite subtuple (in our
notation b, ) include all tuple of w as a subtuples, so all tuple w is syndet-
ically often ( If ry,79,...7, any subtuple in w then we can extend this subtu-
ple from both side by starting with 01100 from the left side and we will get
ar = (01100...r1, 73, ...rg, myms....), for example for the subtuple 01011 we can
extend this and we will get a5 = 0110100110010110 which contains this subtuple)

To obtain an almost periodic point of X, we extend w by reflection. That is, if
n < 0, we define w(n) = w(—n — 1), thus w is the two- sided infinite sequence (i.e
w = ....100101106110100110010110.... where the vertical arrows indicates the 0%
position w(0). Then w is the "limit” of the tuple i ( that is if a = ajas...a,,
then @ = Apm@m—1....a; ) where the 0 position is the initial finite tuple of a,. We
claim that w is an almost periodic point. Note we can easily to show by induction

e
Aopt+1 = A2p41, for n = 1, 2,

If n = 1,then as = (0110) = ag

. <
suppose its true for k then, asgi1 = aopi1

for k+1

A2(k+1)+1 = G2k+3

(3.19)
= Q242 U2k+2
= A2k+1 U241 A2k+1 A2k41
= Q2k+1 A2k+1 A2k+1 A2k41

— — — «—
= A2k+1 A2k+1 A2k+1 A2k+1
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+— —
= A2k4+2 A2k+2 (3 20)

-
= A2k+3

and the similar argument above for the one side sequence shows that as, a9,
syndetically often in w. It follows as above that all finite subtuple occur syndetically
often. Therefore w is an almost periodic point by Lemma 3.41. Its orbit closure,
M is minimal set by Theorem 2.45. We now claim w is not periodic . Let wy
denote the one-side of the sequence w. Then w = %wo. An argument similar to
the one given above for w shows that & = tgowo is also an almost periodic point
(&= ....0110100161101001....). Then the orbit closure of ¢ say M; is a minimal set
by Theorem 2.45.

We note that w(n) = {(n) for n > 0, it follow that lim d(T"(w),T"™(&)) = 0
( For example if k=5 . since the right side of the two sequences are the same

2Inl 2l&]

5 00
then d(TH(w),TF(¢)) = Y et _ s~ Jwn€En] 5, in general if
n=>5

n=—oo

n=m then d(T*(w), T"(¢)) = ¥ M = g and as b — oo then

n=m

d(T*(w), T*(&)) — 0) ( We say that w and & are positively asymptotic ). Since
T"(w) € My, T™(&) € My, then My N M; # (. Since the intersection of closed
invariant sets is closed invariant, so My N M; is closed invariant. But M, is a min-
imal set and so M, can not contain My N M;. Therefore My = M; (Since for two
minimal set My and M; either My = My or My M; = 0). We recall that a finite
minimal set can not contains ( distance and infinite) asymptotic points. Hence the

minimal set M is infinite, and w is not periodic. O]
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