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1. Introduction
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has an integral optimal solution, for every integral vector w for which the minimum is
finite. Edmonds and Giles [14] proved that total dual integrality implies primal integral-
ity: if Az < bis TDI and b is integral, then both programs in (1.1) have integral optimal
solutions whenever they have finite optima. So the model of TDI systems serves as a
general framework for establishing min-max results in combinatorial optimization (see
Schrijver [24] for an comprehensive and in-depth account). As summarized by Schrijver
[22], the importance of a min-max relation is twofold: first, it serves as an optimality
criterion and as a good characterization for the corresponding optimization problem; sec-
ond, a min-max relation frequently yields an elegant combinatorial theorem, and allows
a geometrical representation of the corresponding problem in terms of a polyhedron.
Many well-known results and difficult conjectures in combinatorial optimization can be
rephrased as saying that a certain linear system is TDI; in particular, by Lovasz’ Repli-
cation Lemma [18], a graph G is perfect if and only if the system Agxz < 1, > 0
is TDI, where Ag is the clique-vertex incidence matrix of G. The reader is referred to
Chudnovsky et al. [10,12] for the proof of the Strong Perfect Graph Theorem and to
Chudnovsky et al. [8] for recognition of perfect graphs.

A rational system Ax < b is called bozx-totally dual integral (box-TDI) [14] if Az < b,
I < x < wuis TDI for all vectors I and u, where each coordinate of I and w is either a
rational number or +o0o. By taking | = —oo and u = oo it follows that every box-TDI
system must be TDI. Cameron and Edmonds [3.,5] proposed to call a graph G box-perfect
if the system Agx < 1, > 0 is box-TDI; they also posed the problem of characterizing
such graphs.

We make some preparations before presenting an equivalent definition of box-perfect
graphs. Let G = (V, E) be a graph (all graphs considered in this paper are simple unless
otherwise stated). For any X C V| let G[X] denote the subgraph of G induced by X.
For any v € V, let Ng(v) denote the set of vertices incident with v. Members of Ng(v)
are called neighbors of v. By duplicating a vertex v of G we obtain a new graph G’
constructed as follows: we first add a new vertex v’ to G, which may or may not be
adjacent to v, and then we join v’ to all vertices in Ng(v).

As usual, let «(G) and x(G) denote respectively the stability number and chromatic
number of G. Let x(G) = x(G), which is the clique cover number of G. For any integer
q>1,let

0y(G) = max{|X| : X C V(Q) with x(G[X]) < ¢}, and
%0(G) = min{gx(G — X) +|X| : X C V(G)}.

Notice that a; = o and X1 = x. A graph G is called g-perfect if a,(G[X]) = x4(G[X])
holds for all X C V(G). This concept is a natural extension of perfect graphs, since
1-perfect graphs are precisely perfect graphs. Let us call a graph totally perfect if it is
g-perfect for all integers ¢ > 1; such graphs are called GK-graphs in [3]. Greene and
Kleitman [17] proved that comparability graphs are totally perfect; so are their com-
plements as shown by Greene [16]. Lovasz [19] pointed out that line graphs of bipartite
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Fig. 1.1. Graph S3 and its complement S3.

graphs are also totally perfect. However, S5 is not 2-perfect [16], showing that a perfect
graph does not have to be g-perfect when ¢ > 1. In [3], Cameron derived connections
between g¢-perfect graphs and box-perfect graphs. In particular, she established the fol-
lowing result.

Theorem 1.1 (Cameron [/]). A graph G is box-perfect if and only if every graph obtained
from G by repeatedly duplicating vertices is totally perfect.

This theorem implies the following immediately.

Corollary 1.2 (Cameron [/}]). (1) Induced subgraphs of a boz-perfect graph are box-perfect.
(2) Duplicating vertices in a box-perfect graph results in a bozx-perfect graph.
(3) Comparability and incomparability graphs are box-perfect.

The next proposition contains a few other important observations made by Cameron
[4]. A matrix A is totally unimodular if the determinant of every square submatrix of A
is 0 or £1. A {0, 1}-matrix A is balanced if none of its submatrices is the vertex-edge
incidence matrix of an odd cycle. For each graph G, let Bg be the submatrix of Ag
obtained by keeping only rows that correspond to maximal cliques of G. Let us call
G totally unimodular or balanced if Bg is totally unimodular or balanced. It is worth
pointing out that bipartite graphs and their line graphs are totally unimodular, and every
totally unimodular graph is balanced. In addition, as shown by Berge [1], all balanced
graphs are totally perfect. Let 5”3+ be obtained from the complement S3 of S5 by adding
a new vertex v and joining v to all six vertices of Ss.

Proposition 1.3 (Cameron [/]). (1) S5 is not boz-perfect.

(2) Totally unimodular graphs are bozx-perfect.

(3) Balanced graphs do not have to be boz-perfect, shown by S;'.

(4) The complement of a box-perfect graph does not have to be boxz-perfect, shown
by §3.

(5) Boz-perfectness is not preserved under taking clique sums, shown by Ss.

As we have seen, many nice properties of perfect graphs are not satisfied by box-
perfect graphs. Another property of this kind is substitution: substituting a vertex of a
box-perfect graph by a box-perfect graph does not have to yield a box-perfect graph, as
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shown by 5’; (which is obtained by substituting Ss for a vertex of K. 2). To our knowledge,
almost none of the known summing operations that preserve perfectness can carry over
to box-perfectness — this makes it extremely hard to obtain a structural characterization
of box-perfect graphs!

At this point, the only known box-perfect graphs are totally unimodular graphs, com-
parability graphs, incomparability graphs, and p-comparability graphs (where p > 1
and 1-comparability graphs are precisely comparability graphs) [3,5]. Cameron and Ed-
monds [3] conjectured that every parity graph is box-perfect. In this paper we confirm
this conjecture and identify several other classes of box-perfect graphs, including a char-
acterization of claw-free box-perfect graphs. In the next section we construct a class R of
non-box-perfect graphs, from which we characterize box-perfect split graphs. It turns out
that every minimal non-box-perfect graph that we know of is contained in a graph from
R. This observation raises the question: is it true that a perfect graph G is box-perfect
if and only if G does not contain any graph in R as an induced subgraph?

In addition to structural description, the other difficulty with the study of box-perfect
graphs lies in the lack of a proper tool for establishing box-perfectness. In section 3 we
introduce a so-called ESP property, which is sufficient for a graph to be box-perfect.
Although recognizing box-perfectness is an optimization problem, our approach based
on the ESP property is of transparent combinatorial nature and hence is fairly easy
to work with. For convenience, we call a graph ESP if it has the aforementioned ESP
property. In the remainder of this paper, we shall establish that several classes of graphs
are box-perfect by showing that they are actually ESP, including all classes obtained by
Cameron [3-5]. We strongly believe that the ESP property is exactly the tool one needs
for the study of box-perfect graphs.

Conjecture 1.4. A perfect graph is boz-perfect if and only if it is ESP if and only if it
contains none of the members of R as an induced subgraph.

We close this section by mentioning a result on the complexity of recognizing box-
perfect graphs.

Theorem 1.5 (Cook [13]). The class of box-perfect graphs is in co-NP.
2. Box-perfect split graphs

Let S,, be the graph obtained from cycle v1vs...v2,v1 by adding edges v;v; for all
distinct even 4, j. It was proved in [4] that So,; is not box-perfect for all n > 1. In
this section we construct a class of non-box-perfect graphs, which include 5’; and Sa;,41
(n > 1). We will use this result to characterize box-perfect split graphs (a graph is split
if its vertex set can be partitioned into a clique and a stable set).

Let G = (U,V, E) be a bipartite graph, where U = {uy, ..., un} and V = {vy, ..., v, }.
The biadjacency matriz of G is the {0,1}-matrix M of dimension m x n such that
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Fig. 2.1. Graph S';r is constructed from a bipartite graph in Q and Kj.

M; ; = 1 if and only if w;v; € F. Let Q be the set of bipartite graphs G such that
its biadjacency matrix M is not totally unimodular but all submatrices of M are. The
following is a classical result of Camion.

Lemma 2.1 (Camion [6]). Every graph G = (U,V, E) in Q is Eulerian. In addition, G
satisfies [U| = |V| and |E| =2 (mod 4).

Let R be the class of graphs constructed as follows. Take a bipartite graph G’ =
(U,V,E") € Q and a graph G” = (V,E") such that Ng/(u) is a clique of G” for all
uweU.Let G=(UUV,E"UE"). If there exists u € U with Ng/(u) =V then G — u
belongs to R; otherwise G belongs to R.

Examples. For each odd n > 3, S,, belongs to R since S,, can be constructed from a
cycle G' = Oy, € Q and a complete graph G’ = K,,, where no vertex is deleted in
the construction. Graph S;' also belongs to R. In this case a vertex is deleted in the
construction, see Fig. 2.1.

Lemma 2.2. No graph in R is box-perfect.

Proof. Let G € R be constructed from G’ = (U,V,E’) € Q and G” = (V,E”). Let Ag
and B¢ be the clique and maximal clique matrices of G. Then Ag can be expressed as
Ag = [Bg]. Let M be the biadjacency matrix of G’ and let n := |U| (= |V]). Since every
u € U belongs to exactly one maximal clique of GG, the column of Bg that corresponds

to u has precisely one nonzero entry. If no vertex was deleted in the construction of
M I,
N 0

by V and the last n columns are indexed by U. If a vertex ug € U was deleted in the

G then Bg can be expressed as Bg = [ ], where the first n columns are indexed
construction of G, then G” has to be a complete graph. In this case, since U does not
have a second vertex adjacent to all vertices in V, Bg can be expressed as [M, J], where
Inx(n—1) = [I"Bl} and the last row of M, which corresponds to ug, is a vector of all
ones. By Lemma 2.1, all entries of 17 M and M1 are even, and 17 M1 = 4m + 2, for an
integer m > 0. We consider the dual programs (with A = Ag)

max{w’z: Az < 1;2 > 1} =min{y’1 - 2T1:yTA - 27 =wT;y,z>0}. (2.1)
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Suppose no vertex was deleted in the construction of G. Let p > 2m + 1 be a prime
and let

1
=1
lMT1:| |: ! :| |: %1 :| 2 ¥
w= |2 ’ l= _ 1 y &= pl y Y= 0 y 2= |1 .
{ 0 1-5M1 1— £ M1 0 11

Then it is routine to verify that w is integral, I > 0, and x, (y, z) are feasible solutions

o (2.1). Moreover w'z = 22:t1
P

the optimal value is not %—integral, while [ is, it follows that the dual does not have

=yT1 - 271, so =, (y, z) are optimal solutions. Since

an integral optimal solution and so G is not box-perfect. Next, suppose that a vertex
was deleted in the construction of GG. The proof for this case is almost identical to the
proof for the last case. The only difference is that Bg has 2n — 1 columns, instead of 2n
columns. Thus we need to truncate the corresponding vectors. To be precise, let

_[sMT1] 0
Y170 [P T Ut -

Using the fact that the last row of M is 17 we deduce that = and (y, z) are feasible
2m+1

sl == Lra | = [0] == [

solutions, and w”x = = yT1— 271, which implies that both solutions are optimal.

Furthermore, since M1 is even and its last entry is n, we deduce that n is even and

2m—+1
n

thus 1 is ﬁ—integral. However, the optimal value is not ﬁ—integral, so G is not

box-perfect, which proves the theorem. O

To identify all minimally non-box-perfect split graphs, we consider the following
subsets of Q. Let Qi consist of all bipartite graphs G = (U,V,E) € Q such that
U has a vertex adjacent to all vertices of V. Let Qs consist of all bipartite graphs
G = (U,V,E) € Q\Q; such that the graph obtained from G by adding a vertex and
making it adjacent to all vertices of V' does not contain any graph in Q; as an induced
subgraph. Let S consist of all graphs in R that are constructed from a bipartite graph
G’ € Q1UQ5 and a complete graph G”. It is clear that all members of S are split graphs.
Moreover, S’j and So,41 (n > 1) belong to S.

Theorem 2.3. The following are equivalent for any split graph G.
(1) G is box-perfect;
(2) no graph in S is an induced subgraph of G;
(3) G is totally unimodular.

Proof. Implication (3) = (1) follows from Proposition 1.3(2) and implication (1) = (2)
follows from Lemma 2.2 and Corollary 1.2(1). To prove (2) = (3),let G = (U,V, E) be a
split graph, where U is a stable set and V is a clique. Let G = G[V] and G' = G\E(G").
Let G’ be the bipartite graph obtained from G’ by adding a vertex w adjacent to all
vertices in V. Let M be the biadjacency matrix of G”.
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Fig. 2.2. A new non-box-perfect graph G.

We first prove that M is totally unimodular. Suppose otherwise. Then G’ has an
induced subgraph H' € Q. Let us choose H’ so that H’ contains the new vertex w
whenever it is possible. Consequently, H' € Q1 U Q5. Let H be constructed from H’ and
a complete graph H”. Then H € S and, by the construction of G, G contains H as an
induced subgraph. This contradicts (2) and thus M has to be totally unimodular.

Let N be the biadjacency matrix of G’. Then Bg = [N, I] or []f (I)], depending on
if V is a maximal clique of G. Notice that M = H] So Bg, and thus G, is totally
unimodular. 0O

This theorem shows that all minimally non-box-perfect split graphs are contained
in S. In fact, S consists of precisely such graphs.

Theorem 2.4. A split graph G belongs to S if and only if G is not bozx-perfect but all its
induced subgraphs are.

Proof. The backward implication follows immediately from Theorem 2.3. To prove the
forward implication, let G € S. By Lemma 2.2, we only need to show that G — w is
box-perfect for all w € V(G). Suppose G is constructed from a bipartite graph G’ =
(U,V,E") € Q1 U Qs and a complete graph G” = (V, E"). Let M be the biadjacency
matrix of G’ and let n := |U| = |V|. Observe that if G’ € Q; then Bg = [N, J], where
N =M and J = [1"61]; if G’ € Qy then Bg = [N, J], where N = [Af] and J = [Ig].

Now it is straightforward to verify that, for each uw € U, Bg_,, = [N’, J'] is obtained
from Bg by deleting the row and the column indexed by wu; for each v € V, Bg_, =
[N’,J'] is obtained from Bg by deleting the column indexed by v and also possibly
the last row. In both cases, N’ is a proper submatrix of N. This implies that N’ is
totally unimodular and thus so is [N’, J]. Consequently, G — w is box-perfect (totally
unimodular) for all w € V(G), which proves the theorem. 0O

As we observed earlier that 5’; and So,11 (n > 1) belong to S. Thus these graphs
are minimally non-box-perfect. We point out that, in addition to graphs in S, other
minimally non-box-perfect graphs can also be obtained using Lemma 2.2. For instance,
the graph illustrated in Fig. 2.2 is constructed from G’ = Cig and G” = Cs + e.
By Lemma 2.2, this graph G is not box-perfect. However, G is not minimally non-
box-perfect since H = G — {9,0} is not box-perfect, which is certified by vectors
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w’ = (1,1,1,1,1,0,0,0), I" = (0,0,0,0,0,1,1, 1), 27 = (1,1 1 13 11 1) o7 =

(0, %, %, %, %, %), and z7 = (0,0,0,0,0, %, %, %), where the first row of By is the triangle
123. It can be shown that H is in fact minimally non-box-perfect because H —x is totally
unimodular for x = 1,2,3,4,5,6,7, and H — 8 has the ESP property defined in the next

section which implies box-perfectness.
3. ESP graphs

In this section we introduce a so-called ESP property, which is sufficient for a graph to
be box-perfect. We shall use this combinatorial property to identify several new classes
of box-perfect graphs. We begin with a few lemmas.

Lemma 3.1 (Chen, Ding and Zang [7]). Suppose a1 and ag are rational vectors with
a; > ao, and by and by are rational numbers with by < by. Then the system Ax < b,
alx < by, alx < by, © > 0 is box-TDI if and only if the system Az < b, alx < by,
x >0 is box-TDI.

Lemma 3.2 (Cameron [/]). The system Az < b is box-TDI if and only if the system
Ax < b, x < u is TDI, for all vectors w, where each coordinate of u is either a rational
number or +0o.

The next two lemmas are reformulations of Theorem 22.7 and Theorem 22.13 of
Schrijver [23].

Lemma 3.3 (Schrijver [25]). Suppose the system Ax < b, 1 < u is TDI for all rational
numbers u, where x1 is the first coordinate of . Then Ax < b is TDI.

Lemma 3.4 (Schrijver [23]). A rational system Ax < b, x > 0 is TDI if and only if
min{y?b: y" A > w?, y > 0 is half-integral } is finite and is attained by an integral y,
for each integral vector w for which min{y’b: yTA > w”, y > 0} is finite.

The next are two easy corollaries.

Lemma 3.5. A graph G is boz-perfect if and only if the system Box < 1,0 < x < u is
TDI for all rational vectors u > 0.

Proof. The forward implication follows immediately from the definition of box-TDI and
Lemma 3.1. Conversely, Lemma 3.2 and Lemma 3.3 imply that Box < 1, > 0 is
box-TDI. Then the result follows from Lemma 3.1. O

Lemma 3.6. A graph G is box-perfect if and only if for all rational u > 0 and integral
w >0,
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min{y? 1 + 2z7u| y" Bg + 27 > 2wy, z > 0 integral}

> 2min{y”1 4 27u| y"Bg + 2T > w”;y,z > 0 integral}.

Proof. Observe that, for all vectors w > 0 and w, the three programs

min{y”1 + 2z7u| y" Bg + 27 > w’;y,z > 0}
min{y?1 + 27u| y" Bg + 27 > w”;y, z > 0 half-integral}

min{y’1+ 27u| y" Bg + 27 > w”;y, z > 0 integral}

are finite. Moreover, replacing w by w, does not change the minimum values of these
programs, where w is obtained from w by turning its negative coordinates into zero.
Therefore, the result follows immediately from Lemma 3.5 and Lemma 3.4. O

Let G = (V, E) be a graph. For any multiset A of cliques of G and any v € V, let dj (v)
denote the number of members of A that contain v. We call G equitably subpartitionable
(ESP) if for every set A of maximal cliques of G there exist two multisets A; and Ag of
cliques of G (which are not necessarily members of A) such that

(1) [Ar]+ Az < [Af;
(ii) da,(v) +da,(v) > da(v), for all v € V; and
(iif) min{da, (v),da,(v)} > [da(v)/2], for all v € V.

We call (A1, As2) an equitable subpartition of A, and refer to the above (i), (ii), and (iii)
as the ESP property. Note that (i) is equivalent to |A1|+|As| = |A] since we may include
empty cliques in A; and Ag. Similarly, (ii) is equivalent to da, (v) + da,(v) = da(v) for
all v, since cliques in A1, A5 can be replaced by smaller ones. Finally, it is also easy to
see that in an ESP graph every multiset A of cliques admits an equitable subpartition.
We will use these facts without further explanation.

Example. As shown by Cameron [4], S5 is not box-perfect. To facilitate better under-
standing of equitable subpartitions, we demonstrate that Ss is not ESP. Label the vertices
of S5 (see Fig. 1.1) as vy, vs,...,vs, so that vivevsvsvsveVr is a cycle, {vi,v3,v5} is a
stable set, and vovavg is a clique in S3. Consider A = {v1v9vg, V2v3V4, V4V5v6 }. Clearly,
da(v;) =1fori=1,3,5and dp(v;) = 2 fori = 2,4,6. Assume that A admits an equitable
subpartition (A1, Ag). From the structure of Ss, (i) and (ii), we deduce that AUA3 = A.
Renaming the subscripts if necessary, we may assume v1v2vg € Ap. Since dj (v2) = 2, by
(iii) we obtain vovsvy € As. So v4vsvs € Aq because dj(vq) = 2. Thus dj, (v¢) = 2 and
dp,(ve) = 0, contradicting (iii). Therefore A has no equitable subpartition.

Theorem 3.7. Every ESP graph G = (V, E) is box-perfect.
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Proof. By Lemma 3.6 we only need to show that inequality (3.1) holds for all rational
u > 0 and all integral w > 0. Let (y?, 27) be an optimal solution of the first minimum
in (3.1). Let C be the set of maximal cliques of G and let D be the multiset of members
of C such that each C € C appears in D exactly yo times. Let A be the set of C' € C such
that yo is odd. Since G is ESP, A admits an equitable subpartition (A1, Ag). Since every
clique can be extended into a maximal clique, we may assume without loss of generality
that members of A; and Ay are all in C. Let Dy be the multiset of members of C such
that each C' € C appears |yc/2] times. It follows that D = Dy WDy W A, where W stands
for multiset sum. For i = 1,2, let D; = Do W A;. We deduce from (i) that

(1) |D1| + |D2| < |D.
Let p = y"Bg + 27 — 2w” and let v € V. Without loss of generality we assume
(2) dp,(v) > dp,(v) and p,z, = 0.

Since dp(v) = 2dp, (v)+da(v), we deduce from (ii)—(iii) that dp, (v)+dp, (v) > dp(v)
and dp, (v) = dp, (v) + dp,(v) > |dp(v)/2] (i =1,2). Thus we conclude from (2) that

(3) dp,(v) = [dp(v)/2] and dp, (v) = |dp(v)/2].

By the definition of D we have dp(v) = yT B, where B, is the column of Bg indexed
by v. So

(4) dp(v) + z, = p, + 2w, > 2w,.
Since w, is an integer, we deduce that
(5) wy < [(dp(v) +20)/2].
Setting z1, = [2,/2] and 23, = [2,/2], we have
(6) Z1oUy + ZopUy = ZyUy.
We further claim that
(7) dp,(v) + zip > w,, for i =1,2.
To see (7), recall p,z, = 0 from (2). If dp(v) is even, we deduce from (4) that z,
is even, which implies, by (3)-(4), that dp,(v) + ziw > (dp(v) + 2,) > w,. So we

assume that dp(v) is odd. If z, = 0 then, by (3) and (5), dp,(v) + 24 = dp,(v) >
ldp(v)/2] > w,. Else, by (2) and (4), 2, is odd. Thus dp, (v) + 24 > 1(dp,(v) £ 1) +



G. Ding et al. / Journal of Combinatorial Theory, Series B 128 (2018) 1746 27

(2o F1) = 3(dp, (v) + 2z,) > w,, because of (3), (5), and the definition of z;,. So (7)
holds.

Fori=1,2,let z; = (z4p : v € V) and y, € ZC be the multiplicity function of D;.
It follows from (7) that y? Bg + 21 > w?, which means that both (y;, z;) and (y,, z2)
are feasible solutions of the second program in (3.1). From (1) and (6) we also conclude
that y71 + 27w < (yT1 + 27u)/2 holds for at least one i € {1,2}. Hence inequality
(3.1) holds, which proves the Theorem. 0O

For a perfect graph G, being ESP can be characterized as follows. Let Z denote the
vie) , let G denote the graph obtained from
G by substituting a stable set of size d(v) for each vertex v. Note that v is deleted when
d(v) = 0. Let c¢ = 17 Bg. In other words, for each v € V(G), cg(v) is the number of
maximal cliques of G that contain v.

set of nonnegative integers. For any d € Z

Theorem 3.8. Let G be perfect Then G is ESP if and only if for every d € ZV(G) with
d < cg there exists d' € Z ) such that |d/2] < d' < [d/2] and o(GY) + a(Gd 4y <
a(G?).

Proof. To prove the forward implication, let G be ESP and let d € Z . Since G¢
is perfect, its vertex set can be partitioned into a(G?) cliques. These chques naturally
correspond to a multiset A of a(G?) cliques of G. Note that |A| = a(G?) and dp = d.
Since G is ESP, A admits a equitable subpartition (Aj, As). By deleting vertices from
cliques in A; and As we can obtain multisets A} and A3 of cliques of G such that
|AT[+[AS] < |Ar] +[Az|, dps +day = d, and min{dp=,day} > |d/2]. Let d’ = dp:. Then
|d/2] <d < [d/2] and

a(GY) 4+ a(GTY) < a(GM) + a(GM2) < [A1] +[Ag] < A] = a(GY),

which proves the forward implication.

To prove the backward implication, let A be a set of maximal cliques of G. Then
d := dpn < cg and thus there exists d’ as stated in the theorem. Let d; = d’ and
dy = d—d'. For i = 1,2, vertices of G% can be partitioned into a(G%) cliques, and these
cliques correspond to a multiset A; of a(G%) cliques of G. Note that dy, = d;. Thus
(A1, A2) is an equitable subpartition of A, which proves the theorem. O

Remarks. We remark that o(G?) is exactly the maximum of Y, g d(v) over all stable
sets S of G. Sometimes this interpretation is more convenient. Moreover, we are not
aware of any box-perfect graph that is not ESP.

In the remainder of this section, we introduce a stronger property, called strong ESP,
and show that the ESP (so is the strong ESP) property is preserved under duplicating
a vertex.



28 G. Ding et al. / Journal of Combinatorial Theory, Series B 128 (2018) 1746

Let us call a graph strong ESP if every set A of maximal cliques admits an equitable
subpartition (A1, Ag) with max{|A1],|Az2|} < [|A]/2]. The next lemma follows immedi-
ately from this definition.

Lemma 3.9. (1) If G is strong ESP then so are all its induced subgraphs.
(2) Let Gy, G4 be strong ESP and let G be obtained from the disjoint union of Gy, G2
by adding all edges between them. Then G is also strong ESP.

The following lemma states that duplicating a vertex preserves the ESP property.
Lemma 3.10. Duplicating a vertex in an ESP graph results in an ESP graph.

Proof. Let ESP graph G have a vertex v. Let G’ be obtained by duplicating v and let
v’ be the new vertex. For any set A’ of maximal cliques of G’, we prove that A’ has an
equitable subpartition.

We define A as follows. If vv’ is an edge then A = {K — ' : K € A'}; if v’ is not an
edge then A = {K:v' ¢ K e A}W{K —v +v:v € K € A’}. Note that A is a multiset
of maximal cliques of G. Since G is ESP, A admits an equitable subpartition (A, Ag).
By deleting vertices from cliques in A; and Ay we may assume that da, + da, = dp and
|_dA/2J <dj, < |—dA/2-| (’L = 1,2).

If vo’' is an edge, let A, = {K:v ¢ K e AJW{K+v :ve K e} (i=1,2).
Then (A}, A}) is an equitable subpartition of A’ because dx(v') = dx(v) holds for
X e {A, A} ALY

Now suppose vv’ is not an edge. Note that da(v) = dp/(v) + dps(v'). Also we may
assume that dy, (v) = [da(v)/2] and dyp, (v) = [da(v)/2]. Let

my = |da(v)/2], ma = [da/(v)/2], m| =d, (v) —m1, mbh=dp,(v) —ma.
Then
my +ma = dp(v), mi+mbh=dy @), min{m],my} > |da(v')/2].
For i = 1,2, let A} be obtained from A; by turning m/ cliques K that contain v into
K —v+v'. Then the above equalities and inequalities imply that (A}, A}) is an equitable

subpartition of A’. O

Remark. Clearly, this proof also proves that duplicating a vertex in a strong ESP graph
results in a strong ESP graph.

4. Known box-perfect graphs

Cameron [4] identified a few classes of box-perfect graphs. In this section we prove that
they are in fact ESP graphs. Our results could be stronger than the results of Cameron if
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ESP and box-perfect are not equivalent. But the main reason for establishing our results
is for future applications. We envision that more ESP graphs (possibly all box-perfect
graphs) can be constructed from basic ESP graphs. Therefore, it is important to make
sure that all known box-perfect graphs are ESP.

4.1. Totally unimodular graphs

It is well known (see Theorem 19.3 of [23]) that in a totally unimodular matrix, each
set of rows can be partitioned so that the sum of one part minus the sum of the other
part is a {0, £1}-vector. If G is totally unimodular then B¢ has this partition property,
which implies immediately that G satisfies the definition of ESP graphs. Thus we have
the following.

Theorem 4.1. Totally unimodular graphs are ESP.

We point out that totally unimodular graphs include graphs like interval graphs,
bipartite graphs, and block graphs (every block is a complete graph).

4.2. Incomparability graphs

Theorem 4.2. Fvery incomparability graph G is ESP.

Proof. Since G is perfect, we may apply Theorem 3.8. Let d € ZZ(G). Note that G¢ is
again an incomparability graph. In fact, let P be a poset such that G is the incompara-
bility of P and let P? be obtained from P by replacing each element v with a chain of
size d(v). Then G? is the incomparability graph of poset P?. For each positive integer i,
let A; be the set of maximal elements of P — (A; U...U A;_1). Then (4y,...,A,) is a
partition of V(G?) into cliques, where n = a(G?). Let V; be the union of A; for all odd
i and let V3 be the union of A; for all even i. Then G[V;] and G?¢[V5] can be expressed
as G4 and G%, respectively, for some dy,dy € ZK(G). It is easy to see that dy +dy = d
and |d/2] <d; < [d/2] (j =1,2). Moreover, each a(G%) is bounded by the number of
A;s contained in V. Therefore, a(G%) + a(G%) < a(G?), which implies that d' = d;
satisfies Theorem 3.8 and thus G is ESP. O

4.8. p-Comparability graphs

p-Comparability graphs were introduced in [3] and were shown [3.,5] to be box-perfect.
We show that they are ESP. Let D be a digraph with a special set T of vertices such
that every arc is in a dicycle (directed cycle) and every dicycle meets T exactly once. In
particular, D has no arc between any two vertices of T. If p is an integer with |T'| < p,
then a p-comparability graph G is defined from D by adding all chords of all dicycles,
then deleting T', and finally ignoring all directions on edges. Note that 1-comparability
graphs are precisely comparability graphs.
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Theorem 4.3. Every p-comparability graph G is ESP.

To prove this theorem we will need the following Lemma. Let D = (V, A) be a digraph.
For each dicycle C of D, the incidence vector of C' is the vector ¢ € {0,1}* such that
x%(a) = 1 if and only if a is on C. A sum of incidence vectors of (not necessarily distinct)
dicycles of D is called a circulation of D. The following is a special case of Corollary
11.2b of [24].

Lemma 4.4. Every circulation f is the sum of two circulations f1, fa such that | f/2] <
fi < 1f/2] holds for both i =1,2.

Proof of Theorem 4.3. Let G be constructed from D and T'. Let D* be obtained from D
by splitting each vertex v into v’ and v” such that arcs entering v are now entering v’,
and arcs leaving v are now leaving v”/. We also add an arc from v" to v”. Observe that
for every dicycle C of D, D* has a unique dicycle C* such that A(C*) N A(D) = A(C).
Moreover, every dicycle of D* can be expressed as C* for a dicycle C of D.

We will use a fact proved in [5] that for every clique K of G, there exists a dicycle
Ck of D such that K C V(Ck).

Let A be a set of maximal cliques of G. We prove the theorem by showing that A
admits an equitable subpartition. Let f be the sum of incidence vectors of C} over all
K € A. Since each Ckx meets T exactly once, each Cj; must meet 7% = {t't" : t € T'}
exactly once. As a result, |A| equals the sum of f(a) over all a € T*. In addition, since
each K € A is a maximal clique, we must have V(Ck) — T = K. This implies that
da(v) = f(v'v") holds for all v € V(D).

Let f; and fo be the two circulations of D* determined by Lemma 4.4. For i = 1,2,
let C; be the multiset of dicycles of D* such that f; is the sum of X over all C* € Cr.
Then let C; be the multiset {C' : C* € C} and A; = {V(C) —T : C € C;}. By the
construction of G, each member of A; is a clique of G. Moreover, dy,(v) = f;(v'v") holds
forallv € V(G), and |A;] = > . p« fi(a). Therefore, (A1, A2) is an equitable subpartition
of A, which proves that G is ESP. O

Remark. This proof also proves that (1-)comparability graphs are in fact strong ESP.
5. Parity graphs

A graph is called a parity graph if any two induced paths between the same pair
of vertices have the same parity. These are natural extensions of bipartite graphs and
they are perfect [21]. Cameron and Edmonds [3] conjectured that every parity graph is
box-perfect. The objective of this section is to present a proof of this conjecture.

To establish our result we need a structural characterization of parity graphs. Let H
be a graph with a stable set S such that all vertices of S have the same set of neighbors.
Let B be a bipartite graph and let T be a subset of a color class of B with |T'| = |S]. Let
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G be obtained from the disjoint union of H and B by identifying S with T. We call G
a bipartite extension of H by B, and we also call the construction of G from H bipartite
extension.

Lemma 5.1 (Burlet and Uhry [2]). Every connected parity graph can be constructed from
a single vertex by repeatedly duplicating vertices and bipartite extensions.

Theorem 5.2. Parity graphs are ESP.

Proof. By Lemma 3.10, we only need to show that if G is a bipartite extension of an
ESP graph H by a bipartite graph B = (X,Y, E), then G is ESP. Let Xy C X be the
intersection of H and B. Let A be a set of maximal cliques of G. Naturally, A can be
partitioned into Ay and A g, which are maximal cliques of H and edges of B, respectively.
Now we find an equitable subpartition (A’z, A7) of Ap and an equitable subpartition
(AN, AY)) of Ay such that (Alz U Ay, A% U AY,) is an equitable subpartition of A. Let
X be partitioned into (X7, X2) such that X; consists of x € X with both dy , (z) and
da, (x) odd. Since (A'z, A%) and (A%, AY;) are always compatible on vertices in X, we
only need to focus on vertices in X;.

Without loss of generality, let Ap = FE. Suppose B has 2t vertices of odd degree.
Then E can be partitioned into cycles and ¢ paths Pi, ..., P;. Let (A, A}) be defined by
assigning edges to the two parts alternatively along the cycles and paths. Then (Az, A%)
is an equitable partition. Note that we have the following freedom in the assignment.
Let z € X7 and let P; be the path with x as an end. If the other end of P; is not in
X1, then we may choose dy:. () to be |da,(z)/2] or [dx,(z)/2], as we wish (without
changing dy/, (2) and dyy, (2) for any other z € Xy). If the other end of P; is a vertex z’
in Xy, then we may assume that da, (x) = [da,(7)/2] and dp, (2') = [da,(2')/2]. Let
(x1,2)), ..., (xk, z)) be these pairs in X;.

Let H; be obtained from H by deleting z/,...,z) and let A; be obtained from Ay
by replacing each z; with x;. Note that da, (x;) = da, (%) + da, (x}) for all 4, while
dp, (v) = dp, (v) for all other vertices v of Hy. Since H is ESP, so is Hy. Let (A}, AY)
be an equitable subpartition of A;. Without loss of generality, we assume dy; (z;) =
day (x3) = da, (x;)/2 for all 4. Let A% be obtained from A} by turning |da,, (2})/2] of its
cliques K that contain z; into K — x; + x (for every i). Then dy, (z:) = [da, (7:)/2]
and dpr (v}) = [da, (2})/2]. Let A% be obtained analogously. Now it is straightforward
to verify that, the freedom on partition (Az, A%%) allows us to make adjustments so that
(A5 UAY, AL UAY) is an equitable subpartition of A. O

6. Complements of line graphs

In the rest of this paper we allow some graphs to have loops and parallel edges. We
call these multigraphs and we reserve the word graph for simple graphs. If a multigraph
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H is obtained from a graph Hy by adding loops and parallel edges, then Hj is called the
simplification of H and is denoted by si(H).

Let L(H) denote the line graph of a multigraph H. Under this circumstance, we
always make the following implicit assumptions:

(i) H has no isolated vertices (deleting an isolated vertex does not affect L(H));
(ii) H has no loops (replacing a loop with a pendent edge does not affect L(H));
(iii) H has no distinct vertices x,y, z such that z is the only neighbor of = and the only
neighbor of y (replacing edges between y and z by edges between x and z does not
affect L(H)).

The complement of L(H) will be denoted by L(H). Our results in the next two
sections imply a characterization of box-perfect line graphs. The goal of this section is
to characterize box-perfect graphs that are complements of line graphs.

Theorem 6.1. Let G = L(H) be perfect. Then G is boz-perfect if and only if G is
{83, S }-free.

Our proof of this theorem is divided into a sequence of lemmas. We first determine
the structure of {S3, S5 }-free perfect graphs of the form L(H), and then we confirm that
all such graphs are ESP. We will see that some of these graphs are in fact strong ESP.

We need a result of Gallai [15] which identifies eight classes and ten individual graphs
such that a graph is a comparability graph if and only if it does not contain any of these
identified graphs as an induced subgraph. We will use the following immediate conse-
quence of Gallai’s theorem. Let I' be the graph obtained from a 6-cycle vivsv3v4v5v6v1
by adding two edges viv3 and vyvs.

Lemma 6.2. Let G be claw-free and perfect. Then G is an incomparability graph if and
only if G does not contain any of Ss, Sz, T', and Cy, (n > 3) as an induced subgraph.

Let K denote the graph obtained from K, by adding a pendent edge to each of two
distinct vertices. Let K;f ,, denote the graph obtained from K, (n > 3) by adding a
pendent edge to a degree-2 vertex and an edge between the two degree-n vertices.

Lemma 6.3. Let L(H) be {Cs, S3, S5 }-free. If H contains S3 as a subgraph then si(H)
is either K} or a subgraph of K;:n for some n > 3.

Proof. Since S3 is a subgraph of H, we assume V (H) = {1, Zo, T3, Y1, Y2, Y3, 21, --» Zm }
such that zyzexs is a triangle and z;y; € E(H) (i = 1,2,3). If m = 0 then it is
straightforward to verify the conclusion of the lemma, using the fact that H does not
contain C as a subgraph. So we assume m > 0. Let K7 3 denote the graph obtained
from K7 3 by subdividing each edge exactly once. Note that K7 3 is not a subgraph of
H since E(Kfz))) = S3. As a result, each z; is adjacent to none of y1,ys2,y3, and at most
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two of x1, s, x3. Furthermore, since L(H) is Sgr—free, the entire neighborhood of each
z; must be a subset of {1, 22,23} of size one or two (here we also use assumption (i)
above). By assumption (iii) above we may assume that each z; is adjacent to exactly
two of x1,x2,x3. Since C5 is not a subgraph of H, all z;’s must have the same set of
neighborhood. Now, since m > 0, it is straightforward to verify that si(H) is a subgraph
of K ; ma3. O

Let C' be an even cycle of length > 4. Let X be a stable set of C' and let Y =
V(C) — X — No(X), where X is allowed to be empty. We construct a bipartite graph
from C by adding a pendent edge to each vertex in Y and by repeatedly duplicating
vertices in X. Let C consist of all graphs that can be constructed in this way.

Lemma 6.4. Let L(H) be perfect and Ss-free. Suppose H is connected and H does not
contain Sz as a subgraph. If L(H) contains an induced T' or Cy, (n > 3), then si(H) is
a subgraph of a graph in C U {Ks3}.

Proof. Suppose I' is an induced subgraph of L(H). Then H has a subgraph with a
4-cycle x1xox3r4 and two pendent edges x1y1, x2y2. Note that 123 and zsxy are not
edges of H since Ss is not a subgraph of H. Let 21, ..., zm be the remaining vertices of
H. If m = 0, then either si(H) is a subgraph of K33 or H contains a 5-cycle. So we
assume m > 0. Like in the proof of the last lemma, since Cs and K7 5 are not subgraphs
of H, for each i we must have Ng(z;) = {x1,23} or {x2, 24}, or {z;} for some j. In
addition, N (y;) C {xs, iz} (1 =1,2) and |Ng(y1) U Nu(y2)| < 3. Now, since H does
not contain K7 3, it is routine to check that si(H) is a subgraph of a graph in C.

Next, suppose L(H) is I'-free. Then H contains a 2n-cycle zqxs...22, (n > 3). Note
that this cycle has no chord (otherwise L(H) contains an induced T', Ss, or Cory1 with
k > 2). Let z1,..., 2z, be the remaining vertices of H. Using the same argument we
used in the last paragraph it is straightforward to show that each Ngy(z;) is {z;} or
{zj,xj42} for some j (where xon4s is x¢). In addition, if Ny (z;) = {xj,2j42} then
N (xj41) = Nu(2;). Therefore, si(H) is a subgraph of a graph in C. O

Lemma 6.5. Suppose G has a vertex u such that G — u is bipartite and G — N(u) is
edgeless. Then G is totally unimodular.

Proof. By Theorem 19.3 of [23], we only need to show that each set A of maximal cliques
admits an equitable partition (A, Ag), meaning that min{dy, (v),da,(v)} > |da(v)], for
all v € V(@G). Suppose to the contrary that some A does not admit such a partition. We
choose A with |A| as small as possible.

Let A, B,C,D be a partition of V(G) — u such that AU C, BU D are stable and
N(u) = BUC. Let G’ be the subgraph of G formed by edges in K — u, over all K € A.
We claim that G’ is a forest. Suppose G’ has a cycle x1xs...x,. Note that for each i,
exactly one of z;z;11 and ux; ;41 is a clique in A. Let A’ be the rest cliques in A. By the
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minimality of [A[, A" admits an equitable partition (A}, A3). Let us extend A’ (j = 1,2)
to A; by including x;x;41 or ux;x;41 (whichever belongs to A) for all ¢ with ¢ — j even.
Then it is easy to see that (Aq,As) is an equitable partition of A. This contradicts the
choice of A and thus the claim is proved. The same argument also shows that G’ has no
maximal path with two ends both in A U B or both in C'U D. Thus all components of
G’ are paths with one end in AU B and one end in C U D. If G’ has only one path then
the same argument still works. If G’ has two or more paths then we can take any two of
them and treat their union as a cycle and again apply the same argument. O

Recall that a graph G is strong ESP if every set A of maximal cliques of G admits
an equitable subpartition (A1, Ag) with max{|A1],|A2]} < [|A|/2]. In a (loopless) multi-
graph G, the degree of a vertex v, denoted dg(v), is the number of edges incident with
v. The next is the key step for proving Theorem 6.1.

Lemma 6.6. For every H € CU{K33}, L(H) is strong ESP.

Proof. For each y € ZE(H), let £ H denote the multigraph with vertex set V' (H) such that
the number of edges between any two vertices x, y is zero (if zy ¢ E(H)) or p(xy) (if xy €
E(H)). Note that pH is bipartite since H is bipartite. Let A(u) denote the maximum
degree of pH. By Konig’s edge-coloring theorem, E(uH) is the union of k matchings
if and only if & > A(p). Because of this theorem and the one-to-one correspondence
between cliques of E(H ) and matchings of H, to prove the lemma it is enough for us to
show that

(x) for any u € ZE(H) there exist pq, uo € ZE(H) such that py + po = p, pi > | /2]
(i =1,2), A(m) < [A(p)/2], and A(pg) < [A(p)/2]-

In the following we construct a partition (E;, E2) of E(uH) such that the multiplicity
functions p; of E; (i = 1,2) satisfies (x). This partition will be constructed in several
steps. In the process we determine a partition (Fy, Fq, E3) of E(uH), where we begin
with (Fy, Fa, E3) = (0,0, E(u(H)) and we keep moving edges from F3 to Fi, F5 until
E3 becomes empty. For i = 1,2, 3, let H; denote the subgraph of uH formed by edges in
E;.

First, for each edge e = zy of H, among all (e) edges of F3 that are between x and y,
we move |pi(e)/2] of them to Fy and |u(e)/2] of them to Es. At the end of this process,
H3 becomes a simple graph. It follows that u; > [©/2] (1 = 1,2) and this inequality will
be satisfied no matter how edges of H3 are moved to E; and Fs in later steps.

If H; has a cycle C, since H is bipartite, E(C) can be partitioned into two matchings
My, My. We move M; from E3 to E; (i = 1,2). We repeat this process until Hs become
a forest. At this point, H; and Hs have the same degree at every vertex.

Let S = {v:d,m(v) = A(n)}. Suppose Hs has a leaf v that is not in S. Let P be a
maximal path of Hs starting from v. Let E(P) be partitioned into two matchings My, M,
where we assume the edge of P that is incident with the other end w of P belongs to Mj.
Then we move M; from E3 to E; (i = 1,2). After this change, dg, (u) = [d,m(u)/2] <



G. Ding et al. / Journal of Combinatorial Theory, Series B 128 (2018) 1746 35

[A(p)/2], dp,y(u) = |dum(w)/2] < [A(p)/2], and dp,(v) < [dun(v)/2] < [A(w)/2]
(i =1,2). In addition, dp, (w) = dg, (w) for all w # u,v, and dg, (u),dy, (v) will remain
unchanged in the remaining process. By repeating this process we may assume that all
leaves of Hs are in S. As a consequence, A(u) is odd. Note that the same argument
works if Hs has a maximal path with an odd number of edges. Thus we further assume
that in every component of Hj, all leaves are in the same color class (of any 2-coloring
of Hj).

We first consider the case H = K3 3. We claim that each component of Hs is a path.
Suppose a component Hj of Hj is not a path. Then Hj has at least three leaves. Since
all these leaves are in the same color class, H} must have exactly three leaves z1, 22, 23
and they form a color class of H. Consequently, H; = Hs = K 3. Moreover, in the
previous steps of reducing Hs, no path was ever deleted because otherwise Hs would be
a subgraph of K 5. It follows that d,, i (v*) is even, where v* € V(H) —V (Hs). However,
the fact 21, 29, z3 € S implies that uH is A(u)-regular, and thus d, z(v*) = A(p) is odd.
This contradiction proves our claim. Now, since each non-leaf v of H3 has degree two,
its degree in pH is even and thus v ¢ S. It follows that moving all edges of F3 to F;
results in the required partition.

Next suppose H € C. Let Hj be a component of Hs. Then H} is a caterpillar since
K7 5 is not a subgraph of H. Therefore, H{ has a path z129...29541 such that every leaf
of H} is adjacent to some xq;,1. We assume that HY is not a path because otherwise we
may move the entire path from E3 to F1. We make two observations before we continue.
First, dg(v) > 1 holds for every leaf v of H, because otherwise the only edge of H that
is incident with v would be the only edge of H} (as v € S). Second, if u,v € V(H}) are
of degree-2 in H and are contained in a 4-cycle uzvy of H, then at most one of u, v is in
S. This is because otherwise u(ux) = pu(vy), pu(uy) = p(ve), and both z,y € S, which
implies that Hj is a subgraph of the 4-cycle uzvy. It follows from these two observations
and the construction of graphs in C that each x9;11 is adjacent to at most two leaves of
Hj. For the same reasons, there must exist ig € {0,1,...,k} such that dp;(v2i,+1) = 2.

For i =1,2,3,4, let V; = {v : dp;(v) = i}. Note that Vo U V3 U V) = {x1, ..., Tag 11}
Let M be the matching {zo;_129; : i = 1,...,90} U {®oi®ait1 : io + 1,...,k}. From Hj
we move M to E5 and the rest of E(H}) to E7. Now we verify that, after this change,
dp, (v) < [A(u)/2] and dg, (v) < [A(u)/2] hold for all v € V3 U Vo U V3 U Vy. For each
v € V] it is easy to see that in fact dgy, (v) = [A(w)/2] and dg,(v) = [A(u)/2]. For
each even 4, we have x; € Vo and dg, (2;) = dm, (2;) = dum(2:)/2 < |A(w)/2]. For each
odd ¢ we consider two cases. If z; € V3 then dg, (z;) = (dum(2;) +1)/2 < [A(n)/2] and
A, (zi) = (dpm(x) —1)/2 < [A(p)/2]. If 2; € VoUV, then dp, (x;) < (dpm(zi)+2)/2 <
[A(p)/2] and dp, (z;) < dym(z:)/2 < [A(w)/2]. Therefore, we may apply this split to
all components of H3 and create the required partition Fq, E>. 0O

Proof of Theorem 6.1. The forward implication is obvious so we only show that G =
L(H) is ESP when G is perfect and {Ss3, S5 }-free.
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Suppose L(H) contains an induced Ss. Then H contains S5 as a subgraph. By
Lemma 6.3, si(H) is either K or a subgraph of K, for some n > 3. In both cases,
it is straightforward to verify that L(si(H)) satisfies the assumptions in Lemma 6.5. So
L(si(H)) is totally unimodular and thus is also ESP. By Lemma 3.10, L(H) is ESP.

Now suppose L(H) is S3-free. We claim that L(H') is strong ESP for every component
H' of H. If L(H') is a comparability graph, then the claim follows immediately from
the Remark at the end of Section 4. So we assume that L(H’) is not a comparability
graph. By Lemma 6.2, L(H) contains an induced I' or Cy,, (n > 3). This implies, by
Lemma 6.4, that si(H’) is a subgraph of a graph in C U {K3 3}. Then the claim follows
from Lemma 6.6, Lemma 3.9(1), and the Remark of Lemma 3.10. Finally, this claim and
Lemma 3.9(2) imply that L(H) is ESP. O

7. Trigraphs

Our next objective is to characterize claw-free box-perfect graphs. To accomplish this
goal, we will need a result of Chudnovsky and Plumettaz [9] on the structure of claw-free
perfect graphs. The purpose of this section is to explain their result, which requires many
definitions.

A trigraph G consists of a finite set V' of vertices and an adjacency function 0 : (‘2/) —
{1,0,—1} such that {uv : f(uv) = 0} is a matching. Two distinct vertices v and v of G
are strongly adjacent if O(uv) = 1, strongly antiadjacent if 6(uv) = —1, and semiadjacent
if O(uv) = 0. We call u, v adjacent if O(uv) > 0, and antiadjacent if (uv) < 0. Note that
every graph can be considered as a trigraph with {uv : §(uv) = 0} = 0. In other words,
graphs are exactly trigraphs with no semiadjacent pairs. The result of Chudnovsky and
Plumettaz is in fact about trigraphs.

For any trigraph G = (V,0), let G=° denote the graph (V,{uv : §(uv) > 0}). Con-
versely, for any graph G = (V, E), let tri(G) denote the set of all trigraphs (V,6) such
that for any distinct u,v € V, 8(uv) > 0 if uv € F and O(uwv) < 0if uwv ¢ E.

Let G = (V,0) be a trigraph. We call G connected if G=° is connected. For each v € V,
let Ng(v) = Ng>o(v). We often write N(v) for Ng(v) if the dependency on G is clear.
For any X C V, let G| X be the trigraph such that its vertex set is X and its adjacency
function is the restriction of 6 to ()2( ) If a trigraph H is isomorphic to G|X for some
X CV, then we call H a subtrigraph of G and we say that G contains H.

A trigraph is a hole if it belongs to tri(C),) for some n > 4. A trigraph (V,0) is an
antihole if (V,—0) is a hole. A hole or antihole is odd if its number of vertices is odd.
A trigraph is Berge if it contains neither an odd hole nor an odd antihole. A trigraph is
a claw if it belongs to tri(K7 3). A trigraph is claw-free if it does not contain any claw.
In general, if H is a set of trigraphs, then a trigraph is H-free if it does not contain any
trigraph in H. The result of Chudnovsky and Plumettaz characterizes {claw, odd holes,
odd antiholes}-free trigraphs, that is, claw-free Berge trigraphs. To describe the resulting

structure we need more definitions.
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Fig. 7.1. Trigraphs in C.

Let G = (V,0) be a trigraph. For any two disjoint X, Y C V', we say that X is complete
(resp. strongly complete, anticomplete, strongly anticomplete) to Y if every x € X and
every y € Y are adjacent (resp. strongly adjacent, antiadjacent, strongly antiadjacent).
A clique (resp. strong clique) of G is a set C' C V such that any two distinct vertices
of C are adjacent (resp. strongly adjacent). A stable set (resp. strong stable set) of G
is a set S C V such that any two distinct vertices of S are antiadjacent (resp. strongly
antiadjacent).

A trigraph H is a thickening of a trigraph G if V(H) admits a partition (X, : v €
V(G)) such that

o if v € V(G) then X, # 0 is a strong clique of H;

o if u,v € V(G) are strongly adjacent in G then X, is strongly complete to X, in H;

o if uy,v € V(G) are strongly antiadjacent, then X, is strongly anticomplete to X,
in H;

o if u,v € V(G) are semiadjacent, then X, is neither strongly complete nor strongly

anticomplete to X, in H.
Let C be the class of all trigraphs illustrated in Fig. 7.1, where

e [BI|<1foralli,je{1,23)}

BYUBL, |B? U B3, |B{ U B} € 0,2}

o if f(araz) = 0 then B U Bl =10

o there exists x; € B} UB2U B} for i = 1,2,3, such that {z1, 22,23} is a clique.

It turns out that there are two kinds of claw-free Berge trigraphs. The first are thick-
enings of trigraphs in C. The second are constructed (in a way like constructing line
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graphs) from certain basic trigraphs. In the following, we first define the building blocks
and then describe the construction.

Let G have three vertices v, z1, z2 such that 8(vz;) = 0(vze) = 1 and 0(z122) = —1.
Then the pair (G, {z1,22}) is a spot. Let G have four vertices vy, va, 21,22 such that
O(v1z1) = O(vaza) = 1, O(viva) = 0, 0(z122) = 0(z1v2) = 0(22v1) = —1. Then the pair
(G,{z1, 22}) is a spring.

A trigraph is a linear interval if its vertices can be ordered as vq, ..., v, such that if
i < j < k and 6(v;vr) > 0 then 6(v;v;) = 6(vjvr) = 1. Let G be such a trigraph with
n > 4. We call (G, {v1,v,}) a linear interval stripe if: v; and v,, are strongly antiadjacent,
v; and v;41 are adjacent for every i € {1,...,n — 1}, no vertex is complete to {vy,v,},
and no vertex is semiadjacent to vy or v,,.

Let (G, {p,q}) be a spring or a linear interval strip. Let H be a thickening of G and
let X, (v € V(G)) be the corresponding sets. If | X,,| = |X,| = 1, then (H, X, U X,) is
called a thickening of (G, {p,q}).

Let C’ be the class of all pairs (H, {z}) such that H is a thickening of a trigraph G € C
and z € X,, for some i € {1,2,3} for which B{fUB;™ = ) and N (2)N(X,,,,UX,,,,) =
() (here we use the notation from the definitions of C and thickening).

A signed graph (G, s) consists of a multigraph G = (V, F) and a function s : £ —
{0,1}. If 3~ e p(c) s(e) is even for all cycles C of G, then (G, s) is an evenly signed graph.
In the following we define another three classes of signed graphs. For any F C E, let
G[F] = (V,F).

Let F; be the class of loopless signed graphs (G, s) such that si(G) = K4 and s = 1.
Let F3 be the class of loopless signed graphs (G, s) such that si(G) is obtained from
Ky, (n > 1) by adding an edge e* between its two degree-n vertices, and edges in
{e : s(e) = 0} are all parallel to e* (while s(e*) = 1). We remark that our Fj is F» of [9]
and our Fy is F; U F3 of [9]

In a connected multigraph G with E(G) # 0}, a subgraph B is a block of G if B is a
loop or B is maximal with the property that B is loopless and si(B) is a block of si(G).
A signed graph (G, s) is called an even structure if E(G) # () and for all blocks B of G,
(B, s|g(p)) is a member of F1 U F, or an evenly signed graph or a loop.

Now we describe how the pieces defined above can be put together. A trigraph G =
(V,0) is called an evenly structured linear interval join if it can be constructed in the
following manner:

e Let (H,s) be an even structure.

o For each edge e € E(H), let Z. C V(H) be the set of ends of e (so |Z.| =1 or 2).
Let Se = (Ge, Z.) such that G, is a trigraph with V(G.) NV (H) = Z. and
* if e is not on any cycle then S, is a spot or a thickening of a linear interval stripe,
* if e is on a cycle of length > 1 and s(e) = 0 then S, is a thickening of a spring,
x if e is on a cycle of length > 1 and s(e) = 1 then S, is a spot,
x if e is a loop then S, € C’.

o For all distinct e, f € E(H), V(G.)NV(Gy) C Z.N Z;.
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o Let V =U.cpm)V(Ge)\Ze and let 6 be given by: for any u,v € V
« if u,v € V(G.)\Z, for some e € E(H) then 0(uv) = 0g, (uv)
* if u € Ng,(z) and v € Ng,(z) for distinct e, f € E(H) with a common end z,
then 6(uv) =1
* in all other cases, 8(uv) = —1.
o We will write G = Q(H, s,{S. : e € E(H)}).

Theorem 7.1 (Chudnovsky and Plumettaz [9]). A connected trigraph is claw-free and
Berge if and only if it is a thickening of a trigraph in C or an evenly structured linear
interval join.

In the following we produce a different formulation of this result. A vertex = of a
trigraph is simplicial if N(xz) # 0 and {z} U N(z) is a strong clique. For i = 1,2, let
G; = (V;,0;) be a trigraph with a simplicial vertex z; and with |V;| > 3. The simplicial
sum of G, Gy (over x1,x2) is the trigraph G = (V,0) such that V = (V} —21)U (Vo — x2)
and, for all distinct v1, vy € V,

o O(v1v2) = 0;(v1v9) if {v1,v2} CV; for some i = 1,2
o O(v1ve) =1 if v; € Ng,(x;) for both i =1,2
e O(vive) = —1 if otherwise.

We point out that both G; and G5 are contained in G. Moreover, using the language
of [9], G admits either a 1-join or a homogeneous set of size > 2.

Lemma 7.2. Let G be a simplicial sum of G1,G2. Then G is claw-free if and only if both
G1,G2 are; and G is Berge if and only if both G1, G4 are.

We omit the proof since it is straightforward. This lemma suggests that we can charac-
terize claw-free Berge trigraphs by determining all such trigraphs that are not simplicial
sums. In the following we describe these trigraphs.

Let Z be the class of linear interval trigraphs. Let £ be the class of trigraphs G such
that G=Y is the line graph of a bipartite multigraph and every triangle (a clique of size
3) of G is a strong clique. Let J; be the first graph in Fig. 7.2. We consider J; as a
trigraph with no semiadjacent pairs. Let [J; consists of trigraphs obtained from J; by
deleting k of its cubic vertices (0 < k < 4). Let J2(n) be the second trigraph in Fig. 7.2,
where @1, @2, and all vertical triples are strong cliques, 6(uv) could be 0, 1, or —1, and
all other pairs are strongly antiadjacent. Note that J5(0) € Z. Let J> consist of trigraphs
of the form Jy(n) — X for all n > 1 and all X C {u,v}. Let 7 = J1 U Ja.

Theorem 7.3. A connected trigraph is claw-free and Berge if and only if it is obtained by
simplicial summing of thickenings of trigraphs in CUL UIT U J.
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Fig. 7.2. J; and Ja.

We need a few lemmas in order to prove this theorem. A 1-separation of a multigraph
H is a pair (Hy, Hy) of edge-disjoint proper subgraphs of H such that Hy U H, = H and
|V(Hy) N V(Hz)| = 1. Suppose G = Q(H, s,{Sc}). Then a l-separation (Hy, Ho) of H
is called trivial if there exists i € {1,2} such that H; = K and Sy is a spot, where f is
the only edge of H;.

Lemma 7.4. Suppose G = Q(H,s,{S.}) and suppose H has a nontrivial 1-separation
(Hy, H2). Then G is a simplicial sum of two trigraphs.

Proof. Let z be the common vertex of Hy, Hy. For i = 1,2, let H] be obtained from H; by
adding a new vertex z; and a new edge zz;. Let s; be the signing of H/ which agrees with
son H;, and s;(zx;) = 1. Since all blocks of H/ (other than zx;) are blocks of H, (H/, s;)
is an even structure. Let S,,, be a spot and let G; = Q(H/, s;,{Se : e € E(H])}). Since
separation (Hp, Hs) is nontrivial, G; must have > 3 vertices. Now it is straightforward
to verify that x; is a simplicial vertex of G; (¢ = 1,2) and G is the simplicial sum of G,
and G5 over 1 and 2. 0O

Lemma 7.5. Let H be a thickening of G.

(i) H is claw-free if and only if G is claw-free.
(i) H is Berge if and only if G is Berge.

Proof. Part (ii) is (6.4) of [9] and part (i) is easy to verify, as pointed out in [11]. O

A trigraph G is quasi-line if N (v) is the union of two strong cliques for every v € V(G).
It is easy to see that if G is quasi-line then G is claw-free. A trigraph G is cobipartite
if V(G) is the union of two strong cliques. Clearly, if G cobipartite then G is quasi-line
and thus is claw-free. It is also clear that every connected cobipartite trigraph with > 2
vertices is a thickening of a two-vertex trigraph. Thus every cobipartite trigraph is Berge.

Proof of Theorem 7.3. To prove the backward implication, by Lemma 7.2 and
Lemma 7.5, we only need to consider trigraphs G € CULUI U J. If G € C then
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the result follows from Theorem 7.1. If G € 7 then G is claw-free [11] and Berge [9]. If
G € LUJ then G is quasi-line and thus G is claw-free. If G € J, then deleting simplicial
vertices from G results in a cobipartite trigraph, which implies that G is Berge. Finally,
assume G € £ and GZ° = L(B) is the line graph of a bipartite multigraph B. We need
to show that G is Berge. Since no semiadjacent pairs are contained in a triangle, every
hole of G must come from a cycle of B and thus G contains no odd holes. If G has an
antihole vyvs...v,v1 with n > 7, then we consider the restriction of G on vy, ...,vg. If
O(vivig1) = —1 for all i = 1,...,5, then the graph X formed by {v;v; : 0(v;vj) > 0}
would be the complement of a path on six vertices, which is one of the minimal non-
line-graphs. This is impossible since X is an induced subgraph of L(B). So 0(v;v;11) =0
holds for some 4, which makes v;, v;11, 2 a triangle for some k. This contradiction (two
semiadjacent vertices are contained in a triangle) shows that G contains no antihole of
length > 7. Thus G is Berge, which completes the proof of the backward direction.

To prove the forward implication, by Theorem 7.1, we assume G = Q(H, s, {S.}).
Since G is connected, H is connected as well. By Lemma 7.4, we also assume that all
1-separations of H are trivial. Let U be the set of all degree-one vertices u of H for which
if e is the only edge incident with u then S, is a spot. We assume V(H) # U because
otherwise H = K5 and G = K3 and thus the result holds. Let Hy = H — U. Note that
Hj is connected, as H is connected. Moreover, by its construction, Hy dose not have a
1-separation. Thus either Hy = K; or Hj is a block of H.

Suppose Hy is K1 or Ks. It follows that H is a tree with 1, 2, or 3 edges. Moreover,
S, is a thickening of a linear interval strip for at most one e, and every other S, is a
spot. In all cases, it is routine to check that G is a thickening of a trigraph in Z.

Suppose Hy is a loop e. Let S, = (G, {z}) € C' and let G, be a thickening of C' € C.
If H has > 2 edges then H consists of e and a pendent edge f with Sy a spot. It follows
that G = G,, which is a thickening of a trigraph in C. So e is the only edge of H and
G = G.—z. If z is not the only vertex of X, (here we use the notation in the definition of
C’) then G is also a thickening of C'. If z is the unique vertex of X,, then G is cobipartite.
In this case G is a thickening of a two-vertex trigraph and thus G is a thickening of a
trigraph in Z.

Suppose none of the last two cases occurs. Then Hj is a block in which every edge
is on a cycle of length > 2. Let sy be the restriction of s on Hy. Then (Hyp,sg) is
either in JF; U Fy or evenly signed. First we assume (Hy, sg) is evenly signed. Then
(H, s) is also evenly signed. Moreover, S, is a thickening of a spring for every edge in
Ey = {e € E(Hy) : s(e) = 0}, and S, is a spot for every other edge of H. Let S, be a
spring for each e € Ey and let S, = S, for every other edge of H. Then G is a thickening
of G = Q(H,s,{5.}). Now we only need to show that G’ € L. Let H' be obtained from
H by subdividing each edge in Ey exactly once. Then H' is bipartite. It follows from the
construction of € that adjacent pairs of G’ are exactly adjacent pairs of the line graph
L(H'). In addition, all semiadjacent pairs of G’ come from a spring, and thus no such
pair is contained in a triangle. Therefore, G’ belongs to £, as required.
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It remains to consider the case (Hy,sg) € F1 U Fo. If (Ho,s9) € Fi, then H is
obtained from K, by adding parallel edges and adding pendent edges to distinct vertices.
Moreover, every S, is a spot. It follows that G is an ordinary graph (meaning that
G has no semiadjacent pairs) and this graph is exactly L(H). Now it is clear that G
is a thickening of L(si(H)), which belongs to Ji. So we assume (Hy,sg) € Fa. Let
V(Hy) = {z1,22,Y1, .-, Ym} (m > 1) such that x; (i = 1,2) is adjacent to all other
vertices. Like before, we assume that Hy has no parallel edges, except for two possible
edges eg, e1 between w1, x2, and such that s(eg) = 0 and s(e;) = 1. We also assume
that S, is a spring, if ey is present. Suppose H is obtained by adding pendent edges
t0 Y1,y yn (n > 0) and to k of z1,29 (0 < k < 2). If eg is present, then G is a
thickening of Jz(n), where 8(uv) = 0. So assume that eg is not in H, and thus G = L(H).
For i = 1,2, let Q; be the clique of G formed by edges of H incident with x;. Let
Q) = Qi — {z1x2,T3y1, .oy Tiyn b I Q) # O is neither complete nor anticomplete to
Q% # 0, then again G is a thickening of J2(n) with #(uv) = 0. In the remainder cases
(which are: some @} is empty, or @} # 0 is complete or anticomplete to Q% # 0), if n =0
then G is a thickening of K3, and if n > 1 then G = Ja(n) — X for some X C {u,v}. O

8. Claw-free box-perfect graphs

In this section we prove the following.
Theorem 8.1. A claw-free perfect graph is boz-perfect if and only if it is Ss-free.

We divide the proof into several lemmas. Let G be a trigraph. We call G a sun if
G € tri(S3). We call G an incomparability trigraph if GZ° is an incomparability graph.
We call G elementary if it is a thickening of a trigraph in £. We remark that when an
elementary trigraph has no semiadjacent pairs then they are exactly elementary graphs
discussed in [20].

Lemma 8.2. Let G be a connected Berge trigraph. If G is {claw, sun}-free then G is
obtained by simplicially summing incomparability trigraphs and elementary trigraphs.

Proof. Since GG is connected, Berge, and claw-free, by Theorem 7.3, G is obtained by
simplicial summing of thickenings of trigraphs in CULUIUJ. Therefore, we may assume
that G is a thickening of a trigraph Go € CULU I U J. If Gy € L then G is elementary
and we are done. If Gg € C then Gy|{a1, az, a3, x1,22, 23} (here we are using the notation
in the definition of C) is a sun and thus G contains a sun, which is impossible. So we
assume that Gg € ZUJ. In the following we prove that G is an incomparability trigraph.

Suppose Gy € Z. Then vertices of Gy can be ordered as vy, ..., v, such that if i < j < k
and 6o (viv) > 0 then 0y(v;v;) = Op(vjvr) = 1. Using the notation in the definition of
thickening, we let X,, = {z;; :  =1,...,n;} (1 <4 < n). Now we define a binary relation
< on V(G) such that x;, j, < T4, 4, if (x4, 4, iy, 5,) = —1 and (41, j1) is lexicographically
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smaller than (iz, j2). We claim that < is transitive. Suppose x;, j, < i, j, < Zis,js. Silce
each X, is a strong clique, we must have i; < iz < i3. It follows that 0g(v;,v;,) < 0 and
00(viyviy) < 0. As a result, 8p(vi,vi,) = —1 and thus 0(x;, j, %4,,5,) = —1, which proves
our claim. This claim implies that the complement of G=° is the comparability graph of
poset (V(G), <), which proves that G=° is an incomparability graph and thus G is an
incomparability trigraph.

Now suppose Gy € J. We claim that Gy is a thickening of a trigraph in Z. This claim
clearly implies that G is a thickening of trigraph in Z, and thus the last paragraph proves
that G is an incomparability trigraph.

Before proving the claim we make an observation. It is clear that every cobipartite
trigraph is a thickening of a trigraph that has exactly two vertices and that the two
vertices are semiadjacent. Since this two-vertex trigraph is in Z, our claim holds if G is
cobipartite.

We first consider the case Gy € J1. If Gy has two or more cubic vertices then Gy
contains an induced S3. So GGy contains at most one cubic vertex and in this case G
is cobipartite. Next we assume Gy € J, and let Gy = Ja(n) — X (see the definition of
J2). Let z;y;2; (1 < i < n) denote the vertical triangles of Ja(n), where y; € Q1 and
zi € Q2. If n > 3 then Gol{w,z1,y1,21,Yy2,23} is a sun. So we have n < 2. Now it
is straightforward to verify that either Gq is cobipartite, or Gy contains a sun (found
in a similar way), or Go = J2(2) — {u,v}. In the last case, Gy is a thickening of the
trigraph G* = ({t1,to, t3,t4,t5},0%), where 0*(t;t;11) = 1 (i = 1,2,3,4), 0*(tats) = 0,
and 6*(¢;t;) = —1 for all other pairs. This completes the proof of our claim and also
completes the proof of the lemma. O

Although simplicial sum was defined for trigraphs, this operation can be naturally
inherited by ordinary graphs. Moreover, we have the following.

Lemma 8.3. The simplicial sum of two ESP graphs is ESP.

Proof. Let G be the simplicial sum of G; and G5 over x; and x5, where GG; is an ESP
graph with a simplicial vertex x; for ¢ = 1,2. Let A be a set of maximal cliques of
G. Note that Ng, (z1) U Ng,(z2) is the only maximal clique of G that contains edges
between Ng, (x1) and Ng,(x2). For ¢ = 1,2, let A; consist of members of A that are
cliques in G;. Since G; is ESP, A; has an equitable subpartition (A1, Aj2). If A does not
contain the clique Ng, (x1) U Ng, (z2), then (A1 UAg1, Aj2 UAgg) is clearly an equitable
subpartition of A. Now assume that A contains Ng, (21) U Ng, (z2). For i = 1,2, let
Aj = A;U{{z;} UNg,(z;)}. Note that dy/(x;) = 1. Since G; is ESP, A} has an equitable
subpartition (Aj;, Aj,). Without loss of generality, suppose dy: (z;) = 1 and dy/, (2;) = 0
for i = 1,2. Let A’ be obtained from A}; U AL, by replacing the two cliques containing
21 or 23 by Ng, (1) U Ng, (z2); and set A” = A}, UA),. Then (A’;A”) is an equitable
subpartition of A. O
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Lemma 8.4. Let A be a set of cliques of a graph G, for which V(G) is partitioned into
two cliques X, Y. Then G has a multiset A’ of cliques such that

(i) |N| =|A| and dp/(v) = da(v), for allv € V(G);
(i) members of A" can be enumerated as Q1,...,Qa| such that every v € X appears in
the first da(v) terms and every v € Y appears in the last dy(v) terms.

Proof. For each i = 1,..,|Al,let X; = {z € X :i < dp(z)} and V; ={y €Y : i >
|A| — da(y) + 1}. Then for every i, Q; = X; UY; is a clique since dp(x) + da(y) < |A]
holds for all non-adjacent * € X and y € Y. Now it is clear that A" = {Q1,...,Qa|}
satisfies the requirements. O

Lemma 8.5. Flementary graphs are ESP.

Proof. Let elementary graph H be obtained by thickening a trigraph G, where G=9 is
the line graph of a bipartite multigraph B and such that semiadjacent pairs of G are
not contained in any triangle. Let (Z1, Z3) be a partition of V(B) into two stable sets.
Let ujvy, ..., u,v, be the semiadjacent pairs of G. Let (X, : v € V(G)) be the partition
of V(H) over which G is thickened. For i = 1,...,n, let H; = H[X,, U X,,]. Since no
semiadjacent pairs of G are contained in a triangle, it is easy to see that for each maximal
clique C of H, either C is a maximal clique of some H; or C = U{X, : v € Q} for some
maximal strong clique @ of G. On the other hand, since G=° = L(B), for each maximal
clique @ of G there exists a vertex z of B such that members of ) are precisely edges
of B that are incident with z. We will say that Q and C = U{X, : v € Q} come from z.
Note that, if Q, Q" are maximal cliques of G with u; € Q — Q' and v; € Q' — Q for some
i, then @ and @’ come from vertices that both belong to Z; or both belong to Zs.

Let A be a set of maximal cliques of H. We need to show that A admits an equitable
subpartition. For i = 1,..,n, let A = {C € A : C C V(H;)}. Let A© = A —
AD . — A We assume by Lemma 8.4 that members of each A®) are enumerated as
CY), ey C’T(L? such that every x € X, appears in the first dyu (x) terms and every
x € X,, appears in the last d ) (x) terms. In the following we define a partition (Aj, As)
of A. To verify that (A;, A2) is an equitable subpartition of A we only need to verify
min{da, (x),da,(z)} > [da(z)/2], for all x € V(H).

We first consider A, If C € A® then C comes from a vertex z of B. In this case
we put C into A; if z € Z; (i = 1,2). Since each v € V(G) is contained in at most two
maximal cliques, we deduce that da(x) < 2 for all x € V(H) — V(H;) — ...V (H,). For
these x, our partition of A(®) guarantees that min{dx, (), da,(x)} > |da(z)/2].

For cliques in each A®) (i =1,2,...,n) we consider three cases. If none of X,,,, X, is
contained in any clique of A9 then da(z) = dy () for all z € V(H;). Moreover, for
each = € V(H;), since cliques containing x appear consecutively in the sequence Cfi),
. C’,(fi), putting Cj(i) into A; for all odd j and putting CJ@ into A, for all even j lead
to min{da, (x),dp, ()} > |da(z)/2].
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If exactly one of X, X,, is contained in a clique of A(®), we assume by symmetry
that X, is contained in a clique C' € A(®). We also assume without loss of generality
that C' has been placed into As. For each 2 € V(H;), since cliques containing x appear
consecutively in the sequence Xui,C’fi), vy C,(fi), putting C](i) into A; for all odd j and
putting CJ@ into As for all even j lead to min{da, (z),da,(x)} > |da(z)/2].

If both X,,, X, are contained in cliques, say C, D, of A(®), by discussion in the first
paragraph of this proof, we assume that both C, D have been placed into As. We consider
two subcases. Suppose n; is odd. For each « € V(H;), since cliques containing x appear
consecutively in the sequence X,,, C’Y), e C,(l?, X, , putting C](»i) into A; for all odd
j and putting CJ@ into Ay for all even j lead to min{da, (x),dx,(z)} > [da(z)/2].
Now suppose n; is even. For each © € V(H;), note that cliques containing x appear
consecutively in the sequence Cfi),Xui,CQi), vy ,(L?,XW, unless = € C’fi) N X,,. In
this case we put Cj(i) into Ay for all odd j > 1 and we put the rest into A;. For each
x € V(H;) — (C}i) N X,,), it is clear that min{dx, (z),da,(x)} > |da(x)/2]. For each
x € C’fi) N X,,, we have dp(x) = 1 + n;. Our partition yields da,(x) = n;/2, which also
leads to min{dp, (x),da, ()} > |da(z)/2]. O

Proof of Theorem 8.1. The forward implication is clear, so we only need to consider
the backward implication. Let G be perfect and {claw, S3}-free. By Lemma 8.2, each
component of G is obtained by simplicial summing incomparability graphs and elemen-
tary graphs. By Theorem 4.2 and Lemma 8.5, incomparability graphs and elementary
graphs are ESP. Thus G is ESP by Lemma 8.3, which proves that G is box-perfect by
Theorem 3.7. O
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