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ARTICLE INFO ABSTRACT
Article history: The only harmonic homogeneous functions defined in R™\{0} are the harmonic poly-
Received 3 August 2016 nomials and the so-called multipole potentials, namely functions of the type P (x) =

Available online 13 September 2016

2hfn—2 . . . .
Submitted by S.A. Fulling p(x) /x| for some harmonic polynomial p of degree k. The first aim of this

article is to study the distributional regularization of multipole potentials. We show

Keywords: that even though the Hadamard regularization P f (p (x)/ |x\2k+"_2) exists for any
Harmonic functions i L. 2ktn—2

Harmonic polynomials homogeneous polynomial of degree k, the principal value p.v. (p (x) /x| ) ex-
Distributions ists if and only if p is harmonic; this means that if p is harmonic then for any test
Multipoles function ¢ the divergent integral [, p(x) ¢ (x)/|x/**""2 dx can be computed

by employing polar coordinates and performing the angular integral first. We also
find the first and second order distributional derivatives of these regularizations and,
more generally, of the regularizations of functions of the form P, (x) = p (x) / |x|**.
We find many interesting formulas that hold precisely when p is a harmonic poly-
nomial of degree k. In particular, we prove that

- x —1 k+1 ﬂ.n/2
Ap.v. <r2iin)72> = ZkEZF)(g . 1)p(V) 0 (x) ,

generalizing the well known relation A (r2-") = (2 — n) C§ (x), where C is the area
of a sphere of radius 1. Actually formulas like this one hold for a homogeneous
polynomial p of degree k if and only if p is harmonic.

© 2016 Elsevier Inc. All rights reserved.

1. Introduction

There are some functions that are both harmonic and homogeneous, u (Ax) = A%u(x), A > 0. In the
whole space R™ the only possibility is « = k£ € N, and in that case u must be a polynomial function,
u € Hy, where we denote by Hj, the set of harmonic homogeneous functions of degree k. Actually one may
consider Hy, under three different lights, namely, as a set of polynomials in n variables of degree k, or as a
set of polynomial functions, perhaps better denoted as Hj, (R™), or even as the set of restrictions to the unit
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sphere, Hy, (S). The elements of Hy, (S) are usually called spherical harmonics, while those of Hj, (R™) are
referred to as solid harmonics. Notice that the restriction map Hy (R™) — Hy (S) is a bijection because
of the maximum principle for harmonic functions. See [1] for the many properties of harmonic polynomials
and of harmonic functions in general.

On the other hand, we may consider harmonic homogeneous functions defined in R™ \ {0}. One way to
obtain such functions is to apply the Kelvin transform [1, Chp. 4], u — K [u] to the elements u € Hy. In
general, if u is a function defined in a region  C R™, then v = K [u] is a function defined in the conjugated
set 0 = {x* : x € Q}, x* = x/ [x|°, by v (x) = [x|°7" u (x*); the Kelvin transform sends harmonic functions
to harmonic functions and it also sends homogeneous functions to homogeneous functions, so that if p € Hy,
then the function

p(x)
P(x) = r2hin—2’ (1.1)
where, as customary, r = |x|, is a harmonic function, homogeneous of degree —k — n + 2, defined' in

R™ \ {0}. Functions of the form (1.1) are sometimes called multipole potentials [18]. It is not hard to see
that all harmonic homogeneous functions defined in R™\ {0} are either harmonic polynomials or multipole
potentials of the form (1.1).

The aim of this article is to study several properties of multipole potentials and, more generally, of

functions of the type P, (x) = r—*~!

p (x) where p € Hj. Since P = Py,,_o has a non-integrable singularity
at the origin, unless £k = 0 or k = 1, we need to study the regularization of P as a distribution of the space

D' (R™); we find that the principal value distribution p.v. (P (x)) € D' (R") given as

(p.v.(P(x)),¢(x)) = lim P(x)¢(x) dx, ¢€D(R"), (1.2)

e—0
|x|>e

always exists if p € Hji. This means that if p € Hp one may regularize the divergent integral
Jgn P (x) ¢ (x) dx by following the simple rule of “using polar coordinates and performing the angular in-
tegrals first.” In fact, we show that if p is a general homogeneous polynomial of degree k which is not
harmonic, then the principal value does not exist, so that the simple rule of regularization does not work
and one needs to employ the Hadamard regularization P f (P (x)).

Next we obtain formulas for the first and second order derivatives of the distributions Pf (P, (x)), in
particular for the distributions p.v. (Pgin—_2 (x)). Such derivatives are very important in Mathematical
Physics [3,4,15,18] and several special cases have been computed by several authors [13,17,21,22]. Naturally
it is rather simple to obtain the ordinary derivatives of P, (x), that is, the derivatives away from the origin,”
therefore we pay special attention to the delta part of these derivatives. Our computations show that many
times the derivatives of fields that do not have a delta part may have a high order delta part, that is,
derivatives of the delta function can appear in the derivatives of fields that have no delta function at the
origin, as (1.3) already shows; this “apparent paradox” was pointed out by Parker [22], who warns of the
mistakes that it can produce.

The distributional derivatives of any order of power potentials were given in [8,9], and are available in
several textbooks [10,20], and in principle could be employed to compute the distributional derivatives of
Pf (P (x)), even if p is not harmonic, but such direct computations become rather complicated and no
simple formulas are obtained. Nevertheless, we show that when p € Hj, the expressions for the derivatives
can be simplified in a surprising way, leading to rather nice formulas. In particular we show that®

! In fact P is defined in R™ \ {0}, the one point compactification of R", H@, with the origin removed.
2 In other words, this is the far field behavior.
3 An overbar denotes a distributional derivative, a notation first introduced by the late Professor Farassat [11].
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< p(x) \_ (=D
Ap.v. (T2k+n—2> = Sioap (% Th 1)p(V) §(x) , (1.3)

a generalization of the well known relation A (r?=") = (2 — n) C§ (x), where C is given by (2.1). Actually
we compute all first and second order derivatives of the distribution P f (P, (x)). We arrive at our results by
a careful study of the relationship between the two natural inner products in Py, the space of homogeneous
polynomials of degree k, a study which is given in Section 3, and by employing the thick distributional
analysis [7,27,29], particularly the formulas for the thick derivatives of homogeneous distributions.

2. Preliminaries and notation

We shall employ the notations

o (m + n/2) w(n—1)/2 "
G = 2 r<m/+)1/z> = [eirio@, 0=con. 21)

Notice that cg, = C' = 21"/2/T (n/2), is the surface area of the unit sphere S of R™.*

Sometimes we shall need the delta derivatives df/dz; of a function defined on a hypersurface ¥ of R™
[10, Sect. 2.7]. They are defined as follows: Suppose f is a smooth function defined in ¥ and let F' be any
smooth extension of f to an open neighborhood of ¥ in R"™; the derivatives OF/0x; will exist, but their
restriction to X will depend not only on f but also on the extension employed. However, it can be shown that
the formulas 0 f /0x; = (0F/0x; — njdF'/dn)|s, where n = (n;) is the normal unit vector to ¥ and where
dF'/dn = n0F/0xy, is the derivative of F in the normal direction, define derivatives df/dz;, 1 < j < n,
that depend only on f and not on the extension. In general, n = (n;) denotes the normal vector to the
hypersurface %, but when 3 = S, the unit sphere, then at w € S we have n = w, and thus one finds in some
formulas in the literature n; while in others one finds w;, but of course they are the same.

Let us now recall the notion of the finite part® of a limit [10, Section 2.4]. Suppose §, the basic functions,
is a family of strictly positive functions defined for 0 < ¢ < g9 such that all of them tend to infinity at 0
and such that, given two different elements fi, fo € §, then lim._,o+ f1 (€) /f2 (¢) is either 0 or oco.

Definition 2.1. Let G (¢) be a function defined for 0 < € < g¢ with |lim._,o+ G (€)| = co. The finite part of
the limit of G (¢) as e — 0" with respect to § exists and equals A if we can write® G (¢) = G (¢) + Gz (¢),
where G, the infinite part, is a linear combination of the basic functions and where G, the finite part, has
the property that the limit A = lim._,o+ G2 (¢) exists. We then employ the notation

Fopgz lim G(e) = A. (2.2)

e—0+

The Hadamard finite part limit corresponds to the case when § is the family of functions e =% |In a|ﬁ , where
a>0and 8 >0 or where @ =0 and 8 > 0. We then use the simpler notation F.p.lim._,o+ G (¢).

Consider now a function f defined in R™ that is probably not integrable over the whole space but which
is integrable in the region |x| > ¢ for any € > 0. Then the radial finite part integral is defined as

4 Interestingly, integrals of the type f& wfm‘ c w2 de (w) have been evaluated independently by several authors, starting with

n
Weyl [25], and, continuing with, among others, [8] and [4].
5 Hadamard introduced the notion of the finite parts, and the name, when considering the divergent integrals that appear in the
fundamental solutions of hyperbolic equations [16].

6 Such a decomposition is unique since any finite number of elements of § is linearly independent.
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F.p./f( dx = F.p. lim /f (2.3)

Rr |x|>e

if the finite part limit exists. When the ordinary limit lim._,q+ f (x) dx exists we call the integral

a radial prmmpal value integral and use the notation p.v. fRn )X|d>>: this actually equals the convergent
integral [;~ F (r) dr, where F (r) ="~ [ f (rw) do (w).

We shall employ the ideas of the recently developed thick distributional calculus [7,27-29]. The thick
calculus allows one to study spaces where there is one special point, where the laws governing the rest
of the space do not apply [2]. If a is a fixed point of R™, then the space of test functions with a thick
point at x = a is the space D, 5 (R™) of all smooth functions ¢ defined in R™ \ {a}, with support of
the form K \ {a}, where K is compact in R", that admit a strong’ asymptotic expansion of the form
dplat+x)=¢(a+rw)~ Zj ., a; (w)ri, as x — 0, where m is an integer (positive or negative), and where
the a; are smooth functions of w, that is, a; € D (S). We call D, 5 (R") the space of test functions on R”
with a thick point located at x = a; we denote D, o (R™) as D, (R"). The space D, o (R™) has a natural
topology, which makes it a locally convex topological vector space [27].

The space of distributions on R™ with a thick point at x = a is the dual space of D, o (R™). We denote
it D, , (R™), or just as D, (R") when a = 0. Observe that D (R"), the space of standard test functions, is a
closed subspace of D, 5 (R™); if i : D (R"™) — D, 5 (R™) is the inclusion map then the dual of the inclusion
is the projection operator

m: D, (R") = D (R") . (2.4)

The derivatives of thick distributions are defined in much the same way as the usual distributional deriva-
tives, that is, by duality, namely, if f € D] , (R") then its thick distributional derivative 9* f/0x; is defined

as (0% f/0x;,0) = — (f,0°¢/0x;) if € Dy a (R™).
Let g (w) be a distribution on S. The thick delta function of degree ¢, denoted as gé* ,oras g(w )5,[:1],
acts on a thick test function ¢ (x) as

[a _1
<95*q’ >DL(R")><D*(]R") = ¢ @) a0 @pg)xpe) - (2:5)

where ¢ (rw) ~ Z;’im aj(w)ri, as r — 0", and where C is given by (2.1).
3. Two inner products

There are two natural inner products defined in the space Py of homogeneous polynomials of degree k
in n variables. One is defined in terms of the coefficients as

{p.a} =) alagba, (3.1)

|| =k

if p(x) = 2202k @aX” and ¢ (x) = 3, bax®. Notice that {p, ¢} actually equals the following constant
function, {p,q} = p(V)q(x), where V = (9/0z;);_, is the gradient. The other product is given as

r0 =g [p@T@dr ) = & () al), (32

7 Observe that we require the asymptotic development of ¢ (x) as x — a to be “strong”. This means [10, Chapter 1] that for any
differentiation operator (8/9x)P = (9*...9P") /Ox*...0xP", the asymptotic development of (8/9x)P ¢ (x) as x — a exists and is

equal to the term-by-term differentiation of ZJ 2 g (W) 77
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where do is surface measure on S and C' is given by (2.1). Both products can also be considered in the space
P<i = @?:0 Py. of polynomials of degree k at the most.

Clearly the two products are different. In fact, if a # 8 then {x*,x”} = 0, while if all the entries in
«a + (3 are even then (xa, xB) > (. The interesting thing is that sometimes the two inner products are very
closely related: Indeed, it is proved in [1, Thm. 5.4] that if p and ¢ are both harmonic, p, ¢ € Hj, then

{pa}=nn+2)---(n+2k-2) (p,q) , (3-3)
and we shall see that (3.3) holds if just one of the two polynomials is harmonic. Actually, more is true.
Lemma 3.1. If u € Hy, then

A™ (r*Mu) = 2™ml (n+2k) -+ (n+ 2k + 2m — 2) u. (3.4)

Proof. If m = 1 then A (r*u) = A (r?) u + 4z;u; = 2nu + 4ku = 2 (n + 2k) u, as required. The formula
then follows by iteration. O

Let us now recall the identity [12], {p,r?q} = {Ap, ¢}, valid if p € Py and g € Pj_». It yields the ensuing
formulas.

Lemma 3.2. If p € Hy, and q € Hy, then
{rzmp7 r2mq} =2"mIn(n+2) - (n+2k+2m —2)(p,q) , (3.5)
while if p € Hy, and q € Hi—2142m, where I # m then
{r*"p.r*q} = (p,q) = 0. (3.6)
Proof. Since {T2mp7 rmq} = {Al (T2mp) ,q}, we immediately obtain {erp, Tqu} = 0if [ > m, and thus
if I # m; since (p,q) = 0 if p and ¢ are spherical harmonics of different order, (3.6) follows. On the other
hand, {7“27”]), szq} = {Am (TQmp) ,q}, so that (3.5) is obtained by combining (3.3) and (3.4). O
Every polynomial p € Pj, can be written as [1,12]
p=uo+7r’uy+ -+ 1M Ugp, (3.7)
where k — 2m = 0 or 1, and where us; € Hy_o;. This is an orthogonal decomposition with respect to
both inner products, as follows from (3.6). If we now employ (3.5), and collect results, we obtain the next
proposition.
Proposition 3.3. Let p € Hy and q € Priom. Then
{r*"p,q} = Wakm (*"p,q) , (3.8)

where Wi, j.m = 22 T*mIT (k + m +n/2) /T (n/2), that is Wy.00 = 1 while if k +m > 0,

Wokem =2"mIln(n+2)---(n+2k+2m—2). (3.9)
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Notice that we may rewrite (3.8) in the following way,

n,k,m

& [ P@a) do @) = = — A" (V) ). (3.10)
S

if p € Hy and g € Piiom, the function on the right side of this formula being a constant function.

Example 3.4. An interesting particular case of (3.10) is the following. Suppose p € Hji. Write r?mp =
Z‘a|:k+2m aaxa' It |ﬂ| =k + 2m then

W’I’L m
ag = c’g’! /p(w)wﬁda(w). (3.11)

S

Example 3.5. If p € H;, then, in general, z;p is not harmonic, and thus formulas (3.8) and (3.10) do not
hold if we replace p by x;p. Indeed, if p € Hy and q¢ € Pi42m+1 then

1

{,r2m+2
Wn,k,m+1

(wip, q) = (p,wiq) = P xiq} -
But
{r" 2, 2iq} = {Vi (r*"?p) .q} = {2m +2) 2ir®"p + r*"pi q}

so that we obtain

(wip, q) = W [(2m +2) A™p (V) Vi + A" p (V)] () . (3.12)
n,k,m-+1
Similarly, if p € Hy and g € Pg4a., then
(wiwiprq) = [Aijra} = ——— 4, (V)7 () (3.13)
WD, q Wn,k,m+1 ijs q Wn,k,m+1 ij q ) .
where
Aij =2m (2m + 2)r*™ 2z,2;p (3.14)

+ (2m +2) r2m5¢jp + (2m +2)r*™ (xipj +xp,) + r2m+2p7ij )

Here and in similar formulas the derivatives of p are denoted as p;, p;, and so on. Notice that these
formulas hold not only for m € N, but if m = —1 as well, yielding

(wip, q) = pi(V)q(x), peMr.q€Pr1, (3.15)

Wi k0
and

1

(wiw;jp, q) = WP (V)a(x), peHr,q€Proa. (3.16)
n,k,0

Naturally, if we put ¢ = j and sum over the repeated index in (3.13) we recover (3.10) since Wi, g m+y1 =
2(m+1)(n+2m+2k) Wy k.m.-
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4. Regularization

We would now like to consider the regularization® in D’ (R™) of homogeneous functions of the type

p(x)

P(x) = 72htn—2 (4.1)
where p is a homogeneous polynomial of degree k, that belong to D’ (R™ \ {0}). In general, if f is a function
or distribution defined in R™ \ {0}, then it may or may not be possible to extend it to a distribution in the
whole space, and, even if possible, the extension is not unique. Furthermore there is no canonical procedure
that works in all cases [5].

The simplest regularization procedure is the spherical principal value regularization, defined as’

pv.(f)=lim f(x)H (r —¢e) , (4.2)
e—0

where H is the Heaviside function. Naturally, for a given f € D’ (R™\ {0}) the product f (x)H (r —¢)
does not have to be defined, and the limit might not exist; therefore, in general, one would not expect
the existence of the principal value. Interestingly, when the spherical principal value exists then one may
employ the simple procedure explained in the Physics literature, namely, “in order to regularize the integral
fR” f(x) ¢ (x) dx, one just needs to use polar coordinates and perform the angular integrals first.” It goes
without saying that this simple method fails if the spherical principal value does not exist. Many times the
limit in (4.2) does not exist but the Hadamard finite part limit of Definition 2.1 exists, and this gives the
distribution

Pf(f(x)=Fp.limf(x)H(r—e). (4.3)

e—0

The notation Pf (f (x)) was introduced by Schwartz [24, Chp. 2, §2], who called it a pseudofunction,
a term that many still use. For instance, if & > n then Pf (r~) exists but the principal value does not.
The distribution P f (P (x)) = p (x) Pf (r~ 272 where P (x) is given in (4.1) will always exist, but as
we shall see, if p € Hj, then actually more is true, since the principal value p.v. (P (x)) exists as well.

Example 4.1. The principal value p.v. ((3z;x; — r26;;) /r°) exists in R?, as will follow from Proposition 4.3,

3z — 120y 32,7 1
p-v. (]r—5j) =Pf ( 5 J) —0i;Pf <T—3) ) (4.4)

since the principal values of the distributions on the right do not exist.

but we have

We need a simple auxiliary result at this point.
Lemma 4.2. Let p € Py. Then p € Hy, if and only if (p,q) = 0 for all polynomials of degree less than k.

Proof. If p € H;, then clearly (p,q) = 0 for all polynomials of degree less than k, since the restriction of
q to S can be expressed as a linear combination of homogeneous harmonic polynomials of degree less than
k and homogeneous harmonic polynomials of different degrees are orthogonal for the inner product ( , ).

8 Regularization methods are considered in the texts on distributions [10,14,19,20]. See also [6] and [23].

9 One should call the procedure (4.2) a spherical principal value, since the use of the variable r means that f (x) H (r — €) is the
distribution where f has been replaced by 0 inside a ball of radius e. The results when solids of other shapes are removed could
be very different [11,17,26].
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2

Conversely, if p € Py, \ Hy, then we can write p = ug + r%us + - - - + 1> ug,,, where k — 2m = 0 or 1, where

U2j € Hr—o2j, and where ug; # 0 for some j > 0; but this gives

) 1 . 1 )
) = 2ges) = —— VoV = — = IAJ )
,U5) = (p, 77 u = , U = ) W
(P, u2g) = (p, 7% uz;) T {p. % uz;} Wn,k_Qj,j{ P, uz; f
2950 (n+2k) -+ (n+ 2k 4+ 2j — 2
= J ( ) k(QH J ){u2j7u2j}7£0. O
Wi k—2j.j

We thus obtain the following result.

Proposition 4.3. Let p € Px. Then p € Hy, if and only if the principal value

py. (M> —tim L) gy, (45)

T2k+n—2 c—0 T2k+n—2

exists in D' (R™).
Proof. Let ¢ € D (R™). Suppose its support is contained in the ball [x| < A. Let ¢ (x) = 25;5 g; (x) be its
Taylor polynomial of degree k — 1, where g; € P;. Then if ¢ < A we have

<MH(T_€),¢(X)> _ / P)() |

r2k+n—2 r2k+n—2
e<Ix|<A
p(x) (¢ (%) — 4(x)) P(x)q(x)
- / rZh 2 dxct Sz X
e<|x|<A e<|x|<A

and since (p,q;) =0 1if k — j is odd,

[x/2] 4

/ %dx: Z (p, qk_Ql)/T72l+1dr, (4.6)
e<|x|<A =1 e
so that
(AL b =9).6 69 ) = Grae (9 + G €) W
where lim._,o Grinite (€) exists, and where
[k/2]

Grnfinite (€) = — (D, qk—2) Ine + Z (2(177 Qk—21) (4.8)
1=2

l—2)g2-2"
It follows that the limit in (4.7) exist for all test functions ¢ € D (R™) if and only if Guanite (£) = 0, and
because of (4.8) this is equivalent to (p, ¢;) = 0 for all ¢; € P;, 0 < j < k—1. The Lemma 4.2 gives therefore

that the principal value exists precisely when p € Hy. O

When k = 2, then p € P5 is harmonic if and only if fSp (w) do (w) =0, so we obtain the following simple
consequence of the above proposition.

Example 4.4. If p € P, then the principal value p.v. (p (x) /r"2) exists if and only if [p (w) do (w) = 0.
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In general if f € D' (R™\ {0}) is homogeneous of some degree «a, then the pseudofunction Pf (f (x))
does not have to be homogeneous of degree «. For instance, P f (r‘”_%) is mot homogeneous of degree
—n — 2k in D’ (R") for k = 0,1,2,.... However, if the principal value F (x) = p.v. (f (x)) exists, then'’ it
is homogeneous of degree «, since if A > 0

F(Ax) =lim f (A\x) H (]A\x| —¢) = A% lim f (x) H (r —e/\) = \*F (x) .
e—0 e—0
Therefore we obtain the following on the homogeneity of p.v. (p (x) /r?*T"=2).

Proposition 4.5. If p € Hj, then P f (p (x) /r2k+"_2) =p.v. (p (x) /r2k+”_2) is homogeneous of degree —k —
n—2. If p€ P\ Hi then Pf (p(x) /r?*"=2) is not homogeneous.

One may also consider the regularization of (4.1) in the space of thick distributions D (R™). It turns out
that in this space we always need to consider the Hadamard regularization, since the principal value never
exists. We shall use the same notation, Pf (f (x)) in both spaces, D’ (R™) and D, (R™), since this should
not cause any confusion.

4.1. The delta part of a distribution

In general it is not possible to separate the contribution to a distribution from a given point; to talk
about the “delta part at x¢” of all distributions does not make sense. However, sometimes, we can actually
separate the delta part.

Definition 4.6. Let fy € D' (R™\ {0}) be a distribution defined in the complement of the origin. Suppose
the pseudofunction P f (fy (x)) exists in D’ (R™) (respectively in D, (R™)). Let f € D’ (R™) (respectively in
f € D, (R™)) be any regularization of fy. Then the delta part at 0 of f is the distribution f — Pf (fo (x)),
whose support is the origin.'!

It must be emphasized that even though Pf (fo (x)) is in a way the natural regularization of fy, other
regularizations appear also very naturally, as we illustrate in the following examples.

Example 4.7. Consider the distribution P f (r‘k) in R™. Then the distributional derivative (5/ axi) Pf (r‘k )
is a regularization of —kz;r %2, the ordinary derivative of »—*; however [9, (3.16)] if K —n = 2m is an even
positive integer, then

(r %) = Pf (—kar*2) — (;;v;kvim(s(x) : (4.9)

where ¢, is given by (2.1). Therefore, (—cp.n/ (2m)'k) V;A™6 (x) is the delta part of the distribution
(8/8:&) ( ) in D' (R™). In the space D, (R™), now for any integer k € Z, the delta part of the thick

derivative (8% /0xz;) Pf (r=F) is given [27, Thm. 7.1] as Cn " Naturally, when k —n = 2m > 0, the
projection of the thick delta part is precisely the distributional delta part, and this agrees with [27, (7.7)].

63?2‘

Example 4.8. If A\ > 0 is fixed, then \*Pf (H (z)/ ()\a:)k) is a regularization of H (x) /z* in D’ (R), but [10,
(2.93)]

10 This argument does not work for Pf (f (x)), in general, because F.p.lim._,o F (ce) and F.p.lim._,o F (¢) might be different
(take F () = Ine, for instance).
11 Notice that this delta part is in fact a spherical delta part.
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k—1 —1
pf(H <x)>:ipf(Hx(kx)>+(” i) (4.10)

(Az)" A (k —1)I\F

so that the delta part of A*P f (H (x)/ (/\x)k> is (—=1)" ' A6*=1 () / (k — 1)!. Similarly, in R for n > 2,
and for m € N, the distribution A\"*2mP f (|/\X|_"_2m) is a regularization of 7”72 and in D’ (R") its
delta part is In X ¢y, , V26 (x) / (2m)!, while in D/, (R") its delta part is In A Cs2™ | as follows from [27,
(5.13), (5.14)].

Example 4.9. The function sinr~* is locally integrable in R™, and thus it gives a well defined regular
distribution in D’ (R™). If k > n, then the distributional derivative (9/dz;)sinr~* is another well defined
distribution, but its delta part at the origin is not defined, since P f ((8/9x;) sinr=*) does not exist.

When fj is a smooth function defined in R™ \ {0} such that the Hadamard regularization exists at the
origin, and f € D’ (R") is a regularization of fy, then we call fo the ordinary part of f. Thus, for instance,
—ka;r~*=2 is the ordinary part of (9/dx;) Pf (r=F).

5. Derivatives of homogeneous distributions

We now shall present the distributional derivatives of the regularization Pf (P, (x)) of the functions of
the type

Px)=00 = pen,, (5.1)

that are homogeneous in R™\ {0}, particularly when | = k+n — 2, so that Py4,_o is harmonic in R™\ {0}.
Naturally our main interest is in the delta part of these distributional derivatives, since obtaining the
ordinary part is quite straightforward. Actually APf (Piin_2(x)) is a distribution concentrated at the
origin, that is, it is just the delta part.

Our approach is based on the thick distributional calculus, since the thick derivatives of general homo-
geneous functions are available [29, Prop. 3.3 and Prop. 3.5]. Therefore the distributional derivatives are
obtained by projection onto D’ (R™), since [27, Prop. 5.9]

(V] (f)) =V (11(f)) - (5-2)

Even though one can do this for general homogeneous functions, the expressions for the projections can
be simplified and yield a rather nice formula in the case of P, (x); in fact, if we assume p € Py, but p not
harmonic, the formulas become much more involved.

5.1. Projection formulas

We now give several projection formulas of thick distributions that involve harmonic polynomials. Let us
recall, first, the general formula for the projection of II (g (w) 5)[:]) if g € D' (S), namely (27, (4.9)]

l «
0y _ (D'~ 99 p5)x0e) Ga
I (g (w) ol ) = zljl - Vo (x) . (5.3)
No extra simplification is to be expected for a general g, but if ¢ = p € Hg, then we have the ensuing
projection results.
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Proposition 5.1. Let p € Hy,. Then

H(p(w)(s!}]):m ifl—k+#0,2,4,... (5.4)
1 (p) o +2) = - (@) 920 (5.5)
* Wn,k,m . )
In particular,
—1)*
I ) = UV 9y5x) 5.6
(p)a) = =—p (V)5 () (56)
Proof. Formula (5.4) follows since (p,w®) = 0 if |a] = [ and | — k is not an even positive'? integer. To

establish (5.5) we proceed as follows. Let ¢ € D (R™); let Z 0 4; be its Taylor expansion, where g; € P;.
Then

[k+2m] _ [k+2m)
< ( ) o ) ’¢>’D/(R")><D(]R") N <p (w) o 7¢>D;(R")><D*(R")
1

= & [ P an (@) do () = AP (V) s (9

S n,k,m

1 m
= A (V)o)|

n,k,m x=0

that is

k
/(-
D/(R™) x D(R™) W k,m

<H (p (w) 5£k+2m]) , (;5> (V) vAms (x),¢ (X)> )

D’ (R)x D(R™)

as required. An alternative derivation employs (3.11) and (5.3). O

Notice that we may take p = 1 in the above projection formulas, and this yields II (5@) =0,if [ #
0,2,4,..., and

n,0,m

Wh.o, I'(m+ %)L (3) (2m)!

that agrees with [27, (6.5)]. Similarly, we could take p = z;, which gives II <5E]> =0,ifl#1,3,5,..., and
27, (7.7)]

V, V7§ (x) . (5.8)

sheeml) Tl o oom 2
(o) = Y = Gy (BT (1)

Formula (5.5) cannot be applied if p is not harmonic, but we may employ formulas (3.12) and (3.13) and
an argument similar to the proof of the Proposition 5.1 to obtain the following results.

12 We employ the term  positive to mean x > 0; if > 0 we say that z is strictly positive.
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Proposition 5.2. Let p € Hy. Then 11 (wip (w) (5,&”) =04fl—k+#-1,1,3,5,..., while

(-1

Wormi ((2m +2) Vip (V) V2" 4 p; (V) V2"H2) § (x) . (5.9)

I (wip (w) o) =

Also TI (wiwjp (w) 5L”) —0ifl—k#—2,0,2,4,6,..., and

(71)k+2

mAij (V) d(x) , (5.10)

11 (wiwjp (w) 5Lk+2m+2]) =
where the polynomial A;; € Pyio is given by (5.14).

Formulas (5.9) and (5.10) hold not only if m € N, but for m = —1 as well, namely,

() gl G <
I (wlp( ) di ) = Wors P (V)d (x) , (5.11)
s [k—2] (-p™* g
IT (wlw]p (w) d; ) = Wors D,i; (V)6 (x) . (5.12)

Notice also that (5.9) allows us to generalize the projection formula II (wiwj(SLOD = (8;5/n) 6 (x) [27] to

I (wiwjafm]) = amvY, v 4 5,V S () (5.13)

n,l,m

5.2. First order derivatives of Pf (P (x))

The thick first order derivatives of Pf (P, (x)) can be obtained from [29, Prop. 3.3]. There is no delta
part unless [ € Z, and in this case

ViPS (p (X)) = Pf <r2p i (%) = (k+Dip (X)> + Cngpolt =+, (5.14)

rk+l pk+i+2

Use of the Proposition 5.2 then yields the ensuing result.

Proposition 5.3. Let p € Hy. If l #k+2m +n—2, m € N, then

v (p(X)> _py <7“2p,i (x) = (k+ D) aip (X)) ’ (5.15)

rk+l rk+1+2

while if m € N

vﬂ)f(ﬂ):Pf<r2p,i(x)—(n+2k+2m—2)xip(x)> (5.16)

T2k+2m+n—2 r2k+2m+n

(-n*™o

o (2mVp (V) V"2 +p, (V) V)6 (x) .

+

Notice that when k = 0, so that p = 1, we recover the formula [9, (3.16)], namely,

_ 1 X /2 2m
V.Pf <—r2m+n) =—(n+2m)Pf (7,.2m+n+2) T 9ZmT CETE)) V.,V (x) . (5.17)
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Notice also the case m = 0, that yields for £ > 1

k+1
V.Pf ( p(x) ) _pf <r2p,i (x) — (n+2k —2)z;p (x)> N (=1)*F Cpi (V)5 (x) . (5.18)

r2k+n—2 ,r.2k:+n

In particular,
2
= LA 7055 — NT; X5 g -
Vs (2) =Pf (770 > + 0,0 (x) - (5.19)

5.3. The Laplacian of Pf (P, (x))
The ordinary Laplacian of P, is easily obtained to be

Hence if we employ [29, Prop. 3.5] we obtain the thick distributional Laplacian of Pf (P, (x)) as A*Pf (P,) =
(l+k)(—k—n+2)Pf(Py2)ifl ¢ Z, while if [ is an integer, then

APF(P)=(1+k) (I—k—n+2)Pf(Py2)—C (2l —n+2)pw)sl " (5.21)
Therefore, use of Proposition 5.1 yields the ensuing result on the distributional Laplacian of Pf (P).

Proposition 5.4. Let p € Hy. If l #k+2m +n—2, m € N, then

APf(R)=(+k)(I—k—n+2)Pf(P2) , (5.22)
while
< p(x) p(x)
S NLanke! 2k + 4m — 2
LD Ot ktim = 2), gy yoms () |
Wn,k,m
Notice that when & = 0, so that p = 1, we recover the distributional Laplacian of P f (T*Qm’””) as
given in [8,9] and in [19, pg. 248]:
— 1 2m (n + 2m — 2) Cn+4m—2) _,,

vim§ (x) .

2m (n + 2m — 2) (n + 4m — 2) /2
= Pf( T2m+n )

— 22m=IIT (m 4 n/2)
The particular case m = 0 of (5.23) deserves special mention.

Proposition 5.5. If p € H, then

< 1Y B
S (ins ) = S 2, (95 (5.29
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Observe that the distribution p.v. (p (x) /r?**"~2) is harmonic in R™ \ {0} and homogeneous of degree
— (k+n — 2) in the whole space R™, and this information is enough to conclude that its Laplacian is of the
form ¢ (V) 4§ (x) for some homogeneous polynomial of degree k, ¢ € Pj. The Proposition 5.5 yields much
more, since it says that actually ¢ = Mp for some constant M. In fact, one may simplify the formula for M
given in (5.25) to obtain the well known [12] identity Ap.v. (r>~"1) = C (2 —n) § (x), and for k > 0,

o < _1\kt1 k+1 n/g
Ap.v.(r;];(rn)2> - (Wi)y“fpw)a(x) Qk(ZF”( +k71)p(V)5(X). (5.26)

Example 5.6. When k = 1 then p (x) = a-x =a;z;, where a = (a;)-_, is an arbitrary vector, and thus we
obtain the Laplacian of the dipole p.v. (a;x;/r™),

a;Tq

Apv. (25

) = Ca;Vid (x) . (5.27)

The identity (5.27) can also be derived as follows,

— @i\ G o = 1 N N
Ap.v. ( o ) = _EAP-V- (Vz (7’”2>) T 2V1A <T"2>

=L V,(-C(n—2)0(x)) = Ca; V6 (x) .

A third alternative is to use [9, (3.19)], the n dimensional analog of Frahm formulas [13],

— a;ri\ aﬁ 1 B — nx;x; — 057> C’(Sw
R <V v, <Tn2>) — a4V, (p.v.( e 15 (x)
— n(a;x;)x; — a;r? C —=
=V; <p.v. ( ( :nj—Q J >) — Eaivi(s (x) ,

and thus we get the “apparent paradox” mentioned by Parker [22], since in order to obtain (5.27) the

derivatives of p.v. ((n(aixi)xj — ajrz) /r"+2), a distribution with zero delta part, should have a delta part
equal to a derivative of the delta function (and, of course, this is not a paradox, since it is true, as (5.16)
shows).

Example 5.7. For k = 2 then p (x) = a;;x;x;, where A = (a”)” | is a symmetric matrix with null trace,
tr (A) = a;; = 0, and hence

— Qi Ti%j C .

Actually for a general matrix A with arbitrary trace we can write a;; = (tr (A) /n) d;;+(ai; — (tr (A) /n) &;),
and use (5.24) with m = 1, to obtain

APf (a”x x]) Pf (‘m (A)) - %amvivﬁ (x) - %V% (x) - (5.29)

rn+2

5.4. General second order derivatives

The distributional derivatives V;V;Pf (P,) can be obtained by iteration of (5.15) and (5.16) or, as we
now explain, by projecting the formula for the thick derivatives [29, Prop. 3.5]. The thick derivatives have
a non-zero delta part only if [ € Z, and in this case,
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) 1) _n
ViViPf(P)=P[(ViV;P)+C (&jp — (20 +2) prin; +ny - + nja—gf) o=, (5.30)
7 (2

or since dp/dz; = p,; —n;dp/dn = p,; —kn;p,
ViVIPf(P) = Pf(ViViP) + C (60 — (2L + +2k + 2) pngnj + nip,j +nyp; ) 68 "0, (5.31)
Notice that the ordinary part V;V;F, is given by

mpij (%) =2 (k+1) (650 (x) + zip,y () + 250, (%)) + (k+1) (k+ 1+ 2) miz;p (x)
AT :

(5.32)

Employing the Propositions 5.1 and 5.2 we obtain that the distributional derivatives V;V,;Pf (P) have
a non-zero delta part precisely when [ = k + 2m + n — 2 for some m with m + 1 € N, and in this case we
obtain the ensuing formulas.

Proposition 5.8. Let p € Hy,. Then the delta part of V;V;Pf (p(x) /r*T2mT"=2) s given as

{Z7p,i; (V) V22 4 ZH (p; (V) Vj +p,i (V) V;) V2 (5.33)
+ ZM5;;p (V) V2™ + ZMI,V;p (V) VP26 (x)

form+1 €N, where

2(—1)"
7! = I/IET)JS : (5.34)
s (=) (n+ 2k +2m —2)C (5.35)
o Wi kem (0 + 2k + 2m) ’ '
—Dky 2k +2m — 1
ZIH:( ) m(n+2k+2m—1)C (5.36)

Wi km (0 + 2k 4 2m)

Proof. We employ (5.31) with [ = k + 2m + n — 2 and the projection formulas (5.5), (5.9), and (5.10) and
simplify. O

Observe that when we put ¢ = j and sum in (5.33) we recover the delta part of (5.23).

It is interesting that the formulas for the distributional Laplacian of p (x) /r*+2™+"=2 give a non-zero
delta part when m € N, but one may obtain a non-zero delta part for V;V;Pf (p (x) /r*+2m+7=2) ‘namely
Z1p,ii (V)3 (x), even for m = —1. For example, Ap.v. (z122/r™) does not have a delta part, but the delta
part of VoV ip.v. (z122/1") is 208 (x) /Wh2o = 208 (x) /n(n+2). It is instructive to derive this last
expression by iteration of (5.15) and (5.16); indeed,

= Tr1x TQJ? —na:Qx

We cannot apply (5.16) to compute Vg of this expression since the third order polynomial 7?2y — nz?x, is
not harmonic, but we can write

272 1
r2xy — nairy = % + p3 , where p3 = —n (x%xg — mr2m2> € Hs , (5.38)
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and now employ (5.16) to obtain the delta part of VoV ip.v. (z122/7™) as (2/(n + 2)) times the delta part of
Vap.v. (z2/r™), which (5.19) gives as (2/(n + 2)) times C§ (x) /n, plus the delta part of Vo P f (p3 (x) /r™+?2),
which is 0. Summarizing, the delta part of VoVip.v.(zim2/r™) is 2C§ (x) /n(n+2), in agreement
with (5.33).
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