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ABSTRACT

Embedded systems have become ubiquitous and as a result optimization of the design
and performance of programs that run on these systems have continued to remain as signif-
icant challenges to the computer systems research community. This dissertation addresses
several key problems in the optimization of programs for embedded systems which include
digital signal processors as the core processor.

Chapter 2 develops an efficient and effective algorithm to construct a worm partition
graph by finding a longest worm at the moment and maintaining the legality of scheduling.
Proper assignment of offsets to variables in embedded DSPs plays a key role in determining
the execution time and amount of program memory needed. Chapter 3 proposes a new
approach of introducing a weight adjustment function and showed that its experimental
results are slightly better and at least as well as the results of the previous works. Our
solutions address several problems such as handling fragmented paths resulting from graph-
based solutions, dealing with modify registers, and the effective utilization of multiple
address registers. In addition to offset assignment, address register allocation is important
for embedded DSPs. Chapter 4 develops a lower bound and an algorithm that can eliminate

the explicit use of address register instructions in loops with array references.



Scheduling of computations and the associated memory requirement are closely inter-
related for loop computations. In Chapter 5, we develop a general framework for study-
ing the trade-off between scheduling and storage requirements in nested loops that access
multi-dimensional arrays.

Tiling has long been used to improve the memory performance of loops. Only a suf-
ficient condition for the legality of tiling was known previously. While it was conjectured
that the sufficient condition would also become necessary for “large enough” tiles, there
had been no precise characterization of what is “large enough.” Chapter 6 develops a new
framework for characterizing tiling by viewing tiles as points on a lattice. This also leads
to the development of conditions under the legality condition for tiling is both necessary

and sufficient.
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CHAPTER 1

INTRODUCTION

Computer systems can be classified into two categories: general purpose systems and
special purpose systems [62]. General purpose systems can be used for wide range of ap-
plications. The applications of general purpose systems are not specifically fixed [36]. Intel
*86 architectures in personal computers are a typical example of general purpose systems.
These kinds of systems are expected to do various jobs with reasonable performance, which
means that if the application can be finished in certain amount of time, it will be considered
acceptable.

As technology advances, sometimes faster than our anticipation, millions of circuits
can be integrated on a single chip; this enables general purpose systems to play a great role
in computing environment like workstations and personal computers. However, in some
application domains, general purpose systems can not be used not only because of their
performance but also due to their costs.

In some areas such as telecommunications, multimedia and consumer electronics, gen-
eral purpose systems are hardly considered a competitive solution. Special purpose systems
have specific application domains whose requirements of real-time performance and com-
pact size should be achieved at any cost and even at the expense of removing some features
of the systems [29]. For example, when special purpose systems to process voice signal in a
cellular phone can not meet real-time performance, its output will be inaudible. Sometimes

1



failure of real-time performance might be even dangerous. If special purpose systems in
an ABS break system of a car fail to function in real time, the result will be disastrous, but

it does not mean that the situation is hopeless. The applications that will be executed on
the special purpose systems are already known during the design phase of the systems, and
this information is available for system designers. System designers should take advantage
of this information to make the system optimized for their specific application. Digital sig-

nal processors (DSP), microcontroller units (MCU), and application-specific instruction-set
processors (ASIP) are typical examples of special purpose systems.

The success of products in the market will be determined by several key factors. In
case of special purpose systems, real-time performance, small size and low power con-
sumption are the most important factors. Even if the technology advances fast, achieving
high performance and low cost at the same time has been a challenging work for the system

designers.

1.1 Structure of Embedded Systems

An embedded system has become a typical design methodology of a special purpose
system, consisting of three main components: an embedded processor, on-chip memory,
and synthesized circuit as shown in Figure 1.1. Hardware and software of an embedded
system are specially designed and optimized to efficiently solve a specific problem [71].
Implementing an entire system on a single chip, so-called system-on-a-chip architecture, is
profitable from the manufacturing view point [32].

Embedded systems have a strict constraint on their size because their cost heavily de-
pends on the size [36]. Memory is the most dominant component in the size of embedded

systems [10]. In order to reduce the cost, it is very crucial to minimize memory size through
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optimizing its usage. Memory in embedded systems consists of two parts: program-ROM
and data-RAM.

Before embedded systems emerged as a design alternative of special purpose systems,

there were two extreme design approaches. Figure 1.2 and 1.3 show those two approaches.
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Figure 1.2: Extreme case - Only customized circuit

As itis shown in Figure 1.2, a customized circuit is synthesized for an application. The
application is executed on the synthesized hardware directly. So, its real-time performance
(high speed) is guaranteed, but the problem of this design is that when the application is
changed for any reason, the entire system should be redesigned from the scratch because

no reusable blocks exist. So, the design cost will be high. When time-to-market is crucial,

this approach is a barely satisfiable solution.
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Figure 1.3 does not have a customized hardware part. In Figure 1.3, the code is gen-
erated for an application, and is burned down on the program-ROM. A DSP or a general
purpose processor will execute the code. The advantage of this design is that when the
application is changed, the code will be rewritten, and only the program-ROM needs to
be replaced. All other components stay untouched. This approach is very adaptable to
changes of the applications, but it's very difficult to achieve real-time performance and low
price only with software even though these days DPSs and general purpose processors are
powerful enough to tackle some specific applications like multimedia and signal process-
ing [49]. Even though a large number of optimization techniques exist for general purpose
architectures [9, 11, 26], the optimization technology of a compiler for DSPs has yet to be
matured to satisfy not only real-time performance and strict requirement on the code size as
well. Traditionally, a compiler for general purpose processors puts more priority on short
compilation time. So, it misses aggressive optimization technology. A general purpose pro-
cessor is designed to do various things with reasonable performance [36]. It may contain
redundant circuits for a specific application domain, which means that the architecture of
a general purpose processor is not specifically optimized for a specific application. There-
fore, it's very difficult to achieve satisfiable performance with low cost by using general
purpose processors. Even though a DSP , which is specialized for a specific application
domain, is used in this case, it is tough to satisfy the real-time performance because the
whole application will be implemented by software, and compiler optimization technology
for DSPs is not matured enough.

On the contrary, in embedded systems, the application will be analyzed and then par-

titioned into two parts as shown in Figure 1.1 [33, 41, 75, 14, 35, 34]. One part, whose



implementation of hardware is crucial to achieve real-time performance, is to be synthe-
sized into a customized circuit, and the other, which can be implemented by software, is

to be written in high-level languages like C/C++ [42]. The critical tasks of the applica-

tion will be directly executed on th synthesized circuit, and the others will be taken care

of by an embedded processor. Any special purpose processor can be used as an embedded
processor. Even general purpose processor can be used if it's cost-effective or imperative

under certain circumstances.

1.2 Advantages of Embedded Systems

The advantages of embedded systems are as follows.

time-to-market There are many special purpose processors available for an embedded
processor. Only time critical parts of an application are synthesized into a customized
circuit, which reduces complexity of designing embedded systems. Using high-level

languages increases the productivity of software implementation part [22].

flexibility As technology evolves, new standards emerge. For example, video coding stan-
dards evolved from JPEG [77]to MPEG1, MPEGZ2, and to MPEG4 [27]. This change
of an application will be absorbed by rewriting software rather than re-designing an
entire embedded system [76, 63]. So, embedded systems are well adaptable to appli-
cation evolution. This flexibility has an effect on short time-to-market cycle and low

cost [22].

real-time performance Implementation of time critical tasks in synthesized circuit helps
achieve fast speed. If this goal can not be achieved, the application should be re-
analyzed and re-partitioned. The optimization technology to generate code of high

quality (speed) is very import to achieve this goal.
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low cost Many relatively cheap special purpose processors, compared with general pur-
pose processors, are available. Reduced design complexity by using off-the-shelve
special purpose processors and synthesizing only time critical part into hardware
contributes low cost of embedded systems. Generating compact code is critical to

reduce cost through optimizing on-chip memory usage.

An embedded system is a superior design approach to the other two to achieve these goals,
but these advantages are not automatically guaranteed just by taking an embedded system
design style. In order to achieve these goals, good development tools like logic synthesis
tools for hardware synthesis, a compiler for software synthesis, and a hardware-software

co-simulator for hardware-software co-implementation are required [63].

1.3 Compiler Optimization for Embedded Systems

Special purpose processors that can be used as an embedded processor have different
features than general purpose processors [49, 50, 48]. For example, DSPs have certain
functional blocks that are specialized for typical signal-processing algorithms. A multiply-
accumulation (MAC) is a typical example. DSPs can be characterized by irregular data
paths and heterogeneous register files [49, 50, 47]. To reduce cost and save area, DSPs
have limited data paths. With this irregular data path topology, it is not uncommon for a
specific register to be dedicated to a certain function block, which means that input and
output of a function unit were fixed at the time when the DSPs were designed.

Figure 1.4 shows TMS320C25 [84], one of Texas Instrument DSP series. There are
three registers whose usages are specifically fixed. For example, a multiplier requires one
of its operands to be from taregister, and its result to be stored irpaegister. ALU’s
output should be stored in an accumulator. Therefore, each register should be handled

differently(heterogeneousity). The data path is limited. For example, when the current

8
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output of ALU is needed to be input to a multiplier, the content of the accumulator can
not be transfered to a multiplier directly. 1t should go through memorytaregister after
going through memory (irregularity).

These structural features impose extreme difficulties on a compiler design of special
purpose processors [4]. For example, heterogeneous registers cause close coupling of in-
struction selection and register allocation. So, when a compiler generates code, it should
take care of instruction selection and register allocation at the same time [78], and also,
irregular data paths affect scheduling. Therefore, an optimization technology of a compiler
for special purpose processors has to take these features into account. That is the reason
why optimization technology [3, 44, 60, 59, 46, 20, 61, 28] employed in a compiler of gen-
eral purpose processors can not produce satisfiable results for special purpose processors.

This thesis focuses on optimization technology of a compiler for an embedded DSP
processor. The generated code for an embedded DSP processor should be optimized for

the real-time performance and the size at the same time.

1.4 Brief Outline

This thesis addresses several problems in the optimization of programs for embedded
systems. The focus is on the generation of effective code for embedded digital signal
processors and on improving memory performance of embedded systems in general.

Chapters 2, 3 and 4 address issues in generating high quality code for embedded DSPs
such as the TI TMS320C25. Chapter 2 develops an algorithm to partion directed acyclic
graphs into a collection of worms that can be scheduled efficiently. Our solution aims to
construct the least number of worms in a worm-partition while ensuring that the worm-
partition is legal. Good assignment of offsets to variables in embedded DSPs plays a key

role in determining the execution time and amount of program memory needed. Chapter 3

10



develops new solutions for this problem that are shown to be very effective. In addition to
offset assignment, address register allocation is important for embedded DSPs. In Chap-
ter 4, we have developed an algorithm that attempts to minimize the number of address
registers needed in the execution of loops that access arrays.

Scheduling of computations and the associated memory requirement are closely inter-
related for loop computations. In Chapter 5, we develop a framework for studying the trade-
off between scheduling and storage requirements. Tiling has long been used to improve the
memory performance of loops accessing arrays [15, 23, 80, 81, 40, 64, 65, 67, 68, 43]. A
sufficient condition for the legality of tiling has been known for a while, based only on
the shape of tiles. While it was conjectured by Ramanujam and Sadayappan [64, 65, 67]
that the sufficient condition would also become necessary for “large enough” tiles, there
had been no precise characterization of what is “large enough.” Chapter 6 develops a new
framework for characterizing tiling by viewing tiles as points on a lattice. This also leads
to the development of conditions under the legality condition for tiling is both necessary

and sufficient.
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CHAPTER 2

SCHEDULING DAGS USING WORM PARTITIONS

Code generation consists in general of three phases, namely, instruction selection,
scheduling and register allocation [2]. In particular, these three phases are more closely
interwoven in an embedded processor system compared to a general purpose architecture
because an embedded system faces more severe size, cost, performance and energy con-
straints that require the interactions between these three phases be studied more carefully
[4].

In general, instructions of an embedded processor designate their input sources and
output destinations, and instruction selection and register allocation should be done at the
same time [51]. Constructing a schedule takes place after instruction selection and register
allocation are done. The ordering of instructions will cause some data transfer between
allocated registers and memory unit(s), and between registers and registers. As mentioned
above, registers and memory have critical capacity limits in an embedded processor, which
must be met. So, scheduling is very important not only because it affects the execution time
of the resulting code but also because it determines the associated memory space needed to
store the program.

The number of data transfers should be minimized for real-time processing and also
memory capacity must be satisfied in an implementation. This chapter focuses on an ef-
ficient scheduling of control-flow directed acyclic graph (DAG) by using worm partition.

12



Fixed point digital signal processors such as the TI TMS320C5 are commonly used as the
processor cores in many embedded system designs. Many fixed-point embedded DSP pro-
cessors are accumulator-based; a study of scheduling for such machines provides a greater
understanding of the difficulties in generating efficient code for such machines. We believe
that the design of an efficient method to schedule the control-flow DAG is the first step
in the overall task of orchestrating interactions between scheduling and memory and reg-
isters. The interactions between scheduling and registers and memory is not addressed in
this chapter and is left for future work.

Aho et al. [1] showed that even for one-register machines, code generation for DAGs is
NP-complete. Aho et al. [1] shows that the absence of cycles among the worms in a worm-
partition of a DAGG is a sufficient condition for a legal worm-patrtition. Liao [51, 54] uses
clauses with adjacency variables to describe the set of all legal worm-partitions and applies
binate covering formulation to find optimal scheduling. He derives a set of conditions to
check if a worm-partition of a DAG- is legal based on cycles in the underlying undirected
graph of a directed acyclic gragh; the number of cycles in an undirected is in general
exponential in the size (i.e., the number of vertices plus the number of edges) of the graph.
Also, their approach to detecting a legal worm partition assumes that there are two distinct
reasons that may cause a worm to be illegal, namely, (i) reconvergent paths, or (ii) inter-
leaved sharing. Our framework shows that there is no reason to view consider these two
as distinct cases. In addition, Liao [51, 54] does not provide a constructive algorithm for
worm partitioning of a DAG.

The remainder of this chapter is organized as follows. In Section 2.1, we define the
necessary some notation and prove the properties of graph-based structures that we define,

along with a discussion of some simple examples. In addition, the necessary theoretical
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framework is developed. In Section 2.2, we present and discuss our algorithm including
an analysis and correctness proof based on the framework that is developed in Section 2.1.
We demonstrate our algorithm by an example in Section 2.3. In Section 2.4, we present

experimental results. Finally, Section 2.5 provides a summary.

2.1 Anatomy of a Worm

We begin by providing a set of definitions in connection with partitioning a DAG.
Where necessary, we use standard definitions from graph theory [19]. Each vertex in the
DAG under consideration corresponds to some computation. An edge represents a depen-

dence or precedence relation between computations.

Definition 2.1 A wormw = (vy,vg,- - -, vi) in @ directed acyclic grapl&z(V, E) is a di-
rected path of7 such that the vertices; € w,1 < i < k,1 < k < |V| are scheduled to

execute consecutively.

Definition 2.2 A worm-partitionWV = {wy, - - -, w,,,} of a directed acyclic graple:(V, E)
is a partitioning of the vertice®” of the graph into disjoint setsw; } such that eachy; is a

worm.

Figure 2.1 shows a simple example of worms. Figure 2.1-(a) is a DA E), and
Figure 2.1-(b) and (c) are legal worm partitions. However, Figure 2.1-(d) shows a worm
partition that is not legal, since there is no way to schedule the worms—without violating
dependence constraints—such that the vertices in each worm execute consecutively. We
refer to the graph whose vertices are worms and whose edges indicate dependence con-
straints from one worm to another (induced by collections of directed edges from a vertex
in one worm to another) aswaorm partition graph. This condition shows up as a cycle
between the vertices that constitute the two worms in the worm partition graph.
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Figure 2.1: A simple example of worm partitioning.

We can assume that the DAG(V, ) is weakly connected (i.e., the underlying undi-
rected graph of7 is connected) because if a DAG(V, E) is not connected then we can
schedule each disconnected component separately. For any two vediudls if there are
two or more distinct paths fromato b, then these paths are said torbeonvergentan edge
(a,b) is said to be a reconvergent edge if there is another path (this could also be another
edge in the case of a multigraph) framto b. A reconvergent edge in a worm partition
graph (one that connects a vertex to itself) can cause a self-loop in a worm partition graph
[51], but a self-loop does not violate the legality of a worm partition graph. Actually a self-
loop in the worm partition graph (from one vertex element in a worm to a different vertex
element in the same worm) is the result of a redundant dependency relation in the subject

DAG. So, we can eliminate a reconvergent edge from subject DAGthout affecting the
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validity of scheduling. While doing anatomy of a worm, we assume that our subject DAG
G is stripped off reconvergent edges. A vertex with indegree 0 is calieaf 2&Every vertex
except the leaves ilf is reachable from at least one of the leave¥inLet V}.,..s be the

set of leaves iV,

Definition 2.3 Let G'(V’, E') be an augmented graph of subject DAG graph-= (V, E)
suchthatl’ = VU {S} andE' = E U {(S,v;))|v; € Vieaves},» WhereS is an additional

source vertex. Eachs, v;) is called ans-edge

Definition 2.4 Let ¥ (G, {v}), v € V be a set of vertices, such that if there exist recon-

vergent paths from to vy, v # vy, v, € V, thenu, isin ¥(G, {v}).

Definition 2.5 Consider vertices, and v in a DAG G(V, E). Vertexu is said to be the

immediate predecessor off the edge(u, v) € E(G).

Definition 2.6 Consider vertex. in a DAG G(V, E). Vertexu is said to be a predecessor

of v if eitheru = v or there is a directed path fromto v in G.

When a vertex: has at least two different incoming edges, we have two possibilities
with respect to paths to that vertex (a) there are two or more distinct paths (which differ
at least in one vertex) from some vertexupor (b) there is no vertex in the graph from
which there are two or more distinct pathsiwo It is useful to distinguish between these
two types of vertices with in-degree two or more; we introduce the notiomexf@vergent
vertexfor the former and aharedvertex for the latter. Note that if every vertex in a DAG is
reachable from some vertex, there can not be any shared vertices in that DAG. This allows
one to view every shared vertex of a DAGas a reconvergent vertex in the corresponding

augmented grap@’ .
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Definition 2.7 Letv be a vertex that has indegrée> 2. Letv, v, - -, v, be the imme-
diate predecessors of LetP, , P,,,- -, P, be the set of predecessorswpfl < i < k).

Let

P(v) = U (P, NP,). (2.1)
Vi, ji # j
1<, <kk>2

If P(v) = ¢, thenu is called ashared vertexOtherwiseyp is called areconvergent vertex.

Figure 2.2: An example for Definition 2.7.

In Figure 2.2 vertices; andv, have indegree 2. The vertex has two immediate
predecessors, andvs. The vertex; has vertices, andvs as its immediate predecessors.
By Definition 2.7,P,, = {vs}, P,, = {vs}, P,, = {v2,v4,v5} andP,, = {vs,v4}. Then,
P(vy) = P, N P,, = {vy} N{vs} = ¢. The vertexuv, is a shared vertexP(v,) =
P,,NP,, = {vq,vq,v5} N{vs3,v4} = {vs4}. The vertexv; is a reconvergent vertex. Vertices

vs3, v4, @ndvs are neither a shared vertex nor a reconvergent vertex.
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Properties of ¥
1. (G, {va, }) = (G, {va}) U T(G, {wp}), va # b, ve anduy € V
2. U(G,V) =, P(G, {v})
3. U(G',{S}) D ¥(G,V)

4' l‘p(Ga ‘/large) 2 W(Ga Vsmall)7 Wargea Vsmall g Vand Vzarge 2 Vsmall

Proof of properties of &

Proof of Property 1: If v, € ¥(G,{v,,v}), thenv; is to be a tail of a reconvergent
path that starts from, or from v,. So,v, is to be in¥(G,{v,}) or ¥(G,{vp}). vy €
V(G {v.}) U ¥(G, {vp}).Then, ¥ (G, {vas,v}) C ¥(G,{v.}) U ¥ (G, {wp}). If v, €

v (G, {v.}) U ¥(G,{vp}), thenv, is a tail of a reconvergent path that starts froyror v.
From the definition ofl, ¥ (G, {v,,v,}) is a set of tails of all reconvergent paths that starts
fromwv, orv,. So,u; € ¥(G,{va,vp}). Then, ¥ (G, {v.})U ¥(G,{vp}) C ¥(G, {va, vp}).
Proof of Property 2: It is clear from Property 1.

Proof of Property 3: It is clear from the construction @ from G that all the vertices in
V' are reachable fron§. Without loss of generality, let, andwv, be the head and tail of
arbitrary reconvergent paths @ from v, to vy, v, # vy, v., v, € V. Then,u, is to be in
(G, V) by Property 2. Since every vertexlnis reachable frony, there is a path fron§
tov, in G'. There are at least two paths framto v, which are reconvergent paths fram
to v, in G. There exist at least two paths froshto v, in G'. So,v, is to be in¥ (G’, {S}).
Therefore, ¥ (G',{S}) is a superset o? (G, V).

Proof of Property 4: It is clear from property 2.
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Theorem 2.1 If there is a cycle” in a worm partition graphiV’ of a subject DAGZ, then
there exists at least one worm in the cy€len which there is at least one vertex with two

differently oriented incoming edges.

Proof: Without loss of generality, let this cyclté in W consist ofk worms,wy, - - -, wg_1

1 < k <|V|. Let the orientation of this cyclé' belexically forward,i.e., each edge goes
from one worm to the next consecutive worm. kgt0 < i < k be a lexically forward edge
from a wormuw; to @ Wormw; 41y mod 1 in the cycleC'. Letsrc(e;) anddest (e;) be the source
and destination vertices respectively of an edgéet P, be the constituent directed path
in the wormw;,0 < i < k. Then, P, includes a pathy,,, betweendest(e(i1r—1) mod k)
andsrc(e;),0 < i < k asits part. The cycl€' = ey, pu,, €1, Puwss = * s Duge_y » €k—15 P - All
edgese;, 0 < i < k have same direction becauSas a directed cycle inl/. Assume that
all vertices inp,,,,0 < i < k have only lexically forward edges. Then, the subject DAG

should have a directed cydle This contradicts the assumption that the gréjpis a DAG.

Definition 2.8 Let a vertex that has differently oriented incoming edge§' ibe referred

to as abug vertex.

Lemma 2.1 A bug vertex in7 is either a shared vertex or a reconvergent vertex. There is

no bug vertex that is both a shared vertex and a reconvergent vertex at the same time.
Proof: Itis clear from Definition 2.7.
Lemma 2.2 If v is a reconvergent vertex i@d, thenv belongs to? (G’, {S}).

(Proof) By a definitiorfP(v) # ¢. Then, ¥ (G, P(v)) includesv as its element an®(v) C
V. From Properties 3 and 4 df, it follows that ¥ (G’, {S}) 2 ¥(G,V) D ¥ (G, P(v)).
Interleaved sharing may cause a cycléiin
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Lemma 2.3 If there are shared vertices ifi, then all those vertices belong to(G’, {S}).

(Proof) Any vertexv in V (G) is reachable from at least one of verticed/jp,,.. because
G is a weakly connected DAG. Without loss of generalityigt,..q be an arbitrary shared
vertex inG. Then,vg,,..q has at least two different immediate predecessdys,., and
vl eqr These two predecessors@f,...q are reachable from some verticgsand v’ in
Vieaves- Based on manner in whiofd’ is constructed fronty, it is clear that there are at
least two paths frond to vgp.-cq, ONE Of Which consists of an edgg, v;), a path fromy,
to v, ... and an edgév’, . vsnared) ;and the other an eddé, v/’), a path fromv)’ to

vl g AN @n edgevy, . Ushared): SO,Ushared € Y(G', {S}).

From Lemma 2.3, an augmented graghdoes not have any shared vertex because

P(v) of a shared vertex € V' in G has at least one elemesiin G'.

Theorem 2.2 If a wormw that starts fromS does not include any vertices ih(G’, {S}),

thenw does not cause a cycle in a worm partitidr of G'.

(Proof) From Lemma 2.2 and Lemma 2.3, it is clear that any augmented @gragbes

not have shared vertices. From Theorem 2.1 and Lemma 2.1, the only way there can be a
cycle W’ is due to a reconvergent vertex, which means that it is sufficient to take care of
reconvergent vertices. Assume that a warrbelongs to a cycle ifl”’. In order for a worm

w to belong in a cycle i1, there should be at least one patl).. that goes out fromw

to other worm and then returns t@ which means there exist some veriexandv, in w

such that;, is an initial vertex and, is a terminal vertex of’,, ;.. Any terminal vertex,

is reachable from its predecessorsdnAn initial vertexw, is one of predecessors ofin

w. S0, we have two paths such that one of them is fioto v; throughv, in w, and the

other is fromS to v, and tov, through the pattP.,.... Then,v, should be in¥(G’, {S}).

This contradicts our assumption.
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Corollary 2.1 If a wormw satisfies a constrain@ (G’, {S}), then it is also a legal worm

in a worm partition graphiV of G.

(Proof) The only reason to introduégs to convert potential shared verticegirto recon-
vergent vertices id-’. .S does not have real time step in a final scheduling. After finding a
legal wormw satisfying¥ (G’, {S}), we can eliminate from w safely without violating a
legality of w. Lemma 2.3 and Property 3 @f prove that this wormw is also a legal worm
of a worm partition grapht” of G.

Figure 2.3 shows a worm partition graphi that includes a directed worm cyc(é
caused by interleaved sharing [51]. In this figure, a wargm= (a, b), w; = (¢, d), ws =
(e, f). A constituent directed patt,,, is (a,b), P,, is (c,d), and P,, is (e, f). The
lexically forward edges in the directed worm cydearee, = (a,d),e; = (c, f) and
es = (e, b); in addition,p,,, = (b, a) is a path betweedest(es) andsrc(ey), pw, = (d,c)
is a path betweerest(ey) andsrc(e;), andp,, = (f,e) is a path betweenrest(e;) and
src(es). Then, there is a CycCl€' = egpu, €1Pw, 2w, = (@, d)(d, c){c, f)(f,e){e,b)(b,a).
From Theorem 2.1, there exists a bug vertex.ip, p.,, Of p.,. In this case{b,d, f} is
the set of bug vertices. The set of immediate predecessors of the bugivisrfex e}. By
Definition 2.7,P, = {a} andP. = {e}. Then,P(b) = |J(P. N P.) = ¢. So, the vertex
in a wormuwy is a shared vertex. In the same wdgnd f are shared vertices.

Figure 2.4 shows a worm partition grapli that includes a directed worm cyc(é
caused by a reconvergent vertex. In this exampleconsists of 4 worms. A worn
consists of a constituent directed pd?f}, from a vertexa to a vertexd. On the cycleC,
Py, = pw,. In@awormw,, P,, is from a vertexe to a vertexh, andp,, is from a vertexf
to a vertexh. So,P,,, D py,. Inawormw,, P,, is from a vertex to a vertexn, andp,,, is

from a vertex to a vertexj. So,P,, 2 Du,- INAWOrMuw;s, P,, is from a vertex: to a vertex
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wo w1 (1)

Py, =< a,b> Py, =< c¢,d > Py, =<e, f>

puro - (b’ CL) pu:] = (d7 C) p“«'z = (f 6)

Figure 2.3: Cycle caused by interleaved sharing.

q, andp,,, is from dest(es) to a vertexp. So, P,, DO p.,. Then, the directed worm cycle
C' = €0Puw1€1Puw,€2Pws€3Puw,- From Theorem 2.1, there exists a bug verte}n puw, , Duw,

or p,,. According to Definition 2.8, differently oriented incoming edges meet in a bug
vertex. Itis clear that ip,,, does not include a bug vertex, théh, O p,,. The reason is
that if there is no bug vertex ip,,,, then all the edges ip,,, are lexically forward ang,,
can not beyond a containing worm. 39,, O p,,,. Ifawormw; contains a bug vertex, then
Py, 2 pw,. According to the definition op,,,, p., is a path betweetest(e(x—1) mod k)
andsrc(e;). We assumed that the direction of the cy€lés lexically forward. So, alk;’s
are lexically forward. ltlest(e(;+x—1) mod &) IS @n ancestor ofrc(e;) in a wormw;, thenp,,

is a path fromdest(e(i+x—1) moda k) 10 sTc(e;). A p,,, becomes a lexically forward directed
path. Thenp,, can not have a bug vertex. S@;st(e1x—-1) mod k) CAN NOt be an ancestor

of src(e;) in a wormw;. Therefore,P,, 2 p,, due to its different direction. In Figure 2.4,
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Py, ? pw,- SO,pu, has a bug vertex that is a verteXA set of immediate predecessors of a
bug vertex is {h, k}. By Definition 2.7,P, is a set of all vertices af, andw; and vertices
between a vertex and a vertey in ws and vertices andj in w,. Py is a set of all vertices
between a vertexand a vertex; in a wormw, and between a vertexanddest(es) in a
wormws. P(k) = J(P, N Py) = {i,5} U {v|v € path from n to dest,)} # ¢. So, the

bug vertex is a reconvergent vertex.

Figure 2.4: Cycle caused by reconvergent paths.
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2.2 Worm Partitioning Algorithm

We use the depth-first search (DFS) [19] to fihdLet us find ¥ (G, Vieawes). Choose a
vertexy, from V...... DFS uses a stack to implement its searching such that all the vertices
in a stack belong to DFS tree and every vertex in a stack is reachable in DFS tree from
the bottom element (a root of DFS tree) in the stack. While applying DFS, if a non-tree
edge(v;, v;) such as a forward edger a cross edge is visited (a back edge is impossible
because’ is DAG), then we know that; was already visited and belonged to the DFS
tree. So, it is reachable from the bottom vertex in the stack (in a DFS tree), and we have
another path from the bottom vertexdpthroughv,. There exist reconvergent paths from
the bottom tav;. So,v; should be in¥ of the bottom vertex. Therefore, we can fifrcby
a DFS algorithm.

It is reasonably justifiable to expect that this approach may give us a better opportunity
to find a longer worm by traversing a larger subtree first while constructing a DFS tree.
However, it is also possible that we have an increased possibility of bug vertices in a larger
subtrees. In some cases it may be useful to have information on the size of subtrees. We
can get that information by traversing subtrees in postorder. To do this, first we have to get
a tree of subject DAG by applying DFS or BFS, and then traverse this tree in postorder to
compute the number of children of each vertex. Taking advantage of this information, we
apply DFS to a subject DAG again. In our algorithm, we do not include this step because
its utility depends on the particular case in hand.

Our algorithm shown in Figure 2.5 consists of several stages in which it introduces an
additional source verteX to make an augmented graph and then finds the longest legal

worm that should starts frorf and takes out all vertices in the legal worm fra# in

1See [19] for the classification of the edges of a graph in depth-first search.

24



1 ProcedureMain
2 begin

O©oo~NOOOLh W

Go+— G,
Construct’|, by introducing an additional source vertex
Eliminate reconvergent edges framj;
1+ 0;
while (V; is non-empty)
Find ¥(G., {S});
While finding ¥ (G, {S}), construct DFS tree af;

10 Find the longest legal worma; from this DFS tree
11 by callingFind_worm(S) andConfigure_worm(S);
12 Giy1 — Gy — w,

13 whereG 1 (Vii1, Eiy1), Vipn ={vjv € V; Av ¢ w;}
14 andEH_l = {(Ul, U2>|U1,U2 € ‘/2‘4_1 VAN (’017 UQ) S Ez},
15 ConstructG;; with S;

16 11+ 1;

17 endwhile

18 end

Figure 2.5: Main worm-partitioning algorithm.

order to get a remaining subgraph, ;. In the next stage the above procedure is applied

to a subgraplty;,;. The reason of our introducing successively in each stage of the

algorithm is that thisS' prevents us from including interleaved shared vertices in worms,

which was proved by Lemma 2.3. We can handle interleaved sharing in the same way as

reconvergent paths. We do not need to differentiate these two cases (unlike Liao [51, 54])

in an augmented graph, with S.

Assume that DFS tree is binary. In most cases, instructions in DAG have at most two

operands, but this assumption is not imperative. The following algorithm can be easily

adapted to higher degrees.

Correctness of the algorithm:
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Procedure Find_worm(S) [* S is a pointer to vertex */
begin
if (S = Null)
return —oo;
else if(S € ¥(G},{S}))
return S.level — 1,
else if(S is a leaf)
return S.level;
endif

S.wormlength <— Find_worm(S. first_child);

/* Pointer to first child of vertexs */
S.worm «— S. first_child,

[* S.worm IS a pointer to a worm */
temp «— Find_worm(S.second_child);

if (S.wormlength < temp) [* Choose a longer one */
S.wormlength «— temp;
S.worm «— S.second_child,

endif

return S.wormlength
end

Figure 2.6: Find the longest worm
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Procedure Configure_worm(.S)
begin
i «— S.wormlength,;
w <— ¢,
S «— S.worm; [* To skip an added source vertéx*/

while (i > 0)
w«— w U {Sworm};
S «— S.worm,;
1+—1—1;

endwhile

return w;
end

Figure 2.7: Configure the longest worm

Let W be a worm partition graph off. The first found wormuwy is legal in Gy, by
Theorem 2.2, andy is also legal inGy = G by Corollary 2.1. Then|V' = {wy} U W7,
wherelV; is a worm partition graph aof7;. If W5 is acyclic, thernV is also acyclic. In the
same way ofv,, we can find a legal worm; of GG; recursively such thal’; = {w, } UTWs.
Therefore, a worm partition gragh’ = Uogg\w{wi} of GG is acyclic.

Time complexity of the algorithm:

In the main procedure, Step 3 tak@§l ) time and Step 4 can be done|V'|+|E|) by
finding Vi...es @and inserting the-edgesThe elimination of reconvergent edges can be done
by finding ¥ in O(|V'| + |E|) and for each vertex € W, by finding all common ancestors
CA(v)in O(|V|+ |E|). All the common ancestors can be found by applyingS(v) to a
reverse grapli’; G can be constructed id(|V|+|E|). The size ofl is bounded byV/|.

If there is an edge =< CA(v),v > in Gy, then this edge is a reconvergent edge. In this
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way, we can identify all reconvergent edges. So Step 5 can be déngWin(|V| + |E|)).
Thewhile loop in Lines 7-17 will iterate at mos2(|V'|) time. In Step 8 we can find and
construct a DFS tree i®©(|V| + |E|) time. In Step 10, Findvorm and Configuravorm
can be finished i®(|V|). Step 12 and Step 15 tak&|V;| + |E;|) andO(|Viy1| + |Eisa|)
respectively. The while loop takéy(|V'|? + |V|| E|) time. So the proposed algorithm takes

O(|V|? + |V||E]) time.

2.3 Examples

Figure 2.8 shows how our algorithm works on a DAG. In Figure 2.8-(a), vertex
is the only one leaf. An additional source vert€xs introduced and — edge(S, g) is
added.¥(Gy, {S}) is generated and DFS tree@f is also constructed. The longest worm
wo = (5,9, h,i, f,c)isfound. The edgéf, ) and(c, b) are discarded because verteand
eare in¥(Gy, {S}). Figure 2.8-(b) shows the remaining graph from which the vertices in
a wormw, were taken out. The same procedure is repeated. A vér@axds — edge
are introduced. ¥ (G, {S}) is generated. DFS tree is constructed. The longest worm
wy = (S,d,a,b) is found. Figure 2.8-(c) has only one vertex which is a wargrby itself.
Figure 2.9 shows the worm partition graph of DAG in Figure 2.8

Figure 2.10 shows an worm partition graph found by our algorithm for an example in

Figure 2.3.

2.4 Experimental Results

We implemented our algorithm and applied it to several randomly generated DAGs as
well graphs corresponding to several benchmark problems from the digital signal process-

ing domain (i.e., DSPstone) [83] and from high-level synthesis [21]. Tables 2.1 and 2.2
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Figure 2.8: How to find a worm
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Figure 2.9: A worm partition graph

Figure 2.10: An worm partition graph for an example in Figure 2.3.
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show the results on DAGs of maximum out-degree 2 and 3 respectively. Each row repre-

sents an independent experiment.

Table 2.1: The result of worm partition when max degte2

| |[V]] Avg.[W]| | Avg. Ratio | Best Ratio| Worst Ratio]

50 22.12| 0.4424 0.3600 0.5400
100 4471 0.4471 0.3600 0.5200
200 89.26| 0.4463 0.3950 0.4950
300| 134.20| 0.4473 0.4100 0.4833
500| 223.77| 0.4475 0.4100 0.4880
1000| 446.87| 0.4469 0.4290 0.4660

In each experiment, one hundred DAGs were generated randomly. The first column is
the size of the DAG, the second columns gives the average size of a worm partition graph,
and the third column gives the ratio of the average size of a worm partition graph to the
number of vertices in the DAG. The fourth and fifth are the ratio of lengths of the best worm
partition and worst worm partition to the number of vertices of the DAG, respectively.

The result on DAGs with maximum out-degree 3 is better than the result on DAGs with
maximum out-degree 2. This is because when the algorithm tries to find a longer worm,
the larger out-degree DAG could give more opportunities to configure a longer worm.

We applied our algorithm to several benchmark problems. Table 2.3 shows the results.
Compared with the results of randomly generated DAGSs, the results on benchmark prob-
lems tend to be better. The real world problems have some kind of regularity, which can

be exploited by our algorithm. In case of WDELF3, the original DAG shrunk to 6-vertex
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Table 2.2: The result of worm partition when max degteg

| |[V]] Avg.[W]| | Avg. Ratio | Best Ratio| Worst Ratio]

50 21.29| 0.4258 0.3400 0.5400
100 41.97| 0.4197 0.3600 0.4700
200 83.49| 0.4175 0.3650 0.4750
300| 125.49| 0.4183 0.3700 0.4600
500| 210.55| 0.4211 0.3940 0.4520
1000| 418.97, 0.4190 0.3940 0.4420

graph. The size shrunk by more than 80 percent. As an illustration, Figure 2.11 shows a

worm partition graph of DIFFEQ, which is one of the benchmarks used.

Table 2.3: The result on benchmark (real) problems

Problem | [V[ | [W] | Ratio{iV]/[V]) |
AR-Filter | 28| 12|  0.4286
WDELF3 | 34 6 0.1765
FDCT | 42| 20| 0.4762
DCT 48| 19| 0.3958
DIFFEQ 11 5 0.4545
SEHWA | 32| 17| 05313

F2 22 7 0.3182
PTSENG| 8 3 0.3750
DOG 11 5 0.4545
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Figure 2.11: A worm partition graph of DIFFEQ
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2.5 Chapter Summary

We have proposed and evaluated an algorithm to construct a worm partition graph by
finding a longest worm at the moment and maintaining the legality of scheduling. Worm
partitioning is very useful in code generation for embedded DSP processors. Previous work
by Liao [51, 54] and Aho et al. [1] have presented expensive techniques for testing legality
of schedules derived from worm partitioning. In addition, they do not present an approach
to construct a legal worm partition of a DAG. Our approach is to guide the generation of
legal worms while keeping the number of worms generated as small as possible. Our ex-
perimental results show that our algorithm can find most reduced worm partition graph as
much as possible. By applying our algorithm to real problems, we find that it can effec-
tively exploit the regularity of real world problems. We believe that this work has broader

applicability in general scheduling problems for high-level synthesis.
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CHAPTER 3

MEMORY OFFSET ASSIGNMENT FOR DSPS

With the recent shift from a pure hardware implementation to hardware/software co-
implementation of embedded systems, the embedded processor has become an essential
component of an embedded system. The key factor for the success of hardware/software
co-implementation of an embedded system is the generation of high-quality compact code
for the embedded processor. In an embedded system, the generation of a compact code
should be given more priority than compilation time, which gives an embedded system
designer a better chance to use more aggressive optimization techniques, and it should be
achieved without losing performance (i.e., execution time).

Embedded DSP processors contairaddress generation unfAGU) that enables the
processor to compute the address of an operand of the next instruction while executing the
current instruction. An AGU has auto-increment and auto-decrement capability, which can
be done in the same clock of execution of a current instruction. It is very important to
take advantage of AGUs in order to generate high-quality compact code. In this chapter,
we propose heuristics for for trengle offset assignme(BOA) problem and thgeneral
offset assignmerfGOA) problem in order to exploit AGUs effectively. The SOA problem
deals with the case of a single address register in the AGU, whereas the GOA is for the
case of multiple address registers. In addition, we present approaches for the case where

modify registersre available in addition to the address registers in the AGU. Experimental
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results show that our proposed methods can reduce address operation cost and in turn lead
to compact code.

The storage assignment problem was first studied by Bartley [12] and Liao [51, 52, 53].
Liao showed that the offset assignment problem even for a single address register is NP-
complete and proposed a heuristic that usesatteess graphwhich can be constructed
for a given access sequence that involves access to variables. The access graph has one
vertex per variable and edges between two vertices in the access graph indicate that the
variables corresponding to the vertices are accessed consecutively; the weight of an edge
is the number of times such consecutive access occurs. Liao’s solution picks edges in the
access graph in decreasing order of weight as long as they do not violate the assignment
requirement. Liao also generalizes the storage assignment problem to include any number
of address registers. Leupers and Marwedel [55] proposed a tie-breaking function to handle
the same weighted edges, and a variable partitioning strategy to minimize GOA costs. They
also show that the storage assignment cost can be reduced by utilizing modify registers. In
[4, 5, 6, 72], the interaction between instruction selection and scheduling is considered in
order to improve code size. Rao and Pande [70] apply algebraic transformations to find a
better access sequence. They define the least cost access sequence problem (LCAS), and
propose heuristics to solve the LCAS problem. Other work on transformations for offset
assignment includes those of Atri et al. [7, 8] and Ramanujam et al. [69]. Recently, Choi
and Kim [17] presented a technique that generalizes the work of Rao and Pande [70].

The remainder of this chapter is organized as follows. In Section 3.2, we propose our
heuristics for SOA, SOA with modify registers, and GOA problems. We also explain the
basic concepts of our approach. In Section 3.5, we present experimental results. Finally,

Section 3.6 provides a summary.
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3.1 Address Generation Unit (AGU)

Most embedded DSPs contain a specialized circuit called the Address Generation Unit
(AGU) that consists of several address registers (AR) and modify registers (MR), which
are capable of performing the address computation in parallel with data path activity. Most
programs contain a large amount of addressing that requires significant execution time and
space. In application-specific computing domains like digital signal processing, massive
amount of data should be processed in real time. In that case, address computation takes
a large fraction of execution time of a program. Due to the real time constraint faced
by embedded systems, it is important to take advantage of AGUs to do address computa-
tions without consuming unnecessarily execution time; in addition, these address compu-
tations increase the size of the executed program which is detrimental to the performance
of memory-limited embedded systems.

Figure 3.1 shows a typical structure of the AGU in which there are two register files,
Address Register File and Modify Register File. A register in each register file will be
pointed to by corresponding pointer registers, a Address Register Pointer (ARP), and a
Modify Register Pointer (MRP). Usually an address register and a modify register are used
as a pair, when they are employed at the same time. For exarhgle] is coupled with
MRJi]. There are some DSP architectures where this is not the case. When the MRP
containsNU L L, the AGU will function in auto-increment/decrement mode.

Figure 3.2 shows the way the AGU computes the address of of the next operand in
parallel with the data path. Figure 3.2(b) shows an initial configuration of the AGU and
an accumulator in data path before the instructicdAD *(AR)++ in Figure 3.2-(a) is
executed. While an embedded DSP is executing the instruction, two different tasks are to

be done during the same clock cycle: (i) the value stored in LocO pointed to by an AR is
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AR File

1/-1 —* + > MEMORY

OR —™

MR File

Load modify value

Figure 3.1: An example structure of AGU.
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LOAD *(AR)++
At the same clock

- ACC <-11// value loaded
- AR <- AR + 1 // AR updated

(a) Load instruction

AGU AR | AGU AR
|
/ ACC \ ACC
MEMORY | 11 | 31 ? MEMORY | 11 | 31 31
LocO Locl LocO Locl
(b) Before the execution (c) After execution

Figure 3.2: An example for AGU.

loaded into the accumulator in the data path, and (ii) the AR is updated to point an adjacent
memory location, Locl. Figure 3.2-(c) shows the configuration after the execution of the
LOAD instruction. In this manner, two different subtasks are done in two separate circuits
at the same time. From the perspective of execution time, this kind of parallel execution
could be beneficial. If the value in the memory location Locl is an operand of the next
instruction, the operand will be available immediately because the AR already points to
that location.

Updating the AR to point to an adjacent memory location can be done in the AGU as
shown in Figure 3.2, and also, if the offset of two memory locations is equal to the value
of a modify register (MR), those two locations can be referenced shadowly by letting the

AGU update an AR likeAR[i] < ARJ[i] + M R]i].
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3.2 Our Approach to the Single Offset Assignment (SOA) Problem

3.2.1 The Single Offset Assignment (SOA) Problem

Given a variable set' = {vg, v1,---,v,_1}, the single offset assignment (SOA) prob-
lem is to find the offset of each variablg 0 < i < n — 1 so as to minimize the number
of instructions needed only for memory address operations. In order to do that, it is very
critical to maximize auto-increment/auto-decrement operations of an address register that
can eliminate the explicit use of memory address instructions.

Liao [51] proposed a heuristic that finds a path cover of an access gfdgh) by
choosing edges in decreasing order of the number of transitions in an access sequence
while avoiding cycles, but he does not say how to handle edges that have the same weight.
Leupers and Marwedel [55] introduced a tie-breaking function to handle such edges. Their
result is better than Liao’s as expected.

Leupers uses the sum of weights of adjacent edges as a tie-breaking functimen
two edges:; ande; have same weight, his tie-breaking function gives a higher priority to
ey if T(ey) < T'(ez). Figure 3.3 shows how the tie-breaking function works. Figure 3.3-(a)
is a given access sequence. Figure 3.3-(b) is an access graph in which each edge is assigned
two values: one is the edge weight and the other (shown in parenthesis) is the value of a
tie-breaking function. There are four edges with same edge weight. The edge with a weight
3 must be selected since 3 is the largest weight. In this example, a tie-breaking function
will arbitrarily choose two out of the remaining edges to find a path cover because all the
remaining edges have samevalue. Two edges will not be selected and the resulting cost
is 4. Note that the cost is the sum of the weights of the edges that have not been selected;
this is exactly the same as the number of extra instructions that operate only on the address

register.
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An access sequence :babcbedebefe
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O O O
(5)2 2(5) 2 2
3
()%( — ‘ Cost=4
(5)2 2 (5) 2 2

2/5 2/5 2 2
3/8 3
020 == () e
2/5 2/5 2 2

(c) A weight adjustment function

Figure 3.3: An example of SOA.
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When an edge has a larger weight, it means that choosing that edge contributes more
to reducing the cost. We may measure the preference of an edge by its weight. When an
edge is selected, this selection will affect the selection of its adjacent edges in the future
because in SOA, the problem is to find a path cover in which for each edge in a path cover,
at most one of its adjacent edges at each of its endpoints can be selected. Selecting an edge
that has a larger sum of the weights of its adjacent edges will have a greater interference
impact on the cost of a path cover. We believe that the edge weight represents a preference
and the sum of adjacent edges represents interference. Our weight adjustment function
merges these two measurements into an adjust weight. A new weight will be given by
(Preferencginterferenceé. This weight adjustment function gives higher priority to edges
with higher preference and less to edges with higher interference.

A new measure of weight could be a more balanced measure in the sense that it cap-
tures preference and interference at the same time. Figure 3.3-(c) shows how our weight
adjustmenment function works. The preference (edge weight) of each edge is divided by
its interference (the sum of the weights of adjacent edges). This example shows that a
weight adjustment function may have advantage over a tie-breaking function. Our weight
adjustment functions are designed to include the topology of an access graph. We pro-
pose two weight adjustment functions. Lete) be a weight of an edge = (u,v). Let

T(e) = > (e w((@,u) + 32, yep w((y,v)). The first adjustment function is

w(e)

Ble) =t o xwe
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The weight of edge is divided by the sum of weights of its adjacent edges'i(e). The

second function is

_ w(e)
~ The number of adjacent edgescof

F2(€)

The weight of edge is divided by the number of its adjacent edge$ife). We assign a

new adjust weight to each edge with an adjustment function. Then, sort edges in decreasing
order of the new weights, and find a path cover in the same way as Liao’s. We tried another
experiment in which an adjustment functidf is just used as a tie-breaking function.
When weights (not adjust weights) of edges are same, wéwas a tie-breaking function
instead of using it as an adjustment function. The original weight is used as a major key

and new weight returned by, as a minor key during sorting.

3.3 SOA with an MR register

3.3.1 A Motivating Example

When the offset of two variables is equal to the value of a modify register (MR), those
two variables can be referenced without explicit address instructions. Many DSPs include
MRs in their AGUs. We observed that as edges were selected based on their weights, an
access graph was fragmented into several paths. To the best of our knowledge, there have
been no research on how to tackle these fragmented paths from the perspective of memory
offset optimization. We believe that tackling this problem with a MR can lead to extra gains

that have been missed up to now. Figure 3.4 shows our an example where this is the case.
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(a) an access sequence

(e) an unoptimized arrangement

Figure 3.4: An example of fragmented paths.
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In Figure 3.4-(c), two fragmented paths were generated. When the two paths are ar-
ranged in memory like in Figure 3.4-(d), two unselected edges can be recovered by assign-
ing 2 to an MR, which means that only one unselected edge) needs an explicit address
instruction because a weight of the uncovered €dge) is 1. If the two paths were to be
arranged like in Figure 3.4-(e), then all three unselected edges have different offsets: 2 for
(b,c), 3 for (e,a), and 4 for(d,a). Only one of them can be recovered by an MR. We

propose an algorithm to handle fragmented paths.

3.3.2 Our Algorithm for SOA with an MR

Definition 3.1 An edge: = (v;, v;) is called anuncovered edgeshen variables that cor-

respond to vertices; andv; are not assigned adjacently in a memory.

After applying the SOA heuristic to an access gr&ptV/, £), we may have several
paths. If there is a Hamiltonian path and SOA luckily finds it, then memory assignment
is done, but we cannot expect that situation all the time. We prefer to call those paths

partitions because each path is disjoint with others.

Definition 3.2 An uncovered edge = (v;,v;) is called an intra-uncovered edge when
variablesv; andv; belong to the same partition. Otherwise, it is called an inter-uncovered

edge. These are also referred to as intra-edge and an inter-edge respectively.

Definition 3.3 Each intra-edge and inter-edge contributes to an address operation cost.

We call these the intra-cost and the inter-cost respectively.

Uncovered edges account for cost if they are not subsumed by an MR register. Our goal

is to maximize the number of uncovered edges that are subsumed by an MR register. The
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cost can be expressed by the following cost equation.

cost = Z intra_cost(e;) + Z inter_cost(e;).
e;Cintra_edge ejEinter _edge

It is very clear that a set of intra-edges and a set of inter-edges are disjoint because
from Definition 3.2, an uncovered edgeannot be an intra-edge and an inter-edge at the
same time. First, we want to maximize the number of intra-edges that are subsumed by
an MR register. After that, we will try to maximize the number of inter-edges that will
be subsumed by an MR register. We think this approach is reasonable because when the
memory assignment is fixed by a SOA heuristic, there is no flexibility of intra-edges in
such a sense that we cannot rearrange them. So, we want to recover as many intra-edges
as possible with an MR register first. Then, with the observation that we can change the
distances of inter-edges by rearranging partitions, we will try to recover inter-edges with
an MR register.

There are four possible merging combinations of two partitions. Figure 3.5 shows those
four merging combinations. Intra-edges are represented by a solid line, and inter-edges by
a dotted line. In Figure 3.5-(a), there are 6 uncovered edges among which there are 3
intra-edges and 3 inter-edges. So, the AR cost is 6. First, we try to find the most fre-
guently appearing distance of intra-edges. In this example, distance 2 is the one because
distance(a, c) anddistance(b,d) are 2 andiistance(f,) is 3. By assigning 2 to an MR
register, we can recover two out of three intra-edges, which reduces the cost by 2. When
an uncovered edge is recovered by an MR register, the corresponding line is depicted by a
thick line. Next, we want to recover as many inter-edges as possible by making the distance
of inter-edges 2 by applying proper merging combination. In Figure 3.5-(b), the two parti-

tions are concatenated. One inter-edge (e, g) will be recovered, becausgstance(e, g)
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Figure 3.5: Merging combinations.
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in a merged patrtition is 2. So, the cost is 3. In Figure 3.5-(c), the first partition is concate-
nated with the reversed second one. No inter-edge will be recovered. The costis 4. In
Figure 3.5-(d), the reversed first partition is concatenated with the second one. No inter-
edge will be recover, either. The costis 4. In Figure 3.5-(e), the two partitions are reversed
and concatenated. It is actually equal to exchanging the two partitions. Two inter-edges
will be recovered. In this case, we recover four out of six uncovered edges by applying our

method. Figure 3.6 shows our MR optimization algorithm.

3.4 General Offset Assignment (GOA)

The general offset assignment problem is, given a variabl&’ set{vy, vy, -+, v,-1}
and an AGU that has ARs, k& > 1, to find a partition seP = {po, p1,---,p—1}, Where
piNp; =¢,i# 7,0 <1, <l —1, subject to minimize GOA cost

-1

Z SOA cost(p;) + 1,

=0
wherel is the number of partitions, < k. The second termis the initialization cost of
I ARs. Our GOA heuristic consists of two phases. In the first phase, we sort variables in
descending order of their appearance frequencies in an access sequence, i.e., the number of
accesses to a particular variable. Then, we construct a partitign Isgiselecting the two
most frequently appearing variables, which will reduce the length of the remaining access
sequence most, and making them a partitign) < <[ — 1.

After the first phase, the way we construct a partitionBetve will havel,l < k,

partitions that consist of only 2 variables each. Those partitions have zero SOA cost, and we
have the shortest access sequence that consigig|of 2/) variables. In the second phase,

we pick a variable from the remaining variables in the descending order of frequency, and
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Procedure SOA_mr
begin
Gpartition Vpars Epar) «— APpPly SOAt0 G(V, E);
D, sortea < SOrtm values of edgeév;, v,) by frequency in descending order;
M <« the firstm of ®,,,_sortea;
optimizedSOA «— ¢;

for each partition pair ofp; andp, do
Find the numbernn,,, ,, ) of edgese = (v1,v2), e € E, v1 € p;, v € p;
such that their distancevalue)= M from four possible merging combinations,
and assign a rule number that can generate M/ most frequently tdp;, p;);
enddo

W sorted_par_pair <— SOIt partition pairgp;, p;) by m,, ;) in descending order;

Whlle (\Ijsorted,par,pair 7é ¢) dO
(pi, pj) <— choose the first pair fron¥ s, 1ca_par _pair:

\IIsorted,par,pai'r «— \I[sorted,par,pair - {(pz;pj>}1
if (p; ¢ optimizedSOA andp; ¢ optimizedSOA)
optimizedSOA «— (optimizedSOA o merge_by_rule(p;, p;));

‘/par — VZDar - {pzapj}a
endif
enddo

while (V. # ¢) do

Choosep from V,,,;

V})ar — VZnar - {p};

optimizedSOA «— (optimizedSOA o p);
enddo

return optimizedSOA;
end

Figure 3.6: Heuristic for SOA with MR.
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choose a partitiop; such thatSOA_cost(p; U {v}) is increased minimally, which means
that merging a variable into that partition increases the GOA cost minimally. This process
will be repeated|V'| — 2[) times, till every variable is assigned to some partition.

Figure 3.7 shows our GOA algorithm that consists of two while loops. The first while
loop implements the first phase and the second the second phase. We need to sort variables.
Let L be a length of an access sequence. It ta&k@¥ |log|V| + L) time. We also need
to solve SOA of the entire variables in order to use that SOA cost as an initial best cost at
the beginning of the first phase in which the cost will be used to decide whether a further
partitioning continues or not. It take3(|E|log|E|) time. The first while loop iterates at
most k times. In each iteration, SOA is to be solved with remaining variables to com-
pute the sum of GOA cost of partitions and SOA cost of the remaining variables. It takes
O(|E|log|E|) time. So, the first while loop take3(k|E|log|E|) time. The second loop
iterates(|V| — 21) times. In each iteratiorl, SOA problems need to be solved, whére k.

It takesO(l|E'|log| E'|) time. So, the second one tak@s!(|V | — 21)(|E|log| E)) time. The

time complexity of our GOAFRQ isO(k(|V| — 2k + 1)(| Ellog|E|) + |V|log|V'| + L).

3.5 Experimental Results

We generated access sequences randomly and apply our heuristics, Leupers’ and Liao’s.
We repeated the simulation 1000 times on several problem sizes. Table 3.1 shows the re-
sults of several SOA heuristics. The first column shows a problem size. The second column
shows AGU configurations on which we experiment several heuristics. There is only one
AR in a coarse configuration. The Wir row represents a 1-AR and 1-MR AGU. The third
row, W_mr_op, has the same AGU configuration asriav, but we apply our optimization
heuristic of rearranging and merging path partitions to recover uncovered edges with an

MR register. The third and fourth columns are results of Liao’s and of Leupers’ heuristics,
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Procedure GOA_FRQ(V, s, k)

V . aset of variables

s an access sequence

k : the number of ARs

begin
Viore < Sort variables in the descending order of frequency; in
1+ 0;

best_cost «— SOA_cost(V,s) + 1;

while (i < k and |V,,¢| > 1) do
pick the first two variables, andv, from V,,,;
V:sort — ‘/sort - {?)a, Ub};
‘/i — {Um Ub};
new_cost «— (SOA_cost(Viors) + 1) + (i + 1);
if (new_cost < best_cost)
best_cost <— new_cost;
1 «—1+1;
else
i «—1i+1;
break ;
endif
enddo

[ «—1;

while (Vi.: > 0) do
v <« pick a first variable froni/,,,;
V:sort — ‘/sort - {U},
forj «— 0 tol—1do

cost; «— SOA_cost(V; U {v});

enddo
index «— find minimum cost partition;
V;ndew < Vindex U {U},

enddo

return (Vo,Vi,---,Vi_1);
end

Figure 3.7: GOA Heuristic.
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and the remaining columns show the results of ours. The results in a coarse row of Ta-
ble 3.1 do not include an initialization cost of a AR. Usually, the SOA cost does not include
initialization cost of an AR (but not necessarily). So, for a fair comparison with the result
of a coarse configuration, the results ofMf and W mr_op do not include the initialization

cost of a AR, either. However, the initialization cost of an MR is included.

For all experiments of different problem sizes, the results from Leupers’ and ours are
better than Liao’s in a coarse AGU configuration. It is very difficult to pick the best one
among Leupers’ and ours. That is the reason why we iterate this simulation 1000 times.
Among those nine experiments, in only one case the performance of Leupers’ is the best in
case of S| = 100, |V| = 80. Evenin that case, it is tied with our heuristi¢. In other eight
experiments, our heuristics are slightly better than Leupers’. The resultsof j@vove that
introducing an MR register in AGU can significantly improve the performance of AGU.
There is an interesting trend in Wir result. In three experiments ¢f| = 10,|V| = 5,
|S| = 20, |V] = 5, and|S| = 100, |V| = 10, Liao’s heuristic is better than the others. We
feel that the experiment 0f| = 10, |[V| = 5 is too small to say some trend. The common
fact of the other two cases is that the percentage of the number of variables in an access
sequence to the length of an access sequence is relatively low (below 25 percent).

The result of Wmr_op shows that applying our MR heuristic to recover uncovered
edges is crucial to enhance the performance of AGU by exploiting an MR aggressively.
Our MR optimization heuristic reduces the costs of every experiment of every heuristic.

We experimented another interesting simulation in which we introduce a kind of tie-
breaking function foi; and F5. In other words, after a new weight is assigned to all edges

with our adjustment function, a tie-breaking function is enforced. However, we observe no
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gains at all. We think it is due to the fact that there are very few chances for edges to have
a same weight because many of new weights are not integer.

Table 3.2 and 3.3 show the results of Leupers’ GOA and of our GBA heuristic.

We iterate simulation 500 times. Leupers’ GOA algorithm uses his SOA algorithm as its
SOA subroutine. Our GOARQ usesF; as its SOA subroutine. The first column shows
AGU configurations. The second and third columns are results of Leupers’ and of our
GOA_FRQ respectively. We include 1ARMR and ARmrop results. On the contrary

to the Table 3.1, these results include an initialization cost of an AR in order to be fairly
compared with the results of GOA heuristics on a 2-AR AGU.

Except for some rare anomalous cases such as a 6-AR AGbY) 6f 50, |V| = 25,

a 8-AR AGU of |S| = 100, |V| = 50, and a 10-AR AGU ofS| = 100, |V| = 50, our
GOA_FRQ is better than Leupers’. We think the reason is that from the way that 52

takes out the most frequently appeared two variables and assigns them to an AR register,
the shorter length of the remaining access sequence could contribute to ouFRBQA

better performance.

Table 3.1 already showed that introducing an MR can improve the AGU performance
and that an optimization heuristic for an MR register is needed to maximize a perfor-
mance gain. Table 3.2 and 3.3 show that the results of 2-AR AGU are alway better
than 1AR1MR’s and even ARmop’s. It is because even if we apply a MR optimiza-
tion heuristic, which is naturally to be more conservative than GOA heuristic of 2-AR in
such a sense that only after several path partitions are generated by SOA heuristic on en-
tire variables, a MR optimization heuristic would try to recover uncovered edges whose
occurrences heavily depend on SOA heuristic, a GOA heuristic can exploit a better chance

by partitioning variables into two sets and applying SOA heuristic on each partitioned set.
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However, GOA's gain over ARmop does not come for free. The cost of the partitioning

of variables might not be negligible as it was shown in section 3.4. However, from the
perspective of performance of an embedded system, our experiment shows that it is better
to pay that cost to get performance gain of AGU. The gain of 2-AR GOA over ABris
noticeable enough to justify our opinion.

Our GOA results show that when the problem size is fixed, it may not be beneficial
to introduce too many address registers. Beyond a certain point of threshold, introducing
more ARs may not be beneficial and sometimes even be harmful. For example, when a
problem size i9S| = 50,|V| = 25, we observe such a lose of a gain between 7-AR
and 8-AR configurations. There are other such phenomena between 5-AR and 6-AR of
|S| = 50,|V] = 40, and between 7-AR and 8-AR for Leupers’ and 8-AR and 9-AR for
ours in case ofS| = 100, |V| = 80.

When an AGU has several pairs of a AR and an MR, in which AR(i] is coupled with
MRY([i], our path partition optimization heuristic can be used for each partitioned variable
set. Then, the result of each pair of the AGU will be improved as we observed in Table 3.1.

Figures 3.8, 3.9, 3.10, 3.11 show bar graphs based on the results in Table 3.1. When
an access graph is dense, all five heuristics perform similarly as shown in Figure 3.8. In
this case, introducing a mr optimization technique does not improve performance much.
Figure 3.9, 3.10 show that when the number of variables is 50% of th length of an access
sequence, introducing optimization technique can reduce the costs. Figure 3.10 shows that
when the access graph becomes sparse, the amount of improvement becomes smaller than
when the graph is dense, but it is still reduce the costs noticeably. Except the case when
an access graph is very dense like in Figure 3.8, applying our mr optimization technique is

beneficial in all heuristics including Liao’s and Leupers'.
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Figure 3.8: Results for SOA and SOAr with |.S| = 100, |V| = 10.
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54

.

50 +—

48—

Cost

46—

42+

40 +— b

Liao Leupers F1 F2 F3

@ Coarse @W_mrgW_mr_op

Figure 3.9: Results for SOA and SOAr with |S| = 100, |V| = 50.

Figure 3.12, 3.13, 3.14 show that our GBRQ algorithm outperforms Leupers’ in
many cases. Especially in Figure 3.12, we can witness that beyond certain threshold, our
algorithm keeps its performance stable. However, Leupers’ algorithm tries to use as many
ARs as possible, which makes performance of his algorithm deteriorated as the number of
ARs grows. Line graphs in Figure 3.12, 3.13, 3.14 show that our mr optimization technique
is beneficial, and that 2 ARs configuration always outperformsiaop as we mentioned

earlier.

3.6 Chapter Summary

We have proposed a new approach of introducing a weight adjustment function and

showed that its experimental results are slightly better and at least as well as the results of
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Figure 3.10: Result for SOA and SOdr with |S| = 100, |V| = 80.
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Figure 3.11: Results for SOA and SQAr with |S| = 200, |V| = 100.
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Figure 3.12: Results for GOARQ.
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Figure 3.14: Results for GOARQ.
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the previous works. More importantly, we have introduced a new way of handling the same
edge weight in an access graph.

As the SOA algorithm generates several fragmented paths, we show that the optimiza-
tion of these path partitions is crucial to achieve an extra gain, which is clearly captured by
our experimental results.

We also have proposed usage of frequencies of variables in a GOA problem. Our exper-
imental results show that this straightforward method is better than the previous research
works.

In our weight adjustment functions, we handled Preference and Interference uniformly.
We applied our weight adjustment functions to random data. Real-world algorithms, how-
ever, may have some patterns that are unique to each specific algorithm. We think that
we may get a better result by introducing tuning factors an then handling Preference and
Interference differently according to the pattern or the regularity in a specific algorithm.
For example, whefw - Preferencg/ (5 - Interferencéis used as a weight adjustment func-
tion, settinga = = 1 gives our original weight adjustment functions. Finding optimal
values of tuning factors may requires exhaustive simulation and take a lot of execution time

for each algorithm.
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Table 3.1: The result of SOA and SOAr with 1000 iterations.

| Size |AGUConf.| Liao Leupers F Fy F; |
S| =10 Coarse 2.190 1.920 1.920 1.919 1.919
V|=5 W_mr 1.559 1.606 1.604 1.610 1.614
W_mr_op 1.480 1.578 1.578 1.584 1.585
|S| =20 Coarse 5.333 5.262 5.261 5.293 5.295
V| =5 W_mr 3.160 3.290 3.290 3.268 3.255
W_mr_op 3.119 3.270 3.275 3.260 3.235
|S| =20 Coarse 5.591 4.983 4.983 4,982 4.982
V| =15 W_mr 5.108 4.566 4,550 4,546 4.563
W_mr_op 4.617 4217 4.209 4.204 4.210
|S| =50 Coarse 24.449 24.220 24.12 24119 24.104
V| =10 wW_mr 18.819 18.686 18.693 18.764 18.7(19
W_mr_op 18.622 18.591 18.606 18.688 18.686
|S| = 50 Coarse 14.255 12.751 12.751 12.747 12.747
V| =40 W_mr 13.703 12.227 12.221 12.215 12.2P2
W_mr_op 12.699 11.403 11.404 11.397 11.399
|S| = 100 Coarse 55.777 55.361 55.323 55.569 55.560
V| =10 W_mr 43.108 43.850 43.129 43.210 43.201
W_mr_op 43.660 43.580 43.105 43.196 43.1)/9
|S| = 100 Coarse 53.252 48.392 48.395 48.417 48.388
V| =50 W_mr 50.801 45.845 45806 45.845 45.8P7
W_mr_op 48.758 44.741 44.716 44773 44.7H2
|S| = 100 Coarse 29.650 26.661 26.661 26.662 26.6b1
V| =80 wW_mr 29.180 26.340 26.320 26.280 26.310
W_mr_op 26.867 24.376 24.371 24.362 24.3]/3
|S| = 200 Coarse | 112.200 101.287 101.289 101.300 101.265
V| =100 W_mr 109.610 98.456 98.445 98.430 98.429
W_mrop | 105.392 96.491 96.478 96.492 96.477
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Table 3.2: The result of GOA with 500 iterations.

|S| =50, |V| =10

S| =50,|V]| =25

AGU Conf. Leupers GOAFRQ || Leupers GOAFRQ
1AR 25.840 25.680 23.232 23.232
1AR1IMR | 19.756 19.760Q 21.134 21.120
ARmr.op | 19.638 19.634| 20.526 20.506
2 ARs 14.856 14.722) 17.942 17.338
3 ARs 8.708 8.410| 13.714 13.158
4 ARs 5.714 5.466| 10.642 10.420
5ARs 5.220 4978 8.890 8.806
6 ARs 8.200 8.540
7 ARs 8.200 7.916
8 ARs 8.590 8.246
9 ARs 9.278 8.712
10 ARs 10.106 8.908
|S| =50, V] =40 |S| = 100,|V| =10
AGU Cont. Leupers GOAFRQ || Leupers GOAFRQ
1AR 13.710 13.710| 56.356 56.326
1ARIMR | 13.132 13.128 44.210 44.318
ARmrop | 12.294 12.292| 44.196 44.300
2 ARs 9.910 9.228| 34.498 33.984
3 ARs 7.254 6.742| 19.160 18.312
4 ARs 6.180 5.862| 9.808 9.328
5ARs 6.126 5.606| 6.460 5.000
6 ARs 6.768 5.814
7 ARs 7.542 5.814
8 ARs 8.402 5.814
9 ARs 9.326 5.814
10 ARs 10.266 5.814
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Table 3.3: The result of GOA with 500 iterations (continued.)

|S| = 100, |V| =25 |S| = 100, |V| =50
AGU Cont. Leupers GOAFRQ || Leupers GOAFRQ

1AR 61.252 61.240, 49.442 49.448
1AR.1IMR | 55.324 55.300 46.828 46.802
ARmrop | 54.954 54.944 45.758 45.764

2 ARs 48.618 48.326| 42.508 40.897
3 ARs 38.612 37.918 36.560 33.894
4 ARs 30.478 29.674) 30.672 28.332
5 ARs 24.190 23.282| 25.982 24.112
6 ARs 19.120 18.282| 22.178 20.694
7 ARs 15.648 14.908 19.126 18.740
8 ARs 13.512 12.722) 16.796 16.940
9 ARs 12.480 11.476 15.460 14.916
10 ARs 12.840 11.600 14.504 14.940

|S| =100,|V| =80 | |S| =200, |V]=100
AGU Cont. Leuper GOAFRQ | Leuper GOAFRQ

1AR 27.642 27.642| 102.444 102.444
1AR_IMR | 26.996 26.994 99.514 99.494
ARmr.op | 25.260 25.250, 97.540 97.542

2 ARs 21.988 19.996 93.260 90.576
3 ARs 17.768 15.568 84.482 79.906
4 ARs 14.156 12.634| 76.722 70.846
5 ARs 11.602 10.722| 69.458 63.264

6 ARs 10.840 9.766| 62.752 56.430
7 ARs 9.514 9.446| 56.736 50.696
8 ARs 9.666 9.344| 51.560 45.774
9 ARs 10.102 9.732| 46.600 41.414

10 ARs 10.814 10.190| 42.542 38.820
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CHAPTER 4

ADDRESS REGISTER ALLOCATION IN DSPS

Most signal processing algorithms have a small number of core processing tasks that
are to be implemented by loop statements in which several simple operations are applied to
a massive amount of signals (data). The loops have large number of iterations. So, itis very
crucial in signal processing to optimize the code inside the loops. Usually massive data are
stored in arrays, which are considered as a convenient data structure especially in a loop.
In most programs addressing computation accounts for a large fraction of the execution
time. In general purpose programs, over 50% of the execution time is for addressing,
and 1 out of 6 instructions is an address manipulation instruction [37]. From the fact that
typical DSP programs access massive amounts of data, it is easy to conclude that handling
addressing computation properly in DSP domain is a more important subject than in general
purpose computing in order to achieve a compact code with real-time performance. The
DSP processors have limited number of addressing modes. References to arrays should
be translated into indirect addressing mode using ARs. In order to reduce the number
of explicit address register instructions, array references should be carefully assigned to

address registers.
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4.1 Related Work on Address Register Allocation

The first algorithm for optimal allocation of index register for addressing operation was
proposed by [39]. Several research works have been done on addressing modes for DSP
architectures [37, 58, 4, 5, 6, 56, 13]. Araujo [4, 5, 6] insists that efficient usage of the AGU
needs two tasks, identification of an addressing mode and allocation of address registers to
addressing operations. First, he allocates virtual address registers to pointer variables and
array references, and then allocates physical registers to the virtual address registers. He
defines an Array Indexing Allocation Problem as a problem of allocating virtual AR to
array references and proposes a solution by introducing an Indexing Graph (IG). Vertices
in IG are array references and edges represent the possible transition from one array access
to another array access without an address instruction. The goal of IG is to allocate the
minimum number of ARs by maximizing the number of array accesses that can share an
AR. He formulates an IG covering problem as finding the disjoint path/cycle cover of IG
which minimize the total number of paths and cycles. IG covering is NP-hard. So, he
simplifies IG covering by dropping cycles from it. Actually it is a minimum vertex-disjoint
path covering (MDPC) problem of a graph. He solves his simple IG covering by using
Hopcroft-Karp’s solution [38] of the bipartite matching problem. His simple IG covering
can not eliminate need for explicit address instructions in the loop body by ignoring cycles.

In embedded processing, it is not unusual that some simple operations are applied to a huge
amount of data in regularly and massively repeated manner. Eventually, the accumulated
effects of explicit address instructions in a loop can not be and should not be ignored.

Leupers et al. [56, 13] defines an AR allocation problem as finding a minimum path

cover of a distance grapi = (V, E') such that all nodes it¥ are touched by exactly one
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path and for each path, the distance between a head and a tail of the path is within a max-
imum modify range. Leupers introduces an extended distance gfagh(V', E'), V' =

V u{ay,---,al} in which each node ¢ V represents the array referengen the next

loop iteration. His extended graph captures the possibilities of address instruction free
transitions from one array reference in the current iteration to the array reference in the
next iteration. He assigns a unit weight to each edge in an extended distance graph and
then tries to find the longest path from to a;. He uses Araujo’s matching-based algo-
rithm [6] of simple IG covering to find a lower bountl on the number of ARs, and his

own path-based algorithm to find an upper bodndHe puts these two algorithms into

his branch-and-bound algorithm to find an optimum solution to the AR allocation problem.
After finding a lower bound and an upper bound, he selects feasiblecedde,, a;). An

edgee = (a;, a;) is feasible if and only if there is a path;, - - - , a}) in the extended graph.

He constructs two distance graplis; andG.. G excludes the feasible edgeand G,
includes the edge by merging two nodes, anda; into one node. He computes lower
boundsL; for G; and L, for GG, by using matching-based algorithm.lf > U, all solu-

tions forG; can not be optimal and edgenust be included. If.. > U, all solutions forG.,

can not be optimal and e must be excluded. He recursively applies his branch-and-bound
algorithm to find minimum number of ARs. His algorithm can find optimal solution to
AR allocation problem. However, his recursive branch-and-bound algorithm contains two
different algorithms to find a lower bound and an upper bound, and for each feasible edge
e two different distance graph are constructed and tested recursively. His algorithm has an

exponential time complexity and is unnecessarily complicated.
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4.2 Address Register Allocation

Given an array reference sequence, the address register allocation problem is one of
partitioning the array references into groups in such a way that array references in any
group are to be assigned to the same address register with the objective of minimizing
the total number of explicit address instructions by taking advantage of the AGU’s auto-
increment/decrement capability.

Figure 4.1-(a) shows two statements in a loop. Figure 4.1-(b) shows a corresponding
array reference sequence. For simplicity, only the address register instructions are shown
in the figure. In Figure 4.1-(c), only one address register, ARO is used for all five array
references of an arra#,. Except the initialization instruction, three explicit AR instructions
are needed in each iteration of the loop. When the loop repeats many times (a loop bound
N is large), it deteriorate not only the size of the code but also the execution speed. In
Figure 4.1-(d), and (e), two ARs, ARO and AR1, are used. In Figure 4.1-(d), the first
three references are assigned to ARO, and the last two to AR1. Except two initialization
instructions, three explicit address register instructions are still needed, even though two
ARs are employed. On the contrary, in Figure 4.1-(e), the first, third, and fifth references are
assigned to ARO, and the second and fourth to AR1. There are no explicit AR instructions
in the loop, which is a huge gain for the speed whéns large, and also high-quality
compact code is generated. We propose an algorithm to eliminate explicit AR instructions
in a loop statement, and also propose a quick algorithm to find the lower bound on the
number of ARs. Figure 4.1 shows that while carefully chosen array register allocation
can eliminate explicit address instructions, assigning wrong array references to ARs may

requires explicit address instructions despite of using multiple ARs.
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for(i=1;i<=N;i++) { for(i=1;i=<N;i++) {
Afi+1] = A[i] + A[i+2] Al Ilref O
Ali] = A[i+3] Afi+2] llref 1
Afi+1] /lref 2
Afi+3] /lref 3

Al lref 4
}

(a) code (b) an array access sequence
LDAR ARO, &A[1] (1)
for(i=1;i<=N;i++) { +2

ADAR ARO, 2 ®
*(AR0)-~ 1
ADAR ARO,2 1| ()
SBAR ARO0,3 +2
3 MARO)++ (®)
-3
(1)
(c) one AR used
LDAR ARO, &A[1] (10)
LDAR AR1, &A[4] ARO +2
for(i=1;i<=N;i++) { 0 .
ADAR ARO, 2 @
*(ARO)——
SBAR ARL, 3 ™, @_3
ADAR AR1, 4 ()

(d) unoptimized ARO:r0,r1,r2 AR1:r3,r4

LDAR AROQ, &A[1]
LDAR AR1, &A[3]
for(i=1;i<=N;i++) {
*(ARQ)++
*(AR1)++
*(AR0)--
*(AR1)
*(ARO0)++
}

(e) optimized ARO:r0,r2,r4 AR1:r1,r3

Figure 4.1: An example of AR allocation.
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4.3 Our Algorithm

Figure 4.2 shows an array reference sequence of a program whisréhe first array
reference and,_, is the last one, andis an index control variable. We assume that each

array reference;, 0 < i < r is of the formi/ + ¢;, wherec; is a constant.

forl=L toU do
ap
3]

Figure 4.2: Basic structure of a program.

Definition 4.1 A functionof fset(a;) returns an offset-c; of an array reference; = [+¢;.

Definition 4.2 A distance graph is7" (V, F)), whereV = {a;|0 < i < r}, and E =
{(a;,a;)|0 <i<j<rof fset(a;)—of fset(a;)| < M}. Anedges = (a;,a;) is called a
forward edge because a sourggprecedes a destinatiary in an array reference sequence.

M is a maximum modify range. A distance graph can be called as a forward edge graph,

either

When the difference of offsets of two different array references;,i < j is less
than or equals taV/, the transition froma, to a; can be done without explicit address
instructions. A distance graph is an acyclic directed graph because direction of all edges is
from a nodez; to a nodez;; A nodea; precedes a node; in an array reference sequence.

Figure 4.3 shows a distance graph for the array reference sequence in Figure 4.1.
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Figure 4.3: A distance graph.

Definition 4.3 A back edge grapli'z(Vg, Eg) consists oy = {a;|0 < i < r}, Ep =
{(aj,a;)|0 < i < j < r,|of fset(a;) — of fset(a;) + iteration stefp < AM}. An edge
e = (aj,a;) is called a back edge because a destinatipprecedes a sourcg; in an array

reference sequence.

When the sum of a loop trip step and the difference of offsets of two different array
references;, a;,i < jis less than or equal t/, it is possible to update an AR that points
to a reference; at the current iteratiok, L < k < U to a reference; of the (k + 1)th
iteration. In a similar manner, a back edges graph is also acyclic. Figure 4.4 shows a back

edge graph that corresponds to Figure 4.1.
Definition 4.4 An extended grapt’(V’, E') consists of/ =V andE’' = E'U Ep.
Figure 4.6-(a) shows an extended graph.

Definition 4.5 When all the references on a pathcan be assigned to a AR and then be
referenced in the appearance order on a pd&thby the same AR without using explicit
address instructions, it is said that a pathis covered by the AR, or a pathis coverable

by the AR. Equivalently, all the references on the covered path or coverable path are called
covered by or coverable by the AR.
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Figure 4.4: A back edge graph.

Definition 4.6 A compatible grapld.(V,, E.) consists of. = { P|a pathP € GM} E,. =
{(P1, )| PN Py = ¢}.

A compatible graph is a weighted undirected graph. An edge( P, P,) has a weight
|P1| + | P2|, where| P | and| P»| are the length of pathB, and P», respectively. Figure 4.5-

(c) shows a compatible graph.

Lemma 4.1 When a cycl€’ in G’ contains exactly one back ed@e,,), c.()) and is of the
form, €' = ca)Ca(1) -+ - Cagp)Caro), i) < a(f), 0 < afi),afj) <r,0<i<j<p<r,

all the array references in a cyclé can be covered by the same AR.

(Proof) In an extended grapgh’, the source and the destination of a forward edge can be
covered by the same AR by its definition. If a cy€las of the formc,o)ca(1) - - - Cap)Ca(0)

then a constituent path from, ) to c,,) is coverable because the constituent path consists
of only forward edges. The cycie has only one back edge, ), ca(0)), Which is coverable

by the definition of a back edge. Therefore, all the references on theyale coverable.

Lemma 4.2 The number of Strongly Connected Components (SCC) of an extended graph

G’ is a lower bound of the number of address registers of AR allocation problem.
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(Proof) Leta; anda,; be two different array references. Assume tihaanda; belong to
different SCCs. If there is a coverable cycleGfthat contains both of; anda;, thena,

anda; will belong to the same SCC by the definition of SCC. It is a contradiction of the
assumption. So, there is no coverable cycle that contaiasda;. A SCC may contain

more than one back edges. In that case, it can not be guaranteed that the array references
in the SCC are covered by one AR. A SCC requires at least one AR in order for the array
references in the SCC to be covered. Therefore, the number of SGGdra lower bound

of the number of address registers.

We propose an algorithm to eliminate explicit AR instructions in a loop, and also pro-
pose a quick algorithm to compute the lower bound on the number of ARs by finding SCCs
in an extended graph. Figure 4.5 shows our proposed algorithm.

Figure 4.6-(a) shows an extended graph, in which solid lines represent forward edges
and dotted lines represent back edges, that corresponds to a problem in Figure 4.1. The
idea behind our algorithm is that after constructing an extended graph, all pathsfrom
to v, for each back edgdu, v,) are found, and then a compatible graph is constructed
from the paths, in which nodes are paths, and if two paths are disjoint, then there is an edge
between those two nodes whose weight is the sum of lengths of each path. Figure 4.6-(b)
shows paths for each back edge. Figure 4.6-(c) is a compatible graph. The largest weighted
edge is selected. In Figure 4.6-(c), the edge between two féatl2s4) and(1, 3), has the
largest weight. The first, third, and fifth references are assigned to one AR, and the second,
and fourth to another AR. Each selected edge requires two address registers. The larger the
weight of the selected edge is, the more array references are covered by two ARs. Until all
array references are assigned, the procedure of selecting the largest one and then updating

a corresponding extended graph is repeated.
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Procedure AR Allocation(Seq)

Seq : an array reference sequence
{

Make a distance graph from Seq
Find all back edges

1+— 0
while (|back_edges| > 0) do
Find all the paths from, to v, for each back edge~= (v, v,)
Construct compatible graph
ARJi] < choose the larger one between the largest compatible edge
and longest path
1+—1+1
Seq«+— Seq — {vjv € AR}
Update a distance graph and back edges
enddo

while (|Seq| > 0) do
v «— areference fronveq
Seq «+— Seq — {v}
AR[i] v
1+—1+1
enddo

return AR;

}

Figure 4.5: Our AR Allocation Algorithm.
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(a) an extended graph

<2,0> 0->2 @

<1,0> none

<4,0> 0->2->4,0->4

<31> 1->3 4 @ @

4
<3,2> none 5
(b) all paths for each back edge (c) a compatible graph

Figure 4.6: An example of our algorithm.
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Table 4.1: The result of AR allocation with 100 iterations fbYf = 1 and|D| = 2.

D[ = 2 D[ =3
M=1 M=2 M=1 M=2

AR 213 [ 42.60] 1.52 | 30.40| 252 [50.40| 1.80 | 36.00

n=5| SCC | 1.96 |39.20/ 1.20 |24.00|| 2.39 |47.80| 1.45 |29.00
EE%) | 108.67 126.67 105.44 124.14

AR 222 | 27.75] 1.71 | 21.38| 3.03 | 37.88] 1.99 | 24.88

n=8 | SCC | 1.81 |2262| 1.01 |12.62|| 2.64 |33.00 1.18 |14.75
SATRC(%) 122.65 169.31 114.77 168.64

AR 229 | 22.90] 1.68 | 16.80| 3.27 | 32.70| 2.12 | 21.20

n=10[ SCC | 1.60 | 16.00| 1.00 |10.00| 2.54 | 25.40| 1.16 |11.60
SACBC(%) 143.12 168.00 128.74 182.76

AR 255 | 21.25] 2.12 | 17.67| 3.34 | 27.83| 2.53 | 21.08

n=12[ SCC | 1.41 |11.75| 1.00 | 8.33 | 2.22 | 18.50| 1.08 | 9.00
SACBC(%) 180.85 212.00 150.45 234.26

AR 2.73 | 18.20| 2.08 | 13.87| 3.60 | 24.00| 2.85 | 19.00

n=15| SCC | 1.16 | 7.73| 1.00 | 6.67 | 2.04 | 13.60| 1.03 | 6.87
EEA%) | 235.34 208.00 176.47 276.70

AR 293 | 17.24| 2.29 | 13.47| 3.60 | 21.18| 2.98 | 17.53

n=17| SCC | 1.11 | 653 | 1.00 | 5.88 | 1.67 | 9.82 | 1.03 | 6.06
£E8(%) | 263.96 229.00 215.57 289.32

AR 3.26 | 16.30| 2.62 | 13.10| 3.83 | 19.15| 3.13 | 15.65

n=20[ SCC | 1.07 | 535| 1.00 | 5.00 | 1.43 | 7.15| 1.02 | 5.10
SfcRC(%) 304.67 262.00 267.83 306.86
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Table 4.2: The result of AR allocation with 100 iterations fbYf = 3 and|D| = 4.

D] =4 D[ =5
M=1 M=2 M=1 M=2

AR 3.00 | 60.00] 2.31 | 46.20| 3.41 | 68.20| 2.59 | 51.80

n=5| SCC | 2.99 |59.80 1.93 |38.60| 3.39 |67.80| 2.32 |46.40
EE%) | 100.33 119.69 100.59 111.64

AR 3.79 | 47.38] 256 | 32.00| 4.29 | 53.62| 2.94 | 36.75

n=8 | SCC | 3.56 |44.50| 1.66 |20.75| 4.15 |51.88| 2.12 |26.50
SATRC(%) 106.46 154.22 103.37 138.68

AR 3.92 | 39.20| 2.67 | 26.70| 451 | 4510 3.11 | 31.10

n=10| SCC | 3.42 |34.20| 1.59 |15.90| 4.16 |41.60| 1.82 |18.20
SACBC(%) 114.62 167.92 108.41 170.88

AR 4.04 | 33.67| 2.88 | 24.00| 4.75 | 39.58| 3.36 | 28.00

n=12[ SCC | 321 |26.75| 1.29 |10.75| 4.09 | 34.08| 1.64 | 13.67
SACBC(%) 125.86 223.26 116.14 204.88

AR 423 | 2820 3.19 | 21.27| 5.19 | 34.60| 3.49 | 23.27

n=15| SCC | 2.87 |19.13| 1.20 | 8.00 || 3.80 |25.33| 1.48 | 9.87
EEA%) | 147.39 265.83 136.58 235.81

AR 428 | 25.18| 3.32 | 19.53| 5.15 | 30.29| 3.65 | 21.47

n=17| SCC | 259 |15.24| 1.10 | 6.47 | 3.80 | 22.35| 1.37 | 8.06
£8-(%) | 165.25 301.82 135.53 266.42

AR 456 | 22.80| 3.48 | 17.40| 5.49 | 27.45| 3.76 | 18.80

n=20[ SCC | 224 |11.20| 1.06 | 530 | 3.33 | 16.65| 1.25 | 6.25
SfcRC(%) 203.57 328.30 164.86 300.80
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4.4 Experimental Results

We experiment our heuristics with different scenarios. We repeat each experiment 100
times. Tables 4.1 and 4.2 show the experimental results. The first column shows the length
of an array reference sequence. The second column is the resilig ef 2. D is a
maximum offset difference. Whei| = 2, the array reference offset,is between -2 and
2. The first and second sub-columns of the second column are the resits-ofi and
M = 2. M is a maximum modify range. Each row shows the results of the number of
ARs, of a lower bound, and the percentage ratio of the number of ARs to the number of
SCCs. Whem = 5,|D| = 2,andM = 1, the results show that 2.13 ARs are needed and
a lower bound is 1.96. The percentage ratio of ARs to SCCs is 108.67%. This ratio shows
that the number of ARs is very close to a lower bound. The percentage ratio of the number
of ARs to the length of an array reference sequence is 42.6%, and the percentage ratio of
the number of SCCs to the length of array reference sequence is 39.2%. When a maximum
modify range is 2, the extended graph becomes more dense than when a modify range is 1.
The numbers of ARs and SCCs are 1.52 and 1.2 respectively, which are better results. The
percentage ratio of ARs to SCCs is 126.67% , which is worse than 108.67%.

A larger modify range introduces more forward edges and also more back edges. More
forward edges contribute to the better result of ARs, and more back edges contribute to
the better result of SCCs. When an array reference sequence becomes longer, more ARs
are needed. When = 20,|D| = 2, andM = 1, 3.26 ARs are needed. However, the
percentage ratio of AR to the length of an array reference sequence drops from 42.6% to
16.3%. As an array reference sequence becomes longer, the number of potential forward
edges grows geometrically because when the length of an array reference sequence is

the extended graph may hay&'"' i = -1 forward edges maximally. Also the number
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of potential back edges is as same. Whdsecomes larger, our lower bound of SCCs tends
to be too optimistic. For example, when= 20, |D| = 2, andM = 1, there are only 1.07
SCCs in an extended graph. We think it is because newly introduced back edges constitute
a larger cycles, which deteriorates the closeness of our lower bound.
We repeat our experiment with several maximum offset differendgis= 3,4,5. In
each case, the same trends we mentioned so far are observed.| Whestomes larger,
the experimental results become worse as expected. For examplepwheén|D| = 3,
andM = 1, 2.52 ARs are needed, and a lower bound is 2.39. Both of them are worse

results than whenD| = 2.

4.5 Chapter Summary

We have developed an algorithm that can eliminate the explicit use of address register
instructions in a loop. By introducing a compatible graph, our algorithm tries to find the
most beneficial partitions at the moment. In addition, we developed an algorithm to find a
lower bound on the number of ARs by finding the strong connected components (SCCs) of
an extended graph.

We implicitly assume that unlimited number of ARs are available in the AGU. However,
usually itis not the case in real embedded systems in which only limited number of ARs are
available. Our algorithm tries to find partitions of array references in such a way that ARs
cover as many array references as possible, which leads to minimization of the number
of ARs needed. With the limited number of ARs, when the number of ARs needed to
eliminate the explicit use of AR instructions is larger than the number of ARs available
in the AGU, it is not possible to eliminate AR instructions in a loop. In that case, some
partitions of array references should be merged in a way that the merger should minimize

the number of explicit use of AR instructions. Our future works will be finding a model that
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can capture the effects of merging partitions on the explicit use of AR instructions. Based
on that model, we will find efficient solution of AR allocation with the limited number of
ARs.

When an array reference sequence becomes longer, and then the corresponding ex-
tended graph becomes denser, our lower bound on ARs with SCCs tended to be too opti-
mistic. To prevent the lower bound from being too optimistic, we need to drop some back
edges from the extended graph. In that case, it will be an important issue to determine

which back edges should be dropped, which will be a focus of our future work.
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CHAPTER 5

REDUCING MEMORY REQUIREMENTS VIA STORAGE REUSE

Each algorithm has its own data dependence relations. Data dependences impose fun-
damental ordering constraints on a program that implements the algorithm. Our target
application domain - embedded processing - has some features that distinguish it from gen-
eral application domain. Some simple operations will be applied to massive amount of
data in repeated manner. Those computational patterns are usually time-invariant (static).
Those kinds of static computation patterns can be easily implemented in a loop. Espe-
cially regarding with huge amount of repeated computations on a massive amount of data
in a special purpose processing domain, a loop is very useful program structure. Iteration
Space Dependence Graph (ISDG) [82] is a useful representation to capture dependences.
A vertex in an ISDG represents a computation in an iteration and an edge represents a
dependence from a source iteration to a destination iteratiok. nAsted loop is repre-
sented byk-dimensional ISDG. An instance of a computation in a loop is represented by
k-dimensional vector, in whictth vector element correspondsitb innermost index value
in a loop.

Anti-dependence and output dependence can be eliminated by scalar-renaming and ar-
ray expansion [25, 9], but it requires extra memory for the expense. A scheduling deter-

mines which computation will be executed in which time step. A scheduling is to make
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ordering of computations, which imposes some computations to precede other computa-
tions. A schedule should not violate dependence relations. The integrity of an algorithm is
to be maintained by obeying its computational ordering constraints (dependence relations).

A legal schedule should satisfy dependence relations.

5.1 Interplay between Schedules and Memory Requirements

In this chapter, we assume that dependence relations are regular and static, and loop
transformations were already applied. So, we do not apply loop transformation techniques.
The legality condition of a schedule is defined by expressing its respect for dependence
relations of a given problem. Dependence relations impose a legality constraint on a sched-
ule. A schedule affects the amount of memory requirements of computations in a loop.
We may infer that dependence relations are closely linked with memory requirements
through a schedule. Figure 5.1 shows a simple ISDG, in which there are two dependence,
( (1) > , ( (1) ) When we use a schedul = ( é ) in this example, all the computa-
tions inj axis will be executed in the same time step. However, in this case a computation
in (0, 1) iteration depends on the result produced by a computatigh ). So, scheduling
(0,1) and(0, 0) into the same time step violates this dependence. With the very same rea-
son, a schedulH; = ( (1] ) Is not valid, eitherll; = ( 1 ) obeys both of dependences.

IT; is a legal schedule. There might be more than one legal schedules. In that case, it is
a very important issue to find the best schedule. We will formally define the legality con-
dition of a schedule and its optimality from the perspectives of the memory requirements,

of completion time and also from the perspective of combination of memory requirements

and completion time.
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Figure 5.1: A simple ISDG example.

Figure 5.2 shows inter-relationships between memory requirements and a schedule.

There is one dependeno{e(l) ) . Let|V;| and| ;| be the size of-axis andj-axis respec-
, 1 , ,
tively. Under a schedul{ 0 ) |N;| memory locations are needed. It takegV;|) time

. , 1
to complete computations. With a sched{I?N

) , one memory location is needed, and
il

O(|N;||N;]) time is required. A schedulé ‘]\16" ) requires|N;| memory locations and
O(|N;||N;]) time.

There are some interesting observations on the relations among a dependence, a sched-
ule, and memory requirements in this example. To make the observation clear, let us as-
sume thatV;| and |N;| be same or their difference be a constdn|( ~ |N;|). There
are|N;||N;| computations in this ISDG. The schedulés“ifi‘ ) and ( |]\17j| > are se-
quential. So, their completion time is same@§N;||N;|). The interesting thing is that

their memory requirements are dramatically different. The difference comes from a de-

1 . . .
pendence vecto< 0 ) A sequential scheduld,; makes ordering of computations along
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I,
Schedule Memory Time

th = ( (1) ) [N ||
e ( \1/ ) 11 A
= () byl Vi1

Figure 5.2: Memory requirements and completion time with different schedules.

1 .
a dependence vectn{r 0 ) However, another sequential schedllgdoes not follow a

dependence vector.

Definition 5.1 When a memory location used in one iteratignis reusable by another
iteration ¢, without affecting other computations that depend on the value in an iteration

1, a difference vectofc, — ¢;) is called a storage vector or an occupancy vector.

Definition 5.2 When all the iterations along a storage vector can share a same memory
location under a schedule, it is said that the storage vector is respected by the schedule or

that the schedule respects the storage vector.
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In Figure 5.2, a dependence vect()ré ) is a storage vector because computations
along the dependence vector can share memory location. We already know that a sched-
ule affects memory requirements. Now, in Figure 5.2, we observe that the inter-relation
between a schedule and a storage vector also affects the amount of memory requirements.
As we can see in Figure 5.2, whether or not a storage vector is taken as advantage to share
memory depends on inter-relations between a schedule and a storage vector. Obviously,
when a schedule takes advantage of a storage vector, computations along the storage vector

share memory locations, which will lead to reduce memory requirements.

Definition 5.3 When a storage vector is respected by any legal schedules, it is called a

universal storage vector or a universal occupancy vector (UQOV).

Dependence Relations

Legality Constrain;/ \A Universal Occupancy Vectc

A schedule |--f——| Memory Requirements
; A Storage Vector

Completion Time

Figure 5.3: Inter-relations.
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Figure 5.3 summarizes the inter-relations among dependence relations, a schedule,
memory requirements, and completion time. The arrows in Figure 5.3 describe the inter-
relations among corresponding factors. For example, legality constraints between depen-
dence relations and a schedule explain that dependence relations enforce legal conditions
on a schedule, and that a legal schedule should satisfy the legal condition of dependence
relations. A schedule affects the amount of memory requirements. The effects of a sched-
ule on the memory can be described by the inter-relations between a schedule and a storage
vector. By the definition of a UOV, a UOV describes the direct inter-relations between
dependences and memory requirements. For a UOV, any specific legal schedule is a don’t-
care condition. From the dependence vectors, a UOV would be found directly. A UOV
sets an upper bound on the memory requirements. From this direct inter-relations, we can
infer that applying some loop transformation techniques and then changing dependences
may have an impact on memory requirements. However, in this chapter, we will not con-
sider loop transformations. Strout [74] shows that determining if a vector is a UOV is a
NP-complete problem. We need to define optimality of a schedule from the perspective of

inter-relations among those factors as shown in Figure 5.3.

Definition 5.4 A schedule that has the shortest completion time for a given problem is
called a time-optimal schedule. When a schedule requires minimum amount of memory for
a given problem, it is called a space-optimal schedule or memory-optimal schedule.
- 1 N; : .
As we can see in Figure 5.2, = N andIl; = 1 are not time-optimal
1 : : 1

becausdl;, = ( 0 ) has a shorter completion tin@(|V;|). However,Il, = ( N )
: . . : N,
is memory-optimal because it requires only one memory locatibn= ) is not

memory-optimal. The problem of schedulés andIl; is their completion time, which is
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O(|N;?) - we assume thdtV;| ~ |N,|. II; = ( (1) ) is not memory-optimal, but it has a
shorter completion timé&(|N;|). The length of the longest path in ISDG of Figure 5.2 is
|N;|. So,I1; is time-optimal.

The schedule of a loop in general and in particular in an embedded processing domain
should be evaluated not only by its time but also by its memory requirements because
embedded systems should operate in a real-time and its real-time performance should not
be achieved at the expense of space. We will design two objective functions to evaluate
a schedule from the perspective of both of time and space. In order to do that, we will
include a storage vector into our objective function. In Figure 5.2 and 5.3, We justified the

inclusion of a storage vector into our objective functions.

5.2 Legality Conditions and Objective Functions

Let D be a dependency matrix in which each column represents a dependency vector.

A legal scheduler should satisfy all dependency relations between computations.

7d, > 1, Vi (5.1)

=
>
v
—

(5.2)

From Equation 5.1, we can characterize the region of feasible linear schedules for a
given problem. By the definition of a storage vector, the delay of a storage vector is larger

than or equal to the maximum delay of dependency vectors.

A
)
vV
A
o

(5.3)
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When we choose a schedule and a storage vector, two objective functions will be used.
The first objective function is

Fy = min(n@x 7d;).
(2

If we can minimize the maximum delay of dependency vectors, it may be helpful to com-

plete a problem in a shorter time. The second objective function is
Fy = min(|75 — max 7dy).

When the delay of a storage vector is closer to the maximum delay of dependencies, mem-
ory will be reused more frequently and then less memory requirement will be guaranteed.
For example, in Figure 5.2, according to our objective functignschedulesI; andIl,

have maximum delay 1 for a dependency vecéoé ) and a schedulél; has a delay

|V;|. Obviously, our objective functiot; prefersll; andIl, to II;. Based on an objec-

tive function £, ( (1) ) will be a storage vector because it satisfies Equation 5.3, and has

minimum value 0 forFs.

5.3 Regions of Feasible Schedules and of Storage Vectors

1 1 1
Let D, = ( 0 1 2

schedule, we can find the region of legal schedules/Lgtbe a region of legal schedules

> be a dependency matrix. From the legality condition of a

for D,. From the Equation 5.1 = (7, ) should satisfy all the dependencies.

1 1 1
(7T1,7T2)( 0 —1 2 )Zl
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Then, we have three inequalities.

v
—_

™
T — To Z 1

T +2m > 1

T 7['1:1
7!'177['2:1

™

7T1+27T2:1

Figure 5.4: The region of feasible schedul&s, .

Figure 5.4 shows the region of legal schedules bounded by those three inequalities.

This region is characterized by one corner and two extreme vectors [65]. In this example,
2

schedules foD, can be expressed ug/ m ) = ( (1) ) + a( 1 ) +B( 21 ) , >
9 -

0,6>0,a,8 € R,m,m € Z. In general, all the legal linear schedules can be expressed

. 1 .
a corner is in1,0), and two extreme vectors a(s ] ) and( ] > All the legal linear
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by a following equation.

(m)—c*+ae:+ﬁe3,a,ﬂzo,oa,ﬁeRmmeZ (5:4)

Uy

, Wherec is a corner and; ande, are extreme vectors. From the region of feasible sched-
ules, we can characterize a region of storage vectordfoby a legality condition of

a storage vector in Equation 5.3 with above two extreme vectors and the corner. From
Equation 5.3 with two extreme vectoré, 1 ) ( _21 ) and a corner( (1] ) we have

following inequalities.

() (4 1)
e-n() ze-n( gty

Then,

s1+ sy > max(1,0,3) (5.5)
251 — sy > max(2,3,0) (5.6)
s1 > max(1,1,1). (5.7)

Figure 5.5 shows the region of storage vectors. In this exampie(2, 1) is on both
of the boundary lines defined by inequalities in 5.5, and 5.6. When w& us€2, 1) in

Equation 5.3, we can find feasible schedules for a storage v&cto(2, 1).
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s1=1 281 — 89 =3

S1+ 8y =3

_3\

Figure 5.5: A region of storage vectors by .

(m?m)(i) > (7T177T2)< (1) _11 ; )

2m + 1My > 0m
> M — T
> m + 2ms
=>m+m > 0
T+ 2my > 0
T —m > 0
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Then, the region of legal schedules k= (2, 1) is bounded by two extreme vectors,

( 1 ) and( _21 ) as shown in Figure 5.6.

Ty Tf']*ﬂ'z:O
2
7 .
(1)
1 2 -om
(%)
-1 -
-2
7 m + 2me =0
T+ =0

Figure 5.6: The region of legal schedulél; ;) with 5= (2, 1).

Let IL; be a region of legal schedules under a storage vectam, this example]I, )
has same extreme vectorsidg, , which means thalfl, ;) and/Ip, are exactly of the same
shape. We will explain the meaning of the same shape of two regions from the perspective

of an optimality of a storage vector.

5.4 Optimality of a Storage Vector

Definition 5.5 In a two-dimensional iteration space, when two regions with different cor-
ners are bounded by same set of extreme vectors, it is said that the two regions have the

same shape.

When two different regions are of the same shape, it is possible to overlap exactly one

region onto another by translation.
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Definition 5.6 When a storage vectaifor a given problemD has its corresponding fea-
sible schedule regiofi; that has a same shape as the region of feasible schedijjdsr

D, itis said that a storage vectctis optimal forD.

In order to investigate the optimality of a storage vector, it is necessary to examine the
relationship between various storage vectors and their correspondingn Figure 5.5,

. . . 1
$1 = (3,0) is on the line ofs; + s, = 3 which comes from an extreme vectt(r,1 ) of

. . 2
IIp,, and below the line o2s; — s, = 3 which comes from an extreme vectn{r, 1 )
of IIp,. From the storage legality condition of Equation 5.3 with= (3, 0), we can find

I3y as shown in Figure 5.7.

(ﬁﬂh)(i) = (71,7T2)< (1) _11 ; )
3mp > m
> W — Mo
> T+ 2m
=m > 0
2m +m > 0

27T1—27T2 Z 0

. 1 1 .
Extreme vectors ofl ;) is {( . ) , ( i )} 130y enclosesllp,. With 53 =

(3, 3) that is on the line ofs; — s, = 3 and above the line of; + s, = 3. In a similar way,

. -1 2
we can flnd{( 5 ) , ( 1 )} extreme vectors dfl; 3. II(33) also encloseglp,. A

vector( g > is out of the region of storage vectors fb;. When we choos{ 3 ) asa
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277'] *271'2:0

21 + 1 =0

Figure 5.7: The region of legal schedulég,;, with s; = (3,0).

storage vector, the feasible region of its corresponding schedules is bounded by two extreme
vectors{ ( i ) : ( _11 ) } Figure 5.8 shows all the regions of schedules with different
storage vectors. Both off = (3,0) ands; = (3,3) are legal storage vectors because
their corresponding scheduldd; oy andlIl; 3, enclose all the feasible linear schedules,
IIp,, but obviously,s = (2, 1) is better thars; = (3,0) ands; = (3, 3). I3 andIls)

contain non-feasible schedules for a dependency matrjxvhich means; = (3,0), and

$5 = (3, 3) are unnecessarily large in order for the corresponding schedyemndlIlg to
contain those non-feasible schedules. As you can see the shaded region in Fiduirg$.8,
does not enclosé&,,, which means that when we chooée(z) ) as a storage vector, some
feasible schedules can not satisfy the storage legality condition of Equation 5.3. However,
it does not mean that there is no feasible schedules at all to satisfy Equation5.3. For a partial

. 2 . . .
region of I1p,, ( 0 ) can be a storage vector if we allow the existence of some feasible

schedules that does not satisfy Equation 5.3. We will explore a partial region of feasible
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Ip,

13,0y

M2,0)

Figure 5.8: The regions of schedules with different storage vectors.
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schedules to find a pair of a schedule and a storage vector that is favored by our objective
function F3. With a legality condition of a schedule and an objective functipna corner
(1,0) will be a good candidate for a schedule, because from the Equation 5.4 the delay of

each dependence vector/in are

1 1

1
0 -1 9 )—(1+a+26,1+36,1+3a).

(1+a+2ﬁ,a—ﬁ)(

Whena = § = 0, the maximum delay is 1. It means a schedulg) is optimal for F;.
Let us considef1,0) as a schedule. From the perspective of our objective fundtion

s =(2,1) is a preferred storage vector under the schedute(1, 0) because

(LO)(?:)—ﬁnmdLl,U -
(Lm(g>—mm@Lm _

(Lm(§>—mm@Lm _—

From the observation of the above three specific feasible storage vectors and one partially
feasible storage vector, we can conclude that if a corner of a region of a storage vector
happens to be in integer lattice, the corner is always a preferred storage vector. If it is not

the case, the nearest integer lattice might be preferred.
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5.5 A More General Example

1 1 2
0 -1 1
we have following inequalities.

Let D, = < ) . From the legality condition of a schedule of Equation 5.1,

7Dy > 1
1 2 1
T, — 7o Z 1

27'('1 + o Z 1.

WZA m=1 m =T =1
—
P
1 1
1
(10 o
-1
N2
3
2m +my =1

Figure 5.9: The region of feasible schedul&s,, for D,.

Figure 5.9 shows the region of feasible schedulés,. IIp, is characterized by two
1

1
corners(1,0), (1, —1) and two extreme vector%( 1 ) ; ( 9

) } IIp, consists of two
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subregiond/,(1,0), IIp,(1,—1) which are not necessarily disjoint. Figure 5.10 shows

those two subregionsiIp,(1,0) is a subregion whose corner (i$,0), and IIp,(1, —1)

1.0) (

=
~—

-0

Figure 5.10: Two subregions éip,.

is a subregion whose corner (i, —1). Both of them are bounded by the same extreme

vectors./Ip,(1,0) is to be characterized by three vect{r%,é } : ( 1 ) : ( _12 )} and

IIp,(1,—1) by {{ _11 } : ( 1 ) : ( _12 )} . The first element is a corner, and the last
two are extreme vectors. From the legality condition of a storage vector, we can find the
region of storage vectors for each subregion of feadie In this example/ip,(1,0) and

IIp, (1, —1) have same region of storage vectors. Figure 5.11 shows the region of storage

vectors.

From Equation 5.3 with two extreme vectors,



-2

81+82
81—282
= 81 + S9

S1 — 282

With a corner(1, 0) for I1p,(1,0),

&
v

4
e
\Y

With a corner(1, —1) for IIp, (1, —1),

W O»
[

N———
vV

(1’_2)< (1) —11 i )

> max(1,0,3)
> max(1,3,0)

3

v

v

3.

co g 4 7))
max(1,1,2)

2.

(1’_1)< (1) —11 i )

max(1,2,1)

2.

. . 1
s1 = (3,0) is on the both lines of; — 2s, = 3 from an extreme vecto( 5 )

1 .
ands; + s, = 3 from an extreme vecto( ] ) Soll s, is of the same shape df,,
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S9
S1 =2

§1— S9 =2

81—282:3

Figure 5.11: Storage vectors for,.

which means thaf; = (3,0) is just as large as it is supposed to be in order to endlbse
In that senses; = (3,0) is an optimal storage vector fdp,. Corners ofllp, are good
candidates for a objective functidn. A scheduler; = (1,0) has a maximum delay 2 for

a dependency vect(<r f ) and a schedulg; = (1, —1) has also a maximum delay 2 for

1 . .
a dependency vect<r 1 ) . With an optimal storage vectet = (3,0), we can evaluate

a pair(7, s) of a schedule and a storage vector based on objective fungtidror the pair

)
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o)1)
o (3) -4

Definition 5.7 When a storage vectatis not optimal for a given probler, if there exist
some feasible schedulgsn I1, such that those schedules satisfy a legality condition of a
storage vectok and a pair(7, ) has a value 0 for,, the pair (7, 5) is called specifically

optimal for F5.

When the delay of a storage vector is same as the maximum delay of dependency vec-
tors under a certain schedutd.e. (75 = maxy; 7?d:), we may think that under that sched-
ule a storage vectar is specifically optimal for that schedulébecause by the definition
of a storage vector the delay of storage vector can not be shorter than the maximum delay
of dependency vectors. In the above examplehas a value 1, which means that, s7)
and(m, s1) are not specifically optimal from the perspective/f

Up to this point, for a given problem we can find the region of feasible schediles,
and characterize the region of corresponding storage vectors with (a) corner(s) and extreme
vectors of/I. We can evaluate a pair of a schedule and a storage vector by objégtive
We may have a question at this point like "Is it possible to find specifically optimal pairs?”.
In order to find an answer to this question, we try to generate several possible pairs. We
can partition the region of feasible scheduldanto several subregions. Figure 5.12 shows
those subregions.

Obviously, all subregions ofl,, are feasible schedules f@»,. By picking up two
internal vectors arbitrarily, we can generate feasible subregions< %et) , ( _11 ) be

two extreme vectors for a subregion. We can find the region of storage vectors for this
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1.0 (1,-1) ( 5 )

Figure 5.12: Partitions of each subregionsigf, .

scheduling subregion. From the legality condition of a storage vector,

wo () = ao( g 4T

max(1,1,2)

w-n(0) = aen( g L)

s1 — s > max(1,2,1).

&
v

Coincidentally, two corners aoff,, are same as extreme vectors in this example. Fig-

ure 5.13 shows the region of storage vectoss. = (2,0) is a corner of the region of

storage vectors. For the two subregiony, = {{ (1) } , ( (1) ) , ( _11 )} and Ry =

{ [ 4 ] ’ ( : ) | ( 4 )} 5 = (2,0) is an optimal storage vector fdt, and I, be-

causdlg is bounded by extreme vecto(s(l) ) and< 11 ) which means thdtl g is of
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52

8§ — S9 = 2

1 20) .

Figure 5.13: Storage vectors for the region of schedules boundéed by (1, —1).

the same shape of the two subregidtisand R,. However,s; = (2,0) is not an optimal
storage vector foflp, as we can see in Figure 5.11, in which 0) is out of the region of

storage vectors fab,. Cornerg1,0) and(1, —1) are good candidate schedules fgr We

creosmerere( ) (){()-(3)onr

‘(1,0) ( (2) ) ~ max ((1,0) <
‘(1,—1) < 3 ) ~ max ((1,—1) (

The pairs(( (1) ) , ( g )) and(( _11 ) , ( g )) are specifically optimal foR; and

. 1 1 .
Rs respectively. Lel( ] ) and( 5 ) be two extreme vectors of another subregion

O = O =
—_

R3 and R,. Then, the region of corresponding storage vectors is shown in Figure 5.14.
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(3,0) and(2, —1) are two integer points close to a corrier—1/2). We already know that

S9

81:2 51—82:2

1 ——
/
(3.0)
/ T
(2,-1/2)

81—282 =3

@-1)!

b4

Figure 5.14: Storage vectors for the region of schedules boundéed by ), (1, —2).

a storage vectof3, 0) can not specifically optimal. In the case 4f = (2, —1), the pair
(( (1) ) , ( _21 )) is specifically optimal withF; but the pair(( _11 ) , ( _21 ))
is not. From arbitrarily chosen four subregioRs, R, R3, R4, we have found 3 three

specifically optimal pairs. Figure 5.15 summarizes our approach to find the pairs.

5.6 Finding a Schedule for a Given Storage Vector

When a candidate storage vectas given, we can determine whether the given vector
§'is valid or not. If a given vectof'is valid, we could find the best schedule for the vector
S. Let us takeD, of the previous section be a given dependence matrix.kpwe could
ask a question like "Is'= (1, 0) valid?”. In order to answer this question, we need to find
a feasible scheduling regioH;; for s.

There might be three possibilities; The regionslkfand /1, are disjoint, partially

overlapped or exactly overlapped from the perspective of extreme vectors that define each
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ProcedureFind_Main(D)

D : a dependence matrix

{

Find a region/, of feasible schedules from the legality condition of a schedule;
return Find_Pair(Ilp)

}

Procedure Find_Pair(I)
IT : aregion of feasible schedules
{
Find a regionS of storage vectors from the legality condition of a storage vector
with (a) corner(s) and extreme vectorslof
Find a corner ofS do

if it is not in integer point

find nearest integer point(s);

endif
enddo
Choose (a) corner(s) @f as a schedule;
Choose (a) corner(s) ¢f as a storage vector;
if a pair(7, §) has 0 forF,

return (7, 5);
else ifII is divisible into subregions

divide IT into subregions;

for each subregionk € 11 do

Find_Pair(R);

enddo
else

return
endif
if there is no pair with O fofs,

choose the pair with the smallest value for,
endif

return the best pair found,;

}

Figure 5.15: Our approach to find specifically optimal pairs.

105



region ofIl; and I1p,. From the legality condition of a storage vector with= (1,0),
we can findIlz in a similar way of the previous section. Figure 5.16 shows the region

of corresponding schedule fef = (1,0). When we position the corner f o at the

Figure 5.1611 ).

same corner ofp,, they are disjoint, which means that whén= (1, 0) is selected for a
storage vector for a dependency maitiy, there is no feasible schedules exist for a given
problemD,. Whens; = (2,0) is given, we can telll, 5y, which was already computed in
the previous section, is partially overlapped with,. In this cases; = (2,0) is a valid

storage vector only for scheduleslin, ). Figure 5.17 showsl, o). For all the schedules

Figure 5.1711 (5 ).
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that belong tdl, ), s3 = (2,0) is valid, but for the other schedules, except (a) corner(s),

that belong td1, but do not belong tdl; ), s3 = (2,0) is not valid.

5.7 Finding a Storage Vector from Dependence Vectors

From the legality condition for a storage vector, we can directly find a legal storage
vector for any legal linear schedule for a set of dependence vectors. We limit the discussion
here to two-level nested loops. Note that these results hold true for-awel nested loop
in which there is a subset of dependence vectors which are extreme vectors. This is
always the case for = 2.

For the rest of this discussion, we assume a two-level nested loop. Let the dependence
matrix D be (cfl, d}, e ,Jm). Let 7, andr, be the two extreme vectors of the dependence

matrix D. All the dependence vectors In can be specified as a non-negative linear com-

bination of the two extreme vectors, 7.

d:':Oéiﬂ‘i‘ﬁfz, a;, 3 > 0,05, 3, € R, 1 <@ <m. (5.8)

—

Lemma 5.1 Let a4, = max; a; and B0, = max; f;. Let S = [Qmae |71 + [ Bimaz | T2-

Then,s,,... is a legal storage vector for any legal linear schediile

(Proof) Letd; = #wr; andd, = 7y for some schedule vectat. From Equation 5.1,
01 > 1 andd, > 1. From the legality condition for a storage vector in Equation 5.3 and

Equation 5.8, we have

wd;, Vi

=
wy
Y

= ;01 + Bidg

v

1
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= ﬁgmax = [amax] o1 + I_ﬁmaa:-l da

> ;01 + B2, Vi.

S0, 3,4 1S a valid storage vector for any scheddle

1 1

Examples Let us consider the dependence matkix = ( 0 —1 2

) as in Sec-

. 1 1
tion 5.3, the two extreme vectors a(e ] ) and( 5 ) . All the dependence vectors can

be written as non-negative linear combination of the extreme vectors as follows.

(L) =1 (L)(s)
(2) = o(2)(2)

So, IVamax—l =1, lyﬁmax] = 1. Then,

1 1
_"max =1 1

—

2\ . . .
Smar = < 1 ) is same as the corner of the region of feasible storage vectors that was found
in Section 5.3.

Consider a different dependence matbix = ( (1) _11 i ) asin Section 5.3( _11 )

2 . .
and( ) ) are the extreme vectors. We fifd, .. | = 1, [ Bnaz| = 1. The vectors,, . is
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(g) = 1( _11 ) +1(§>.Again,§maz = (3) is the same as the corner of the

region of feasible storage vectors fDs.

5.8 UOV Algorithm

Strout [74] shows that a difference vector= (¢; — ¢1) is a UQV if it is possible that
all of the value dependences have been traversed at least once tojfeath:;. In order
to find a UOV, his algorithm keepB AT HSET in each iteration point while traversing
iteration space.PATHSET will contain dependence vectors that have been traversed
from a starting point to the current point. HFAT HSET of an iteration point contain all
dependence vectors, the difference vector of the current point and a starting point is a UOV.
He uses priority queue hoping find a UOV quickly. In our algorithm, we do not use priority
queue and do not kedpAT H S ET in each iteration point. Instead, we expand an iteration
space from an arbitrary starting iteration point - for convenience of computing a UOV, an
origin 0 is used in our algorithm. We call this iteration space a partially expanded ISDG
or a partial ISDG. Our algorithm expands an iteration space level by level from the starting

iteration point by adding dependence vectors.

Lemma 5.2 When|D| = k, if k immediate predecessors ®belong to a partial ISDG¢

isa UoV.

Proof. Given the manner in which we generate a partial ISDG, it follows that alk the
immediate predecessafs - - -, &_; are reachable from the starting poihtwhich means
that there are: different paths fronf to é; Py = 0 ~ & — &P = 0 ~ & —
Cyoo, Peq = 0 ~ @_; — & In each different path, at least one dependence vector is
guaranteed to be traversed. Each pBtl) < ¢ < k guarantees a different dependence

vector(¢ — ¢;) to be traversed. Sa,is a UOV.
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I= {(070)7 (170)1 (17 _1)7 (172)}

G2 = {(27 _2)7 (21 _1)7 (27 0)7 (27 1)7 (27 2)7 (27 4)}

Z ={(0,0),(1,0),(1,-1),(1,2),(2,-2),
=0 (2,-1), (2,0, (2,1), (2.2), (2,4)}

Gs = {(3 73)7 (37 72)7 (37 71)7 (37 0)7 (37 1)1
(3:2),(3,3),(3,4),(3,6)}

Figure 5.18: How to find a UOV.
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Figure 5.18 shows how our algorithm works. At level O there is only one iteration
point. The iteration points at level 1 can be generated by adding dependence vectors to
the iteration point at level 0. All the iteration points at levelill be generated by adding
dependence vectors to the points at ldvel 1). In this way, we generate a partial ISDG.
After expanding all the iteration points at the current level, we check if there is an iteration
point at the current level, all of whogemmediate predecessors belong to the partial ISDG.

=,

If there is such an iteration poiaf then(¢ — 0) is a UOV.

5.9 Experimental Results

We experiment our UOV algorithm with several scenarios. We generate legal depen-
dence vectors, and then apply our UOV algorithm. We repeat our experiment 100 times in
each scenario. Tables 5.1 and 5.2 show the results. In Table 5.1, we compare the size of an
UOQV that our algorithm found with the average size of dependence vectors. The average

size of dependence vectors is defined as follows. When a dependence matrix

diy dig ... di
Do dlgl d.22 . d'zk |
dnl dn? e dnk’
k n -
the average size db is defined as== Z,fl 4],

The first column is the number of dependence vectors. The second column is the range
that each element of a dependence vector can take. For example, when the range is 3, the
elements of a dependence vector can have a value between -3 and 3. Columns 3 through
8 show the number of dimensions. We refer to the ratio of the the size of the UOV to the
average size of dependence vectors as simply the ratio. From the results in Table 5.1, it is

difficult to find some regularities that could give us useful interpretation. When the number
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ProcedureFind UOV(D)
D : a dependence matrix

{
Z+—A{(0,---,0)}; flag < false; UOV «—{}; G—T

while (flag == false) do
G —{}
foreachg € G do
foreachd € D do
e«—g+d;
if (e ¢ G)
G — G u{e};
endif
enddo
enddo
G—G;
foreachg € G do
uov flag «<— 0;
foreachd € D do
cand «— g — d,
if (cand € T)
uov flag <— uwov flag + 1;
endif
enddo
if (uovflag = |DJ)
UOV «—UOV U{g};
flag < true;
endif
enddo
if (!flag)
IT+—TUG,
endif
endwhile
return UQV;

}

Figure 5.19

- A UQV algorithm.
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of dependence vectors is 6, the range is 5, and dimension is 4, the largest ratio is 3.37,
which means that the size of a UQV is 3.37 times the average size of dependence vectors.
The smallest ratio is 1.42 when the number of dependence vectors is 6, the range is 2, and
dimension is 2.

Table 5.2 shows the execution time taken in seconds to find UOVs. Because the size of
a partial ISDG grows exponentially with an increasing level, our UOV algorithm has an ex-
ponentially time complexity. We implemented our algorithm in Java on a sun workstation.
Table 5.2 shows that in dimensions greater than 3, the number of dependence vectors has
a huge impact on an execution time. For example, there is a big gap of an execution time
between 5 dependence vectors and 6 dependence vectors in dimension 4, 5, 6, and 7. When
the number of dependence vectors is 5, the range is 5, and a dimension is 4, the execution
time is70.607 seconds. On the contrary, when the number of dependence vectors is 6, the
range is 2, and a dimension is 4, the execution tint®7s787 seconds. In a 5-dimensional
space, the corresponding execution times7ar872 seconds and203.167 seconds. We

observe similar big gaps in higher dimensions in Table 5.2.

5.10 Chapter Summary

In this chapter, we have developed a framework for studying the trade-off between
a schedule and storage requirements. We developed methods to compute the region of
feasible schedules for a given storage vector. In previous work, Strout et al. [74] have
developed an algorithm for computing the universal occupancy vector which is the storage
vector that is legal for any schedule of the iterations. By this, Strout et al. [74] mean any
topological ordering of the nodes of an iteration space dependence graph (ISDG). Our work

is applicable to wavefront schedules of nested loops.
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Table 5.1: The result of UOV algorithm with 100 iterations. (Average Size).

Dimension
2 3 4 5 6 7

# of | range

Dep.

1.90| 2.16| 2.10| 2.01| 2.01| 2.03
2.12]2.15|2.03| 2.02| 1.89| 1.93
2.2512.20|2.10{1.90|1.97| 1.84
240|217 210197191 1.86
1.61| 2.39| 2.53| 2.49| 2.40| 2.47
2.141 253|2.45|2.45| 2.32| 2.29
2.51]|2.65|2.37|2.38|2.40| 2.35
2.68|2.72|2.45|2.27|2.30| 2.14
1.55|2.27| 2.85| 2.86| 2.87| 2.91
1.94|2.72]294|2.87| 2.73| 2.68
2271295 3.01|2.80| 2.70| 2.71
2.45|3.25| 2.88| 2.79| 2.76| 2.66
1.42]2.16| 2.64| 3.30| 3.30| 3.26
1.90| 2.60| 3.27| 3.28| 3.07 | 3.06
2.10| 3.07| 3.30| 3.18| 3.08| 2.94
2.46| 3.28| 3.37| 3.23| 3.15| 3.03

OB WNOIB WNOIBE WN OB WN

114



Table 5.2: The result of UOV algorithm with 100 iterations. (Execution Time).

Dimension

# of | range

Dep. 2 | 3 | 4 \ 5 \ 6 \ 7
2 0.308| 0.372 0.345 0.371 0.409 0.380

3 3 0.326| 0.371 0.356 0.374 0.414 0.382
4 0.352| 0.378 0.354 0.371 0.408 0.379
5 0.359| 0.372 0.356 0.364 0.409 0.375
2 0.857| 3.952 4.368 4.515 5.145 4.595

4 3 2.403| 4.656 4.461 4.491 5.132 4.574
4 3.071| 4.759 4.468 4.491 5.143 5.198
5 3.677| 4.806 4.454 4.484 5.132 4.540
2 1.396| 25.248| 62.671| 70.914| 80.424| 81.244

5 3 4.868| 58.247| 70.336| 71.107, 79.410| 71.623
4 8.312| 65.135| 70.269| 71.139| 79.998| 71.154
5 15.685| 72.915| 70.607| 71.072| 80.550, 80.250
2 2.352| 65.966| 667.787| 1203.167| 1282.335| 1291.654

6 3 8.983| 371.780| 1081.227| 1286.509| 1288.086, 1270.653
4 18.138| 758.323| 1250.806| 1282.241| 1281.018| 1269.210
5 35.554| 832.975| 1270.128| 1280.075| 1280.769| 1267.161
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CHAPTER 6

TILING FOR IMPROVING MEMORY PERFORMANCE

Tiling (or loop blocking) has been one of the most effective techniques for enhancing
locality is perfectly nested loops [15, 23, 80, 81, 40, 64, 65, 67, 68, 43]. Unimodular
loop transformations such as skewing are necessary in some cases to render tiling legal.
Irigoin and Triolet [40] developed a sufficient condition for tiling. It was conjectured by
Ramanujam and Sadayappan [64, 65, 67] that this sufficient condition becomes necessary
for “large enough” tiles, but no precise characterization is known.

A tile is an atomic unit in which all iteration points will be executed collectively before
the execution thread leaves the tile. Tiling changes the order in which iteration points are
executed [79, 81]. It does not eliminate or add any iteration point. So, the size of a tiled
space is same as the size of an original space. Even though several iteration points may be
mapped into the same tile, tiling is a one-to-one mapping.

A tile is specified by a set of vectors, which can be expressed by a tiling niatrix

B = (blb2"'b;),§i= (bliab2i7"'7bm’)T71 <i1<n
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An iteration pointc’ = (iy, s, - -,4,)’ in n-dimension space is mapped to the correspond-

ing pointc in 2n-dimension tiled space.

il

. i

31 .

ig tiled ‘.

B — i

-/
. Zn—i—l

i .

'i,

2n

Leti'be (i), i, ---,i')T andi’be (i i o, ih)"
1“2 ’ 'n n+17 “n+2» ) “2n/) ot

B~5“‘£§<{>
‘ [

#is an inter-tile coordinate, ards an intra-tile coordinate.

Figure 6.1 shows an original space and the tiled space. In Figure 6.1, the arrows show
the execution orders. In the original space, an iteration goirtt)” is executed immedi-
ately after an iteration poirft), 1)”7. However, in the tiled space iteration poiiits0)” and
(1,1)T will be executed immediately after an iteration point1)?, and an iteration point
(0,2)T will be executed immediately after an iteration pdint1)” which is supposed to be
executed aftef0, 2)” in the original space. Because the execution order of iteration points
in the tiled space is different from the execution order in the original space, tiling should

be applied carefully not to violate dependence relations in the original space.
2 0
0 2
value of the determinant @B is equal to the number of iteration points in each tile. The

In Figure 6.1, the tiles are specified by the mathix = < > The absolute

determinant of3, is 4. Each tile in Figure 6.1 contains four iteration points. The mapping
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I

(%)

I
<0,0> <0,1>
00 ©1 (©2 (03 2
Q2R (5) [ oo oo
S | SR
) Ay @2 @I Tiled EORERN FEONEN S
[ S S S o {9(,30]‘;*[9(,911 NIRRLe
(0 @1 (2 @3 ]
R I SR R ‘om0 oo s
B0 G (32 @3 (10 (11 ] (10 (11
<1,0> <1,1>
T-{(j)h<i<30<,<3) T = {(tty L0 < 11,0, < 1,

0<L;<1,0<; <1}

(a) A original spac& (b) A tiled spaceZy;;.q

Figure 6.1: Tiled space.
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of four iteration points in the tile< 0,0 > is as follows.

(8) — (0,0,0,0)"

(a) An original spac&

)
) — (0,0,1,0)"
)

— (0,0,0,1)"

— (0,0,1,1)"

v

£

o -0 |

<1,0>

<1,1>

(b) A tiled spaceZ,;.q

Figure 6.2: Tiling withB, = ((3,0)7, (2,0)7) .
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In Figure 6.2, the dependence matrixis < ) _21 ) and tiling space matrix3,

is ( g g > An iteration pointc;, which is specified by0,2)” in an original space,
belongs to the tile< 0,1 >. All iteration points in the tile< 0,1 > will be executed
after all iteration points in the tilez 0,0 > are executed. However, in this tiling scheme
it is not possible to respect all dependence relations. For example, an iteratioapaint
the tile < 0,0 > depends on the iteration poiat that belongs to the tilez 0,1 > which

is supposed to be executed after the tile0,0 >. Therefore, the dependence relation
between iteration point§ andc; can not be respected in the tiled space. This violation of

3 0

the dependence prohibits, = ( ) from being used as the tiling matrix.

e ()
oA

y /¥ [

o 7 =o/*o:/

O—»O—4»0O0—»0O

I

O

<1,0> <1,1>

(a) An original spac& (b) A tiled spaceZ,;;.q

Figure 6.3: Tiling withB, = ((2,0)7, (2,0)7).
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In Figure 6.3, a different tiling scheme is applied, in which the tiling mafix =
( (2) (2) ) Is used. All dependence relations are respected by following the execution order
of the tiled space. Whem is the tiling matrix, and® is an iteration point in an original
space,| B~'¢] gives the tile to which? belongs in the tiled space. For the rest of this
chapter, we writeB~—! as the matrixJ. The problem of violating a dependence relation in
Figure 6.2 can be clearly explained by finding tiles of iteration paifndc;. The tile to

which ¢; is mapped should lexicographically precede the tile to whidls mapped.

war = (5 1) (3)
- 1(7)]
- (1)

wal = (3 7) (7))
-]

The tile< 0,0 > for ¢ lexicographically precedes the tile 0,1 > for ¢;. So, the tiling
3

0 2
Loop skewing is one of the common compiler transformation techniques. Skewing

matrix By = ( ) can not respect the dependefice— ¢;).

changes the shape of an iteration space. As long as the dependence vectors of the skewed
iteration space are legal, skewing is legal. Figure 6.4 shows an original iterationEpace
and the skewed iteration spat&<w?. As the dotted arrows show, the execution orders of

iteration points in both iteration spade andZ**v*¢ are exactly same. The dependence
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DO DN
N—

oo Tiled ( S N
\}?To—»ol\o — \l\o\\Ql\o

(a) An original spac& (b) A tiled spaceZ;;;.q

Skewed
Skewed

——O0—»0—» \ \\/ 2

@) —0 = —=0_ (0)

4 ) O—»0O—0—»0
’ Tiled
N \O—»O—»O—»O _> i i i i

T - O—»O—teO—»0
7 1

q=(1) =)
(c) A skewed spacg**<*! (d) A tiled space ofgkewed

Figure 6.4: Skewing.
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vectors ofZ arecfl = ( (1) ) andci; = ( 1 > The skewed spacE****? has dependence

vectorsd, = ( (1) ) andd, = ( é ) which are legal. Figure 6.4-(b) and (d) show the
tiled spaces off andZ***v¢¢, The tiled spac&,;.; of an original iteration spacé in

Figure 6.4-(b) is specified b{ ; (2) ) The tiled spaceiwed of skewed iteration

spaceZ**eved is specified by< (2) (2) )

—

Definition 6.1 When the tiling space matri® is of the formB = (b:bg ceobp), S =
be;,b; > 1,b; € I,¢€;isith column of an identity matrix,..,, B is called a normal form

tiling matrix.

WhenB is in the normal form,

by 0 0

- : 0

0 0 by,

Then,

O

0 4 .

U — ) b.2 .

S 0
0 0 i

Non-rectangular tiling can be converted into rectangular tiling by applying skewing an

iteration spac€ and then choosing a normal form tiling space matrix.

6.1 Dependences in Tiled Space

e 7 tile t_) t: 7 I = .
ProposﬂmnG.lWhendﬂ{ ( i), ’(f) },d:Bti—Fli,lSZST’,

i
wherer is a function of3 andd.
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<0,0> <0,1>

0,2 0,3
O
. Sits
i 8 1t2
O
oy
_____ .
[0,0]
O O O O
[1,0] [1,1] [1,1] [1,1]
<1.0> <1.1>

Figure 6.5: lllustration ofl = Bt + I.
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Figure 6.5 shows an example for Proposition 6.1. For simplicity, only two dependence
vectors are captured. However, every iteration point except boundary points has same
dependence patterns. Actual&, andd, are same dependence vector, but their positions
in an iteration space are different; is defined between two iteration poin 2)” and
(2,1)7, andd, between(0, 3)” and(2,2)7. In this tiling scheme, the tiling space matrix
B = ( (2) g ) is used. An iteration point0, 2)* is mapped tq0, 1,0,0)7 in the tiled
space(2,1)" to (1,0,0,1)7, (0,3)T to (0,1,0,1)7, and(2,2)” to (1, 1,0,0). In the tiled
space, the dependence vector is defined in the same way as in an original iteration space.

Let Zyieq(sink(d;)) and Zy.q(source(d;)) be corresponding iteration points in the tiled

space of the sink and the sourcedofn an original iteration space respectively.
dziled = Itiled(smk:(ci;)) — Itiled(source(cﬁ)).

The corresponding dependence veaify,,, in the tiled space is defined as follows.

= tiled 7 t;
di — dtiled = < f )
K

Ao = Tritea(sink(dy)) — Tea(source(d,))
= Itiled((2, 1)T) - Itiled((oa 2)T)
1 0
0 1 -1
0 0
1 0
= (L)
L |
- 0
= ()
By = Tiirea(sink(ds)) — Tyirea(source(ds))
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= Ztitea((2,2)") — Tyi1a((0,3)7)

1 0
, 1 1 0
dtiled - 0 - O = O
0 1 -1

- (o)

>~ \o

- 0
Proposition 6.1 shows that the relation between a dependence vedarid its corre-
sponding dependence vectordp,.q. Figure 6.5 shows that an iteration point2)7, the

source ofdy, in an original space is mapped to an iteration p@n6)? in an original space

by Bit;.

B,f, + the source ofl;

(20 LY (0

B 0 2 ~1 2

B 2

— 0 )
By addingBt to an iteration point,,, ¢, is mapped to the iteration poif in the different
tile, whent # 0 2. The intra-tile positions of;, and of; within their own tiles are
same. For example, an iteration pofat2)” is located in0, 0] of the tile< 0,1 >, and an

iteration point(2, 0)” is located inf0, 0] of the tile < 1,0 >. By adding intra-tile vectot,

to the iteration point2,0)7, an iteration point2, 1)7, the sink ofdy, in an original space

2In case oft = 0, Ci;tiled = ( (ll ) which is a trivial case.

126



is reached.

B,i, + the source ofl; + I

2
0

(a)+
()

the sink ofcfl

0
1

:>Blﬂ+l_i

2
1

0
2

(
(

-

)-(

1-

Similarly, d, can be expressed as follows.

)

the sink ofd, — the source ofl;

)

JQ = BI{Q + l;
2\ (20 1Y (0
-1/ 0 2 0 -1 )
6.2 Legality of Tiling
Definition 6.2 Let# = (x1, 2y, -, 2,)" @andy = (y1, 42, -+, yn)’ ben-dimension vec-

tors. When there ig 1 < ¢ <n — 1suchthatr; = y; andx; <y forj, 1 <j <i—1,it

is said thatr lexicographically precedeg, which is denoted with¥ <. 7.

Definition 6.3 When( ., Z, it is said that a vectof is lexicographically positive.
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Definition 6.4 Wheni = (i, iy, ---,i,)",i; € R,1 < j < n, |i] means applyind | to
every elementin. || = (|1], [i2],- -, |in])T. By the definition of |, we may definéi |

by applying| | to every element except integer elements in

Theorem 6.1 Tiling is legal if and only ift,’s are legal ort, = 0.

LSHL

(Proof) (=) If tiling is legal, all dependence vectofs

o~
N

) , 1 <i <rinthe tiled space

are legal. If( ?’ ) is legal, therY; is legal or(#; = 0 andd = ;). When(f; = 0 andd =

7

fi), ; is legal by the definition ofl.

(<) Whent; is legal forl < i < r, ( ?;i ) is legal for alli, 1 < i < r. Whent; = 0, the
. . 0 0 oo
dependence vector in the tiled spac |% =\ 7/ By the definition ofd, [; is legal.

So,( 19 ) is legal. Therefore, tiling is legal.

(2

1

<~

. t1 I, : :
Lemma 6.1 If eacht; from { ( fl ) Lo, ( li ) },ti,li € I", is nonnegative
1

(i; > 0), then eitherlUd| = | B~'d] is positive, otf; = 0 andd = I;.

<

(Proof) There are the following two cases:

LetZ = (21,29, -+, 2,)T = Ucfandy_; = (Yi1,Yio, '+ Yin)! = Ul;,1 < i < r. Fand

7; is real vectorsZ, 7, € R"), but from the Proposition 6.%; = (& — #;) is an integer

vector(z — y;) € I™).
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In the first case,

Then

So,

Ud—Ul; >0, (Ud—Ul) e I
;] (Sincet; is integral)
\Ud—Ul;| > T

|Z—gi] > 1
L%—yz’,d
Zfa(|yi,j|<1,1§i§r,1§j§n),

an - yz,nJ

2 —yij) > Lyl <1,(1<i<r,1<j<n)
T — Yij Z 1, (_1<yi,j<1)

Z; > yi,j+1,(0<yl~,j+1 <2)

z;>0,(1<j<n) = >0
= Ud>0
= |Ud] >0

In the second case,



—

So, if#;,1 < i < ris lexicographically positivet 0), thenLUdﬂ >0ord=1.

S = . iy t1
Lemma 6.2 |Ud] > 0 is a sufficient condition fov{ ( 1 > :

all legal dependence vectors.

(Proof) We know thatl = Bf; +1;, 1 < i < r. Letvi = (i1, Yios s Yin). = Ul;.
= (tix,tia, -, tin)" is aninteger vector.

If |Ud] > 0, then

\Ud] = |&+Ul] >0

[tia + Yia
— : >0
Then,
[tij+yig) =2 0,(1<i<r 1<j<n)
tij+uig = 0, (lyigl <1)
tz] > yzj7(_1<_y1]<1)
ti;, > —1
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t;; is an integer such that; > —1. So,t;; > 0At,; € I. It means; > 0. Whent; > 0,

—

7;_1; > is a legal dependence vector. Whign= 0, d = I;. So, ( lg ) = ( ?Z) Is also

-, t_; . - —
legal becausd is legal. Therefore 7 is a legal dependence vector|ifd| > 0.

The legality of dependence vector allows fbto have negative elements. The legal-

—

H 5 . t’L — -, —
ity of ( 7 ) does not necessarily mea(sf ) > 0. So, |Ud] > 0 does not mean

7

i\ o= . [
< i > 0, even if it guarantees the legality <<f 7

Theorem 6.2 |Ud]| > 0 is a necessary and sufficient condition fpe>
(Proof) It's clear from Lemma 6.1 and Lemma 6.2.

Corollary 6.1 When the tiling space matri® is of the normal form, it/ > 0, then tiling

with B is legal.

(Proof) WhenB is a normal form matrix, and > 0, it is guaranteed thai/d| > 0. From

Theorem 6.2, tiling is legal.
Theorem 6.3 For any real numbers andb, |a — b] < |a] — [b].
(Proof) For any real numbet, we define fracpaft) asx — |z]|. By definition, 0 <

fracpar{z) < 1. Thus,

la—b] = ||a] + fracparta) — |b] — fracpartb) |

= |a] — |b] + |fracparfa) — fracpartbd) |
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Since0 < fracparfa) < 1, and0 < fracpartb) < 1, it follows that—1 < fracparfa) —
fracpartb) < 1. Therefore,|fracparta) — fracpartd)| is either0 or —1. Hence, the result.
Also note thata — b| = |a] — |b] if and only if fracparfa) = fracpartd).

When there is a dependence relation between two iteration pgiatedc,, the depen-
dence relation can be expressedchy= ¢; + d. Even in the tiled space, the dependence
relation in the original iteration space should be respected. Otherwise, the tiling is illegal.
The tile to which an iteration poird is mapped should be executed before the tile to which

& is mapped. The difference vectobetween these two tiles can be expressed as follows.

t = |U&] - |Uc]
= U@ +d)| - |UG] (6.1)
> |U(é +d) — Ué | (By Theorem 6.3)
= |ud]
=1 > |Ud] (6.2)

We can find all possible tile vectoby applying Equation 6.1 to all iteration points that be-

long to the same tile. For example, Figure 6.6 shows a part of Figure 6.2. Tke(ilé >
contains 6 iteration points(0,2)7, (0,37), (1,2), (1,3)7,(2,2)7, (2,3)"}. Because all
iteration points except boundary points have the same dependence pattern, we can find all
possible tile vectord, by taking care of all iteration points in a single specific tile. et

be the set of all possiblefor a dependence vectdr

T;={ilt = UG +d)] — |Ui, Vi € a specific tilg.
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<0,0> <0,1>

(0,2) 0,3

1,2) (1,3

Figure 6.6: An example fof ;.

For the tiling scheme in Figure 6.6,

= {0 () () ()

Let (Ud)[k] be thekth element oft/d. When|(Ud)[k]| < 1,1 < k < n, [(Ud)[K]]
is either 0 or -1, and(Ud)[k]] is either O or 1.7 can be found by applying all possible
combinations of | and[] to the elements of/d. Whena is an integer|a| = [o] = a.
Therefore, we need to take care of non-integral element&iinSo, the size off;is 2,

1
wherer is the number of non-integral elementslia. In Figure 6.6,U; = ( ? ) ,

3
0 3
- 2
andd_(_1>.

Uﬂ:(

O Wi
o= O
N~
7 N
o
—
N—



So,

= {02) (2)-(2)-(5)
-{(2)(0) (4G

Definition 6.5 When the first non-zero element of a vedtisrnon-negative, the vectdis

called a legal vector, or the vectaris legal.

Definition 6.6 When the dependence vectbin the original iteration space is preserved

in the tiled space, it is said that tiling is legal for the dependence vettor
Lemma 6.3 If LUJJ is legal, then tiling is legal for a dependence veafor

(Proof) When7; contains only legal vectors, tiling is legal. From the Equation 6.2, we
know that|Ud| belongs toT and that| Ud| is the earliest vector lexicographically
which means that other tile vectarare legal, ifLUaTJ is legal. So,7; contains only legal

-

vectors. Therefore, ifUd| is legal, then tiling is legal.

Lemma 6.4 For an iteration space with the dependence mafbx= (cfl, d}, e ,cfp), if

LUd:»j is legal for all7, 1 < i < p, then tiling is legal.

(Proof) Itis clear from Lemma 6.3.

— —

Lemma 6.5 When—1 < (Ud)[k] < 1,1 < k < n, if (Ud)[k] is negative for somg, then

tiling is illegal for a dependence vectar
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(Proof)7;always contain$Ucfj as its member7; should contain only legal tile vectors in

-

order for tiling is legal. When-1 < (Ud)[k] < 1,1 < k < n, the only possible value that

— — —

| (Ud)[k]] can have is either O or -1.Ud] consists of only 0 and -1. So, whéd'd)[k] is

negative,| Ud| contains at least one -1 fath element. Then, it is guaranteed that at least

one vector ir/; is illegal. Therefore, tiling is illegal.

—

Theorem 6.4 When—1 < (Ud)[k] < 1,1 < k < n, the nonnegativity of every element of

Udis a necessary and sufficient condition for tiling for a dependence véctor
(Proof) It is clear from the Lemma 6.3 and Lemma 6.5.

Corollary 6.2 For an iteration space with the dependence mafbix= (cfl, dy, - - ,cf,,),
when—1 < (Ud;)[k] < 1,1 < i < p,1 < k < n, the nonnegativity of every element of

Ud;,1 < i < pis anecessary and sufficient condition for tiling.

(Proof) It is clear from the Theorem 6.4.
WhenD = (cfl, d;, e ,J;,), p > 2is a dependence matrix in two dimensional iteration
space, each dependence vectocan be specified by nonnegative linear combination of

T 5 r
two extreme vectors. Let, = ( 1 ) and, = ( 12 ) be two extreme vectors from
21 22

D. Then,

—

di:Oﬂ_’i—i—ﬁFQ, (OJZO,ﬁZO,&,ﬁGR,lgiSp).

Theorem 6.5 Tiling with B = (77%) in two dimensional iteration space is legal.

(Proof) B = < " Ti2 ); 4 = ( ;11 + Bire )

To1 T22 ;91 + Bires

U:B_lz

D=

o2 —T12
( , whereA = 711722 — T'12721-
—T21 Tl

U_; _ %( roo  —T12 )<&i7”11+5i7”12>7(1§i§p)

—To1  T11 a;r91 + Biro2
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( Q711722 + ﬁﬂ'127’22 — Q4yT12721 — 517"127”22 )
—Q;Tr11721 — ﬁﬂ“lzrm + ;11791 + ﬁz‘T117”22
( 067;(7’117“22 - 7”127"21) )

@‘(7”117”22 - 7‘127"21)

Vv

From Lemma 6.2, tiling is legal.

It is easy to know thaB = (7}7%) may not be in a normal form.

6.3 An Algorithm for Tiling Space Matrix

From Corollary 6.1, we just need to take care of dependence vectors that have negative

element(s) in order to find a normal form tiling space matrix.

1 1 2
[Example] Let D = 3 1 —1 . We need to take care of dependence vectors

-2 2 3
that have negative element(s))’ =
2

first negative elementD” = -1
3

1 2
( 3 -1 . D" is arranged by the level of
-2 3
1
3 . At the first iteration ofwhile loop, d =
—2
2
—1 | . Here,level(d) is 2. k is 2. The smallest integer value farshould be chosen
3
such thatL@j = [4] = |2] > 0anda > 1. ais 2. by_1) = by is assigned 2. In a
1
similar way at the second iteratiom = 3 |,andkis3.|2| = 2| > 0anda > 1.
—2
ais 3. S0,b(s_1) = b, = 3. All columns in D" are processed. A normal form tiling matrix
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ProcedureFind_Tiling(D)

D : A dependence matrix

begin
D' +— dependence vectors with negative element;
D" «— Arrange column vector i’ by the level of first negative element;
Initialize B by assigning 0 to all elements &f;

while (D" is non-empty)
d + first column vector inD";
D" «— D" — {J’},
k < level of first negative element of

if (d(k—l) = 1) then

a+—1;
else

Find the smallest integer numbersuch thaﬂ@J > 0anda > 1;
endif

if (bx—1) > 0) then I* b1y is already assigned a value. */

if (bk—1) > ) then [* If several vectors have negative element */
b1y o,  [* atthe same level, the smallesishould be chosen. */

endif

else
br—1) < ;

endif

endwhile

return B;
end

Figure 6.7: Algorithm for a normal form tiling space matuix

137



2 0 0
B = 03 0 is found.
0 0 by
500 1 1 2
\UD| = 04+ 0 3 1 -1
00 + -2 2 3
L 3
5 2 1
IS
=2 2 3
| b3 by b3
0o 0 1
= 1 0 -1

5] ] 5]

All column vectors in|U D | are legal. So, from the Lemma 6.4, tiling withis legal. The
returned tiling matrixB may contairb; = 0. In that casep is not of normal form. If the
returnedB containb; = 0, we can assign any positive integer value to skidh order to
make B be of normal form because those dimensions Wjth= 0 do not hurt legality of

tiling.
6.4 Chapter Summary

We have found a sufficient condition and also a necessary and sufficient for tiling under
a specific constraint. Based on the sufficient condition for tiling, we proposed an algorithm
to find a legal tiling space matrix.

When a tiling space matri® is of a normal form, the determinant & is |det(B)| =
II7?_,b;. Here,|det(B)| is the size of a tile, the number of iteration space points that belong to
a tile. Our algorithm considers only legality condition to fiBd However, determining the
size of a tile is a more complicated problem than it appears. When on-chip memory of em-

bedded systems is not large enough to hold all necessary data, tiling should be considered
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as an option to overcome the shortage of on-chip memory before an entire embedded sys-
tem is re-designed. Obviously, tiling requires several accesses to off-chip memory, which
will impose severe penalty on execution time as well as power consumption. To minimize
the penalty caused by accesses to off-chip memory,it is needed to minimize the number of
accesses to off-chip memory, which means that when we choose a tiling space Bhatrix
|det(B)| should be as close as, but not larger than the size of on-chip memory. /After
founded by using our algorithm, if therelis= 0 in B, then:th dimension is a don’t-care
condition, because it does not hurt the legality of tiling. By adjusting the size of a tile in
those don’t-care dimensions, we can make the size of a tile as close as the size of on-chip
memory. That adjustment will be considered in our future work.

Tiling is more compelling in general purpose systems than in embedded systems. In
general purpose systems, the selection of tile sizes [18, 24, 45] is very closely related with
some hardware features like the cache size and the cache line size and some interference
misses like self-interference and cross-interference between data arrays [16, 31, 79]. In-
cluding those factors into our algorithm may help to find better tile size for general purpose

systems.
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CHAPTER 7

CONCLUSIONS

This thesis addresses several problems in the optimization of programs for embedded
systems. The processor core in an embedded system plays an increasingly important role
in addition to the memory sub-system. We focus on embedded digital signal processors
(DSPs) in this work.

In Chapter 2, we have proposed and evaluated an algorithm to construct a worm parti-
tion graph by finding a longest worm at the moment and maintaining the legality of schedul-
ing. Worm patrtitioning is very useful in code generation for embedded DSP processors.
Previous work by Liao [51, 54] and Aho et al. [1] have presented expensive techniques
for testing legality of schedules derived from worm partitioning. In addition, they do not
present an approach to construct a legal worm partition of a DAG. Our approach is to guide
the generation of legal worms while keeping the number of worms generated as small as
possible. Our experimental results show that our algorithm can find most reduced worm
partition graph as much as possible. By applying our algorithm to real problems, we find
that it can effectively exploit the regularity of real world problems. We believe that this
work has broader applicability in general scheduling problems for high-level synthesis.

Proper assignment of offsets to variables in embedded DSPs plays a key role in deter-

mining the execution time and amount of program memory needed. Chapter 3 proposes
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a new approach of introducing a weight adjustment function and showed that its experi-
mental results are slightly better and at least as well as the results of the previous works.
More importantly, we have introduced a new way of handling the same edge weight in an
access graph. As the SOA algorithm generates several fragmented paths, we show that the
optimization of these path partitions is crucial to achieve an extra gain, which is clearly
captured by our experimental results. We also have proposed usage of frequencies of vari-
ables in a GOA problem. Our experimental results show that this straightforward method
is better than the previous research works.

In our weight adjustment functions, we handled Preference and Interference uniformly.
We applied our weight adjustment functions to random data. Real-world algorithms, how-
ever, may have some patterns that are unique to each specific algorithm. We think that
we may get a better result by introducing tuning factors an then handling Preference and
Interference differently according to the pattern or the regularity in a specific algorithm.
For example, whefw - Preferencg/ (5 - Interferencéis used as a weight adjustment func-
tion, settinga = = 1 gives our original weight adjustment functions. Finding optimal
values of tuning factors may requires exhaustive simulation and take a lot of execution time
for each algorithm.

In addition to offset assignment, address register allocation is important for embedded
DSPs. In Chapter 4, we have developed an algorithm that can eliminate the explicit use of
address register instructions in a loop. By introducing a compatible graph, our algorithm
tries to find the most beneficial partitions at the moment. In addition, we developed an
algorithm to find a lower bound on the number of ARs by finding the strong connected
components (SCCs) of an extended graph. We implicitly assume that unlimited number of

ARs are available in the AGU. However, usually it is not the case in real embedded systems
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in which only limited number of ARs are available. Our algorithm tries to find partitions

of array references in such a way that ARs cover as many array references as possible,
which leads to minimization of the number of ARs needed. With the limited number of
ARs, when the number of ARs needed to eliminate the explicit use of AR instructions is
larger than the number of ARs available in the AGU, it is not possible to eliminate AR
instructions in a loop. In that case, some partitions of array references should be merged in
a way that the merger should minimize the number of explicit use of AR instructions. Our
future works will be finding a model that can capture the effects of merging partitions on
the explicit use of AR instructions. Based on that model, we will find efficient solution of
AR allocation with the limited number of ARs.

When an array reference sequence becomes longer, and then the corresponding ex-
tended graph becomes denser, our lower bound on ARs with SCCs tended to be too opti-
mistic. To prevent the lower bound from being too optimistic, we need to drop some back
edges from the extended graph. In that case, it will be an important issue to determine
which back edges should be dropped, which will be a focus of our future work.

Scheduling of computations and the associated memory requirement are closely inter-
related for loop computations. Chapter 5 addresses this problem. In this chapter, we have
developed a framework for studying the trade-off between scheduling and storage require-
ments. We developed methods to compute the region of feasible schedules for a given stor-
age vector. In previous work, Strout et al. [74] have developed an algorithm for computing
the universal occupancy vector which is the storage vector that is legal for any schedule of
the iterations. By this, Strout et al. [74] mean any topological ordering of the nodes of an
iteration space dependence graph (ISDG). Our work is applicable to wavefront schedules of

nested loops. An important problem in this area is the extension of this work to imperfectly
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nested loops, a sequence of loop nests and to whole programs. These problems represent
significant opportunities for important work.

Tiling has long been used to improve the memory performance of loops on general-
purpose computing systems. Previous characterization of tiling led to the development of
sufficient conditions for the legality of tiling based only on the shape of tiles. While it was
conjectured that the sufficient condition would also become necessary for “large enough”
tiles, there had been no precise characterization of what is “large enough.” Chapter 6
develops a new framework for characterizing tiling by viewing tiles as points on a lattice.
This also leads to the development of conditions under the legality condition for tiling is

both necessary and sufficient.
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