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ABSTRACT

PRECONDITIONED CONJUGATE GRADIENT ALGORITHM

Elena Caraba
Department of Mathematics

Bachelor of Science

The preconditioned conjugate gradient (PCG) method is one of the most effec-
tive tools for solving large sparse symmetric positive-definite systems. In this
project we derive error estimates for the PCG method and we apply the PCG
method to a discrete problem resulting from a weakly over-penalized interior

penalty method for the Laplace equation on a planar domain.
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Chapter 1

Introduction

1.1 Mathematical Background

Often, in real life applications, the systems of equations that solve particular science
problems, cannot be solved quickly with direct methods; instead, sequences of ap-
proximating solutions are needed to reach the exact solution. And most of the time
these solutions are found using iterative methods. [1]

Before 1952, two great Mathematicians, Magnus R. Hestenes and Eduard Stiefel,
were working independently on developing an effective method for solving a system of
n simultaneously equations in n unknowns, especially when n is large. For effective-
ness, they were looking for a method that is simple, requiring minimum storage space;
rapid convergent for a number of infinte steps; stable with respect to round-off errors;
and at each step of the method, one should have some information about the solution
and the current estimate should be better than the previous one. Unfortunately, all
these criteria are hard to meet and in real life, there is no best method that can solve
all types of problems.

In 1952, Hestenes and Stiefel, joining their research results [8], discovered one

of the most powerful iteration methods for rapidly solving large linear systems of
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equations with symmetric positive definite coefficient matrices: the conjugate gradient
method or simply, the CG algorithm.

When CG is applied to Az = b, where matrix A has the properties mentioned
above, the solution is reached in at most n steps, where n is the dimension of the
matrix of coefficients; a maximum of original data is preserved; the method is simple
to code and requires little storage space; each step gives an estimate better than the
previous one; and the method can be started anew at any step of the iterative method.

The CG algorithm is a technique that does not require any computation of the
eigenvalues of the system, as other methods do, and can therefore be used as a more
direct method for finding the solution of Az = b. [6,7]

The purpose of this thesis is to present the conjugate gradient algorithm and the
derivation of its formulas; to make an analysis of its rate of convergence ; to present
a technique for speeding up the iterative process, known as preconditioning; and to

present a numerical experiment based on a ill-conditioned problem.

1.2 Terminology

In this section we will define some of the main and most frequent notions used through-

out this thesis.

A Krylov subspace of dimension n is formed by a linear combination of the

vectors b, Ab, ..., A" 'b, where A is a matrix and b is a vector.

A matrix A is symmetric if it is equal to its transpose: A = AT,

A matrix A € R™ is positive-definite if ¥ Az > 0, for all non-zero vectors

z € R™

e The A-norm of a vector z is defined as: ||x||4 = VaT Ax.
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If A is an nxn matrix, then its condition number with respect to a matrix norm

1] sz 5(A) = [[A[IIATH].

A matrix P is called a preconditioner of another matrix A, if the condition

number of the matrix P~'A is smaller than the condition number of A.
A matrix is called sparse if it is primarily composed of zeros.

We say two vectors py_1 and pj are A-conjugate or conjugate with respect to A

if: pg_lApk =0

The set xo+ < po,P1y---Pe-1 >={Y : Yy — o €< Po,P1,---,Pk—1 >} is called

the k" dimensional affine space through the point x.

A matrix A is symmetric if and only if v7 Aw = w’ Av, where w, v are two row

vectors.



Chapter 2

The Conjugate Gradient Method

A Krylov subspace iterative method, the conjugate gradient method, or simply CG, is
one of the most important algorithms in solving large and sparse symmetric positive
definite (SPD) matrices.

Throughout this chapter we will discuss some of the benefits and disadvantages
of the method. One of the main benefits is that it reaches the solution in at most n
steps if the system we are trying to solve has n linear equations with n unknowns;
moreover, the method is easy to code in Matlab and doesn’t request a lot of memory.
The rate of convergence of the method is in general good, but for ill-conditioned
matrices becomes problematic; in the following chapter we will show how CG can be
improved for this kind of matrices.

The CG algorithm, applied to the system Az = b, starts with an initial guess of
the solution x(, with an initial residual ry, and with an initial search direction that
is equal to the initial residual: py = ry.

The idea behind the conjugate gradient method is that the residual r, = b — Axy,
is orthogonal to the Krylov subspace generated by b, and therefore each residual is
perpendicular to all the previous residuals. The residual is computed at each step.

The solution at the next step is found using a search direction that is only a linear



Figure 2.1: Searching Direction of the CG Algorithm.

combination of the previous search directions, which for x; is just a combination
between the previous and the current residual.

Then, the solution at step k, xy, is just the previous iterate plus a constant times
the last search direction; the immediate benefit of the search directions is that there
is no need to store the previous search directions. And using the orthogonality of the
residuals to these previous search directions, the search is linearly independent of the
previous directions. And for the solution at the next step, a new search direction is
computed, as well as a new residual and new constants. The role of the constants are
to give an optimal approximate solution. [1,11]

A more visual explanation of how the CG algorithm finds the approximate solution

to the exact solution is given in Fig. 2.1.
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The iterative formulas of CG [13] are given below:

approximate solution: xp = xrx_1 + appr_1

residual: 7, = 11 — apApr_1

search direction: py = ri + Orpr—1

T
3 T T
- improvement at step k: 3, = —pi——
Tie—1Tk—1
tep length u Sl
- step length: ay = F———
pens B Pl Ape

2.1 Deriving the Conjugate Gradient Algorithm

In this section we will derive the formulas of the conjugate gradient algorithm starting
by minimizing the A-norm of the error at step k, |lex||a [13]. The error at step k is
defined as e, = x. — xj,, where z, = A7'b is the exact solution and z, is the solution
at step k.

Using the definition of the A-norm of a vector given in Section 1.2, we define
the A-norm of the error at step k to be: |lex]|a = \/ef Aey, and we introduce a new
function f(ay) = ||ex|%4-

The error at step k defined as e, = x, — x}, is also equivalent to e, = e,_1 — appr_1,
if we consider that the error at step k — 1 is ey = x. — x_1. Using this equivalence

for the error, f(cy) becomes:
flag) = (ep—1 — Oékpkfl)TA(ekfl — Qppr-1)

= (e;{—l - Ofkpg—ﬂA(@k—l — Pk-1)

T T T 2. T
= e, Aex—1 — apey_1 Apr—1 — D1 Aek—1 + D1 APr—1

In order to determine whether the function has a minimum or not at «y, we need
to calculate the first and second derivatives of the function, and since A is symmetric:

el [ App_1 = pl | Ae 1, we get:
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f'(ar) = 20upf_ Aer—1 — 2p]_ Aexy

f"(auw) = 2pi_1 Apr—

A being SPD, implies f”(ay) > 0 and therefore, the function f(ay) has a minimum

at ag.
= f'(ax) =0
T
= aypi_1 Aps_1 = pp_1Aej_1 = | oy = %
TkT—17°k*1

Later (in Section 2.4), we will show that ay = T Ape:

Next, we deduce the residual at the k" step: r, = b — Az,

We know that ’xk = Tp_1 + Qppr_1 |, S0 1 becomes:

1y =b— A(xp_1 + oypr_1), or

e =b— Axp_1 — o Aprp_

:>’7‘k=7’k—1—04k14pk—1‘

The search direction py, is a linear combination of the previous search direction py_1,
and the error at the current step, ry:

Pr = VeTk + BrPr—_1, but 7 = 1 because of normalization

Therefore, | pr, = 7% + BrpPr_1 ‘

We say pr and pj_; are conjugate with respect to A, if p{_; Apy = 0. If we replace
here p; with the formula we found for it, this relation is transformed into:
Pr_1A(re + Brpr-1) = 0

After we multiply out, it becomes pl | Ary, + Bepl | Apr_1 = 0, and solving for Sy

5 o pgf1A7”k
K Pg_lAqu
T
Later, in Section 2.4, we will find a new formula: (8, = —ptt

Th—1Th—1
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2.2 An Alternative Approach to Solving Axr = b: A Mini-
mization Problem

Solving Ax = b is equivalent to finding x such that the quadratic function
F(x) = 327 Az — b"x is as small as possible. And this is true if F(2) > F(&), where

7 1s the exact solution for Az = b.

F(x) = 12T Az — b"x
)= , but b7 =3TA (2.1)
F() = LT Az — V3
\
) F(z) = 12" Az — 27 Az F(z) = 12" Az — 37 A
=
F(z) = 13T Az — 2T Az F(z) = —32" Az

\

Subtracting the two equations of the system:
= F(z) - F(2) =3
= F(z) — F(i) = (z — )T A(x — &)
= F(z) - F(#) > 0% (r —2)TA(x — ) > 0, which is true.

Therefore, solving Az = b is equivalent to finding an x such that F'(x) is as small as

possible.
For all y from zo+ < po,p1,- .., Pe_1 >, a k" dimensional affine space the following
holds:
F(z) = minF(y) (2.2)
Proof.

Let ¢; and d; be some scalars. Using the proof from Subsection 2.5.1 and the fact

that v is in a k" dimensional affine space generated by the vectors p; we obtain:

k—1 k—1
T =20+ Y, CiDs Z

. = Y—Tk = (di — ¢i) pi = p €< po, - -, pr—1 >, for some p
Yy =T+ Zi:l dzpl =1 some scalar
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Therefore, y = z; + p; and making this substitution for y in the quadratic function

F(y) it follows that:

1
F(y) = 5(wx +p)" Al + p) = b (w + p)
1 1
= (éa:ZA:z:k — b)) + pl Az — b p + §PTAP
1
= F(x) — pT(Azp —b) + = pTA
(wx) = p" (Aze —b) + 5 p_ Ap
Tk >0
T L r
= F(xy) —p rp + 7P Ap
Since pTry, = 0 because p €< po, ..., Pr_1 >=< Ty .., Tho1 >

= F(y) = F(zr) + 30" Ap
= Fzr) < Fy)

= F('Tk’) = mlnF(y), vy €< po,- - Pk—1 > +To

2.3 Applying the CG Algorithm to a 2 x 2 SPD matrix

In this section we will solve the system Az = b using the conjugate gradient method,
for A a 2x2 symmetric positive definite matrix, and will show that the exact solution
Z is reached in two steps.

Consider the quadratic function defined on the previous section:

1
F(z) = -o"Az — bz
2

Then, for the symmetric matrix A, the gradient of this function is nothing else but
Ax — bt
F'(x)=Axz—b
Therefore, solving Az = b is equivalent to finding the x that minimizes F'(x).The

solution of Az = b is a critical point of F(z). From Multivariable Calculus one

knows that the gradient, a vector field, always points in the direction of the greatest
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increase of a function. And therefore, for every x, the gradient points in the direction
of the steepest increase of F'(x). Thus, the direction of the steepest decrease is in the
direction opposite F’(x). [11]

Let x1 and x5 be the solutions returned by CG at the first and second iteration,
respectively; then the residual after the first iteration is ry = AT — Axy.

As we have previously mentioned, the idea behind the conjugate gradients method
is to generate a series of approximating solutions until we reach the one closest to the
exact solution. The gradient vector will always point in the direction of the steepest
increase of the quadratic function, and for reaching the exact solution, the previous
residual (different than zero and called 71 in the 2x2 case) will be orthogonal to the
search direction. More, the quadratic function F(z) we showed in Section 2.2 to be
minimized by the solution of CG, will reach the minimum where the projection of the
gradient vector on the search line is zero. [1,11]

In Fig. 2.2 we illlustrate these steps by showing a contour plot with the gradient
vectors pointing in the direction of the steepest increase; the first step x; is taken
along the initial search line py will lead to z1; this x; will hit the exact solution at
the next step. Note: the error e; = £ — x; will be A-orthogonal to py.

We apply the CG method to the 2x2 SPD matrix by first checking that the
residual after the first iteration (r; = A% — Ax;) is orthogonal to the initial residual
(ro): Trg = 0. Since ro = py and r; = b — Az; = A% — Axy, saying residuals are
orthogonal is the same as (& — x1)? Apy = 0, which is nothing else than ef Apy = 0.

The gradient at the bottom-most point of the contour plot being orthogonal to
the gradient of the previous step, implies that the best approximation to the exact
solution has been reached.

= For the 2x2 matrix, the solution is reached in two steps.
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Figure 2.2: CG Algorithm for a 2x2 matrix.
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2.4 CG Reaches the Exact Solution in n Steps

One of the main properties of the CG algorithm that distinguishes it from other
iterative methods is the fact that it reaches the exact solution of Az = b in at most
n steps for any initial guess xg and A is an nxn symmetric positive definite matrix.
In this section we will prove this property and we will so with the help of mathematical
induction.

We assume that CG algorithm can be carried out to k steps (n > k).

Prove:
o To, 71,3 Tk >=< Po;sP1s-- -, Pk >

— where < rg,71,...,1% >= {xER”:w:Ek

j=1CjTj, € is a constant}

— and < po,p1,...,pp >={r€eR": x = Z?Zl ¢;pj, ¢ is a constant}
Assume that pg # 0,p1 # 0, ..., px # 0, prove:

° rlTrj = 0,0 <j <1<k (residual vectors are orthogonal to one another)

e p/ Ap; = 0,0 < j <1<k (direction vectors are conjugate to one another)

Proof

e First we prove by mathematical induction < ro,71,...,7 >=< po,P1,---, Pk >
Step 1.

ro = po. True.

Step 2.

To prove

<771y Ty >=<Do,P1y---,Pk > (23)

assume it is true up to k, and then show that

<Tro, 71, Tk, Thk+1 >=< D0, D1, - - Pk>Pk+1 > (24)
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From the formula found for the search direction in the derivation of the CG algorithm,

the residual at the (k + 1) step is also:

Tk+1 = Pk+1 — 5k+1pk:

which implies that the residual at this step is a linear combination of pxy1 and p.
If relation (2.3) holds true, then just adding one more term, 74,1, to both sub-

spaces, makes the following true as well:

< T, T1y- -5 Tk Tk+1 >=<po,P1; - - - y Pies Th41 > (25)

But since we claimed that 7, is a linear combination of p,,; and py, the relation

(2.5) becomes equivalent to:

<To,T1y- 5 Ths Th+1 >=< D0, P15 - - - s Pks Pk+1 >

which proves the current step of induction.

Therefore, < rg,7r1,...,7: >=< po, P1,--.,Pr > and we can also conclude that

Pk = YTk + Ve—1Tk—1 + ... + 7171 + Yoo

We know py # 0 unless v; = 0, with i € {0,...k}. So the vectors r, ..., ry are linearly
independent. They span any basis of the subspace given by their set of vectors in
that subspace. And the dimension of the subspace is the number of vectors in any of

these bases. In conclusion,
dim <rg,...,rp,>=k+1

e Next, we have to prove that r/r; = 0 and p/ Ap; = 0, with 0 < j < < k. We
proceed by assuming that the relationships are true for [ and then we prove they also
hold for [ + 1.

Then we need to show: rf;7; =0,14+1>j >0 and p{,;Ap; =0,1>j > 0.
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We will use mathematical induction on [.
1) If I = j, show r} ;1 =0

We start with the formula we found for the residual:
T =1 — a1 Ap = TzT+17"l = 7”1T7“l - Oél+1pzTA7"z (2.6)

If eq. (2.6) is zero, then r] 1, — ayy1p] Ar; = 0 and we find a new formula for the step

length:
T

Q1 =
p;‘FAT !
T
P Tk

——, we need to ask if
pE Apy,

According to the previous formula we found for oz, =
plry=rln.
We proceed with the formula of the search direction, take its transpose and multiply
it by r:

p =71+ Bipia

pFry=rIr+ Bl i, by (2.3) plym =0

= plr =rlr
We also need to ask if p/ Ar; = pf Ap;. For this we proceed by replacing p; with the
formula we derived for the search line: p; = r; 4+ Gipi—_1.

pl Apy = pl A(ri + Bipi—1) = v A+ Bip} Apia

From the hypotheses of induction, pl Ap;_; = 0, because | = j.

7"2117"1

Therefore, we have that p] Ap; = p! Ar; and indeed oy =T An This also implies
that equation (2.6) is zero and r{ 7, = 0
Therefore, for [ = j

rlar; =0 (2.7)

Remark: A new formula for the step length has been deduced:

M1
E— T
pk_lApk—l
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2) If j < I, need to show that r/;r; =0
We can show it by using the formula of the residual, taking its transpose and multi-
plying it by r;:

T4 =T — a1 Apg

rir; =rir; — apapl Ar;

But by the hypotheses of the induction r/'r; = 0.

r; €< Po,...,pj >= Ar; €< Apy, ..., Ap; > .
:> pl AT] — 0
pi is orthogonal to < Apy, ..., Ap; >

= rlr;=0 (2.8)

By equation (2.7) and equation (2.8) with induction on !
= rl'r; = 0, indeed.
e We also have to prove that plalApj =0,forl>45>0.
1) If j = I, we have to show that p},, Ap, = 0.
Again, we proceed with the formula of the search direction, taking its transpose and
multiplying it by Ap; from the right:
Pt = 111+ Biap

pljllApl = TﬁlApl + Brap] Apy

A T

We know that the improvement at step [+11is G141 = — p]l)TZ;ll and by the symmetry
!

of A, plArlTH = rlTHApl. Then:

LA
T T i1 ADL
Apr =1 Ap — ———p; A
P AP 1+141P1 pzT Ap, P Api

T T
= rl+1APl - 7’1+1Apl

=0

Hence,
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PhaAp =0 (2.9)
2) If j < I, we need to show p},, Ap; = 0.
In the relationship we have to show we replace p;; with its formula we already know.

PraAp; = (riyy + Bt ) Apy = iy Ap; + B pl Ap;
0

PriaAp; = 11 Ap; (2.10)
Next, from the formula of the residual 7,41 = r; — 11 Ap; and from the fact we
previously proved about residuals that r/r; = 0 we get:

_ T _ T T
0 =1 Tjis1 =175 —aj+17’z+1Apj
——

0
Or,

0=—aj i Ap;
J +1 J N lej"_lApj :0 ('i’)

T, .
T

O] = =
7+1 p;‘-FApj 7é

We replace () in equation (2.10) and we get:
T —
Pir1Ap; =0 (2.11)

From equation (2.9) and equation (2.11) and again by induction on [, we can conclude
that

plAp; =0

Now, we can simplify the expression of the improvement at step k, (g, found in
Section 2.1. [11]

Taking the inner product of the residual r; with 7,41 = r; — a;41 Ap;,

T _ T, _.T.T
ajr; Apj =1, — 1] i1

Fori=j+1,r/r] =0 and

1
T T
r; Ap; = ——n; 1
Qi
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By the symmetry of A, pI' | Ar, = rI' Ap,_;, and the formula from Section 2.1,

becomes
B . pgfyArk . T%Apk_l . 1 ( 1 TTT)
k= = - =——— | —— "7k
pgf1Apk:—1 p£71Apk—1 p£71Apk—1 Qg F
T T
Py _1Tk—1 TR T
And replacing ay, = Tkl— in the above formula, | 3y = Tk—k
Pi_1APE—1 Th_1Tk—1

2.5 Krylov Subspaces

2.5.1 The Krylov Subspace of the Approximate Solution

We will show now that if rqg #0,...,7r,_1 # 0, then ), — xg €< po,pP1, ..., Pr_1 >
Proof (by induction)
Step 1.
T1 — To = QPo
= T1 = ap, + Zo
Step 2.
Assume that x — o9 €< po,p1,...,pr—1 > is true. Then it is also true that:
Tk — Xo = q1Po + Qop1 + ... + pPr—1
We will need to show that ;.1 — 2o = aypo + ... + axPr—1 + g1k, and we will do
this by manipulating the formula of the approximate solution from the CG algorithm:
Tk41 = Tk + Qg41DPk
Tk41 — To = Tk + Qp41Pk — Lo
Tr1 — To = (Tp — To) + 1Pk
Tk41 — To = Q1Po + Q2P1- .. + QpPr—1 + Qp1Pk
= X1 — To is a linear combination of pg, p1, ..., Pk
= Tp41 — To €< Po, Py - - Pe—1,Pk >

From Step 1 and Step 2 of induction we can claim xp — xg €< po, P1,- -+, Pr_1 >-
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2.5.2 The Krylov Subspace - A Subspace of Residuals

In this section we will prove that the Krylov subspace < 7, Arg, ..., A¥~lry > is the

same with the subspace generated by the residuals < rg,ry,...,rg_1 >.
Proof by mathematical induction

Step 1)
ro = 1o True!

Step 2)

Assume that the following is true
k—1
<T0,AT’0,...,A g >=<T1g,T1y...,T(—1 >

and then we need to show that the following also holds:
< 1o, Arg, ..., A lrg Afrg S>=<rg vy, TR, e >
Adding one more term, namely rg, to the relation (2.12), we have:
<O, Ty e ey The1, Tk >=< 70, Arg, ..., AF Lrg, 1 >
But we know that:
T = Tk—1 — QpApk—1
Also, from Section 2.4 we know that:
KTy Ly e e ey T 1, Tk >=< D0, D1y« -+, Pk—1, Dk >
which implies that the following also hold:
pr = Ooro + 011 + ... + Ik
Pr—1 =000 + 0171 + ... + Op_1Tk_1

Replacing the latter equations in the formula of the residual we obtain:

T =Tp_1 — OékA((S[)T’O + 517"1 + ...+ 5197171]{—1)

(2.12)

(2.13)
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The equation (2.12) can also be written as:

To =To
71 2007’04—01147’0

T2 :CQT0+61AT0+02A27’0

2 k-1
7’]@,1:COT0+01ATO+C2A T0+...+Ck,1A To

Plugging the above formulas for g, 71, ...,7x_1 in the equation (2.13), and grouping

the residuals together after changing the coefficients accordingly, we get a new ry:
i = coro + b1 Arg + by A%rg + ... + b AFr,

where by, bs, ..., b, are the new coefficients.

Therefore, we can claim that 7, is a linear combination of rqy, Arg, A2ro, ..., AFrg.

This implies:

LT, Ty ey T >CT< To,Aro,...,AkilTO >

Part 2) In this part we will try to prove the reverse inclusion:
< 7’0,147’0, R ,Ak_lro >C<re, T,y g1 >
From relation (2.12), we can express the residuals in the following way:
To = Tp
A’I“O = CoTo + C1T

2
A To :COT0+01’I"1 + CoTg

k—1
A o =CoTo+cCiT1+ ... +Cp1Tk_1

Another fact we know, just by using the relation (2.12) is:

<T0,AT0,...,Ak_1TQ,AkTO >0 To,Tl,...,Tk_l,Ak’l“o >
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Now we look to see what is A¥rg:

AkT’O = A(Ak_lr())
= A(coro+c1ry + ... + Cp_17k-1)

= C()A'T’O + clArl + ...+ CkflAT’k,I
Using the formula for the residual, we can find the following:

A’T‘l = A(TO — )\114]90)
= AT’O — )\11427’0

= (C()’I“O + 017”1) — /\1 (Cg’/’o + C1T + 027’2)

Grouping the residual at the same step together and introducing new coefficients s,
which are just a combination of the previous ones, we obtain:
Ary = Boro + Bir1 + fara
In a similar way we find:
Ary = Boro + Bir1 + Bara + Bsr3
And we proceed in this way until we find that
Arg_1 = Poro + Bir1 + ... + Broari1 + BTk
Now we can return to the equation of A*ry and introduce the above formulas in:
Afrg = co(coro + c1r1) + c1(Boro + Bury + Bora) + ... + cr—1(Boro + Birr + ... +
Br-1Tk—1 + BeTr)
Grouping the residuals at the same step together and introducing new coefficients
7 the new A¥ry becomes:
AFrg = yoro + T+ -+ Y1 TRt + VTR

Therefore, we can claim that < ry, Arg,..., A¥lrg >C< 1o, 71, ..., Th1 >.
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2.6 Minimizing the Error

2.6.1 Minimizing the Error at the k" Step

In this section, we want to show that ||ex|| 4 = min|jv|| 4, where v €< eg, Aey, . . ., AFey >.
We know e, = T — x;, where Z is the exact solution and x;, is the approximate solution

at the k' step. Then our problem reduces to showing that
i —xp € g+ < Aeg, ..., AFeqg > k> 1
Using the information we have about zj , we get:

€ — T — T
=7 — (Tp—1 + Pr—1)
= (T — xp_1) — Pr—1

= €k—1 — QPk—1

Using the information we have at the (k — 1) step from the (k — 2)" the formula

above for the error at the k" step becomes:
€k = €k—2 — Ag—1Pk—2 — XkPk—1

Generalizing, we obtain:

€p = €0 — Q1Po — A2P1 — ... — QpPr—1
And this is equivalent to e € eg+ < po, p1, - - -, Pk_1 >, which is the same as
er € eg+ < ro,71,-..,7K_1 > because of relationship (2.3), and the same as

ex € eg+ < 1o, Arg, ..., A¥rg > because of relationship (2.12).
Therefore, we can claim that ej, € eg+ < Aey, ..., Arey >.

Further, we will use the relationship (2.2) proved in Section 2.2: F(xy) = minF'(z),
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for x € xo+ < po,p1, ..., 0k >.
Let v € eg+ < po,P1,-- - Pr_1 > 0TV E T — To+ < Po, Ply -« -5 Ph1 >-
This implies & — v € 2o+ < po,p1,---,Pk—1 >. Then, using the fact that: F(y) =
F(z) + 3|2 — y||4, we can claim:
F(zy) < F(& —v) = F(&) + 3|v[|%, or
F(zy) — F(2) < g%, but [lexlla = F(zx) — F(2).

Therefore, ||ex||a = min||v]| 4.

2.6.2 An Useful Formula for the A-norm of a Vector

In this section we will express ||v|| 4 in terms of the eigenvalues Aq, ..., Ay of the SPD
matrix A and some coefficients cy, ..., cg.
Let g1, ..., qr be orthonormal eigenvectors of A. Then the following are true:

Aq; = \iq;, where \; are eigenvalues

0 ifi#j

1 ifi=j

qi q; = 0ij =

Any given vector v can be written as a linear combination of the eigenvectors g;,
v = > ¢q, and below we will derive an useful formula for the A-norm of this
vector.

lolf% = v" Av
n n

= (3 DAY i)

i=1 i=1
After multiplying out the parentheses and using the definition of eigenvectors and the
fact that they are orthonormal, the square of the A-norm of v reduces to:

[oll3 = S0, &,

And therefore, ||v]|4 = /D i G
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2.6.3 Convergence Theorem - Part 1

In this section we will show that the A-norm of the error at the k™ step is the minimum
of the A-norm of p(A)eg, where ey is the initial error and p(A) is the polynomial of
the form p(A) = I + ;A + ... 4 ¢, A* chosen from the set Py of all polynomials of
degree k such that p(0) = 1.

If we let p(A)eg = v, where p(A)eg = Teg+ciAeg+. .. +cpAep, it is implied that
v E< eg, Aeg, ..., Afey >.
Therefore, ||p(A)eo||a = ||v]|4, and from Section (2.6.1) we know:
Jeella = minfjol]1, or

llexl|a = min ||p(A)eol| 4.
pEP;

2.6.4 Convergence Theorem - Part 2

Continuing from the previous subsection, we will show now that ||ex||4a = m;p(zzlzl p(A\)vi)2,
where 0 < Aq,...,0 < \; are the eigenvalues of A, and ¢y = Z?Zl civi,p\fvlllcere v; are
orthonormal eigenvectors of A.
For p(A) =+ diA+ ... + d, A",

p(A)vy = Tvg + diAvy + ... + dy AFoy

= v + dl)\ﬂ)l + ...+ dk)\lf/l)l
=0
= p(M)u1

Then, p(A)ey = 2?21 p(A)civ; = Z:'L=1 cip(Ni)v;
Then, from Subsection 2.6.2: ||p(A)eo||% = D, c2p?(N\)v; = Land ||eo|]? = D0, P,

i=1"1 i=1"

— 1<i<n

n
1< max [pOWP Y A = max o) Pleoll
i=1 -

Ip(A)eolla < (max [p(Ai)])]eol 4

1<i<n
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|ex]|4+ = min |[p(A)eo||a < min max [p(\;)]l|eol| 4
pEP; pep, 1<i<n

lexlla < max [p(A)|]leola, for any p € By
1<i<n

2.7 Chebyshev Polynomials

Further in our analysis of the conjugate gradient method, we have to answer the
following question: Given 0 < a < b, how can one find a polynomial p € Py, p(0) =1
such that /\12[%33] Ip(A)] is as small as possible?

Let A be SPD and have the eigenvalues 0 < A\ < Ay < ... < \;. Also, we know
the following relationships hold true for p(0) = 1 and p € Py, where ¢, is the error at
the k™ step and e is the initial error:

max [p(A)] = max  [p(A)

e < ma Allle
Jexlla < max p(N) ol
The next two subsections will show that the Chebyshev polynomials are the ones

that will maximize |p(A\)| and which satisfy the above relations.
2.7.1 General Form of a Chebyshev Polynomial

The Chebyshev polynomials we will use in our analysis have the following form:

TO (.T) =1

Ti(x)=x

Thi1(z) = 22T, (x) — Thmi ()
We claim that the following is true

T,=2""12"+... +1 (2.14)

with n > 1 and 7,, is a Chebyshev polynomial and we will prove it by mathematical
induction.
Proof by Induction

Step 1
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Need to verify if (2.14) holds true for n=1.
Ty(z) = 2" ' = 2. True.
Step 2
Suppose the general form for Chebyshev polynomials holds for Tq, 17, ..., Tk_1, Tk;
then we need to show that it also holds for T} .
We know that T}, = 2¥~'2F + ... and we want to show that Tjq = 2F2F1 4+ ...
Using the definition of the Chebyshev polynomials, we can find the polynomial of
degree k+ 1 by using what we know about the polynomials of degree k and k — 1 are:
Tior(z) =2z(z% +...) — (2821 + )
After we multiply out, the new polynomial becomes:
Thi1(x) = 2828 + . which has the form we were looking for.

And from Step 1 and 2 we can conclude that T, = 2" "1a" + ..., n>1
2.7.2 The Chebyshev Monic Polynomial

In this part, we will show that T)(z) = st 1y (z) = 2™ + ... (which is a monic

Chebyshev polynomial of degree n) satisfies the following property:

[ <
‘max [To(7)] < max [pn(v)] (2.15)

for any monic polynomial of degree n of the form p,(x) = 2" + ... [9]
Proof

Suppose equation (2.15) is false.

And let z; = cos(%r), for 0 <i<n.

For z in the interval [—1, 1], the Chebyshev polynomials have the following form:
T,.(z) = cos(ncos™'(z)),n > 0 and the following is true 7, (cos(X)) = (—1)".

So, Ty(z;) = (=1)% and Tp(z;) = 2'"(—1)". Multiplying both sides by (—1)" we

obtain:

(=1)'To(z:) = (=1)"((=1)"2"")
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which reduces to:

(1) T(w;) = 2" (2.16)

If T,,(z;) = (—1)", then |T,,(z)] < 1.

Also,
. 1 1 1
|Tn($)‘ = FTH(Q:) = |9n-1 |Tn($)| S on—1 = on—1
a N
Thus, 71112:};1 Tn(2)] = 51

And supposing equation (2.15) is false, implies the following holds true:
[pa()| < 277 (2.17)

Hence, we can conclude(—1)'[T},(z;) — p(x;)] > 0.

This means there are (n+ 1) oscillations in sign over [—1, 1], implying T}, (x;) — p(z;)
has n roots.

Contradiction!!!

T, (z;) — pn(z;) has degree at most n-1 because both polynomials are monic.

= max |Ti(w;)| < max |pa(z)

2.8 The CG Rate of Convergence

When choosing an iterative method to solve a specific problem it is important to take
into consideration the speed at which the method will reach the exact solution. In
numerical analysis, this speed is called the rate of convergence and the fewer iterations
are needed to reach the solution, the higher the rate of convergence and the better is
the method.

An indicator of the difficulty in solving the system Ax = b with the conjugate
gradient method is the condition number. The condition number is defined as the

product of the norm of A times the norm of A~! [4]:

K(A) = [l AlA™Y|
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Assuming that we know only the 2-norm condition number k of a symmetric positive
definite matrix, x(A) = ||Al|2]| A~!||2 we apply the CG to the matrix problem Az = b

and we find that the A-norms of the errors satisfy the following relationship [11,13]:

k —k k
1 1 -1
llex] a <9 (\/E—I— > +<\/E+ ) §2(\/E—) (2.18)
leol| VE—1 VE—1 VE+1
If z;, is the k™ output of the CG, the above relationship is equivalent to

k
k—1
o= aoula <2 (Y1) llo = ol (2.19)

In Section 2.6.4 we showed that

ex]| a )
leolla ™ peBp0)=11<i<n [p(A)];

where \; were the eigenvalues of the symmetric positive definite matrix A. Using this
fact, we can prove equation (2.18) by finding a polynomial p € P, whose maximum
value is the middle expression of (2.18).

The polynomial we choose is:

)\maw+)\min

where 7 = ¥ , or using the condition number defined as the ratio of the

max_)\min
maximum eigenvalue over the minimum eigenvalue: K = %, v = :—ﬂ; and T, is
the standard Chebyshev polynomial.

The argument of 7}, in the numerator of p(z) lies in [—1,1]. To prove relation (2.18)

it is sufficient to show that

w=n (25) -3 |(F5) ()

And we will do so by using the Chebyshev polynomial of the form 7,,(z) = (2" +27")

with the following change of variable z = $(z 4+ z71).
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If we multiply both sides of the equation z—i = %(Z — Zﬁl), by z and we obtain

the quadratic equation:
14, w+1 1

f—
¥ T 1"ty =Y

with the positive solution

Kk+1 k+1
k—1

21
/{—1) ’

or after more calculations

GRS

k—1

z

QI

If we replace the solution z in the Chebyshev polynomial T,,(vy) we have the poly-

nomial we were looking for:

o[ (52

Therefore, the relation (2.19) holds true and implies that the convergence in the

A-norm will be very fast if the condition number is one.

We can conclude now that the conjugate gradient method will work very well on
matrices that are well-conditioned, and which have the condition number close to
one. This condition number plays an important role in iterative methods. The closer
its value to one, the better the convergence of that method. In the next chapter we
will approximate the system Az = b with a related system Az = b, where we will
try to make A close to the identity and therefore, make its condition number, rﬁ(fl),

closer to 1 than the condition number of the initial matrix A, x(A). [1,2,6]



Chapter 3

The Preconditioned Conjugate Gradient

As we have seen in the previous chapter, the conjugate gradient method works very
well on matrices that are well-conditioned (i.e. condition number is not too big);
however, in real applications, most matrices are ill-conditioned (i.e. the condition
number is large), reducing the efficiency of the algorithm.

In this chapter we will discuss how a different version of the conjugate gradi-
ent method can be used for ill-conditioned large sparse symmetric positive-definite

systems.

3.1 The Concept of Preconditioning

Preconditioning is an important technique used to develop an efficient conjugate
gradient method solver for challenging problems in scientific computing [2]. The
technique comes in the picture when we try to solve a linear system with a very large
condition number.

According to equation (2.19), the larger the condition number of a SPD matrix A
is, the slower the conjugate gradient method will converge.

The idea behind preconditioning is using the CG on an equivalent system. Thus,

instead of solving Az = b we solve a related problem A# = b, for which A is chosen

29
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such that its condition number is closer to one; in other words, A is close to the

identity.

3.2 Analysis of the Preconditioner

As we have already mentioned, the approach to preconditioning is using the conjugate
gradient algorithm to solve a transformed system of the original one.
Let AZ = b be the transformed system of Az = b. And we relate the two systems

through the following relationships:

A=B'"?A
i = BY%y
b= B"%

where we picked B'/? to be a symmetric positive-definite matrix and y = B~'/2z. B
is called a preconditioner.
Making a change of notation, we let ¢ = BY2AB'Y2. Then, instead of solving

Ax = b, we will have to solve a related problem:
(3.1)

Since BY? and A are both SPD, C' is also SPD. Hence, the conjugate gradient algo-
rithm can be applied to the system (3.1).

In this conditions, the inequality (2.19) becomes:

ly=welo <2 (YOI e (3.2)
VEC)+1

With x;, = BY?y,, we find that the C-norm of the approximate solution, y, is
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the same as the A-norm of the approximate solution, xy:

|y — yklle = \/(?J —y)"C(y — i)
= \/(y —yr) BYPABY2(y — i)
= /[BY2(y — y)ITA[BY2(y — yy)

= \/(x —x)T Az — xg)

= [l — k[l 4

Then equation (3.2) will become:
-1\
l{ —_—
|z —aplla <2 —=——=] llz—z0lla
k(C)+1
The condition number of matrix C can also be calculated from its maximum and
A1’na;v(C()

minimum eigenvalues, Ajq.(C) and A (C), respectively: x(C') = (O

And from the change of notation we made for C:

Amaz(C) Amaz(BY2ABY?)
Amin (C) Apnin (BY2ABY/?)

By matrix conjugation: BY2CB~Y/2 = BY2(BY2ABY?)B~1/2 = BA, we can
conclude that matrices BA and C have the same eigenvalues; then the condition
number of C' can also be calculated as the ratio between the maximum and minimum
eigenvalues of the matrix BA: x(C) = ;‘Z‘Z—((lgj))

Then, for the condition number of matrix C from the system (3.1), to be closer
to 1 than the condition number of matrix A from the system Az = b, we only need

to find a preconditioner B2 for which the ratio % will be the closest to one.

3.3 Naive Preconditioned Conjugate Gradient

In this section we will focus on deriving the algorithm for the new preconditioned

conjugate gradient method discussed in the above section.
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We will start by appying the CG algorithm to BY/2AB'Y?y = B'/?p with initial

~12g4 to find y, and then use this to compute z; = B2y, the best

guess yop = B
approximation to the exact solution, x.
Remark: In our calculations, B2 or B~! doesn’t need to be computed.

The CG algorithm applied to the problem:

Cy = BY?b
yo = B~1/%x,

finds the solution with the following formulas:

solution : yr = Yr—1 + QxPr—1 (3.3)
residual : 7, = T—1 — aCPr_1 (3.4)
search direction : py = Tx + BiPr_1 (3.5)
~ NTN

improvement : B, = ~Trk—7:k (3.6)

Tp_1Tk—1

~T ~
- T _1Tk—1

step length : &y, = ————— (3.7)

pZ_1Cpk71

A relationship between the initial residual 7y of (1) system and the initial residual rg
of Ax = b both solved with the CG method, can be found in the following way:
B'Y2b — Cyy = 7

- multiply both sides of BY?b — BY/2ABY?y, = 7, by B~/? from the left to obtain
b— A(BY?yy) = B~Y%7 or b — Axg = B™V/%F,.

Thus, ro = B~Y/27,.

Generalizing, we obtain 7, = B~Y27,. (%)

In all the computations to follow, we will substitute BY/2p;, with py.

If we replace y;, with B~1/2

x), in equation (3.3), then the equation becomes:
B2y = B™V2x) 1 + Gy

Multiplying both sides by B'/? from the left, equation (3.3) is further transformed
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into:

Tp = 1 + apBY?*py_1, or ’9% = Tp_1 + QPr_1

Also, the equation (3.4) will become:
Bl/27’k == Bl/27“k_1 - dkC’ﬁk_l, or
Bl/ZT’k = Bl/sz_l — dkBl/2ABl/2]5k_1

We multiply both sides from the left by B~/2 and get that rj, = r,_1 — G ABY?py_1,

or ’Tk = Tp—1 — O Apr_1 ‘

Next, we multiply equation (3.5) by BY2? from the left: B'Y?p, = BY?f, +
BkBl/2]5kfl7
to become:

pe = BY?7, + Brpr_1, or

pe = BY2(BY?ry) + Brpr_1, or | pr, = Bry + Bepr

Using the relationship found between the residuals of the two systems, eq. (%),

we also find a new formula for the improvement Jy:

- (Bl/QTk)T<Bl/27’k) B ,,,%‘Bl/QBl/Z,r,k
k— (BY2r,_)T(B'/2r;,_,) - T BY2B\2p,_,

5 r%Brk
or| By = 77—
r%_lBrk_l
.. ) . le_lBTk:—l
Similarly, the equation (3.7) becomes: |qy, = F—————
Pi_1APE—1

Consequently, the new conjugate gradient algorithm that is preconditioned becomes:
- approximate solution: x, = xp_1 + QppPr_1

- residual: r, = 11 — apApr_1

- search direction: py = Bry + kak,l

. ~ T%Brk,
- improvement at step k: By = 75—

- step length: &y = ——



Chapter 4

Numerical Experiments

In this chapter we will apply the two algorithms derived in Chapter 2 and Chapter 3
to a symmetric positive definite matrix A and compare the convergence behavior of
the two methods.

We will illustrate this behavior on a problem of size n = 1536, arised from a new
discontinuous Galerkin method for elliptic problems.

All computational results and experiments presented in this work were done using
Matlab 7.5.0.

The data was generated from the discrete problem of the weakly over-penalized
symmetric interior penalty method, discussed in [3]. For preconditioning we used
two matrices: a simple sparse preconditioner (P;), generated by taking the inverse of
the diagonal entries of the matrix to be preconditioned, and a simple block-diagonal
preconditioner (P3), also presented in [3].

On this data, we used the Matlab codes from Table 4.2 and Table 4.3, to compute
an approximate solution vector x to the exact solution of the system. The program
stops when either a certain tolerance is reached by the error (in our program 10~6)
or the number of iterations is higher than the maximum of 100 and /n.

Then, we made a comparison between the two methods and present the results in

34
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Method | Iterations K9
CG 78 5.8920e + 04
P,CG 67 3.4079e + 04
P,CG 55 0.0472e + 04

Table 4.1: Numerical results for the conjugate gradient and preconditioned conjugate gra-

dient methods

Table 4.1. In our analysis, we considered the condition number of the original system,
Az = b, and the condition number of the preconditioned system: BY/2ABY2z =
B'/?p.

As we have expected, the preconditioned conjugate gradient method performed
better than the conjugate gradient method. Both preconditioners took less number of
iterations and their condition number were less than of than that of the CG algorithm.

The better rate of convergence of the preconditioned system versus the origi-
nal system is confirmed: the condition number for the system solved with CG was
5.8920¢e + 04, while for the system solved with PCG were 3.4079¢ + 04 for the first
preconditioner P; and 0.0472e + 04 for the second preconditioner Ps.

Comparing the two preconditioners, we observe that carefully choosing a precon-
ditioner with a lower condition number, the convergence of the system is improved,

as well as the number of iterations required to compute the solution.
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function [x,iter,r]=CG(A, b)

n = length(b);

x = zeros(n,1);

maxiters = max(100,sqrt(n));

r = b;
M = r’*r;
p=rT;
iter=0;

while norm(r)/norm(b) > le-6 && iter < maxiters

iter=iter+1

alpha = M / (p’*A*p);

X = X + alpha * p;

r = r - alpha * Axp;
Mold = M;
M = r’*r;

beta = M / Mold;
p =1 + beta * p;

end;

Table 4.2: Conjugate Gradient Algorithm in Matlab
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function [x,iter,r]=PCG(A, b,B)

n

X

iter =0;

maxiters

r = b;

length(b);

zeros(n,1);

= max(100,sqrt(n));

M = r’*B*r;

p = Bxr;

while norm(r)/norm(b) > le-6 && iter < maxiters

iter=iter+1;

alpha = M / (p’*A*p);
X = X + alpha * p;

r = r - alpha * Axp;
Mold = M;

M = r’*Bx*r;

beta = M / Mold;

p = Bxr + beta * p;

end;

Table 4.3: Preconditioned Conjugate Gradient Algorithm in Matlab



Chapter 5

Conclusions

Iterative methods are useful tools in solving large systems of linear equations, and
therefore choosing the right method to solve your problem is important. The con-
jugate gradient method is one very useful strategy to solve a symmetric positive
definite system, especially for sparse matrices. A good method requires fast conver-
gence, simplicity of the algorithm, stability, little storage memory, and not lastly, a
good estimate of the solution. A preconditioned conjugate gradient method satisfies

all these requirements and it is therefore an effective iterative method.

38
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