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Abstract

Greenberg asked whether arithmetically equivalent number fields share the same
Iwasawa invariants. In this dissertation it is shown that the problem naturally
breaks up into four cases, depending on properties of Galois groups. This analysis
is then used to give a positive answer to Greenberg’s question in some nontrivial

examples.
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Introduction

Take Q to be the algebraic closure of Q. Galois proved that two number fields K and
K' are isomorphic if and only if the Galois groups Gal(Q/K) and Gal(Q/K') are
conjugate in Gal(Q/Q). We also know that K and K’ share the same zeta function
if and only if Gal(Q/K) and Gal(Q/K') are locally conjugate in Gal(Q/Q). While
standard conjugation (which we call global conjugation) is a single action on the
entire group, local conjugation is a distinct action for each individual element.

Because the zeta function is an invariant of a number field it follows that:

KgKlicKZCK/

In 1926, Gassmann showed that the converse need not hold [7]. If K = Q(v/a)
and K’ = Q(¥/16a) with a a square free integer not in the set {1,2,—1, -2},
then (x = (x but K % K'. Traditionally, two fields with the same zeta function
are called arithmetically equivalent. This, however, depends on whether or not we
consider QQ to be our base field. We will use a broader definition; for our purposes, if
the Galois groups Gal(N/K) and Gal(N/K') are locally conjugate in Gal(N/F),
with N a normal closure of K - K’ over some field F', then we say K and K’
are Gassmann equivalent over F'. So Gassmann equivalent fields are arithmetically
equivalent. There are four different fields that we need to consider: the base field
F, the two arithmetically equivalent fields K and K’, and their common normal
closure N.

Any number field K has a class group that we denote €I(K). This group is
invariant under isomorphism. The class group of K is trivial if and only if the ring

of integers Ok is a unique factorization domain. So the order of the class group



could be considered a measure of how far a ring of integers is from being a unique
factorization domain. The class group is known to be finite and abelian. So the
class group is a direct product of finite p groups where p € Z is prime. The p part
of the class group will be denoted €L,(K). In 1994 Perlis and de Smit showed if
K = Q(¥/a) and K’ = Q(v/16a) and a € {—15,—31, —33, —63, 65, 66, —65, —66},
then €hL(K) # €hh(K') [3].

Fix a prime p € Z. A Z,-tower is an infinite chain of number fields {K C --- C
K, C ---} where the Galois group Gal(K,/K) is cyclic of order p". This tower
will be denoted K.,/K. A number field K has degree n = r; + 2 - ro where r;
and 79 are the number of real embedding and complex embeddings respectively.
For any number field K there are exactly 1 + ry independent Z,-towers. This is a
corollary of Leopoldt’s conjecture which P. Mihalescu proved in 2009 [10]. What
this indicates is that a number field K will have at least one Z,-tower, namely the
cyclotomic tower. When K is real this tower is totally real Z,-tower.

Iwasawa studied the class groups of these Z,-towers and showed that for any

Z,-tower there are integer values A, i1, v and ng such that for any n > ng we have:

pr =] €y (Ky) |

These values are called the four Iwasawa invariants. Often they are referred
to as the three Iwasawa invariants. This is understandable since the formula is
a statement about an infinite tail. One might ask if two towers share the same
Iwasawa invariants. The towers could have different values of ng, but the p parts of
the class group could still coincide on a tail. So the values A\, and v may initially
be different, but after a given shift (see lemma 3.2), we will see the values A,u and

v are the same.



Iwasawa’s student R. Greenberg asked whether the [wasawa invariants of cyclo-
tomic Z,-towers over a pair of arithmetically equivalent fields are the same. We
generalize his question in chapter 3 as follows:

Do parallel towers over Gassmann equivalent fields share the same Iwasawa in-
variants?

J. Oh has shown that the X invariants of parallel cyclotomic towers over Gassmann
equivalent feilds are the same [11].

Take F/F to be our Z,tower. We see in lemma 3.4 part a) that F, C K
implies that F,, C N and by part b) that F,, C K if and only if F,, C K’. So there
are two values: ¢ which is the largest integer such that F. C K, and d which is the
largest integer such that Fy C N.

We call the value d the lag of the tower. This is because there is a canonical
isomorphism from the Galois groups of K, and K|, over Fy to the Galois groups
of K; and K J’ over F for all 7 > d. So once we establish Gassmann equivalence
at level d then Gassmann equivalence will be preserved for the remainder of the
tower.

But K, and K, might not be Gassmann equivalent over F,;. By Theorem 3.8
part a), K, and K/, will be Gassmann equivalent over Fj. So take b < ¢ to be
maximal such that K; and K, are Gassmann equivalent over F,. By lemma 3.7
K, and K/, are Gassmann equivalent over Fy if and only if they are Gassmann
equivalent over F,.. Thus, we have Gassmann equivalence at level d (hence for the
rest of the tower) if and only if b = ¢. We call ¢ — b the obstruction and we call ¢
the quasi-obstruction. This is because ¢ = 0 implies that ¢ —b = 0. Based on these
values, the tower can fall in to one of four possible categories.

The first category is called the trivial category. If d > 0 and K, and K, are

isomorphic, then we call the tower trivial. This is because isomorphic fields will al-



ways share Iwasawa invariants. In this category the answer to Greenberg’s question
is always yes.

The second category is called the simple category. We call the tower simple
when d = 0. There are two reasons for this name. The first reason is that whenever
Gal(N/F) is simple, d = 0 automatically. The second reason is that when d = 0
there is a canonical map from Gal(N/F') to Gal(N;/F;) for any given j > d.

The third category is called the reducible category. In this case, K and K, are
Gassmann equivalent over Fy, but are not isomorphic. Any reducible tower over
base field Fy can be considered as a simple tower over base field Fj;. So we can
consider the reducible case and the simple case to be the same.

Both the simple case and the reducible case will yield the canonical isomorphism.
So in answering Greenberg’s question these two categories could be considered as
the same category.

Our last category will be the latent category. This is when K, and K, are not
Gassmann equivalent over Fy. This holds if and only if ¢ # b. We use the word latent
because a local conjugation is hidden within the group Gal(N/F;) but revealed
when we expand to group Gal(N/Fy).

When H and H' are locally conjugate in G, we can call (G, H, H') a Gassmann
triple. The local conjugation is a bijection. So | H |=| H' | and [G : H| =[G : H'].
We call the value [G : H] the degree of the triple. There are exactly 19 Gassmann
triples of degree at most 15, up to isomorphism [1]. Using GAP4, we determine the
possible properties these 19 groups could have if realized as Galois groups. Any
Gassmann triple will be the base of some simple tower. One example would be
when p does not divide the order of G. But could any of these groups fall into the

other three tower categories? We answer this question in chapter 4.



We note that these definitions give a possible blue print for the Galois groups,
but give no indicatioin if such groups can be realized as Galois groups within an
actual Z,-tower. At this point, we do have examples of “latent groups,” but we do
not have examples of “latent towers.”

We have a specific result in chapter 5. If K = Q(¥/a) and K’ = Q(v/16a) with
a a square free integer not in the set {1,2, —1, —2}, then K; = K| when i > 1 for
any Z,-towers K and K’. This result follows from an analysis of the Galois groups,
and in all cases the towers must fall into the trivial category. Thus the answer to
Greenberg’s question will be yes.

Suppose that H = Gal(N/K) and H' = Gal(N/K') are locally conjugate in
G = Gal(N/Q). The modules Q(G/H) and Q(G/H’) are isomorphic. We can take
any matrix mapping Q(G/H) to Q(G/H') and by canceling denominators, we can
construct a matrix with entries in Z. Possibly the determinant will change. This
will yield a homomorphism from Z(G/H) to Z(G/H’). This matrix could be an
isomorphism from Z,(G/H) to Z,(G/H') as Z,(G)-modules. If this is the case then
Cl(K) = CL,(K’) [14].

To determine if €I,(K) = €L,(K’) we need to compute invertible matrices map-
ping Z(G/H) to Z(G/H'). A matrix is called doublly stochastic if the sum of the
entries in every row is equal to the sum of the entries in every column. We show that
these matrices are doubly stochastic. However, we show something even stronger.
If a matrix has entries in ring R we call the matrix general doubly stochastic if
any value r € R occurs the same number of times in every row and the same
number of times in every column. We see that general doubly stochastic implies
doubly stochastic. By proposition 6.11 all these matrices will be generally doubly
stochastic. If p does not divide the determinant of such a matrix then we will be

able to map €lL,(K) to Cl,(K).



We apply these matrices to our four types of towers. We skip the trivial case
because the answer to Greenberg’s question is yes. Both the simple and reducible
cases will yeild the canonical group isomorphism. The canonical map will preserve
the same doubly stochastic matrices from level d to level j with j > d.

In the latent case, all matrices at level d will have determinant 0. Thus p will
divide the determinant for all primes p. However we can construct matrices for Ky
and K, over F; with nonzero determinant and matrices for K; and K ]’ over Fj, with
nonzero determinant, where 7 > d. But the base field Fj will remain fixed. So as
j tends to infinity, the dimension of the matrix will also tend to infinity. However,
by lemma 6.18, if there is a matrix A at level (Kg, K, Fy) such that p t det(A)
then there is a matrix A* at level (K}, K}, Fy) such that p { det(A").

So the algorithm for solving Greenberg’s question will be as follows. Take K and

K’ Gassmann equivalent over F. Compute our values ¢,b and d.

Step 1) If Kq = K then K; = K for all j > d and the answer to Greenberg’s
question is yes.

Step 2) If b = ¢ we have either a simple or reducible tower. In both of these
cases there will be a doubly stochastic matrix A at level (Kgq4, K}, Fy). If p 1 det(A)
then €I, (Ky) = €l,(K7). But €[,(K;) = €l,(K}) using the same matrix A, and the
answer to Greenberg’s question is yes.

Step 3) If b # ¢ we have a latent tower and such a matrix can not be constructed
for K4 and K, over F,;. However such a matrix A can be constructed for K, and
K} over Fy. If p { det(A) then €I,(Ky) = €l,(Ky) and €l,(K;) = €[,(K}) using a

larger matrix A* with p { det(A). The answer to Greenberg’s question is yes.



Note if all such matrices are divisible by p then our method will not yield an

answer to Greenberg’s Question.

In the final chapter, we attempt to better understand these matrices by realizing
the Gassmann triples under geometric construction. Listing the triples in order by
index, the first four triples will have indices of 7,8,8 and 11. Note that the matrices
will map Z,(G/H) to Z,(G/H’). So the index of the triple is the dimension of the
matrix. The parent group G acts transitively on both G/H and G/H'. Thus G
acts transitively on the rows and the columns of the matrix.

The parent group of the triple with index 7 will be the simple group of order
168. This is the automorphism group of Fano plane. The subgroup that fixes a
single vertex will be H and the subgroup that fixes a line of the Fano plane will
be H'.

The parent group of one triple of index 8 is GL(3,2), which has order 48. Geo-
metrically, we construct the affine geometry of order 3, which has 9 vertices and 12
lines. By omitting one vertex we will have 8 vertices and 8 lines. Again, the group
that fixes a vertex will be H and the group that fixes a line will be H'.

The other triple of index 8 will have a parent group of order 32. To construct
this group geometrically, take the 8 vertices to be the corners of a cube. Then
twist the top face 45 degrees. Instead of considering lines with 3 vertices, we need
to consider planes with 4 vertices. Under this construction, there are 10 planes
determined by 4 vertices, but this includes the top and bottom planes which will
only map to each other. Group G will act transitively on the remaining 8 planes.
Thus, the group that fixes a vertex will be H, and the group that fixes one of these

8 planes will be H'.



All three of these constructions are matroids. The subgroup H fixes an element
of the matroid, while H' fixes a circuit. Can this construction be generalized to
any Gassmann triple?

The parent group of the triple with index 11 will be the simple group of order
660 and the subgroups H and H' are both isomorphic to the automorphism group
of a buckyball (or soccer ball). But can we realize this group of order 660 as the
automorphism group on 11 vertices? There is such a construction in E. Brown’s
“Fabulous (11, 5,2) Biplane”. Again H will fix a vertex, but H' will fix a collection
of 5 vertices which Brown calls a “block” or a “variety.”

As a matroid, this block would be a circuit of order 5. That would make the
dimension 5 — 1 = 4 and geometric constructions are difficult to visualize in di-
mensions greater than 3. So although this matroid construction is interesting, it
is not practical for our purposes. There is more information in a matroid than we
actually need. Simply taking vertices and blocks as in Brown’s construction will
be enough.

The appendix has a matrix for each of the 19 triples with degree less than
16. DeSmit has listed the values of p for which Z,(G/H) % Z,(G/H’) as Z,(G)-
modules for each of the 19 triples. We do not verify his result here. However for
each triple we construct a matrix with determinant that is a power of a single
prime. And in each case the prime is the value p for which Z,(G/H) % Z,(G/H')

according to deSmit.



Chapter 1

Local Conjugacy and Gassmann
Equivalent Groups

Unless stated otherwise the letters B, B', G, H, H', M, V, W, X and Y will be groups,

possibly infinite, with the following properties.

e [ and H' are subsets of G

o W <G such that W c Hn H’

M <1 G such that M ¢ HN H'

e B=HNMand B=HnNM

The groups V', X and Y will be arbitrary

Let x,y € GG. The notation x ~¢g y denotes that x is conjugate to y in G.

Definition 1.1. Let H < G and H' < G. We say that H and H' are locally
conjugate in G (or LC in G) if there is a bijection ¢ : H — H' such that for each
h € H then ¢(h) ~¢ h. The map ¢ is called a local conjugation. We denote that

H and H' are locally conjugate in G by H ~%¢ H'.

Definition 1.2. If there is an element g € G for which gHg ' = H’ then H and

H' are globally conjugate denoted H ~g H'.

Notice that H ~g H implies the H ~!%°¢ H'. This follows directly from the
definitions. But does the converse hold? If H ~%¢ H’ there may not be a single

element in G that conjugates H and H'.

Definition 1.3. If H and H' are locally conjugate in G but not conjugate in G,

then we say that H and H' are non trivial local conjugates in G (or NTLC).



Example 1.4. Let G = {a®3*v°} with the following relations.

o(a) =8 fa=a’p
o(B) =2 ya = a’y
o(y) =2 By =~p

This group can also be denoted (Cg x Vy). If we let H =< 8,7 >= {e, 5,7, 57}
and H' =< 3, a'y >= {e, 8, a'y, a8y} then by taking ¢ to be the bijection taking

each displayed element of H to the corresponding displayed element of H' we have

efet =B =¢(8)

Yy =a'y =¢(v)

aya’ = aa®y = a*(a®)
2808 = a?Ba*y = a?Bal(ad)ty =

— 0426046’7 — 04206186’7 —

= a’(a®)?By = a'By = ¢(B7)

Thus H ~%¢ H'. By way of contradiction suppose there is some g = a"™* € G
for which gHg™' = H'. Now gHg™' = o"(B"y*)H(B™v*)"'a ™ = a"Ha™". So

without loss of generality we can suppose m = k = 0. Now:

10



Oénﬁ()é_n — OénOé_3nﬁ — a—2n6 — Oé6nﬁ
Ozn’)/Oé_n _ ana—fm,}/ — a—4n,y — O[4n,y

Cknﬁ")/Od_n — OénBOé_Em")/ _ a”a‘lS"ﬁ’y —

— 04714n6,7 _ OéZnﬁ’}/

This forces:
a) a8 = B and 6n =0 (mod 8)
b) a'"y = a'y and 4n =4 (mod 8)

But a) implies that n is even while b) implies that n is odd. This is a contradicition.
This example shows us that H ~%¢ H' 4 H ~g H' .

Lemma 1.5. Let X be a subgroup of Y. Then H and H' are locally conjugate in

G iff Hx X and H' x X are locally conjugate in G X Y.

Proof: = Let ¢ : H — H’ be a local conjugation in G. Define ¢ : H x X —
H' x X by ¢(h,z) = (¢(h),z). There is g € G such that ¢(h) = ghg™'. Hence
(g9,1y)(h,x)(g,1y) "t = (ghg™ ', 1yxly) = (¢(h),z) and ¥ is a local conjugation.

< Let ¢ : (H x X) — (H' x X) be alocal conjugation in G x Y. Notice for any
h € H there is some (g,y) € GxY sothat Y(hx1x) = (gxy)(hx1x)(gxy)™' =
(ghg™',yy™) = (ghg™',1y) and we have that ¢(h,1x) ~gxy (h,1x). Hence v
induces a bijection from H x {1x} to H" x {1x}. So define ¢ : H — H' to be the
bijection induced by . Thus h ~g ¢(h) for each h € H. Therefore ¢ is a local
conjugation. O

Recall that ¢ denotes the conjugacy class of ¢ in G.

11



Definition 1.6. (Gassmann’s condition) The triple (G, H, H’) is called a Gassmann

triple if for all g € G we have that | ¢ N H |=| ¢ N H' |

Lemma 1.7. If (G, H, H') is a Gassmann Triple then H and H' are locally con-

Jugate in G.

Proof: Suppose |g% N H| = |¢g¥ N H'| for all g in G. Fix o € H and take any
bijection 1, : «NH — a“ N H'. Note as a varies over H the sets o N H partition
H. Now define ¢ : H — H' so that its restriction to each equivalence class a® N H
is 1. So 9 is a bijection. If h € H then ¥(h) € h® N H'. Thus v(h) € H' with
¥(h) ~g h. Therefore v is a local conjugation from H to H'. O

We will see in Proposition 1.15 that the converse also holds.

Proposition 1.8. The following are equivalent.

a) H and H' are locally conjugate in G
b) H/W and H'/W are locally conjugate in G /W
c) HxV and H x V are locally conjugate in G x V

d) H x 1y and H' x 1y are locally conjugate in G x V

Proof: Note that a) < ¢) is an application of Lemma 1.5 where Y = X =V and
a) < d) is an application of Lemma 1.5 where Y =V and X = 1y,. We need only

check that a) < b).

a) = b)

Let ¢ : H — H' be a local conjugation in GG. Fix g € G. We want to show that
| (g Y N H/W |=| (gW)V N H'JW |. So let Sy = {z € G | zW ~gw gW}.
Let Ty = HN S, and let T, = H' N S,.

12



If h € T, then ¢(h) € H'. But ¢(h) ~g h and hW ~gy gW thus ¢(h)W ~cw
gW.So ¢(h) € S, and ¢(h) € T,. Thus the image of T, through ¢ is a subset of
T;. By symmetry the image of T, through ¢~' is a subset Ty. Since ¢ and ¢~" are
both injective it follows that ¢ is a bijection from T}, to T;. And | T, [=| T, |.

If yW = 2W and x € T, then y € T, by construction. Thus for all z € T
we have that W C T; likewise for all x € T, we have that xWW C T,. But by
construction

zeT,iff aW € {gWV nH/W}.

Thus if we take € T, then
| gW Y NHIW =Ty | [ | 2W =T, |/ | W].

Likewise

x €T, iff W € {gW" N H' /W}

and | gWWNH /W |=|T) | /| W |.

Hence
| gWE N NHIW =T, | ]| W =T, | | W |=[ W nH /W |

So (G/W,H/W, H' /W) forms a Gassmann triple. Therefore by Lemma 1.7 it fol-
lows that H/W and H'/W are locally conjugate in G/W.

b) = a)

Let ¢ : H/W — H'/W be a local conjugation in G/W. Fix g € G. We want
to show that | ¢¢ N H |=| ¢ N H' |. Tt is enough to show that | ¢ N AW |=|
g“Np(hW) | for all h € H.

Fix h € H. Since v is a local conjugation there is aW € G /W so that (aW)(hW)(a W) =
PY(hW). Let T = g% N hW. Notice aTa™t C ¢ Ny(hW) and aTa! C ¢¢

with | T |=| aTa™! |. Hence | ¢ N AW |<| g% N y(hW) |. By symmetry

13



| g% VAW |>| g¢ N (kW) | and
| g N AW |=] g€ Np(hW) |

This holds for all h € H. And since:

H= |J mWandH = [] o(hW)

hWeH /W RWEH/W
We have that:
g“nH|= | newi= > [g“nnw |
KW EH/W KW EeH /W

and

" nH = |J ¢“nemW)l= D 1gnemw)|

KW EeH /W hWeH/W

So it follows that | ¢ N H |=| ¢ N H' |. Hence (G, H, H') forms a Gassmann
Triple. Therefore by Lemma 1.7 it follows that H and H' are locally conjugate in

G. 0O

We can make a similar statement about global conjugacy.

Proposition 1.9. The following are equivalent.

a) H and H' are globally conjugate in G
b) H/'W and H'/W are globally conjugate in G /W
c) HxV and H' x V are globally conjugate in G x V

d) H x 1y and H' x 1y are globally conjugate in G x V

Proof: Suppose (gxv) € GxV. Then (gxv)(HxV)(gxv)™! = H'xV will imply

that (g X v)(H X 1y)(g X v)™* = H’ x 1y which in turn implies that gHg™' = H'.
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Soa)=c)=d). If gHg~' = H' then (g x 1y")(H x V)(g x 1)~ = H' x V. Thus
d) = a). We now need to check that a) < b)

a) = b) Suppose there is g € G so that gHg = H'. So because W <1 G we have
(gW)(h-W)(g~'W) = (ghg™")W with ghg~" € H'. Thus (gW)(H/W)(g~'W) C
(H'[IV"). Hence (g1V") (H/W)(g~'W) > (H'/W) by symumetry and (g1V") (H/W) (g~ W) =
(H'/W).

b) = a) Suppose (¢gW)(H/W)(g~'W) = (H'/W) with g € G. Fix h € H. So
(gW)(h-W)(g~'W) € (H'/W). So because W <G we have that (ghg~" )W € H'/W
and gHg™' C H'. By symmetry ¢ 'H'g C H and gHg™' = H’ completing the

proof. O

Remark 1.10. Suppose X and Y are subgroups of GG. Then for all v € G we have

that y(X NY) =4X NAY

Proof: Take g € (X NY).Sovy 'g € XNY C X thus g € vX. Likewise g € 7Y
Hence g € v X N~Y

Now take g € v X NY. So g € vX and v '¢g € X. Likewise v g € Y. Hence
ylgeXNYandgey(XNY). O

This remark will apply when acting on the right or the left.

Lemma 1.11. If H and H' are locally conjugate in G, then B and B’ are locally

conjugate in G.

Proof: Suppose that ¢ : H — H’ is a local conjugation in G. Take b € B
arbitrary. Since b € H there is ¢ € G such that gbg~' = ¢(b). Since b € M and
M <1 B’ we have for some g € G that ¢(b) € gMg~" = M. But ¢(b) € H' and thus
¢(b) € M N H = B'. Thus ¢(B) C B'. By a symmetric argument ¢~ !(B’) C B.

But ¢ is a bijection. Hence ¢(B) = B’ and B and B’ are locally conjugate in G. O
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Lemma 1.12. If H and H' are globally conjugate in G, then B and B’ are globally

conjugate in G.

Proof: Suppose gHg = H' for g € G. Thus
9By~  =g(HNM)g~' = (gHg™")N(gMg~")=H NM =B O

Definition 1.13. Let H be any subgroup of GG. The we define the fixed point

character of H in G as follows:

Xa/a = #{vH € G/H | gyH = vH}.

Lemma 1.14. Assume | H | is finite. Let g € G, let C(g) denote the centralizer

of g. Then:

“NH| C

Proof: Notice for all g and v in G we have that
gyH = vH iff v 'gyH = H iff g € yH~ L.
But vH = ~vh;H for all h; € H. Thus

xa/u(g) = #{vH | gyH = vH} = #{vH | gy € vH}

_ #HyveG|lge~vyHy !
— ol | g ey} = 21 ||f[|7 L.

So it is enough to show that

#{veG|gevHy '} =|Calg) || ¢ NH |

We have two cases:
Case 1) g NH =0 iff Vy € G, g ¢ yHy ! and our formula holds.
Case 2) If g°NH # O let | g“NH |= m withm > 1. Take ¢ NH = {hy,..., hy}.

For each h; there is 7; € G so that y;97; . Let S = {71,...,%m}. Note that
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| S |= m since the 7;’s are pairwise distinct. Suppose v € G with v 1gy € H. So

v tgy = h; for some i. Thus 7~ 'gy = 7; *g7v. Now set a = v, '. Then v = a

and v; (a"tga)y = v lgy = 7 1g7i. By cancelation g = a~'ga and a € Cg(g).
Conversely take 7; € S and a € Cg(g). Thus v;a € {v € G | g € YHy '}

Therefore

#{reGlgerHy '} =S| Calg) |=m-| Caly) |=

=l ¢“NH || Calg) | = ¢° N H || Calg) |
completing the proof. O

Proposition 1.15. Assume | H | is finite. The following are equivalent:
a) XG/H = XG/H'
b) (G,H,H') forms a Gassmann triple

¢) H and H' are locally conjugate in G

Proof: a) = b) Suppose that xc/u(9) = xe/u(g) for all g € G. We want to
show Gassmann’s condition holds. By our formula in lemma 1.14 we need only
show that | H |=| H' |. Notice xg/u(ly) = xc/m(1y) and |G : H] = [G : H']. So
| H |=| H' | and by lemma 1.14 | ¢ N H |=| g " H' | for all g € G.

b) = ¢) Lemma 1.7.

¢) = a) Suppose that ¢ : H — H’ is a local conjugation in G. Fix g in G.
With out loss of generality suppose that |¢¢ N H| > [¢“ N H'|. If [¢¢ N H| = 0
then |g¢ N H'| = 0 and we are done. So take h € ¢“ N H. Hence h ~g g and
Y(h) ~g h thus ¥(h) ~¢ g with ¢(h) € H'. So v induces a map from g% N H to
g% N H'. Therefore |[¢9 N H| < |¢g“ N H'| and |¢¢ N H| = |g% N H'|. Tt follows that

| H |=| H'|. Thus by lemma 1.14 a) holds. O

Remark 1.16. Suppose G/M is abelian. If H ~%¢ H, then MH = MH'.
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Proof: Let ¢ : H — H’' be a local conjugation in G. Now suppose h € H and

v € G such that ¢(h) = yhy~!. Because G/M is abelian we have:

M(h) = Myhy™ = (My)(Mh)(My™)

= (M) (M~ (Mh) = yy*Mh = Mh

The remark follows directly. O

Remark 1.17. Suppose G = M H. For any m; € M it follows that m;gH = gH’ if

and only if mymB = mB where g = mh with m € M and h € H.

Proof of remark: Suppose miymB = mB. Then migH = mimhH = mimH =
mbH for some b € B. But B C H thus m;gH = mH = mhH = gH.

Suppose migH = gH, so miygH = mhH = mH. So there is ho € H so that
mhy = migh™ = mym. Thus hy = m~'mym, but m~'m;m € M. Hence hy €
M N H and mym € m(M N H) = mB. Therefore m;ymB = mB. This proves the

remark. O

Proposition 1.18. Suppose H and H' are locally conjugate in G and G /M is
abelian.

a) B and B' are locally conjugate in M if and only if B and B’ are locally
conjugate in M H

b) If G = M H then B and B’ are locally conjugate in M.

Proof of a): = If ¢ : H — H' is a local conjugation in M, then ¢ : H — H' is
also a local conjugation in M H.

< Because G/M is ableian MH = MH' Because H ~%° H' if follows that
| H = H'|| B = B' | and [H: B] = [H': B
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Suppose that Xy /B = Xmar/p in MH = MH'. Fix m € M. We want to show
that xa (M) = Xm/B/m). So fix m;B € M/B and h,B € H/B. Notice B < H

and so we have that h;B = Bh;. Thus:

But this is true for all h,B € H/B. So xXapu/p(m) = [H : B]x /. By symmetry
xma/g(m) = [H' : B'lxyyp. Hence [H : Blxyyp = [H' : B'|xmyp and xy/p =
X, pr- Therefore B ~%¢, B" implies that B ~if¢ B'.0

Proof of b): By lemma 1.11, H ~!%¢ H’ implies that B ~%¢ B’. By our work in
part a), B ~%¢, B’ if and only if B ~%% B’. By assumption M H = G. Therefore
our claim holds. O
Remark 1.19. The group G acts on G/H by left translation. This gives the group
homomorphism 7 : G — Sym(G/H). Recall that this action is called faithful if
| ker(m) |= 1.

Remark 1.20. Notice also G acts on G/H' by 7’ : G — Sym(G/H"). We will see in
Proposition 1.25 if H and H' are local conjugate in G then that ker(n) = ker(n').

So if H and H’ are locally conjugate, 7 is faithful if and only if 7" is faithful.

For our purposes we assume that ker(w) and ker(n’) are both finite.
Lemma 1.21. ker(r) = (| cq(9Hg™")

Proof: Let v € ker(r) and g € G be arbitrary. We want to show that v € gHg™;
that is vg € gH. Since v € ker(rw) it follows that vgH = 7(v)(gH) = gH. But
vg € vgH. Thus vg € gH and v € gHg™!. Since g was arbitrary in G, it follows
that v € (N,eq(9Hg™)

Now take v € ﬂgeG(gHg_l). Let #H € G/H. Notice v € xHx ! so yx € *H

thus yoH = xH. Therefore v € ker(m). O
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Corollary 1.22. Ifx € ker(m) and x ~¢g y then y € ker(r).

Proof: Let x € ker(r) and x ~¢g y. So there is z € G such that zzxz"! €
Neyea(zgHg ™ 27") = N,eq(gHg ™) = ker(m) O
Remark 1.23. If V 9 G and V < H then V' < ker(r).

Proof of remark: By definition gV g=! = V for all ¢ € G. Thus gVg~! =V for
all g € G. Applying lemma 1.22 completes the proof. O
We will make use of this remark in Chapter 2. For 1.24 and 1.25 we assume that

H~g H'.
Lemma 1.24. ker(r) < H(H’

Proof: By lemma 1.21 ker(m) = (,cq(9Hg™") < H. So we need only check
that ker(m) C H'. Take ¢ : H — H' a local conjugation in G. So by lemma 1.21
¢(ker(m)) C H'. Take h' € ¢(ker(mw)) There is h € ker(mw) such that ¢(h) = .
Hence h' ~g h with h € ker(m).

By lemma 1.22 we have that b’ € ker(w). Thus ¢(ker(m)) C ker(w). Therefore

ker(m) = ¢(ker(m)) C ker(n) = ¢(ker(w)) C H'. O

Proposition 1.25. ker(w) = ker(n’)

1

Proof: Let a € ker(m) and v € G be arbitrary. Notice yay~™' ~¢ a. By lemma 1.22

we have that v 'ay € ker(w). But v € G was arbitrary. Thus a € ﬂveG ~yH'vy=! =

ker(n') and ker(w) C ker(n’). And by symmetry ker(n) = ker(x’). O

Lemma 1.26. Suppose V <1 GV such that G NV is trivial. If we fiv o H,o;H €

G/H and g € G then

g(a;H) = a;H & gu(aHV) = o;HV for allv eV
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Proof: = Suppose g(a;H) = o;H. Fix v € V. Because V is normal in G we have
g(va; HV) = (9o H)V = a;HV .

< Suppose gva; HV = o;HV for all v € V. Take v = 1y and Ozj_lgozi € HV. So
there is h € H such that h_lozj’lgoz,- e V. But h_loz;lgai € G with G NV trivial.
So h_laj’lgai =1 € H. Thus Ozj’lgai = 1¢ € hH = H. Therefore aj’lg@iH =H

and goyH = o; H. O

Remark 1.27. Suppose W = ker(w). Let H/W ~¢gw H'/W with 7 : G — (G/H’)
be defined as above. Suppose also that [H : W] < co. Then (G/W, H/W, H'/W)

is a faithful Gassmann triple.

Proof of remark: From Proposition 1.8 H/W ~qw H'/W. Let G, = G/W,
H,=H/W and H' = H'|W.

Let m, : G. — Sym(G./H,) be defined so m.(g.)(y.Hs) = ¢.y.H, for each
g« € Gy and =, H, € G,/H,.

By lemma 1.21 ker(rw,) = ﬂg*eG g+ H.g;t. So let
yW e ﬂg*eG g+H,.g;'be arbitrary. Hence for each g € G there is h € H so that
yWw = (gW)(hW)(gW) ™! = ghg™'W.

Thus y € ,eq(gHg W) = (ker(m))W = W and yW = W. But W = 1g..
Therefore ker(m,) = ker(w.,) is trivial and (G/W, H/W, H'/W) is a faithful G.T. O

Let Wy denote the smallest normal subgroup of G that contains H. Note that the
intersection of all normal subgroups of G containing H is again a normal subgroup

containing H. Thus Wy can be consider to be this intersection. So if H < W 4G

then Wy < W.

Lemma 1.28. Suppose H ~&¢ H'. Then Wy = W.
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Proof: Let W be any normal subgroup of G containing H. Let h’' € H’. So
there are h € H and g € G such that A’ = ghg™!. Since W is normal in G and
h € H < W we have that b = ghg™' € gWg™ ' =W.

So Wy, is a normal subgroup containing H. Thus Wy, > Wy and Wy = W, O

Suppose H < X <Y and H' < X. The following two statement will follow

directly from the definitions.
Remark 1.29. If H ~x H' then H ~y H'.
Remark 1.30. If H ~%2¢ H' then H ~'% H'.

Take groups Gy and Ggnan such that Giig > Gria > Geman > H and Ggpan >
H'. Suppose H and H' are NTLC in G,,;4. Is it possible to construct such groups
so that H ~g, H' but H 5  H'? To clarify this question observe the table

below.

TABLE 1.1: Comparing global conjugacy and local conjugacy

H and H' within this group are | locally conjugate | globally conjugate
Ghig yes ?
Grid yes no
Gsmall ? no

So our assumption is that H ~° ~H' while H g, ., H'. So in row Gpq the
entries are yes in the first column and no in the second column. By remark 1.30
and the contrapositive of 1.29 there is a yes in the upper left and a no in the lower

right. But what answers can be placed in the upper right and lower left?

Example 1.31. Let G,;q = {a®%y} be a finite group where the relations of «,

[ and v are defined in example ??. Now define an element ¢ so that:
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o(d) =2 da = ad

Bo =0p 76 = ooy

Let Guy =< ,6,8,7 > and Ggnat =< a*, 8,7 >. As in example 77 take

H =< 577 >= {67677757} and H' =< 5,0&4’}/ >= {6,ﬂ,054’}/,044ﬂ’7}. So Gbig >
Goia = Geman > H and Ggen > H'. Since H and H' forms a NTLC in G,,;4 it

follows that H ~g,, H' and that H ¢  H'. Now:

ded = d*e=e
630 =628 =4
570 = datdy = 6%2aty
5376 = §8a’dy = 62Baly = alfy

1

Hence H ~g,,, H'. But Ggpnay is an ableian group. Thus zyxz~' = y for all z,

bi

y € Gyman- Therefore H 765’:

mal

, H'. Thus Gyig, Gidg; Gsman, H and H' satisfy the

table below.

TABLE 1.2: Potential global conjugacy and local conjugacy

H and H' within this group are | locally conjugate | globally conjugate
Ghig yes yes
Gid yes no
Gsma” no no

This example leads to a definition that will play an important role in subsequent

chapters.

Definition 1.32. Suppose H and H’ are both subgroups of Gj,,.;. We say that
H and H’ forms a latent triple if H and H' are not locally conjugate in Ggpau,

but there is some Gy 2 Ggmau such that H and H' are locally conjugate in Gyq.
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We use the word latent, which means hidden, because there is a local conjugation
that is not realized in Gg,,q. The group Ggnay does not have enough elements to
make H and H' locally conjugate, but Gy;y does. We can now apply this definition
to example 1.31

TABLE 1.3: Latent triple

triple locally conjugate | globally conjugate type
(Grig, H, H') yes yes trivial
(Gomia, H, H') yes no reducible
(Gsmalla H7 Hl) no no latent

For our purposes Gy;y will be clear in context. Additionally we will be concerned

with the case when Gy;,qy is a normal subgroup of G,
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Chapter 2

Gassmann Equivalent Fields

All fields in this chapter are number fields. We let F, F, K, K/, L, N, X and Y be

the number fields such that

e Let ' C N is a normal extension

FCENL

FcKnK'

KK'C N

X and Y are arbitrary

The following lemma is a standard result from Galois theory.

Lemma 2.1. Suppose X is normal over X NY . Then under the restriction map

Gal(XY/Y) =2 Gal(X/(X NY)) and this map is a canonical isomorphism.

Proof: Let [X : (XNY)] = n. It follows from the primitive element theorem that
there is some a € X so that (X NY)[a] = X. Thus XY = Ya]. Let f(z) be the
characteristic polynomial of & in X NY. So f is monic and irreducible in X NY.
Since X is normal in X NY we can take, {ay, g, ,a,} € X to be roots of f.

By way of contradiction, suppose there exist g(z), h(xz) € Y[z] monic such
that 0 < deg(g) < deg(h) and f(x) = g(x)h(z). So there are ay,, a4, - ,q;, €
{a1, 9, ,a,}. So that g(z) = (x — ayy) -+ (x — ay,,) € Y[z]. Hence g(x) €
Zlag, ag, - -+, ap) and the coefficients of g are in X. Thus g(x) € (X NY)[z] and

g(x) is a nontrivial divisor of f(x). This is a contradiction. Therefore f is irreducible
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XNy

FIGURE 2.1: Canonical Isomorphism: Proposition 2.1

in Y. Thus Gal(XY/Y) = Gal(X/(XNY)) since they are determined by the same
characteristic polynomial f(x).

Now let ¢ : Gal(XY/Y) — Gal(X/(XNY)) be the restriction map ¢(c) = o |x.
Take 01,00 € Gal(XY/Y) distinct. So there is some § € XY such that o1(3) #
o2(B). Take 8 = Xnja; with n; € X and a; € Y for all j. Then 04(3) = Xoy(n;)a;
for t € 1,2. But oy and o9 both fix Y and o1(8) # 02(8), Hence there is some
ns € X such that oy(ns) # oa(ns). Thus ¢(o1)(ns) # ¢(02)(ns) and ¢ is injective.

Take ¢ : Gal(X/(X NY)) = Gal(XY/Y) with ¢(¢) = & such that if & € X
and f € Y then &(af) = o(a)f. Thus 6(Y) = Y and ¢ € Gal(XY/Y). So
o(d(0))(aB) = ¢(6(aB)) = &(aB) |x= o). This shows ¢ is surjective and thus
bijective. Therefore Gal(XY/Y) and Gal(X/X NY') are canonically isomorphic.
O

We now note the relationship between global conjugacy and isomorphic subfields

of normal number field.

Lemma 2.2. Let G = Gal(N/Q). Let H = Gal(N/K). Then for any o € G we
have that cHo™' = Gal(N/o(K))
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Proof: (Lemma 2.8.7 in Weintraub[16]) Let 8 € K and 7 € H. Then oro(o())
o7(B) = o(5). So all elements that fix o(K) are also in ¢Ho . Thus o Ho ' >
Gal(N/o(K)).

Now take ¢ € Gal(N/o(K)). Fix 8 € K and (07'¢0)(8) = o0~ (¢(c(f))). But
¢ fixes o(K). So (671¢0)(8) = o~ 'o(8) = . Thus 0 '¢o fixes K. By definition
o '¢o € H. Therefore Gal(N/o(K)) <o 'Ho.

Therefore cHo™! = Gal(N/o(K)). O

Theorem 2.3. Let H = Gal(N/K) and H = Gal(N/K'). Then K = K' if and

only if H and H' are globally conjugate in G = Gal(N/Q).

Proof: = Let 0 : K — K’ be an isomorphism. So by lemma 2.2 we have H' =
Gal(N/K') = Gal(N/o(K)) = cHo™!. Thus H and H' are conjugate.
< Suppose H' = o Ho ™! for some o € G. So by lemma 2.2 we have Gal(N/K') =

H =o0Ho™ ' = Gal(N/o(K)). So ¢ : K — K’ is an isomorphism. O

Definition 2.4. We say K and K’ are Gassmann equivalent fields in I, denoted
GE over F, if Gal(N/K) and Gal(N/K') are locally conjugate in Gal(N/F).

When F' = Q we call the fields arithmetically equivalent. But for our purposes
is more appropriate to use this broader definition.

Notice this is a definition with respect to our base field F' and our normal
extension N is suppressed. There is no ambiguity here in light of the following

remark.

Remark 2.5. Let Ny and Nj be any finite normal extensions of base fields containing

both K and K'. Let Gy = Gal(N,/F) and Gy = Gal(Ny/F). Then

Gal(N,/K)~g,"*Gal(N,/K') < Gal(Na/ K)~a,'"“Gal(Ny/ K')
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Proof of remark: Take N3 to be the normal closure of N; N, with respect to F'.
Let G = Gal(Ng/F),Wl = Gal(Ng/Nl),WQ = Gal(Ng/NQ) So G1 = G/W1 and
Gy = G/Ws,. Let H = Gal(Ny/K) and H' = Gal(N2/K'). So by proposition 1.8

the remark follows. O

Proposition 2.6. Let G = Gal(N/F) and H = Gal(N/K). Take 7 : G —
Sym(G/H) defined in remark 1.19 and let N be the field fired by ker(n). Then N

1s a normal closure of K with respect to F.

Proof: Take Nj a field such that K C Ny C N and N, is normal with respect
to F. So notice Ny € N C N both normal. Thus Gal(N/N) and Gal(N/N,) are
both normal in G. So by remark 1.23 we have Gal(N/N;) < ker(n) = Gal(N/N).
Thus N C N; but Ny C N and N = N;. Therefore N is a normal closure of K

with respect to F. O
Corollary 2.7. If K and K' are GE over F' then they share a normal closure .

Proof: By Lemma 1.22 ker(r) = ker(n’). So the field N fixed by ker(r) contains
both K and K'. But by prop 2.6 N is a shared normal closure of both K and K’.

|

Proposition 2.8. a)If K and K’ are GE over F then KE and K'E are GE over
F.
b)Suppose that E and NL are both normal over L so that EN NL = L. The
following are equivalent

i) KL and K'L are GE over L

ii) KE and K'E are GE over L

iii) KE and K'E are GE over E
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K \Gwv[ // K/

F

FIGURE 2.2: Gassmann equivalent fields: Proposition 2.8 part a)

NE
C/ (xV K'E
V E |GxV %4
KL K'L

L

\ //

FIGURE 2.3: Gassmann equivalent fields: Proposition 2.8 part b)

F

Proof of a): Let G = Gal(NE/F), H = Gal(NE/K), H = Gal(NE/K')

and M =

Gal(NE/K'E). Part a) follows from lemma 1.11.

Proof of b): Let G = Gal(NE/E), H = Gal(NE/KE),H
and V = Gal(E/L). So G x V = Gal(NE/L). By lemma 2.1 Gal(K'E/K'L)
Gal(KE/KL) = Gal(NE/NL) = V and the fixed fields of H x V and H’
V are KL and K'L respectively. So H x 1y = Gal(NE/KE) and H' x 1y

Gal(NE/K'E). Thus by 1.8 part b) follows. O

Gal(NEJ/E). So B = HNM = Ga(NE/KE), B = H' N M

= Gal(NE/K'E)



Definition 2.9. We say K and K’ are isomorphic fields over F' denoted K =

K'if Gal(N/K) and Gal(N/K') are globally conjugate in Gal(N/F).

Notice K =p K' = K =g K’ < K = K'. We use this definition to clarify the

Galios groups in which Gal(N/K) and Gal(N/K') are conjugate.

Proposition 2.10. a)If K and K’ are isomorphic over F' then KE and K'E are
1somorphic over F.
b)Suppose that E and NL are both normal over L so that EN NL = L. The
following are equivalent

i) KL and K'L are isomorphic over L

it) KE and K'E are isomorphic over L

iii) KE and K'E isomorphic over E

Proof: The Galois groups are constructed as in Proposition 2.8. Part a) follows

from 1.12 and part b) follows from 1.9.
Proposition 2.11. Suppose L C N. Then KE =y K'E if and only if KL =r K'L

Proof: Take G = Gal(NE/F), H = Gal(NE/KL),H = Gal(NE/K'L) and
W = Gal(NE/NL). So H/W = Gal(NL/KL) and H'/W = Gal(NL/K'L).
Thus by Proposition 1.9 KE =y K'FE if and only if KL =y K'L.

Remark 2.12. It KE = K then NE = N.
Proof of remark: It KE = K then NE = (NK)E=N(KE)=NK=N0O

The following proposition is similar to Theorem 1.6 of Chapter 3 in Klingen 77?.

Proposition 2.13. Let E be a normal extension of F such that Gal(E/F) is
abelian and let K and K’ be GE over F. Then

o) KNE=K'NE

bWKE =K iff K'E = K’
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Proof of a): Let N be the common normal closure of K and K'. If NE # N
then then by remark 2.12 above KE # K and K'E # K'. So suppose NE = N.
Thus £ C N. Take G = Gal(N/F), H = Gal(N/K) and H' = Gal(N/K'). So by

remark 1.16, M H = M H'. Thus:

Gal(N/(K N E)) = Gal(N/K)Gal(N/E) = MH
= MH' = Gal(N/K')Gal(N/E) = Gal(N/(K' N E))

and part a) holds. O

Proof of b): Note that KE =K iff KNEF=Kand K'E=K if KNE =K'
Thus part b) follows directly from part a). O
Proposition 2.14. Let E be a normal extension of F' such that [E : F] = p a
prime and let K and K' be GE over F'. Then KE and K'E are G.E. over F.

Proof: Let G = Gal(NE/F), H = Gal(NE/K),H = Gal(NE/K') and M =
Gal(NE/E). So M < G with HNM = B = Gal(NE/KFE) and H N M =
B' = Gal(NE/K'E). Thus by Lemma 1.11, Gal(NE/KFE) and Gal(NE/KE) are

locally conjugate in Gal(NE/F') and our claim holds. O



Chapter 3

Zp Towers

We assume that N is common normal closure of K and K’ over F

Definition 3.1. Let p be a prime. A Z, tower over F denoted F,/F is a sequence
of fields
{F:FOCF1 CCFOOIUFn}:FOO/F

for which Gal(F,/F) ~ Z/p"Z for each n.

Proposition 3.2. Let F./F be a Z, tower. Let p°" be the exact power dividing
the p part of the class group of F,, the nth step of the Z, tower with Iy = F. Then
there are integers A > 0, pu > 0,v and ng all independent of n such that

€n = AN+ up" + v Vn > ng

Proof: by Iwasawa[15]
Proposition 3.3. Let Fi/F be a Z, tower. Fiz ani > 0. Take E = Ey = F}, set
E; =Fi; and Ex, = UE; = F . If Ap,up and vp are the Iwasawa invariants of

F and A\g,up and vg are the Iwasawa invariants of E then,

Ag = Ap,pp = ppp’ and vg = vp + Apt.

Proof:

Cnii) = Mn +1) + "™t + v
= An + pup"™ + (v + M)
= An+ up"p’ + (v + \i)

= M+ (up")p" + (v + M)
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Thus A\g = A\p,pup = ppp' and vg = vp + Api. O

Proposition 3.4. Let F./F be a Z, tower. Let ¢, ¢ and d be the integers such
that ¢ = maz{i | F; € K}, = max{i | F; C K'} and d = maz{i | F; C N}.
Then:

a)c<d

b) If K and K’ are GE over F then ¢ = ¢ .

Proof: For part a), note by remark 2.12 if F,, C K then F,, C N. Thus ¢ < d. As
for part b), note that Gal(N/F,,) is cyclic and thus abelain. So by Theorem 2.13
F, C K iff F, C K'. Thus ¢ = ¢ completing the proof. O

We now define a third integer value b related to ¢ and d.
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Definition 3.5. Let b < ¢ be maximal such that K; and K, are GE over Fy. Then
d will be the lag of the tower and ¢ — b will be obstruction of the tower. We call

¢ the quasi-obstruction.

Notice when ¢ = 0, our obstruction is zero. The converse might not hold. This is
why we call ¢ the quasi-obstruction. The next two lemmas will clarify the names

lags and obstruction

Lemma 3.6. For all v > d there is a canonical isomorphism under which
a) Gal(N;/ F;) = Gal(Na/Fy)
b) Gal(N;/K;) = Gal(Ny/Ky)
¢) Gal(N;/K]) = Gal(Ny/K})

Proof: Part a) follows from lemma 2.1 with X = Ny and Y = F;. Part b) follows
from lemma 2.1 with X = N, and Y = K. Part c) follows from lemma 2.1 with

X=Ngand Y = K|. O

Lemma 3.7. a) K, and K4 are GE over F, if and only if K; and K4 are GE over
Fy.

b) If c =0 then K4 and Ky are GE over Fy.

Proof: Let M = Gal(N/F;), H = Gal(N/K), H = Gal(N/K) and G =
Gal(N/F). So H ~%%¢ H' and G/M is abelian. Thus by lemma 1.18 part a) holds.

Now suppose ¢ = 0. Hence F, = Fy. But F;,N K = F;N K. = F, = Fy. So
G = Gal(N/F) = Gal(N/(F;NK)) = Gal(N/F;)Gal(N/K) = M H. Thus from
part b) follows from proposition 1.18. O

We notice if i < d then [N; : F;| = [N : F}] = [N : Fy][Fyq: F}] = [Ng: Fy][Fu :
F). So Gal(N;/K;) % Gal(Ny/K4) because the indices are different. So the lag d

is the finite number of steps until we have this canonical isomorphism in lemma 6.
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If b # ¢ then by assumption K, and K, are not GE over K. But if b = ¢ then
K, and K, are GE over K. and by lemma 3.7 K; and K, are not GE over K. So
the obstruction is zero if and only if there is a Gassmann triple at level d. And by

lemma 6 this triple is canonically isomorphic to the triple at level i for all i > d.

Theorem 3.8. Let p to be any prime and Fi,/F be a Z, tower over F. For each
n >0 take K,, = KF, and K| = K'F,,.

a) If i > 0 then K and K' are G.E. over F iff K; and K| are G.E. over F

b) Suppose j > i > d. Then the following are equivalent

i)K; and K| are G.E. over F;

i)K; and K are G.E. over F;

ii)K; and K are G.E over Fj

Proof of a): Take E' = F;. Part a) follows from Proposition 2.8 part a). O
Proof of b): Take E = F; and take L = F;. Notice £ and NL is a normal
extension of L and ENNL = F;,NNF; = F; N N; = F; = L. Thus by part b)

follows from Theorem 2.8 part b). O

Corollary 3.9. The following are equivalent
a) K4 and K} are G.E. over Fy
b) There are j > i > d for which K; and K are G.E. over F;

¢) For all j > i > d it follows that K; and K are G.E. over F;

Proof: ¢) = a) Take i = j = d.
a) = b) Take i = j =d.
b) = c¢) Suppose there exist j; > i; > d such that K; and K are G.E. over

F;,. Fix js and iy so that js > iy > d. So by theorem 3.8 part b) we have that:

K; and Kj are G.E. over Fj,.

which implies
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K;, and K;, are G.E. over F;, (from ii=)
which implies
K;, and K;, are G.E. over Fj, (from i=-iii or iii=-)
which implies

K;, and Kj, are G.E. over Fj, (from i=ii).

Since iy and jo were arbitrary, part c¢) holds O

Remark 3.10. If K; = K] for some i then for any j > i we have that K; = K.

Proof of remark: Note that for any j > i we have that K; = K;F; and K} = K[ F}.

The remark follows directly. O

Theorem 3.11. Let p to be any prime and Fy/F be a Z, tower over F. For each
n >0 take K,, = KF, and K| = K'F,,.

a) If i > 0 then K and K’ are isomorphic over F iff K; and K| are isomorphic
over F

b) Suppose j > i > d. Then the following are equivalent

i)K; and K| are isomorphic over F;

i)K; and K are isomorphic over F;

ii)K; and K are isomorphic over F

Proof of a): Take E = F;. Part a) follows from Proposition 2.10 part a). O

Proof of b): Take E = F; and take L = F;. Notice £ and NL is a normal
extension of L and ENNL = F;,NNF; = F; N N; = F; = L. Thus by part b)
follows from Theorem 2.10 part b). O

We now have the tools in place to state Greenberg’s Question. Take p prime and
let Koo/K and K. /K’ be Z, towers. These towers are parallel towers if there is

a Z, tower I /F so that for each ¢ we set K; = KF; and K| = K'F;.
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Greenberg’s Question: Do parallel towers over G.E. fields share the same
Iwasawa invariants?

For Greenberg’s question to be interesting we need to make two assumptions:
e Assumption A) K % K’
e Assumption B) K and K’ are not G.E. over F

We break Greenberg’s question into four cases using the definitions of global
conjugation, local conjugation and latent triples, along with the value d. We set
M = Gal(N/F;). Thus B = Gal(N/K,) and B' = Gal(N/K})). By lemma 3.7,
B ~%¢ B if and only if b = c.

Observing table 3.1, we will have one of four different case which we will call
our tower types.

TABLE 3.1: The four types of towers

d=0 d#0
B~y B violates assumption A) | 1) trivial tower
B oy B But B ~Y¢ B 2) simple tower 3) reducible tower
B ¢ B’ violates assumption B) | 4) latent tower

Tower type 1: trivial tower We define a tower to be a trivial tower if

B ~j; B’. Notice this in this the case in remark 3.10. So for all j > d we have
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FIGURE 3.3: Trivial tower

that K; = K. This would imply the Iwasawa invariants of K and K’ would be

the same. So for any trivial tower the answer to Greenberg’s question is yes.

Tower type 2: simple tower Suppose that d = 0. Notice that Gal(N/Fy) will
be a normal subgroup of Gal(N/Fy). If d = 0 these groups are equal. And when
Gal(N/Fp) is a simple group d = 0 necessarily. Thus we define a tower to be a
simple tower if d = 0. Also B ~); B’ will violate Assumption A) and B % B’
will violate Assumption B). A simple parent group must have a simple tower. How-

ever a simple tower need not have simple parent group .

Tower type 3: reducible tower We define a tower to be a reducible tower
if (M, B, B’) is a nontrivial Gassmann triple. Notice since d is not zero we have
that | M |is a proper divisor of | G | and [G : B] is a proper divisor of [G : H].
Thus we can consider the question for reducible towers in the following way.

Consider a list of ordered pairs [a, b] where a is the index of a nontrivial Gassman
triple and b is the order of the parent group of the corresponding triple. We list
all possible Gassman triples in order first by the index and then by the parent

group order. If it is know that a certain entry on our list will have a reducible
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tower and it is know that all towers with lesser index or group order are known to
have an affirmative answer to Greenberg’s question, then for the reducible tower
in question the answer to Greenberg is yes.

We give a hypothetical example. The index values and parent group orders for
the first 7 Gassman triples are as follows:

[7,168],[8,32],[8,48], [11,660], [12, 48], [12, 72], [12, 96]

We will go into more details on these values in the next chapter. Suppose there
was a reducible tower of index 12 and order 96. We do not claim at this point to
know what all towers corresponding to these triples look like, let alone the answer
to Greenberg’s question. But hypothetically suppose it is known that all towers
corresponding to the first six triples will an affirmative answer to Greenberg’s
question. Then it would follow that for any reducible tower with index 12 and

order 96 the answer to Greenberg’s question will be yes.
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We can even go one step further. Since 7 and 8 do not divide 12 and 72 does not
divide 96. We need only check whether the towers corresponding to the pair[12,48]
will have an affirmative answer to Greenberg’s question. This will simplify the
question for this particular case. But this method describes a rigorous way to
search for counterexamples to the statement of Greenberg’s question.

Tower type 4: latent tower We define a tower to be a latent tower if
(M, B, B’) is a latent triple. Note that by lemma 1.11 (G, B, B’) is a Gassman
triple and M C G. So if (M, B, B’) is not a Gassman triple then it will be a latent

triple.
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It follows from 3.8 part a) that K; and K/ will be G.E. over F. But notice in
the latent case K; and Ky will not be G.E. over Fj. It follows from Corollary 3.9
that for all j > ¢ > d we have K; and KJ( will not be G.E. over F;. All towers
will fall into one of these four categories. Note in each category the tower type is
determined by the triple (M, B, B') which are the three Galois groups at the level

d. This is because d is the level that the lag ends.
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Chapter 4

Categorization of Galois Groups with
Low Index

In this chapter we will refer to the “Gap4” numbers of finite groups with low degree
by a pair [a,b] where a indicates the order and b indicates the entry in the Gap4
library. For example [4, 1] is the cyclic group of order 4 and [4,2] is the Klein 4
group. Note that most groups of order greater than 1000 are not listed in the Gap
library and will not have a Gap number.

Let K, K’ be Gassman Equivalent over base field F' with common normal closure
Nover F.If G = Gal(N/F),H = Gal(N/K) and H = Gal(N/K') then (G, H, H')
forms a Gassman triple. By de Smit we know there are 19 faithful Gassman triples
with index less than 16. We fix a prime p and choose a Z,-tower F,,/F. We now
want to find the values of ¢ and d as in Proposition 3.4.

Let M = Gal(N/Fy), B = Gal(N/K,) and B" = Gal(N/K})). What properties
will these groups have? There are two necessary conditions.

1) [G : M] is the power of a prime

2) G/M is cyclic

Note p? = [G : M] so the value d will be completely determined by G and M. If
¢ > 0 then ged(|H|, [G : M]) > 0. The value p¢ will be a divisor of ged(| H |, [G :
M]). For our purposes we call the pair (p?, ged(p?, | H |)) our lag type. For the 19
triples there will only be 5 possible cases for these values, 4 of which correspond
to non-simple towers. These values are listed in table 4.1.

The first two values in this table will be the lag type, that is (1, 1), (2, 2), (3, 1), (3, 3)

or (4,4). The pair (1,1) indicates a simple tower.
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TABLE 4.1: Lag types

(G : M]=p? | ged(p?,| H|) || p | d | possible values for ¢
1 1 -10 0
2 2 211 Oorl
3 1 311 0
3 3 311 Oorl
4 4 212 0,1 or 2

Notice if M = G then p? = 1 and d = 0. This would mean there is no lag.
Likewise if M =< e > then G/M = G won't be cyclic. As we mentioned in the
previous chapter this indicates when the parent group G is simple there will be
no lag. This will yield a simple tower. Six of de Smit’s 19 triples will fall into this

category which are listed in table 4.2.

TABLE 4.2: Simple towers of low index

G H H' (G:H|]| M | B | B | tower type | lag type | b=c=d
[168.42] | [24,12] | [24,12] 7 | —— | —— | —— simple | (L1) 0
660,13] | [60,5] | [60,5] 1 | — | — ] —] smple | (L1 0
(56167 | [432,732] | d32,732] | 13 | —— | — | —— | simple | (1,1) 0
[168,42] | [12,3] [12,3] 13 |— | — ] —— simple (1,1) 0
2520,7] | [168,42] | [168,42] | 14 | ——| ——|——] simple | (1,1 0
[20160,7] | [1344,7] | (13447 | 16 | —— ] —— | — | simple | (L,1) 0

In the 12 non-simple triples we may still have a simple tower. But if M <G is not
trivial, this will indicate we have the trivial, reducible or latent case. According to
de Smit there are two distinct triples with [G': H] = [G : H] = 14 and |G| = 336.
Although the parent groups are isomorphic the triples themselves are not. Thus we
are left with 12 possible parent groups that yeild a lag in our tower. The following
table determines all possible M’s for a lag in a Z, tower over a triple with one of
the 12 non-simple parent groups

There are two non-isomorphic parent groups with order 96 and index 12. Since

there are two non-isomorphic triples with isomorphic parent groups of order 336.
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TABLE 4.3: Lag types of low index

Gap number for G | [G : H] | (p%, ged(p?,| H |) | # of Ms | Gap number for M(s)
(32,43] 8 (2,2) 7 see chapter 5
[48,29] 8 (2,2) 1 24,3]

[48,49] 12 (2.2) 1 [24,13]
[48.49] 12 3.0) 1 [16,14]
72.23] 12 (2.2) 3 [36,12][36,13][36,3]
[96,195] 12 (2.2) 3 [48,30][48,48][48,49]
[96,3] 12 (3.1) 1 32.2]
[192,104] 12 (2.2) 1 [96,3]
[192,194] 12 (3.1) 1 [64,73]
[240,01] 12 (2.2) 1 [120,35]
240,91] 12 (4.4) 1 [60,5]
[336,209] 14 2.2) 1 [168,42]
[56448,7] 14 (2,2) 1 [28224,7]
[180,19] 15 (3.3) 1 [60,5]
[360,120] 15 (2.2) 1 [180,19]

Since d is determined by the parent groups and there normal subgroups, this group
of order 336 only occurs in table 4.3.

Also within these 12 parent groups there are other possible M <1 G. We may
have lag type (4, 2) with G/M not cyclic. Also lag type (6,2) with G/M cyclic will
occur, but 6 is not a prime power. These will never be the lag in a Z, tower.

We now want to determine the tower types of these normal groups. Note there
may or may not be a tower of number fields with Gal(N/F) = G and Gal(N/Fy) =
M. But if there is such a tower, it will have the properties listed.

In table 4.4 we are only concerned with isomorphic copies of a particular normal
subgroup M. So for an example in the parent group with gap number [32,43] there
are two normal subgroups with gap number [16,6] in both cases B and B’ are cyclic

of order 2. Thus M = [16, 6] is only listed once.
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TABLE 4.4: Non-simple towers of low index

G H=H||G: H| M B = B | tower type | lagtype | d | ¢ | c—10
B32.43] | [4.2] 8 166 | [21] trivial 2.2) |1]0] 0
32,43 | [4.2] 8 [16,7] 2,1] trivial 2,2) |1]0] 0©
32,43] | [4.2] 8 163 | [2.1] trivial 2,2 [1[0] ©
32.43] | [4.2] 8 [16,13] | [2.1] trivial 2,2) |1]0] 0
32,43 | [4.2] 8 [16,11] | [4.2] latent 2,2) [1[1] 1
[48.29] | [6.1] 8 243 | [3.1] trivial 2,2) [1[0] ©
[48.49] | [4.2] 12| 413 | (2.1 trivial 2,2) [1[0] ©
[72.23] | [6,1] 12| [36,12] | [3.1] trivial 2.2) |1]0] 0
[72,23] | [6.1] 12 36,16] | [6.1] latent 2,2) |1]1] 1
[96,3] 8,2] 12 322 | [8.2] Tatent 3.1) |1]1] 1
96,195 | [8.,3] 12| [4830] | [4.1] trivial 2.2) |1]0] 0
96,195] | [8.3] 12 | [4848] | [472] trivial 2.2) |1]0] 0
[96,195] 8,3] 12 [48,49] [4,2] reducible (2,2) [1]0] O
[192,194] | [16,11] | 12 | [64,73] | [16,11] | latent (3,1) [1[1] 1
[192,194] | [16,11] | 12 96,3] | [8.2] | reducible | (2,2) |1]0] 0
240,91] | [20,3] 12 | [120,35] | [10,1] | trivial 2.2) |1]0] 0
240,01] | [20,3] 12 [60,5] [5,1] trivial 4,4) [2]0] 0©
336,200] | [24,12] | 14 | [168,42] | [12,3] | reducible | (2,2) [L1|0| 0
336,200] | [24,12] | 14 | [168,42] | [24,12] | reducible | (2,2) |1|1] 0
(564437 | [4032,7] | 14 | [28224,7] | [4032,7] | reducible* | (2,2) | 11| 0
[180,9] | [12,3] 15 60,5 | [4.2] trivial (3,3) |1]0] 0
360,120 | [24,12] | 15 | [180,9] | [12,3] | reducible | (2,2) |1]0| 0

* Note that in the group of order 56448, (M, B, B) represents the Gassman triple
of index 7. But the triple has a nontrivial kernel which is isomorphic to the simple

group of order 168.

46




Chapter 5
Result for Fields of Degree 8

In this chapter we focus on the group (Cg x V}) with order 32 from example 1.4.

Set:

a=(1,2,3,4,5,6,7,8) B =(2,4)(3,7)(6,8)

7=1(2,6)(48)

So G = (o, ,7),H = (B,7) and H = (B,a*y). We want to determine all
possible M < G. We list the number of such M’s in table 5.1.

TABLE 5.1: Normal subgroups of Cg x V}

[G:M] [ # of M’s
32 1
16 1
8 3
4 7
2 7
1 1

If [G: M] is either 32 or 16 then G/M will not be cyclic. Otherwise G would
contain an element of order at least 16. This is not possible since GG can be con-
sidered as a subgroup of Sg. So M = (e¢) or M = (o) will not represent the lag of
an Iwasawa tower.

For [G : M] = 4 we have the 3 cases, which are listed in table 5.2. In all three
cases G//M is not cyclic.

For [G : M] = 8 we have the seve cases, which are listed in table 5.2. In all seven

cases G/M = V} is not cyclic.
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TABLE 5.2: Quotient groups when M has index 4

M Gap # cosets Gap # of G/M
(a®y) | [4,1] C4 | M,aM,o*M, oM, SM, aBM,o?BM, o3 BM (8,3] D8
(a*,v) | [4,2] V4 | M,aM,a*M, o> M, BM,a3M,a*BM, oM [8,3] D8
(a®y | [41] C4 | M,aM,yM,ayM,BM,aBM,ByM,aByM | [8,5] C2 x C2 x C2

TABLE 5.3: Quotient groups when M has index 8

M Gap # cosets
(@%aB) | [BAIQ8 | M, MM, By
(a?, B) (8,3] D8 M, aM,~vM,ayM
(o, afy) 8,3] D8 | M, BM,yM, pyM
(a?, B) 8,4] Q8 M, aM,vM,ayM
{a) 8.1] C3 | M,alM, BM, afM
(@®v) | [8,2] C4x C2 | M,aM,3M,aM
() [8,1] C8 M,BM,~M, ByM

Finally when [G : M] = 16 we have seven cases, six trivial cases and one latent
case. These cases are listed in table 5.4. This verifies our table from Section 4 and

leads to the following result.

Theorem 5.1. Let K and K’ be Gassman equivalent over base field F'. Suppose
K = F(0), K' = F(0n) with 0 and n algebraic and [K : F] = [K' : F] = 8.
Suppose also that Fy/F is a Zo-tower with Fy = F and Fy = F(n). Suppose also
that [N : F] = 32.Then with respect to K and K' and our tower F,,/F we have
the following:

a)d>1 (that is to say there is a lag)

b) If Ky % K| then ¢ = 0.

c) K = Kj.

d) K and K' will share the same Iwasawa invariants.

Proof: a) Recall d > 1 iff F; C N. But KK’ C N, s0 0 € N and nf € N. Since

6='0n =n € N we have that F(n) = F;, C N and d > 1.
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TABLE 5.4: Quotient groups when M has index 16

M Gap # | cosets | #(M N H) | type
(af,ay) | [16,8] | M,aM 2 trivial
(a® af,y) | [16,13] | M,aM 2 trivial
(B, a7) [16,7) | M,aM 2 trivial
(a,B) [16,8] | M,yM 2 trivial
(o, 7) [16,6] | M, BM 2 trivial
(o, By) [16,7] | M,vM 2 trivial
<Oé2, 5, ’}/> [16,11] M, aM 4 latent

b) By way of contradiction suppose that ¢ > 1. Thus F; C K, and F; C K.
Son € K and n € K'. Hence nf € K and (n)~'(nf) = 6 € K'. This implies that
K = K'. But K 2 K’ by assumption. This is a contradiction. Therefore ¢ = 0

¢) If K = K’ then by construction K; = K;. So suppose K 2 K'. By part b)
¢ = 0. But by part a) there is a lag. By our table the only possible lag in a tower
that is not trivial will be when ¢ = d = 1. So we have trivial case with K; = K,
and since d = 1, K; = K.

d) In light of remark 3.10, for all ¢ > 1 we have that K; = K. Thus after the

first step all invariants will be the same. O

Theorem 5.2. Let K = Q(3/t) and K' = Q(v/16t) where t € 7 with the absolute
value of the square free part of t strictly greater than 2. Then K and K' will share

the same Iwasawa invariants.

Proof: Let 0 = ¥/t and 1 = v/2. We notice that K = Q(6), K = Q(fn), F = Q

and F; = Q(n) where F/F is a Zy-tower. By theorem 5.1 our claim holds. O
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Chapter 0

G-action on Cosets and Matrix Entries

All groups and fields will have the same properties as in previous chapters. We add

a few assumptions.
e [G:H|=[G:H]<
e o, 3 € G arbitrary and v = a1
e R will be an arbitrary ring

Let 9X denote gX ¢! for any X < G and g € G.

Lemma 6.1. Fizy,z € G then

Stab(yH)(ZHl) = Stab(zH/)(yH) = (yH) N (ZHI)

Proof: By symmetry it is enough to show that Stabwy(2H') = (YH)N(*H'). Take
x € Stabwmy(zH'). So x € YH and xzH' = zH'. Thus xz € zH' and z € zH'z™".
Therefore z € (YH) N (*H').

Now take z € (YH) N (*H’). Since z € “H', x = zh/27! for some h' € H'.
Hence z2H' = 2h/27'2H' = zh'H' = zH'. But x € (YH) N (*H’) C YH . Therefore

x € Stabupy(zH'). O

Corollary 6.2. If (a«H,BH’) is an element of G/H x G/H' and g € G acts on

(aH, BH') component wise then “HN"H' = {g € G | g(aH,H') = (oH, 3H')}

Proof: Note “HN°H' c {g € G | g(aH, BH') = (aH, SH")} follows directly from

lemma 6.1. So suppose that g € G so that g(aH,H') = (aH, SH'). Hence ga €
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oH and g € aHa™! = *H. Likewise g8 € BH'. Thus g € "H’ and g(aH,BH") =

(aH,BH'). Therefore g € “HN"H'. O
Remark 6.3. For all g € G,if Y < X <G then [X : Y] =['X :9Y]

Proof: Note Y D9X, | X |=|?X | and | Y |=| 7Y |. The remark follows directly.

O

Theorem 6.4. The following sets have the same order

a) the “H-orbit of BH' in G/H'.
b) the °H'-orbit of oH in G/H
c) the H-orbit of YH' in G/H’
d) the H'-orbit of v *H in G/H

Proof: Take S = HN” H'. Notice by lemma 6.1 the * H-stablizer of S H is equal to
the ? H-stablizer of aH. The order of the orbit is the index of the stabilizer. So by
lemma 6.1 a) and b) have order [*H : “S], the order of set ¢) is [H : S] and the order
of set d)is [ H : 7S] . In light of remark 6.3 [H : S] = [ H :7 '] = [*H : °S]
and the theorem follows. O

We now apply these G-actions to entries a matrix. Let py,--- , p, and pi,--- , pl,
be representatives for the left cosets in G of H and H' respectively with p; = p| =

1. We define homomorphisms 7 and 7’ from G into .S,, in the following way:

my(i) = j where gp;H = p; H and 7, (i) = j where gp;H = p,H

for all g € G.
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Let < be the set of all invertible n by n matrices with integral entries such that

if (a;;) = A € & then a;; = ary(iyr () for all g € G.

Definition 6.5. Let (a;;) = A be an n by n matrix with entries in R. We say that
A is a G-action matrix on the pair H and H' over R if a;; = Qry (i) () for all
geaqG.

We will let .7 denote the family of all such G-action matrices .

Set v = ged{det(A)|A € «/}. Note that A, o/ and the value v depend on

G, H, H' and our ring R. We want to look at these matrices in general form.

Definition 6.6. Let A = (a;;) be a G-action matrix on H and H' over R. Sup-
pose the G-action on (G/H,G/H') has exactly k distinct orbits. Let Y = y;; be
a G-action matrix on H and H’ over the polynomial ring R[xq,--- ,x;] where
{1, ,x} are distinct indeterminants. Then Y is called a general form of A
if the following three conditions hold:

1) For each pair 4, j, v;; = 1gx; for some z; € {x1, -, 2%}

2) yi; = yst if an only if there is g € G such that s = m,(i) and t = 7, (j).

3) There is amap 94 : {1, - , 25} — R such that for each pair ¢, j ¥ a(yi; = a;;
We will now borrow a definition from probability

Definition 6.7. In probability a square matrix is doubly stochastic if every
entry of the matrix is nonnegative, the sum of every row is the same and the sum

of every column is the same.
For our purposes we will need to relax the specifications of this definition.

Definition 6.8. (definition 6.7 revised)Let A be a square matrix with entries in
a ring with unity R. Then A is doubly stochastic if there is some o € R such

that the sum of each row in A and the sum of each column in A is equal to a.
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Notice this revised definition can apply to a ring that has no order relation (such

as C) where the terms positive and negative won’t apply.

Definition 6.9. Let (a;;) = A be a G-action matrix off H and H’' with entries in
R. Then A is a general doubly stochastic matrix if A has some general form

matrix Y that is double stochastic in the ring R[z;, - , z]

Theorem 6.10. Let Y = (y;;) be a general form of matriz A Fizx the pair i,j and

suppose y; ; = xy € {1, - - x}. Then the following sets have the same order:

a) the set of entries in row i equal to x;.
b) the set of entries in column j equal to zy.
c) the set of entries in row 1 equal to x;.

d) the set of entries in column 1 equal to xy.

Proof: Take a = p;, and 3 = pf;. Thus v = a lp = ,ol-_lp;-. Entry y;; corresponds
to the element (p;H,p;H') = (aH,3H'). The entries of row i equal to z; will
correspond to all elements of (G/H,G/H') in the orbit of (aH, fH') that fix the
first element aH. By lemma 6.1 this is the “ H-orbit of SH' in G/H' which is set
a) in Theorem 6.4,

By similar arguments the sets b) , ¢) and d) will have the same order as sets b),

c) and d) of Theorem 6.4. This completes the proof. O
Corollary 6.11. The matriz A is general doubly stochastic matrix.

Proof: The sum of row t is t;x; and the sum of column s is ¥Xs;z; where t; is the
number of z;’s in row ¢ and s; is the number of x;’s in column s. But by Theorem
6.10 s; = t; for any fixed ¢ and any row s and t. Thus ¥s;x; = ¥t;x; and our claim

holds. O
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We let «7; denote the family of all G;-action matrices over H;; and H j’z

We let vj; = ged{det(A) | A € <7;}.

Proposition 6.12. This construction of vj; with respect to K; and K over Fj is

independent of the normal subfield we choose for constructing our Galois groups.

Proof: Suppose 7 < 71 < jo. It is enough to show show that when our construction
in N;, and N;, will both yield the same value v;

Take V' = Gal(Nj,/Nj1), G = Gal(N;,/Fy), H = Gal(N;,/K]) and H' =
Gal(N;,/K;). Define @ and 7’ so that 7,,(i) = j where gup,HV = p;HV and
Ty, (1) = j where gupiHV = piHV for all gv € GV and all cosets p;HV, p; €
GV/HV and p;H'V, pHV € GV/H'V.

Notice V <G and G NV = (Gal(N;,/Fo)) N (Gal(N;,/Nj,)) Soif o € (GNV)
then o(Nj,) = N;, with 0 € G. Thus 0 = 1.

Because V' is a normal subgroup, V' acts trivially on GV/HV'. So by proposition

1.26, for any a;; in our matrix and for any g € G, we have that a;; = Uy (i)l () =

ZAOLAOE completing our proof. O

Proposition 6.13. Let <7 be the family of all G-action matrices on H and H'
and let v = ged{det(A) | A € &/}. Let G = Gal(N/F),H = Gal(N/K) and
H' = Gal(N/K') for some common normal closure N of fields K and K'. For any
prime p

a) ptv if and only if Z,(G/H) =z ) Zy(G/H')

b) If pt v then CL,(K) = €L,(K").

¢) H ~% H' if and only if v # 0

Proof: Part a) is Lemma 3 in Perlis [14] and part b) is Theorem 3 Perlis [14] and

part ¢) is Lemma 2 in Perlis [14]. O
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In Perlis’ paper the Galios groups are assumed to be over the base field Q.
However there in nothing about the base field itself that enters into the proof
apart from the Galois groups themselves. Thus by assuming an arbitrary base Fj

these results will still apply.
Proposition 6.14. For all j > d we have vq4q = vj;.

Proof: By lemma , Ggq = Gjj, Hyy = Hj; and H);, = H canonically. Hence
Gaa/Haa = Gjj/H;; and Gaq/H)), = ij/H]{j canonically. Thus v4q = v;; follows

by definition. O

Lemma 6.15. IfZ,(G/(BXV)) =z, ) Z,(G/(B'xV)) then Z,(G/(BX1yv)) =z,(q)
Z,(G/(B' x 1y))

Proof: Notice (B x V)/(B x 1y) 2V = (B x V)/(B' x 1y). So if Z,(G/(B x
V) 2z, Zp(G/(B' x V)) then

Zp(G/(B x 1v)) Zg,(0) Lp(G/(B x V) © (V) Zz,(0)

Zp(G/(B" x V) @ Zp(V) =z, Zp(G/(B' x 1v)).0

PI‘OpOSitiOH 6.16. ]fZ ( ]0/ )—Zp 0) p(GjO/Hj/‘d)

then Z,(Gjo/Hjj) Zz,(c,0) Zp(Gjo/H};)-

Proof: Take G = Gjo = Gal(N;/F;), V = Gal(N,;/N,), B = Gal(Ny/K,) and

= Gal(Ny/K)).

Thus B x V = Gal(Ny/K4) x Gal(N;/Ng) = Gal(N;/Ky) = Hjq, B' x V =
Ga(N;/K}) x Gal(N;/Ng) = Gal(N;/K}) = Hjy, B x 1y = Gal(Na/Ky)
Gal(N;/N;) = Gal(N,;/Ky) = H;; and B x 1y = Gal(Ny/Ky) x Gal(N;/N;) =

Gal(N;/Kq) = Hj;. Hence by Proposition 6.15 our claim follows. O
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Definition 6.17. The support of an integer «, denoted supp(«) is the set of all

primes p € Z such that p | a.
Proposition 6.18. For all j > d, we have supp(vjo) C supp(vqo)

Proof: Applying proposition 6.13 to proposition 6.12 we have

Zp(Gjo/ Hja) =2,(G,0) Lp(Gjo/ H}g) < Lp(Gao/ Haa) Z2,(Ga0) Lp(Gao/ Hyg)

By proposition 6.13 applied to proposition 6.16, we have p 1 vg = p { vjo.

Therefore supp(vjo) C supp(vao). O

We can now formulate an algorithm for answering Greenberg’s question. Suppose
that K and K’ are Gassmann equivalent over F'. Compute our values b, ¢ and d:

Step 1) If Ky and K are Isomorphic then the answer to Greenberg’s question
is yes. Note that it is sufficient to check for the trivial case at level d since from
Theorem 3.11 Ky =p K if and only if K; =p KJ‘ for some j > d.

Step 2) Suppose that b = c¢. Then we have either the simple or reducible case.
Either way applying lemma 6.13 part c), we have v, is nonzero. By Proposition
6.16 it follows that v4q = vj; for all j > d. So if p { vy then the answer to
Greenberg’s question is yes. Otherwise our algorithm will not yield an answer to
Greenberg’s question.

Step 3) Suppose that b # c¢. Thus we have the latent case. So v; = 0 for all
i > d. However v,y = 0 for all ¢ > 0. And by lemma 6.18, supp(v;;) C supp(vaa) for
all j > d. Thus if p t v4 then p t vjo. So if p { v then the answer to Greenberg’s
question is yes. Otherwise our algorithm will not yield an answer to Greenberg’s

question.
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In light of proposition 6.13 to check that €I, K = (C1),K’ it is sufficient to show
that p f vgo. According to Bosma and de Smit [1]for each of the 19, the support
of vy contains exactly one prime. In the appendix we construct matrices verifying
that supp(vgo) contains at most one prime. In each case the prime is the prime

stated by by Bosma and de Smit
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Chapter 7

Geometric Constructions and Gassmann
Equivalence

In this chapter we have the following:

e (G, H, H') will be a Gassmann triple
e [G:H|=[G:H]=n<o

As we have seen the parent group G of Gassmann triple acts on G/H and
G /H' by left composition. This action determines the structure of our matrices in
chapter 6. The purpose of this chapter is to attempt to generate these matrices
from geometric constructions. Because this action transitively permutes the row
and columns of an n X n matrix we hope to realize our parent groups as transitive
subgroups of S,,. We will only focus on the four cases when |G, H| < 11. So there
is one triple with index 7, two triples with index 8 and one triple with index 11.

The first triple has as its parent group the unique simple group of order 168. It

is well known that this group is the automorphism group of Fano plane.

U3

Ve
U7

U1
V2 (1

FIGURE 7.1: Fano Plane
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Recall the order of the orbit is the index of the stabilizer. So the stabilizer of
vertex v, has index 7. This stabilizer is actually the subgroup H. But how do we
construct the other subgroup H’? We define a block to be a subset of the vertices
on which G is acting. If we can construct a block in such a way that this block has
an orbit of n distinct blocks, then the stabilizer of this block will have index n in
G. This subgroup is H'

If we were to take this construction to be a matroid we could consider this block
to be either a circuit or a hyperplane. However a matroid has more structure than
we actually need. So using the language of vertices and block will be enough for
our purposes.

The blocks we need are the lines of the Fano plane. Six of these are the collinear
triples of vertices. The seventh line will be the three points lying on the constructed

circle, {vy, v, v7}. The following is the list of the 7 transitive blocks.

Block 1 = {v3, v4, v}
Block 2 = {vs, v3,v5}
Block 3 = {vy, va, v4}
Block 4 = {vy,v3, v}
Block 5 = {v, vg, v7}
Block 6 = {vy, ve, v}

Block 7 = {U4, Us, U5}

In our matrix, rows will correspond to vertices and the columns will correspond
to blocks. The value is A whenever the row vertex is in the column block and
B otherwise. This will yield the general doubly stochastic matrix for our triple
(G, H, H"). We have chosen our vertices and blocks so that the matrix is diagonally

symmetric, which highlights the doubly stochastic property.
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B B A ABAB
B A A B A B B
A A B A B B B
A B A B B B A
B A B B B A A
A B B B A A B
B B B A A B A

The second triple has index 8 and as its parent group Cg x V; which has order
32. In this construction instead of taking lines in two space we are taking planes
in three space. We take the 8 vertices of a cube. Then we rotate the top face 45
degrees. From above, the vertices will appear as in figure 7.2.

Blocks will be four vertex sets that are coplanar and the parent group G will
take coplanar blocks to coplanar blocks. There are ten such blocks. Two are the
top face {v1, v3,vs,v7} and the bottom face {vs, vy, vg, vs} which are in one orbit.

The remaining eight blocks are in another orbit. These blocks are:

Block 1 = {vy,v9,v4,v5}
Block 2 = {vy,v3,v4, 08}
Block 3 = {vs, v3, v7, v}
Block 4 = {vy, v9, vg, v7}
Block 5 = {vy, vs, vg, vs}
Block 6 = {v4,v5,v7, v}
Block 7 = {v3, vy, vg, v7}

Block 8 = {vy, v3, vs5, U6}

Each block contains two points from the top face and two points from the bottom

face. So in the case of block 1 notice that the line through vertices v; and vs will
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Ug U1y

U7 U3

Vg Vs ()

FIGURE 7.2: Construction of Cg x V}

block 1
vg =D Q%A
. .UQZB
vw=C@ ®uv;=C
. .U4=B
ve =D .éA

FIGURE 7.3: Block construction in Cy x Vj

be parallel to the line through vertices vy and vy. Thus these four points will be

coplanar. As in the previous case, H will fix vertex v; and H’ will fix block 1.

e A = in the block, opposing vertices

e B = in the block, not opposing vertices

e (' = not in the block, opposing vertices

e D = not in the block, not opposing vertices

Within block 1 the points v; and vs will be on opposite corners of the top face,
but vy and v, are not on opposite corners of the bottom face. Thus H' will not act

transitively on the points of block 1. There are two H’-orbits within block 1 which
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we label A and B. There will be two H’-orbits outside block 1 which we label C

and D. This yeilds our general doubly stochastic matrix:

A B C B A D CC D
B ¢C B ADC D A
C B ADCCD A B
B A D CD A B C
A D C D A B C B
D C D A B C B A
Cc D A B C B A D
D A B C B A D C
A B C B A D CC D

The third triple has index 8 and as it’s parent group GL(3,2) which has order
48. As in the Fano plane we take lines in two space. We take the affine plane of
order 3 which has 9 points and 12 line. By omitting a single point we have 8 points
and 8 lines.

The eight blocks will be:

Block 1 = {vy, vy, v7}
Block 2 = {vy, vs, vs}
Block 3 = {vs, v7, vs}
Block 4 = {vy, vg, v7}
Block 5 = {v3, v5, v}
Block 6 = {vy, vy, v5}
Block 7 = {vy, v3,v4}

Block 8 = {vq, v3, v}

62



Ug

FIGURE 7.4: Construction of GL(3,2)

block 5 block 1
vg = C
o o o
U3 (%)
U1
® =B ® -4
Vs
vg | vu=C | vy
o o o

FIGURE 7.5: Block construction in GL(3,2)

Subgroup H will fix vertex v; and H' will fix block 1. But notice block 1 has a
vertex in common with every block except block 5. Thus any group element of H’
must fix the block 1 and it must fix block 5. Since there are two remaining vertices
which are in the same H'-orbit it follows that there are three orbits in H’. These

orbits are constructed as follows:

e A = in the block

e B = in the opposing block

e (' = in neither block

This yields our generally doubly stochastic matrix:
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A A B C B B AC
A B C B B A C A
B C B B ACAA
¢ BB ACAARDB
B B ACAADBC
B A C A A B C B
A C A A B C B B
¢ A ABCDBBA

The fourth triple has index 11 and as it’s parent group is the unique simple
group of order 660. Both H and H’ will be isomorphic to the automorphism group
of the Bucky-ball (or soccer ball). The construction is by E. Brown [2].

The blocks have order 5. Thus to construct this as a matroid using either circuits

or hyper planes would require more than three dimensions. Here are the blocks:

Block 1 = {v3,v7,vs, v9, v11}
Block 2 = {vs, vg, v7,vs,v10}
Block 3 = {v1,vs, vg, v7, 09 }
Block 4 = {vy, vs, vg, vs, v11}
Block 5 = {v3,v4, v5, v7, 010}
Block 6 = {vs, v3, v4, Vg, Vo }
Block 7 = {v1, v9, v, v5, v}
Block 8 = {v1,va, V4, v7,v11}
Block 9 = {vy, vs, vg, 10, V11 }
Block 10 = {vs, v5, v9, v10, V11 }

Block 11 = {v1, vy, v, v9, V10 }
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FIGURE 7.6: Construction of the (11,5, 2)-biplane

Under this construction there are 3 types of blocks with order 5. Block 1 is of
the first type, which is the outer ring of 5 vertices. Block 1 is the only block of this
type. Block 9 is of the second type which will contain two vertices in the outer ring,
two vertices in the inner ring and the center vertex. Five blocks have this type and
rotating this block about the center will yield the remaining four blocks. Block 2
is of the third type and will contain three vertices from the inner ring and two
vertices from the outer ring. Again five blocks have this third type and rotating

this block about the center will yield the remaining four blocks.
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FIGURE 7.7: Block 1

o
V11 V10 Vg V3
Q/Q\g/Q\Q
® o
o
o o
FIGURE 7.8: Block 9
o
V10 Ve
o o
o
o o
V2
U (V4

FIGURE 7.9: Block 2
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The group H will fix v; and the group H’ will fix block 1. This will yield the

following matrix:

B B A B B B AAADB A
B A BB B AAAB AB
A B B B A A A B A B B
B B B AAADBADBDB A
B B A AABADBBAB
B A AAB A B B A B B
A A A B A BB A BB B
A AB A B B A B B B A
A B A B B A B B B A A
B A B B A BB B A A A
A B B A B BB A A A B

This last construction is also known as the (11,5,2)-biplane. The first value
indicates the total number of vertices. The second number is the number of vertices
in each block. The third value indicates the number of vertices contained in the
intersection of any two distinct blocks. The Fano plane is also known as the (7, 3, 1)-
biplane. Can the other two constructions be considered as biplanes? The answer
is no. In our triple with G = Cg x V}, block 1 intersect block 2 will contain two
vertices but block 1 intersect block 3 will contain one vertex. In our triple with
G = GL(3,2), block 1 intersect block 5 will be empty, but block 1 intersect any

other block will contain one vertex.
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Appendix: Matrices

We construct matrices verifying the support of vy as defined in section 6. Matrix
M,y will indicate a matrix for triple with index n and parent group of order ¢.
There are two distinct triples of index 12, order 96, and two distinct triples of index
14, order 336. In each case we construct matrix M A and M B for the two triples.
We also construct two matrices M A and M B for the triple of index 12 and order
72. There is only one such triple. The reason we construct two matrices is that
two distinct primes divide the determinant of each matrix. Both 3 and 19 divide
det(MA), and both 2 and 3 divide det(M B). Since no other primes divide the
determinants of either matrix, the support will contain at most one prime, namely
3. The results here coincide with the results of Bosma and de Smit [1].

1 1 -1 -1 1 -1 1
1 -1 -1 1 -1 1 1
-1 -1 1 -1 1 1 1
Mgy =|-1 1 -1 1 1 1 -1
1 -1 1
-1 1 1 1 -1 -1 1
1 1 1 -1 -1 1 -1

det(M(77168)) = —512=—1=x 29

22322131
23221312
32213122
22131223
Mes= 19 1 31 929 3 9
13122322
312223221
12232213
det(M(&ggg)) =1024 = 210
o 0 1 -1 1 1 0 -1
0 1 -1 1 1 ~1 0
1 -1 1 1 0 =1 0 0

Messy=11 1 o -1 0 0 1 -1
0O -1 0 0 1 -1 1

o -1 0 0 1 -1 1 1

-1 0 0 1 -1 1 0

d@t(M(gAg)) =243 = 35
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22322233323

3223222333 2

AN AN M AN AN
M AN AN M AN ANMm™
AN M AN MHAANAN™
M AN M AN MANANAN
M M A M AN MANAN
M M M A M AN M AN
AN N MM AN ANNAN™M
AN AN MMM AMAAN
AN AN AN MMM AMNMA
M AN AN AN MM N ANA™M
AN N M AN MMNm M AN

Il

)

=}

e}

=

=

det(M(H’Gﬁo)) = 6561 = 38

= 268435456 = 228

det(M(lgAg))

121212112222
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