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Abstract

Graphs are characterized by whether or not they have orienta-
tions to avoid one or more of the digraphs I-x};,v, 53, and ﬁ3. [?3, §3
and P; are created by starting with a triangle, a three point star,
or a path of length three respectively, and replacing each edge with
a pair of arcs in opposite directions. Conditions are described when
all orientations of 3-connected and 4-connected graphs must have
one or more of the above digraphs as a minor. It is shown that
double wheels, and double wheels without an axle, are the only 4-
connected graphs with an orientation not having a K3-minor. For
.§3, it is shown that the only 4-connected graphs which may be ori-
ented without the minor are K5 and CZ. It is also shown that all
3-connected graphs which do not have a W5-minor have an orienta-
tion without an Si;-minor, while every orientation of a graph with
a Ws-minor has an §3-Ininor. It is demonstrated that K5, CZ, and
C?2 plus an edge are the only 4-connected graphs with an orienta-
tion without a Ps-minor. Additionally, some restrictions on large
3-connected graphs without a Ps-minor are given, and it is shown
that if a 3-connected graph has a large wheel as a minor and has an
orientation without a Ps3-minor, then the graph must be a wheel.

Certain smaller digraphs Py, P, and M = K3\a are also consid-
ered as possible minors of orientations of graphs. It is shown that
a graph has an orientation without a P,-minor if and only if it is a
forest. It is shown tha.t every orientation of a graph has a P,-minor
if and only if the graph has T2 or K} as a minor. To describe

graphs with an orientation without an M-minor, a similar small list

vi
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of graphs is given, and it is shown that if none of the given graphs

is a minor of a graph, then that graph has an orientation without

an M-minor.
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1 Introduction

This dissertation considers a relationship between graphs and
directed graphs. Much work in graph theory describes situations
where certain graphs or characteristics must be or cannot be present
in a graph. The best known result of this type is Kuratowski’s
Theorem, which gives a complete characterization of planar graphs,
graphs that can be drawn on the plane without any two edges cross-
ing. This dissertation attempts to characterize graphs by describing
graphs for which every possible orientation must contain certain
small directed graphs.

While the reader is assumed to be familiar with most terms in
graph theory, definitions from Graph Theory [6] by Frank Harary are
used here. In particular a graph has no loops and no multiple edges.
A multigraph may have loops and multiple edges. In addition, an
orientation of a graph G is a directed graph, or digraph, with under-
lying graph G. Most of the work in this dissertation involves both
graphs and directed graphs. To help keep the situations seperate,
node and arc are used in discussing directed graphs, while vertez
and edge are used in discussing graphs. In a directed graph the arc
from a node u to a node v is denoted by (u,v), while in a graph the
edge joining two vertices u and v is denoted by (u,v). Given any
graph G, the directed graph G is created by replacing every edge of
G with a pair of arcs fn opposite directions.

Three directed graphs of primary importance in this dissertation

are obtained from three common graphs: A7, the triangle, S3, the
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N e

Figure 1: 1?3, 5;;, and PE;

3-point star, and Ps, the path of length three. The digraphs are [{"3,
Ss, and P;, and are shown in Figure 1.

Several graphs are needed to illustrate the central problem of this
dissertation. A theta graph is obtained by adding an edge to a 4-
vertex circuit. The wheel W, consists of an n-vertex circuit, called
the rim, and an additional vertex, called the Aub, which is adjacent
to every vertex of the rim. A double wheel, W2, consists of a circuit
of length n, called the rim, and two additional vertices, called Aubs,
which are adjacent to each other and to every vertex on the rim. The
edge incident with both hubs is called the azle and any edge from a
hub to a vertex on the rim is called a spoke. The complete bipartite
graph, Kj ., consists of n + k vertices, a;,a2,...,a%,b1,b9,...,b,,
with an edge between a; and b; for all 7 € {1,2,...,k} and all j €
{1,2,...,n}, and no other edges. The complete graph on n vertices,
K., is the graph with n vertices and all possible edges. To create C2,

start with a circuit whose vertices, in cyclic order, are vy, v,,...,v,
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and add an edge between v; and viy2 for ¢ € {1,2,...,n — 2} and
an edge between the pairs of vertices v, and vs, and v,_, and v,.
To create the graph A,, start with the complete bipartite graph
K3, with vertex set {ay,as,as,by1,...,b,}, and add edges (ay, as)
and (a2, a3). To create V;, start with a circuit whose vertices, in
cyclic order, are vy, vs,...,U2n—2, and add an edge between v; and
von—i for € {2,3,...,n — 1}, and an edge between v; and v,,.

The relation between graphs most often considered in this dis-
sertation is the minor relation. A graph H is a minor of a graph
G, written H <, G, if H can be formed by starting with G and
using the operations of deleting a vertez, written G\v, deleting an
edge, written G\e, and contracting an edge, written G/e as often
as desired. If the contraction of an edge results in a multigraph
with either loops or families of parallel edges, the multigraph will
be simplified by deleting the loops and all but one edge from each
family of parallel edges. The new vertex created by the contraction
of the edge (u,v) is notated as uv. Note that the minor relation
is independent of the order in which the operations are performed.
A graph H is a topological minor of G, written H <;, G if H is
a minor of G that can be created when an edge can be contracted
only if it is incident to a vertex of degree 2.

The minor relation can be extended to digraphs. The digraph
D is called a minor of the digraph F', written D <,, F, if D can
be formed by starting with F' and performing the same three oper-
ations used to obtain ‘a. graph minor. Deleting a node or an arc is
completely analogous; contracting the arc a = (n;,n;) produces the

digraph D/a with nodes [N(D)\{ni,n2}]U{nin2} and arcs found

3
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by removing the arc ¢ and with : = 1 or 2, replacing arcs (n;,z) and
(z,n;) with (nins, z) and (z,n1n,), respectively.

The main results of this dissertation concern the issue of which
graphs have an orientation not containing [33, 5.';,, and 15;, as minors.
Two results by Pierre Duchet and Viktor Kaneti [2][3] speak to this
problem. In [2] they prove a conjecture of Meyniel, that given a
directed graph D such that every node of D has both in-degree and
out-degree at least two, D contains K3 as a minor. Duchet and
Kaneti [3] showed that every directed graph with n vertices and at
least 5n — 8 arcs contains K4 as a minor. (Note: Duchet and Kaneti
use the notation K3 and K} where this dissertation uses K3 and
K.

In considering [;;3, it is first shown that double wheels and double
wheels minus the axle can be oriented in a unique manner to not
contain a [f;;-minor. The main result on K3 shows that this orien-
tation, given in Theorem 4.1.7 and Corollary 4.1.8, is the only way
to orient a 4-connected graph to avoid having [33 as a minor.
Theorem 4.1.21 A 4-connected graph G has an orientation with-
out K3 as a minor if and only if G is a double wheel, or a double
wheel minus the axle.

This result, like other results throughout this dissertation dis-
cussing 4-connected graphs, relies on an extremely useful character-
ization of 4-connected graphs given in [7].

When the digraph S5 is considered, there are some interesting
results involving 3—con;1ected graphs. Using a list of all 3-connected
graphs without a 5-wheel by Oxley [9], section 4.2 shows that every

3-connected graph not containing the 5-wheel, W5, can be oriented

4
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so that it does not contain Ss as a minor, yet every orientation of
a graph containing the 6-wheel, W, contains S as a minor. Mov-
ing on to consider 4-connected graphs, the final result on S5 shows
that every orientation of almost every 4-connected graph has Ss as
a minor.
Theorem 4.2.11 The only 4-connected grabbs that have an orien-
tation without S; as a minor are K5 and C2.

When considering orientations of graphs having the digraph P
as a minor, the first result for 3-connected graphs is Theorem 4.3.1.
Theorem 4.3.1 There exists n, such that any 3-connected graph
which has W, as a minor, and can be oriented to not have 133 as a
minor, must be a wheel.
Oporowski, Oxley, and Thomas [8] showed that every sufficiently
large 3-connected graph must contain a subgraph isomorphic to a
subdivision of Wy, V4, or K3. Combining this result with Theorem
4.3.1 results in Corollary 4.3.2.
Corollary 4.3.2: For all k > 40 there is an integer N such that
every 3-connected graph with at least N vertices, which can be
oriented to not have a ﬁ3—minor, is either a wheel or has a subgraph
isomorphic to a subdivision of K3.

In the 4-connected case only a very few 4-connected graphs can
be oriented to not have a 133-minor.
Theorem 4.3.9 The only 4-connected graphs having an orientation
without Ps as a minor are K5, CZ, and C2 plus an edge.

While the main results of this dissertation involve the directed

graphs already mentioned, Chapters 2 and 3 show some interesting
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T2 K+

4

Figure 2: The graphs T2 and K.

results by asking the same questions about other directed graphs. It
was natural and necessary to begin-with simpler digraphs. Chapter
2 considers two digraphs which are minors of [-1.'3, 53, and ﬁgz 131,
the directed 2-circuit, is the digraph with two nodes and two arcs
in opposite directions between these two nodes; P, is the digraph
formed by replacing both edges of a path of length two with two
arcs in opposite directions. The results of Chapter 2 culminate with
the following:
Theorem 2.5 Every orientation of a graph G contains P, as a minor
if and only if G has as a minor T? or K} (shown in Figure 2).

Chapter 3 describes graphs for which every orientation has the
digraph M = K3\a for any arc @ as a minor. For the digraph M the
results are precise. The main results of this chapter are Theorem
3.7 and Corollary 3.8, which give necessary and sufficient conditions
for every orientation of a graph to have M as a minor. In addition,
Lemma 3.2 and Theorem 3.3 show that the only 3-connected graph
that can be oriented without having M as a minor is a wheel, and
that the wheel has a unique orientation, up to reversal of all arcs,
without an M-minor.

Chapter 4 is broke;:l into three sections, one for each of the di-

graphs K3, Ss, and P;. The results of this chapter have already

been mentioned.
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Chapter 5 looks at pairs of the digraphs from Chapter 4. It is
shown in Theorem 5.2 that every orientation of a large 3-connected
graph has either S5 or K3 as a minor. For the other possible pairings,
an arbitrarily large 3-connected graph may be oriented to avoid
having the considered digraphs as a minor. For the pair P; and K,
Theorem 5.3 and Corollary 5.4 show that arbitrarily large wheels
and A,, for arbitrarily large n, have orientations for which neither
digraph is a minor.

For the pair 153, and .S-'E;, Theorem 3.5 shows that an orientation
of A, exists for which neither digraph is a minor.

Some additional terms needed throughout the body of this dis-
sertation are defined here. A partially oriented graph is an ordered
triple of disjoint sets (V, E, A), whose members are called vertices,
edges, and arcs respectively, such that F is a subset of the set of
2-element subsets of V' and A is a subset of V' x V. A digraph
D = (N, A) is a completion of the orientation of a partially oriented
graph G = (V| E, /i) fN=V, A= EU A, and there exists an arc
from the node a to the node b in D if and only if there is either
an arc from the vertex a to the vertex b in G or there is an edge
in G between a and b and no arc (a,b). A graph underlies a par-
tially oriented graph if the graph underlies every directed graph that
completes the orientation of the partially oriented graph. Deletion
of edges, arcs, and vertices, and the contraction of edges or arcs,
from partially oriented graphs is analogous to such deletions and
contractions in gra.phs: and digraphs.

A cubic graph G is cyclically {-connected if, for any set S of

fewer than 4 vertices, sufficient to disconnect the graph, at least

7
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one component of G\S does not contain a circuit. A graph G is an
uncontractible n-connected graph if, for every edge e in G, the graph
G/e is not n-connected.

Given a graph, a partially oriented graph, or a digraph with
vertex (or node) v, splitting v is done by deleting v, adding vertices
vy and v,, adding an edge e incident with v.I and v,, and adding a
minimal set of other edges incident with either v; or v, so that if e is
contracted the result is the original graph. In the case of a digraph,
this operation will result in a partially oriented graph.

Given two vertex-disjoint graphs G and H, a one-sum of G and
H is obtained by identifying a vertex of G with a vertex of H. For
a graph G, the line graph L(G) is a graph H where the vertices of
H represent the edges of G, and there is an edge in H between two
vertices if and only if those two vertices represent two edges in GG

which are both incident with a common vertex in G.
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2 Orientations of Graphs That Have a
Pi-minor or a Po-minor

In building up to the main results about K3, S, and P; this dis-
sertation begins with trying to find graphs which may be oriented
to avoid having either Pl or 132 as a minor. This chapter has three
main results. Observation 2.1 describes all graphs for which every
orientation contains a Pl-minor. Theorem 2.3 considers the special
situation of a rooted minor. A root of a graph is a vertex distin-
guished from the other vertices of the graph. Gla,b] is a graph G
with roots a and b. An a — b rooted minor, H[a,b] of G[a,b], is
obtained using the same operations of contracting an edge, deleting
an edge, and deleting a vertex as a minor of GG, except that neither
a nor b may be deleted, and if an edge incident with a or b (but not
both) is contracted then the new vertex created is given the label a
or b respectively and is a root of the graph obtained. Theorem 2.3
describes every directed graph without a rooted P,-minor. The last
result of this section, Theorem 2.5, gives a necessary and sufficient
condition for every orientation of a graph to have a P>-minor.
Observation 2.1: Every orientation of a graph G has a P, - minor
if and only if G is not a forest.

Proof

It is apparent that a forest cannot be oriented to have a P.l-minor.
If G is not a forest, t;hen G has a triangle as a minor. Checking
the only two possible orientations of a triangle shows that every

orientation of the triangle, and therefore every orientation of G,

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



has a P,-minor. Therefore, every orientation of a graph G has a
Pi-minor if and only if G is not a forest. O

While the contraction of any arc of a triangle oriented as a di-
rected circuit results in Py, if the triangle is not oriented as a circuit
there is only one arc which, when contracted, results in ﬁl. There-
fore, while it is certain every orientation of a.ﬁy graph which is not a
forest has a P,-minor, it cannot be guaranteed that a chosen pair of
vertices will be the vertices of the P;-minor. This problem of rooted
minors is looked at in the following Lemma.
Lemma 2.2: Let G be a theta-graph with the two vertices of de-
gree two labeled a and b. Every orientation of G has an a — b rooted
ﬁl-minor.
Proof

Label the remaining two vertices ¢ and d, and let D be an orien-
tation of G. Without loss of generality, by reversing the directions
of all arcs, if necessary, it may be assumed that (a,c) € A(D). If
(d,a) € A(d), then contracting the arcs between ¢ and d and ¢ and
b will create the rooted a — b 2-circuit, thus (a,d) € A(D). Consider
the two possible orientations of the arc between ¢ and d. By sym-
metry assume that (c,d) € A(D). Contracting (a,d) and the arc
between b and c creates an a — b rooted 2-circuit. Therefore, every
orientation of G[a, b] has a rooted a — b Pj-minor. O

Before moving on to the next result, a few additional terms are
defined. Given a graph G and an edge e in G, adding an edge in
parallel to e creates the multigraph that has a pair of edges between

the two vertices joined by e in G (and is otherwise identical to G).

10
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Adding an edge in series to e replaces the edge e, incident with
vertices a and b, with a path of length 2. The graph created has
one additional vertex, v, not in G, such that v is of degree 2 and v
is adjacent to a and b. A series-parallel extension of a graph G is
any multigraph that can be obtained, starting from G, by a series
of edges added in parallel and edges added in series. Any series-
parallel extension of K is simply called a series-parallel multigraph.
If a series-parallel multigraph is obtained by a series of operations
ending with the addition of an edge in parallel, then the multigraph
has a pair of duplicate edges. If the last step was the addition of an
edge in series, then the multigraph has a vertex of degree 2.

The idea of series-parallel extension can be extended to digraphs.
The only additional consideration is that the direction of an arc be
preserved. Thus, two arcs are parallel arcs if they have the same
in-vertex and same out-vertex. Similarly, in the series extension an
arc is replaced with a directed path of length 2.

Theorem 2.3: A directed graph D, with underlying 2-connected
rooted graph Gla, b], does not have an a — b rooted 2-circuit minor if
and only if D is a directed series parallel extension of an arc joining
a and b.

Proof

The if part of the Theorem is shown first, by proving the slightly
stronger statement that a directed graph D, with underlying rooted
graph Gla,b] does not have an a — b rooted 2-circuit minor if D is
a directed series pa.railel extension of an arc joining a and b. If D
contains only the arc joining a and b, then D does not have a rooted

a — b 2-circuit-minor. Use induction and suppose any directed series

11
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parallel extension of an arc between a and b with fewer arcs than D
does not have a rooted a — b 2-circuit-minor.

Since D is a directed series-parallel extension of an a—b arc, either
there are two parallel arcs in D, or there is a vertex, v, different from
a and b, with out-degree and in-degree one. If D contains parallel
arcs, then, since a 2-circuit does not have any families of parallel
arcs, deleting one of the arcs cannot affect whether or not D has a
rooted a — b 2-circuit-minor. Therefore, by the inductive hypothesis
D would not have a rooted a — b 2-circuit.

Now suppose there exists a vertex, v, with out-degree and in-
degree one, and let e and f be the two arcs incident with v. Note
that D/e ~ D/ f. Since the 2-circuit has only two vertices, if D has
a rooted a — b 2-circuit-minor, either e or f must be contracted or
deleted in the process that leads from D to the @« —b rooted 2-circuit.
Deleting either e or f results in a digraph in which v is only incident
with a single arc. If D\e or D\f has an a — b rooted 2-circuit
minor, then so does D\v, contradicting the inductive hypothesis.
Therefore, D has a rooted a — b 2-circuit-minor if and only if D/e
has the same minor. Therefore, by the inductive hypothesis D does
not have a rooted a — b 2-circuit-minor.

To show the second part of the Theorem, suppose D is not a
directed series parallel extension of an a — b arc. Either G is not
a series-parallel extension of an a — b edge, or G is a series-parallel
extension of an a —b edge and at least one arc in D is in the opposite
direction it would be ii‘ D were a directed-series-parallel extension of
an arc between a and b. If G is not a series-parallel extension of an

a — b edge, then G with the edge (a,b) added contains a A4-minor

12
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with a and b distinct vertices. Deleting the edge (a,b) from K,
produces a theta-graph with a and b as the two vertices of degree
2. So by Lemma 2.2 every orientation of G has a rooted a — b
2-circuit-minor.

If G is a series parallel extension of an a —b edge, then every edge
of G is part of an a — b path. Without loss of generality suppose
every a — b path in G is oriented in D so that it is possible to reduce
that path through contraction and deletion of arcs to the arc (a,b).
Suppose there exists an a — b path, P, with an arc oriented so that
through contraction and deletion the arc (b, a) is left. Since G is 2-
connected there is another a — b path, internally vertex disjoint from
P, which can be reduced to {a,b). Therefore, D has an a — b rooted
2-circuit as a minor. If no path exists which can be reduced through
contraction and deletion to (b, e) then D is a directed-series-parallel
extension of the arc (a,b). Therefore, the a — b rooted 2-circuit is a
minor of D.

Therefore, D, with underlying 2-connected rooted graph GJa, b,
does not have an a — b rooted 2-circuit as a minor if and only if D
is a directed series parallel extension of an arc joining a and 6. O

Now consider graphs that underlie digraphs with a P,-minor.
Observation 2.4:  For a connected graph G the following are
equivalent.

(¢) No orientation of G has a P,-minor.
(22) G has at most éne cycle.
(ii2) G has no T? or theta minor.

Proof

13
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(?) implies (2iz) will be shown first, followed by (:z) implies (7),
and then (z¢7) implies (7). To see that (z) implies (z¢2) note that a
theta-graph oriented so that the 4-circuit is a directed 4-circuit has a
P,-minor obtained by contracting the one arc not in the 4-circuit. T2
oriented so that both triangles are directed 3-circuits has a ﬁg-minor
obtained by contracting one edge from each triangle. Therefore, a
graph G has an orientation with a P-minor if G has a theta-graph
or T? as a minor, and so (¢) implies (z7z).

P, has two directed circuits. Therefore the underlying graph of
any directed graph with a P>-minor must have at least two circuits,
and so (zz) implies (z). To see that (¢i7) implies (i7), note that, as
in the above paragraph, any graph without 72 as a minor contains
at most one block containing a circuit, and in any graph without a
theta-graph as a minor every block must be either a circuit or Aj.
Therefore, (z22) implies (7). O

Observation 2.1 characterizes all graphs that can and must have
a P-minor. An equivalent statement for graphs that can and must
have a P;-minor cannot be made as cleanly. The first part of char-
acterizing such graphs is shown in Observation 2.4 which describes
which graphs can be oriented to have a P-minor. Theorem 2.5 an-
swers the question of which graphs must have a P,-minor no matter
the orientation chosen.
Theorem 2.5: Every orientation of a graph G has a P,-minor if
and only if T? or K is a minor of G.
Proof ‘

First, to demonstrate the if part of the Theorem, suppose G has

T? or Kf as a minor. Since every orientation of a triangle has

14
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Figure 3: Minors of the possible orientations of Af.

a directed 2-circuit-minor, every orientation of 72 has a P,-minor.
Suppose G has K as a minor. Let a and b be the two vertices of
K} not adjacent to the vertex of degree 2. For every orientation
of K{ either the contraction of the arc between a and b results
in a directed graph with the completion of the orientation of the
partially oriented graph shown on the left of Figure 3 as a minor, or
the contraction of one of the arcs between a node of degree 3 and « or
b results in a directed graph with the completion of the orientation
of the partially oriented graph shown on the right of Figure 3 as a
minor.

In the first case B, is a subgraph of the partially oriented graph
shown; therefore, every completion of this orientation has a ﬁz-
minor. In the second case, no matter how this orientation is com-
pleted, contracting one of the edges of the triangle shown with no
arcs will result in a graph with a P,-subgraph.

Now, to demonstrate the only if, suppose G is a connected graph
with neither K} nor T? as a minor. Since G does not have a T-
minor , G has at most one block which is not K5, and so without loss
of generality suppose G is a block. Every 3-connected graph has a
K, -minor, and additioilally every 3-connected graph not equal to K
has a Wj-minor. Therefore if G is 3-connected and not equal to K

then G has a Wy-minor. W, minus a spoke equals K}. Therefore,
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Figure 4: An orientation of Ky not having a ﬁg-minor.

if G is 3-connected either G is Ky or G has a K}-minor. The
orientation of Ky shown in Figure 4 does not have a lsg-minor.

Suppose G is not 3-connected. Let {z,y} be a 2-vertex-cut of G.
Let C1,C,,...,C, be the connected components of G\{z,y}. For
i € {1,2,...,n} let C; be the induced subgraph of G with vertices
z,y, V(C;) minus the edge (z,y), if it is an edge. Since T is not a
minor of G there is at most one z such that C’,- contains a circuit.
Furthermore, because it is assumed that G is a block, each C; is a
path if it coes not contain a cycle.

If n > 3 and there exists 7 and 7, 7 # j such that [V(C:)| and
[V(C;)| are both greater than 3, then contracting all the edges from
C’k, k different from both 7 and j creates a graph with 7 as a minor.
Moreover, if i € {1,2,...,n} exists such that C; contains a circuit,
then 72 is a minor of G.

Thus, assuming n > 3, G must be a minor of a graph formed by
joining z and y with an edge, joining z and y with a single path of
arbitrary length, and joining r and y with an arbitrary number of
paths of length 2. Such a graph may be oriented as shown in Figure
5 to avoid having a P;-minor.

If n = 2, suppose C; contains a block with a cycle. If C; contains

more than one block with a cycle then T2 is a minor of G, so C’l

16
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Figure 5: A digraph without a P>-minor.

consists of a block with a cycle, a path from z to this block, and
another path from y to this block. There exist z’ and y’ in this
block intersect the z-block and y-block paths respectively such that
{z'.y'} is a 2-vertex-cut of G.

If G\{z’,y’} has more than two components the above analysis
for n > 3 describes the situation. If G\{z’,y’} has only two compo-
nents then either the block with a cycle in C’l contains a theta-graph
with z’ and y’ as the two vertices of degree 2, or this block contains
a cycle with the edge (z’,y’). If the block contains the described
theta-graph, then K7 is a minor of G. If the block contains the de-
scribed edge then contracting (z’,y’) shows that 72 is a minor of G.
Therefore the only case left is where G\{z,y} contains no blocks and
n = 2, but this is simply a circuit. Therefore every orientation of

a graph G has a P,-minor if and only if T2 or K is a minor of G. O
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)

3 Orientations of Graphs with a K;\a—minor

Before moving on to graphs containing three 2-circuits, a specific
small directed graph, between the cases considered in Chapter 2 and
the cases to be considered in Chapters 4 an& 5 is considered. This
chapter places conditions on both graphs and digraphs to avoid the

directed graph M = K3\a (shown in Figure 6) as a minor.

Figure 6: The graph M

Theorems 3.3 and 3.7, and Corollary 3.8 present the main re-
sults of this chapter. Theorem 3.3 shows that the only 3-connected
graphs with an orientation not having M as a minor are wheels.
Additionally, Lemma 3.2 shows that wheels have a unique orienta-
tion without an M-minor. Theorem 3.7 and Corollary 3.8 give a
complete description of graphs for which every orientation contains
an M-minor. In Theorem 3.7 the description is constructive, while
in Corollary 3.8 a short list of graphs is given, and it is shown that
every orientation of a graph G has an M-minor if and only if one of
the graphs on the given list is a minor of G.

It is shown first that a unique orientation, up to reversal of all
arcs, of K4 exists without an M-minor.

Lemma 3.1: An orientation of K4 does not have an M-minor if and

18
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only if one vertex is oriented as a source or sink, and the remaining
arcs form a directed circuit.
Proof

First it is shown that an orientation of Ky does not have an M-
minor only if one vertex is oriented as a source or sink, and the
remaining arcs form a directed circuit. Sﬁppose D is a directed
graph with underlying graph K that does not contain a source or
sink. Label the vertices of D a,b,c,d. Without loss of generality
suppose (a,b),(c,a),(d,a) € A(D). Since b is not a sink, either
(b,c) € A(D) or (b,d) € A(D), and the two cases are interchange-
able.

Suppose (b,c) € A(D), if (c,d) € A(D), then contracting (c, a)
leaves M. So consider the case (d,c) € A(D). By assumption d
is not a source, so (b,d) € A(D), but contracting (b,c) leaves M.
Therefore, any orientation of Ky without a sink or source has an
M-minor.

Now suppose c is a source and (a,b) € A(D). If (d,b) € A(D)
then contracting (c,b) leaves M, so suppose (b,d) € A(D). If
(a,d) € A(D) then contracting (c,d) leaves M. Therefore, an ori-
entation of Ky does not contain M only if one vertex is a sink or
source and the rest of the vertices are oriented as a circuit.

It remains to be shown that an orientation of Ky does not have
an M-minor if one vertex is oriented as a source or sink, and the
remaining arcs form-aAdirected circuit. Note that every arc adjacent
to the source or sink is interchangeable, and that the remaining arcs

form another interchangeable set. It is enough therefore to consider

19

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



b d d c

Figure 7: D contract (c,a) or (a,b)

the orientation and labeling from above with the contraction of ei-
ther (¢, a) or (a,b), as shown in Figure 7. In either case M is clearly
not a minor of the resulting digraph. Therefore, M is not a minor
of this orientation of K. Therefore, an orientation of Ay does not
bave an M-minor if and only if a vertex is oriented as a source or
sink, and the remaining arcs form a directed circuit. O

Extending this to an orientation of all wheels gives the following
result.
Lemma 3.2: For n > 3 the only orientation of the wheel W,
without M as a minor is the orientation of the hub as a source or
sink and the rim as a directed circuit.
Proof

If n =3, then W, = W3 = K, and since any vertex of W3 can
be considered the hub the claim is true. In addition it is necessary
to show that the Lemma is true for Wy before using induction. Let
D be a directed graph with underlying graph W,. If the hub is not
oriented as é. source or sink there is an arc on the rim which, when
contracted, leaves a digraph that is a completion of the partially
oriented graph shown in Figure 8. When the orientation of this

graph is completed the triangle drawn beneath the directed 2-circuit
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Figure 8: D contract a rim arc.

will provide the second directed 2-circuit needed to obtain M. If the
hub is a source or sink but the rim is not oriented as a circuit it is
possible to contract an arc on the rim and obtain an orientation
of K, with a source or sink, but with the remaining vertices not
oriented as a directed circuit. By Lemma 3.1 this orientation also
has an M-minor. Now use induction and suppose that for some
k>4 and all n, 4 < n <k, the claim is true. Let n = &£ + 1 and
consider the graph W,.

The contraction of any edge along the rim of W, leaves the graph
Wi, for which the inductive hypothesis holds. Therefore, since n >
5, it is obvious that any orientation of W, besides one where the hub
is either a source or sink and the rim is a directed circuit will have
an M-minor. Furthermore, given W, with this special orientation,
the contraction of any arc on the rim leaves a graph that does not
have an M-minor.

Since n > 5, |V(W,)| = 6. Contracting any arc along the rim
would not allow the creation of M, so if W, has an M-minor it is
necessary to contract ‘at least two spokes. This leaves two cases to
consider: the contraction of consecutive spokes and the contraction

of non-consecutive spokes.
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In the case of two consecutive spokes being contracted, the re-
sulting directed graph, after deletion of the loop incident with the
hub, could be obtained by contracting a single spoke of Wj; there-
fore, by the inductive hypothesis, this directed graph does not have
an M-minor.

In the case of two non-consecutive spokeé the resulting graph is
not 2-connected. Since M is 2-connected it is going to be contained
in one of the blocks. Therefore this second case contains M if and
only if deleting one or more vertices along the rim leaves a block
with an M-minor. However, deleting these vertices creates a graph
which is a minor of W} and therefore does not have an M-minor.
Therefore, for n > 3 the only orientation of the wheel, W, that does
not have an M-minor is the orientation of the hub as a source or
sink and the rim as a directed circuit. O

One additional operation on a graph that needs to be defined
is splitting a vertez, which is the replacement of a vertex v by two
adjacent vertices v’ and v” such that each vertex formerly joined
by an edge to v is joined by an edge to exactly one of v’ and v”.
With the addition of this operation a characterization of 3-connected
graphs given by Tutte [12] can be stated.

Theorem: A graph G is 3-connected if and only if G is a wheel
or can be obtained from a wheel by a sequence of operations of the
following two types:

1. The addition of a new edge

2. Splitting a vertex of degree at least 4 so that the two new vertices

v’ and v" each have degree greater than or equal to 3.
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Using this characterization the following can be shown.
Theorem 3.3: Let D be a directed graph with underlying graph
G. If G is 3-connected and M is not a minor of D, then D is a wheel
oriented as described in Lemma 3.2.

Proof

Let D be an orientation of a 3-connected graph G. If G is a
wheel, then by Lemma 3.2 D does not have an M-minor if and only
if D is oriented in the special way described in Lemma 3.2. If G is
not a wheel, then since G is 3-connected, G contains a wheel-minor.

No edges can be added to Ky since all possible edges are al-
ready present. Additionally, no vertex of Ky has degree greater
than three. Thus, by the above mentioned characterization of 3-
connected graphs by Tutte, if G is not a wheel W is a minor of G.
Suppose G is not a wheel. G has a minor A obtained by adding an
edge to Wy, n > 4, or by splitting a vertex of degree greater than
3 in W,, n > 4. Moreover, by contracting and deleting edges of H
it is possible to obtain a minor of G obtained by adding an edge or
splitting a vertex of degree greater than 3 in W,

First consider the case in which G has W, plus an edge as a minor.
By Lemma 3.2, the only orientation of W, which does not have M
as a minor has the rim oriented as a directed circuit. With the rim
oriented as a directed circuit, however, the partially oriented graph
obtained by the contraction of the added edge has M as a minor, as
shown in Figure 9.

The hub is the onl}; vertex of degree greater than 3 in W,, n > 4.
Therefore, if G does not have W plus an edge as a minor, then G

has a graph obtained by splitting the hub of W, as a minor. Taking
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Figure 9: (W, plus €) contract e

}

Figure 10: Two splittings of the hub of W

into account the result of Lemma 3.2, there are two cases, both
shown in Figure 10. In either case M may be obtained as shown in
Figure 11.

Therefore, given that D is a directed graph with underlying graph
G, if G is 3-connected and M is not a minor of D, then D is a wheel
oriented as described in Lemma 3.2. O

This describes the 3-connected case completely. In considering
the not-3-connected situation begin with the following.
Lemma 3.4: Any orientation of a graph G, made by joining two

vertices with an arbitrary number of internally vertex disjoint paths

a,d ( ,C c.e )' a,d

Figure 11: M contained in either splitting of the hub of W}
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of arbitrary length, does not have an M-minor.
Proof

Let G be a graph consisting of two vertices, z and y, and an
arbitrary number of internally vertex disjoint paths connecting z
and y. It is enough to show that the underlying multigraph of M
is not a minor of G. Every vertex besides z and y has degree 2
in G, but no vertex in the underlying multigraph of M has degree
2. Therefore, every vertex of G besides z and y must be deleted
or identified using contractions with z or y. This, however, leaves
only two vertices and the underlying multigraph of M has three
vertices. Therefore, no orientation of a graph G, made by joining
two vertices with an arbitrary number of internally vertex disjoint
paths of arbitrary length, has an M-minor. O
Lemma 3.5: Given a directed graph D that does not have an M-
minor, the directed multigraph D% obtained by adding an arc in
parallel with an arc of D or subdividing an arc in D does not have
an M-minor.
Proof

Let D be a directed graph without M as a minor. First consider
the case where an arc is added in parallel to an arc already in D.
Since there are no parallel arcs in M, this additional arc does not
affect whether or not D has an M-minor, and so M is not a minor
of this version of D¥.

Consider the case where an arc is subdivided. Let the new vertex,
of degree 2, be labeled.v. M has no vertex of degree 2. Therefore, v
must either be deleted or joined by contraction to one of its neigh-

bors. In either case, however, the directed graph created is a minor
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of D. Therefore, given a directed graph D that does not have M as
a minor, the directed graph D* made by adding an arc in parallel
or subdividing an arc in D does not have M as a minor. O
Corollary 3.6: Given a directed graph D that does not have an
M -minor, any directed series parallel extension of D does not have
an M-minor.
Proof

A directed series parallel extension is obtained from D by adding
arcs in parallel and by subdividing arcs. Therefore, by Lemma 3.5
any directed series parallel extension of D does not have an M-
minor. O
Theorem 3.7: A directed graph D with underlying graph G does
not have an M-minor if and only if every block of G is a directed
series parallel extension of either a wheel oriented as described in
Lemma 3.2 or an arbitrary orientation of a graph as described in
Lemma 3.4.
Proof

First, to prove the if part of the Theorem, note that the under-
lying graph of M is 2-connected. Thus, M is either a minor of an
orientation of a single block of G or M is not a minor of D. There-
fore, assume that G is a block. Lemmas 3.2 and 3.4, and Corollary
3.6 show that if D is a directed series parallel extension of either a
wheel oriented as described in Lemma 3.2 or an arbitrary orienta-
tion of a graph as described in Lemma 3.4, then D does not have
M as a minor. .

To prove the other half of the Theorem, suppose that D is a

directed graph (with 2-connected underlying graph) that does not
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have an M-minor. Let D~ be a directed graph so that D is a directed
series-parallel extension of D~ and so that D is not a directed series-
parallel extension of any proper minor of D~. By Corollary 3.6, D
has an M-minor if and only if D~ has an M-minor. Now suppose
that G—, the underlying graph of D~, has W,, , » > 3 as a minor.
If G~ is not a wheel then G~ has a 2-connected minor obtained
from a wheel by the addition of an edge or by splitting a vertex.
If G~ has a wheel plus an edge as a minor, then either G~ has
a 3-connected graph besides a wheel as a minor, and by Theorem
3.3 every orientation of G~ has an M-minor, or D~ has a minor
obtained from an orientation of a wheel by adding an arc between
two adjacent nodes in the opposite direction of the already existent
arc, and so, by the uniqueness of the orientation given in Lemma
3.2, D~ has an M-minor.

If G~ has a 2-connected minor that is not a wheel, obtained from
a wheel by splitting a vertex, then either G~ has a 3-connected
minor that is not a wheel, and so D has an M-minor, or G~ has
a wheel with an edge, e subdivided as a minor. Let z and y be
the vertices of G~ incident with e and let = be the vertex added
by the subdivision of e. If G\{z,y} has a component C containing
the vertex z, but containing no other vertex of G~, then, since
the vertex z is a vertex of G, CU{=z,y} is not a directed series
parallel extension of an {z,y} arc, and so D~ has minors obtained
by orienting the edge e in both possible directions. Therefore, by
the uniqueness shown‘in Lemma 3.2, D~ has an M-minor.

If G\{z,y} does not have a component containing = and no other

vertex of G~ then G has a minor obtained by adding an edge to the
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wheel subdivide an edge incident with z, but not incident with z or
y. The graph obtained this way is a 3-connected graph which is not
a wheel, and so by Theorem 3.3 every orientation of G would have
an M-minor.

Therefore, if G~ has W,, n > 3 as a minor, and G~ is not a
wheel, then D has an M-minor. Therefore, if G has W, , n > 3 as
a minor and D does not have M as a minor, D is a series parallel
extension of a wheel oriented as described in Lemma, 3.2.

Now suppose that G~ does not contain W3 as a minor. Which
implies that G~ is a series parallel graph. Choose z and y so that
G~ is a series parallel extension of an z — y edge. Choose {z,y} so
that the number of components of G—\{z, y} is as large as possible.

Suppose that G~ is not a number of z—y paths. Let C;,C,,...,C,
be the connected components of G~\{z,y} labeled so that C; U
{z,y} is not a path. Note that if n = 1 then either G~ is 3-
connected, or G~ is a path, which implies that C; U {z,y} contains
a circuit. Since C} is connected, if this circuit contains both = and
y, then Ky = W3 is a minor of G~. Therefore, at least one edge
connects a circuit in Cy U {z,y} to either z or y. If n > 3, then the
components C, and C3 can be used to create a 2-circuit rooted to
x and y, which, along with the 2-circuit that can be created from
the C1 U {z,y} and the extra edge that must exist in C; U {z,y},
will create the minor M. Therefore, if C; U{z,y} is not a path then
n=2.

In the case Ci U {:;:,y} is not a path and n = 2, let B be a 2-
connected subgraph of C; U {z,y}. There are vertices a and b that

are the only attachments of the block B to the rest of Cy U {z,y}.
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AN

Figure 12: Minimal graphs which must have M as a minor

Consider the 2-cut {a,b}. Since C; U{z,y} is a series parallel exten-
sion of an z —y path, and since G~\{z, y} has only two components,
G~ is a series parallel extension of some number of a —b paths. More-
over, G~\{a, b} has at least three components, the one containing
C>, and two from the circuit contained in the block a and b attach to
the rest of G~. (If the block B were contained in a single component
of G~\{a,b}, then K, would be a minor of G, contradicting the
choice of the original =z and y.) Therefore, a directed graph D with
underlying graph G does not have M as a minor if and only if every
block of G is a directed series parallel extension of either a wheel
oriented as described in Lemma 3.2 or an arbitrary orientation of a
graph as described in Lemma 3.4. O

An immediate corollary of Theorem 3.7 is a description, in terms
of minors, of the graphs for which any orientation has an M-minor.
Corollary 3.8: Every orientation of a graph G has M as a minor if
and only if G has one of the graphs shown in Figure 12 as a minor.
Proof

The four graphs shown in Figure 12 are, on the far left, a non-~
series parallel extensi‘on of K4 followed by a trio of 3-connected

graphs that are not wheels. Theorem 3.7 shows that all four must

have an M-minor no matter how they are oriented.
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By Tutte’s characterization of 3-connected graphs, every 3-connected
graph that is not a wheel contains one of the last three graphs shown
in Figure 12 as a minor. Thus, if G does not have any of the last
three graphs shown in Figure 12 as a minor, then G does not contain
any 3-connected minors except, possibly, for wheels. If G contains a
wheel as a minor and G is not a series pa.ra.liel extension of a wheel
then G has the first graph shown in Figure 12 as a minor. Thus if G
has none of the graphs given in Figure 12 as a minor, then either G
does not have a wheel as a minor, or G is a series parallel extension
of a wheel (perhaps being a wheel itself). Therefore, G is either a
series parallel graph or a series parallel extension of a wheel, and so
can be oriented to not have an M-minor, or G has one of the given

graphs as a minor. O
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4 Orienting Graphs to Avoid [-{'3, §3, or 133

This chapter considers three digraphs, [-\;3, 53, and P (shown in
Figure 1). Each is treated individually in sections 4.1, 4.2 and 4.3,
respectively. Due to the increased complexity of the directed graphs
being considered, added restrictions are necessary. In all three cases
the majority of the work done considers 4-connected graphs, as these
provide enough structure to achieve interesting results.

In Section 4.1 the primary results are Observation 4.1.2, Theo-
rem 4.1.7, and Theorem 4.1.21. Observation 4.1.2 gives an orienta-
tion of K5 without a I-fg—mjnor, and shows that this orientation is
unique. Observation 4.1.2 is extended in Theorem 4.1.7, where it is
shown that every double wheel has a unique orientation without a
Ks-minor. Finally, Theorem 4.1.21 shows that the double wheels,
oriented as given in Theorem 4.1.7, are the maximal 4-connected
graphs without a K3-minor.

In Section 4.2 the primary results are given in Lemma 4.2.1,
Theorem 4.2.4, and Corollary 4.2.11. Lemma 4.2.1 demonstrates
a class of 3-connected graphs which can be oriented to not have an
S3-minor. Theorem 4.2.4 again considers the 3-connected case, and
shows that only a very restricted class of large 3-connected graphs
can be oriented to not have a S3-minor. Finally, Corollary 4.2.11
completes the 4-connected case by listing the only two 4-connected
graphs with an orient;.tion without an S3-minor.

The primary results for Section 4.3 are presented in Theorem

4.3.1 and Corollary 4.3.9. Theorem 4.3.1 provides restrictions on
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Figure 13: K

Figure 14: (K5\e)*

3-connected graphs with an orientation without a P;-minor. While
Corollary 4.3.9 lists 4-connected graphs that can be oriented to not

have a ﬁ3—Mnor.
4.1 Orienting Graphs to Avoid a Ks-minor

First the digraph K3 is considered (shown in Figure 13).

The goal of this section is to show that double wheels are the
maximal 4-connected graphs that may be oriented to not have a
Ks-minor. The first step toward this goal is as follows:

Lemma 4.1.1: Every orientation of L(K33) or L((K5\e)*) has K5
as a minor.
Proof

Note that because both L(K33) and L((K5\e)*) have the graph
S, shown in Figure 16, as a minor, it is enough to show that every
orientation of the gral;h S has a Ks-minor.

Let D be an orientation of S and suppose that D is a completion

of the orientation of either of the partially oriented graphs shown in
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b d

Figure 16: The graph S. A minor of both L(K33) and L((Ks\e)™)

Figure 17. In the first case, no matter which edge of the triangle
(a,b, €) can be contracted to obtain 131, the resulting graph has K;
as a minor.

In the second case shown, to avoid either an @ — c rooted 2-circuit
or a b—d rooted 2-circuit (either of which clearly makes it possible to

obtain a I-{.g-minor), it is necessary to orient so that the contraction

b d b d

Figure 17: Two partial orientations of minors of S
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of the edges (b,d) and (a, c¢) leaves a partially oriented graph, which
obviously has a f{‘g-minor.

To avoid both of the two partially oriented graphs already con-
sidered, it is necessary that three of the triangles (a,b,¢€), (a,c, h),
(b,d, f), and (c,d,g) be oriented as directed series parallel exten-
sions of the arc on the edges (a,b), (a,c), (b,d), and (c,d), re-
spectively. Without loss of generality, assume that the triangles
(a,b.e), (a,c,h), and (b,d, f) are so oriented. Consider that if
(a,b),(c,a) € A(D), then contracting (h,z7), (e,?), (f,7), (b,d), and
(c,d) results in K3. Similarly, if (a,b),(b,d) € A(D), then K3 is
a minor of the orientation. Therefore, it may be assumed that
(a,c),{d,b) € A(d), but in this case contraction of (a,b), (c,d),
(f.7), and (h,i) demonstrates the existence of a K3-minor.

Therefore, every orientation of S has a [{"3-minor, and every ori-
entation of L(K33) or L((Ks\e)”) has a Ks-minor. O

K5 is the next graph considered.

Observation 4.1.2: A unique orientation (up to reversal of all
arcs) of K5 exists that does not have [?3 as a minor.
Proof

First note that a unique orientation of A5 exists with no node
having 2 out-arcs and 2 in-arcs. The sum of all the out-degrees of
the vertices of an orientation of K5 is 10. In addition, at most one
vertex can have out-degree 4 and at most one can have out-degree
0. If there is a vertex of out-degree 4, then there must be one of
out-degree 3 as well (s.ince 4+14+1+4+1+1=8) and therefore, the
out-degrees must be 4,3,1,1,1. If there is no vertex of out-degree 4

then the only possible out-degrees are 3,3,3,1,0, which are exactly
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c d

Figure 18: A labeling of K

the in-degrees in the first case, and as such are the out-degrees of
the orientation with all arcs reversed.

To show that the orientation with no node of in-degree and out-
degree two does not have a [?3-1m'nor notice that every vertex of [;:3
has in-degree and out-degree 2. Since K3 has three vertices, one of
the vertices of K is not joined with any others by contraction in
decreasing the number of vertices to 3, but this lone vertex does not
have in-degree 2 and out-degree 2. Therefore, this orientation of A5
does not have [-{'3 as a minor.

To show the uniqueness of this orientation it is enough to show
that any orientation of K5 with a vertex of out-degree 2 has K as
a minor. Therefore, let D be an orientation of A5 with a vertex of
out-degree 2, and label it as indicated in Figure 18.

Contracting (b, c) and (d, e) shows that unless both (b, ¢e), (c,d) €
A(D) or (e,b),(d,c) € A(D) then K3 is a minor of D. However,
contracting (b,d) and (c,e) shows that unless both (b,e),({d,c) €
A(D) or (e, b),(c,d) € A(D) then K3 is a minor of D. Clearly both
cases cannot be true,‘a.nd therefore D must have [.\‘"3 as a minor.
Therefore, there is a unique orientation of K5 that does not have

K3 as a minor. O
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Figure 19: Two directed graphs not having K3 as a minor

Some immediate corollaries of this follow.
Corollary 4.1.3: The directed graph D obtained by adding an arc
to create a 2-circuit to an orientation of Ks has [?3 as a minor unless
it is one of the directed graphs shown in Figure 19. (Note: the two
directed graphs shown in Figure 19 are the reversals of each other)
Proof

By Observation 4.1.2 there is a unique orientation (up to rever-
sal) of K that does not have K3 as a minor. Use the orientation
with a vertex of out-degree 4. If any arc besides the one between
the vertex of out-degree 4 and the vertex of out-degree 3 is reversed,
then there would be a vertex of out-degree 2. Therefore, [\?3 Is a mi-
nor of the directed graph D with a 2-circuit and underlying graph
K5 unless it is one of the two given. Additionally, the two orienta-
tions given do not have a K3-minor for the same reason as given in
Observation 4.1.2; that is, after performing two contractions there
will be at least one vertex of either in-degree 1 or out-degree 1. O
Corollary 4.1.4: Every completion of the orientation of the par-
tially oriented graph shown in Figure 20 has a Ks-minor.
Proof )
The contraction of (a,bd) or (b,c) creates a directed graph with

underlying graph K5 and a 2-circuit. By the uniqueness shown in
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Figure 20: A graph which must have K3 as a minor

Corollary 4.1.3, if the contraction of (a,b) does not have R as a
minor then the contraction of (b,c) must have K3 as a minor. O
Lemma 4.1.5: Every orientation of CZ, ,,n > 3 has K3 as a minor.
Proof

Note first that CZ, ., is a minor of C3, 5. To see this, take C2, 5
and label the vertices 1 to 2n + 3 around the circuit in the obvious
way. Contract edges (1,3) and (2,4). The resulting graph is CZ, ;.
Therefore, it is enough to show that every orientation of C2 has A
as a minor.

Label the vertices of C? 1 to 7 in the obvious way. Let D be
an orientation of C2. If none of the contractions of an edge (7, +
2mod(7)) creates an ¢ — ¢ + 1mod(7) rooted 2-circuit, then for each
of the triangles (z,7+1,7+2),7 € {1, 3,5}, the contraction of either
(7,14 1) or (1 4+ 1,7+ 2) creates an i-i +2 rooted 2-circuit. Therefore,
[;}3 is a minor of this orientation.

If for some i the contraction (7,7 + 2mod(7)) creates an 7,7 4
1mod(7) rooted 2-circuit, then, by Corollary 4.1.4, K3 is a minor of
D. Therefore, every orientation of C? has K3 as a minor, and every
orientation of CZ,. |, 2 > 3, has K3 as a minor.O

2

Lemma 4.1.6: Every orientation of CZ, n > 4 has K3 as a minor.

Proof
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Figure 21:

Note first that C3, is a minor of CZ,,,)- Take C%.,,, and num-
ber the vertices 1 to 2n + 2 around the circuit in the obvious way.
Contract edges (1,3) and (2,4). The resulting graph is CZ,. There-
fore, it is enough to show that every orientation of C2 has K3 as a
minor.

Label the vertices of C# 1 to 8 in the obvious way. Let D be an
orientation of C? and suppose that the contraction of edges (2,8)
and (4,6) results in a 1-2 rooted 2-circuit and a 4-5 rooted 2-circuit,
respectively. It is clear from the resulting graph that if there is a
2-4 rooted 2-circuit in the triangle (2,3,4) then K3 is a minor of D.
If there is not a 2-4 rooted 2-circuit in the triangle (2,3,4), then the
contraction of (2,4) must result in a partially oriented graph with
the partially oriented graph shown in Figure 21 as a minor. For at
least one of the edges in the circuit (17,3,5), contraction will result
in K3. Therefore, at least one of the contractions of the edges (2,8)
and (4,6) does not result in a 1-2 rooted 2-circuit or a 4-5 rooted
2-circuit, respectively.

Next suppose that neither of the contractions of the edges (2,8)
and (4,6) resultsin a 1:2 rooted 2-circuit nor in a 4-5 rooted 2-circuit,
respectively. In this case the partially oriented graph in Figure 22

is a minor of D. Clearly, if there is a 2-4 rooted 2-circuit or a 6-8
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Figure 22:

Figure 23: A partial orientation of C2

rooted 2-circuit, then f&.';; is a minor of D, which implies that the
contraction of (2,4) and (6,8) results in a 2-3 rooted 2-circuit and a
6-7 rooted 2-circuit, respectively. Thus, by relabeling the vertices of
D, the previous case shows that K3 is a minor of D.

The only case that remains is the one in which D has a completion
of the partially oriented graph shown in Figure 28 as a minor. Con-
sidering the triangles (2,3,4) and (6,7,8) and the same argument as
for the previous two cases shows that K3 is a minor of D. Therefore,
every orientation of C2 has K5 as a minor, and every orientation of
C2.,n >4 has K3 as a minor. O

Now a class of graphs that can be oriented to not have a Ra-

minor is demonstrated.

Theorem 4.1.7: The double wheels, W2, have a unique orientation
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(up to reversal of all arcs) without K3 as a minor.
Proof

The first claim is that the orientation with every spoke oriented
towards the rim, the rim oriented in a directed circuit, and the
axle oriented arbitrarily does not have K3 as a minor. If n = 3,
then W2 = K5, and by Observation 4.1.2 thé orientation as given is
exactly the unique orientation of K5 without [-\'"3 as a minor. Using
induction, suppose there exists £ > 3 such that for all n < k the
orientation of W2 given does not have K3 as a minor, and let n =
k+1.

By the inductive hypothesis, the contraction of any edge of the
rim results in an oriented graph without K3 as a minor. Only two
possibilities remain to be considered, the contraction of the axle or
the contraction of a spoke.

First consider the contraction of a spoke. Assuming the axle is
oriented appropriately, the graph in Figure 24 is obtained by con-
tracting a spoke (and clearly the other orientation of the axle results
in a subdigraph of this one). In this graph there is a vertex of in-
degree 2 and out-degree 1; therefore, if K3 is a minor of this graph
it is necessary to contract one of the arcs incident with this ver-
tex. However, because the contraction of all these arcs results in
the same digraph, the contraction of a rim arc can be assumed, and
therefore, by the inductive hypothesis, K3 is not a minor of this
digraph. Therefore, W2 contract a spoke does not have A3 as a

minor.
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Figure 24: W2 contract a spoke

The remaining case is contracting the axle, but because that
leaves a graph with more than three vertices, some additional con-
traction must be used. Therefore, contracting the axle will not pro-
duce a digraph with [?3 as a minor, and thus an orientation of W}?
exists without K3 as a minor.

To show the uniqueness of this orientation consider the two cases
n = 3 and n = 4. The case n = 3 is the graph A5 and the uniqueness
of the orientation is shown in Observation 4.1.2. If n > 4 and W2
is oriented in some manner besides that given, then the orientation
of W2 has an orientation of W? oriented in a manner different from
that given. Either a contraction of a rim arc will result in K5 with a
2-circuit, or there is a spoke that can be contracted to result in two
2-circuits between a hub and the rim, or one hub is a source and the
other a sink.

In the first case, Corollary 4.1.3 shows a unique orientation with-
out a R}g,—minor. There is a second rim arc, however, whose contrac-
tion will also result in K5 with a 2-circuit. W} cannot be oriented
so that both these contractions result in orientations without a [?3—
minor. ‘

In the second case, if a rim arc does not exist that can be con-

tracted to create a directed 2-circuit, then each hub is either a source
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or sink and the rim is not oriented as a circuit. This implies that
there is a spoke which when contracted results in two directed 2-
circuits. Every completion of the orientation of such a partially
oriented graph clearly must have a K3-minor.

The final case is when one hub is a source, the other a sink, and
the rim is a directed circuit. In this case,l contracting a rim arc
results in an orientation of K5, which is shown in Observation 4.1.2
to have a K3-minor. Therefore, there is a unique orientation of W2
without a [?;;-minor. a
Corollary 4.1.8: For n > 5 there is a unique orientation of W3\a,
where a is the axle, without 11}3 as a minor.

Proof

The existence of such an orientation is immediate from Theorem
4.1.7, so it is enough to consider the question of uniqueness. It is
enough to consider the case n = 5. Let G = W2 and let D be an
orientation of G. Suppose one hub is neither a source nor a sink.
Label the hubs z and y, and label the rim 1 to 5 in the obvious way
such that the contraction of (1,2) creates an =z — 1 rooted 2-circuit.
If this contraction results in a y — 1 rooted 2-circuit as well, then
R is clearly a minor of the orientation. If any of the contractions
(2,3), (1,5), or (y,3) create a y-1 rooted 2-circuit, then K is clearly
a minor of the orientation.

Suppose (y,1) € A(D). The above analysis shows that it can
then be assumed that (y,2),(y,5),(3,2) € A(D) The contraction
of (y,12) shows that it can be assumed that (1,5) € A(D). Now

the contraction of (y,5) , however, clearly must have K3 as a minor.
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Therefore, if either hub is neither a source nor a sink then Kz is a
minor of D.

If z is a source (or sink) and the rim is not an oriented circuit,
then there is a spoke which, when contracted, produces two directed
2-circuits between z and the rim. This clearly has K3 as a minor.

In the final case, = is a source, y is a .sink, and the rim is a
directed circuit. Assuming the rim is oriented 5to 4 to 3 to 2 to 1
to 5, contracting (x,1),(3,y) results in a digraph clearly having a
[-{'3—minor.

Therefore, there is a unique orientation of W2\q, n > 5 without
[;’3 as a minor. O

Using the theorem from [7], which states that the only uncon-
tractible 4-connected graphs are C? for n > 5 and the line graphs
of the cubic cyclically 4-connected graphs, the promised results on
4-connected graphs can be obtained. First, however, several prelim-
inary results regarding cubic cyclically 4-connected graphs and line
graphs need to be stated.

Lemma 4.1.9: A cubic cyclically 4-connected graph is 3-connected.
Proof

Let G be a cubic cyclically 4-connected graph, and suppose on
the contrary that {z,y} € V(G) is a 2-vertex-cut of G. Since G
is cubic, there are edges e, ez, e3, incident with {z,y} such that
G\{e1, ez, e3} has at least two components. Additionally it may be
assumed that e;, ez, ez are all edges joining different components of
G\{e1,e2,e3}. (If not true, then consider only the edges actually

necessary to separate G into the different components.) Since G is
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cyclically 4-connected at least one of these components must not
have a circuit, and so must have at least two vertices of degree 1.
However, since none of the removed edges connected two vertices in
the same component, at least four edges muest be removed. Because
this is a contradiction, a cubic cyclically 4-connected graph is 3-
connected. O

Lemma 4.1.10: Given graphs H and G. If H is a topological minor
of G, then L(H) is a minor of L(G).

Proof

It is enough to show that if e is an edge of GG, then L(G\e) is
a minor of L(G), and if v is a vertex of degree 2 incident with the
edge f, then L(G/f) is a minor of L(G).

First let e € E(G), and let z be the vertex of L(G) associated
with e. Then L(G\e) = L(G)\z.

Consider the second case, and let v be a vertex of degree 2 inci-
dent with the edge f in G, and let d be the okher edge adjacent with
v in G. In this case, let 8 be the edge in L(G) joining the vertices
associated with f and d. Then L(G/f) = L(G)/8 O
Lemma 4.1.11: Every 3-connected graph Fas Ky as a topological
minor.

Proof

Let G be a 3-connected graph, and let v be a vertex of G. Let C
be a circuit in G\v. Since G is 3-connected there are paths P, P,,
and Ps, vertex djsjéint except for v, that connect v to C. Delete
every edge and vertex that is not part of C or one of the three paths,

what remains is a subdivision of K
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Therefore, Ky is a topological minor of every 3-connected graph.

Two obvious corollaries that follow from Lemma 4.1.11 are useful.
Corollary 4.1.12: Every cubic cyclic 4-connected graph has K as
a topological minor.

Corollary 4.1.13: The line graph of a cubic cyclically 4-connected
graph has L(K,) as a minor.

Lemma 4.1.14: The only cubic 3-connected graph that does not
have either K33 or (Ks\e)* as a topological minor is K.

Proof

Let G be a cubic 3-connected graph not equal to Ay. G must
have at least six vertices. Let v be a vertex of G and consider the
graph G\v. G\v is a 2-connected graph. Exactly three vertices of
G\v are of degree 2, and every vertex of G\v not adjacent to v in
G is of degree 3.

Suppose that (Ks\e)” is not a topological minor of G. This im-
plies that there is not a circuit in G\v containing the neighbors of v,
with a path that separates one of the neighbors of v from the other
two neighbors of v along the circuit. If a circuit that contained all
the neighbors of v existed however, then such a bridge must exist, or
there would be a 2-cut in G. Therefore, the neighbors of v are not
contained in a circuit in G\v. However, the same argument used in
Lemma 4.1.11 shows that K33 is a topological minor of G.

Therefore, either K33 or (Ks\e)* is a topological minor of any
cubic 3-connected grai)h not equal to K. O

Combining the results from Lemma 4.1.5, Lemma 4.1.6, and

Lemma 4.1.14 gives the following observation.
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Figure 25: A graph with (A5\e)” as a minor

Observation 4.1.15: The only uncontractible 4-connected graphs
that have an orientation without a K3-minor are L(K,),CZ¢, and C2.

L(K,) = C2 = W2\a, where a is the axle, and C2 is better known
as K5 = W so restating Observation 4.1.15 gives the following.
Observation 4.1.16: The only uncontractible 4-connected graphs
that have an orientation avoiding K3 are W2 and W2\a, where a is
the axle.

Therefore, every 4-connected graph that can be oriented to not
have K3 as a minor can be created by adding edges and splitting
vertices starting from W2 and W2\a, where a is the axle.

Starting with the smaller of these two graphs, it is clear that
no edges can be added to Ks; therefore, the following observation
should be noted.

Observation 4.1.17: The only 4-connected graph obtained by
splitting a vertex from Ks is W2.
Proof

Split a vertex of K’s. The resulting graph has 6 edges not adjacent
to the splitting vertices, and seven edges adjacent to the splitting
vertices. The total of 13 edges means that this splitting of A5 can be
obtained by deleting two edges from K. If two edges of s adjacent

to a single vertex were deleted the result would be 3-connected, since
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there would be a vertex of degree three. Therefore, a 4-connected
graph obtained by splitting a vertex of K5 equals R delete two
non-incident edges. W,? has 13 edges, including the axle, and is
4-connected, and so must also be obtained from Kg by deleting two
edges that are not incident with each other. Therefore, the only 4-
connected graph that can be obtained from Ks by splitting a vertex
is Wi O

Any graph obtained by splitting a vertex of W? has a graph
obtained by splitting a vertex of W?\a, where a is the axle. Moving
on to consider 4-connected graphs with a W2\a-minor, first is the
issue of adding edges.
Observation 4.1.18: Every orientation of K¢\e has K3 as a minor.
Proof

Label the vertices of degree 4 in K¢\e a and b. Contracting any
edge incident with a or b in Kg\ e results in K5 which, by Observation
4.1.2, can only be oriented to not have a Ks-minor if there is no
vertex of out-degree and in-degree at least 2. Since (hg\e)\{a,b} =
K4, there must be at least one vertex of in-degree at least 2 and
one of out-degree at least 2 in (Ks\e)\{a,b}. If a has out-degree at
least 3, then contracting the edge joining a to the vertex of in-degree
at least 2 in (Kg\e)\{a,b} results in K5 oriented with a vertex of
in-degree and out-degree at least 2.

If a has ih—degree at least 3, then by a similar argument K3 is a
minor of this orienta..tion. Similarly, if b has in-degree or out-degree
not equal to 2, then the orientation must have a [-\;3-minor. However,

since both a and b have in-degree and out-degree 2, contracting any
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edge incident with a leaves K5 with a vertex (b) of in-degree and out-
degree 2. Therefore, every orientation of Kg\e has [;’3 as a minor.
a
Corollary 4.1.19: Let G = W2 +e. Every orientation of G has K
as a minor.
Proof

Let G = W2 + e. Without loss of generality, label the vertices of
the rim 1 to 5 and suppose the added edge joins vertices 1 and 3.
The contraction of either edge (3,4) or (4,5) results in W72, and so, by
Theorem 4.1.7, has a unique orientation without K3 as a minor. The
two different contractions, however, cannot both be accommodated
by a single orientation of G. Therefore, every orientation of G has
I:’;:, as a minor.O

Now consider the splitting of a vertex of W?2\a, where « is the
axle.
Lemma 4.1.20: A 4-connected graph, G, obtained by splitting
a vertex of W?2\a, where a is the axle, n > 4, has an orientation
without K3 as a minor if and only if G is a double wheel or a double
wheel minus the axle.
Proof

First note that every vertex of W2\a, where a is the axle, is
interchangeable. Therefore, every subdivision of a vertex in W72
results in W2 , W2\a plus an edge besides the axle, or a graph with a
C2-minor. Therefore, subdividing a vertex of W?\a results in either
W2 or in a graph Wit}i a K3-minor for every possible orientation.

Suppose that G is a 4-connected graph obtained by splitting a

vertex of W2\a, n > 5. A graph obtained by splitting a vertex on
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Figure 26: A minor of W2 with the hub subdivided

the rim of W}? has a graph obtained by splitting a vertex of W32;
therefore, it is enough to consider splitting the hub of W72,

Any subdivision of a hub has the digraph shown in Figure 26,
with the orientation uniquely chosen as shown in Corollary 4.1.8.

Therefore, a 4-connected graph, G, obtained by splitting a vertex
of W2\a, n > 4, has an orientation without K3 as a minor if and
only if G is a double wheel or a double wheel minus the axle. O

The above leads to the final result of this section.
Theorem 4.1.21: A 4-connected graph G has an orientation avoid-
ing K5 as a minor if and only if G is a minor of a double wheel.
Proof

Theorem 4.1.7 shows that if G is a minor of a double wheel, an
orientation of G without a Ks-minor exists. If G is uncontractible,
then, by Observation 4.1.10, G is a minor of a double wheel or has
a Ks-minor. Therefore, G must be obtained by subdividing vertices
and adding edges to K5, or W2. Such a graph is a double wheel,
or has W2\a plus an edge besides the axle, K¢\e, or W2 n > 4
subdivide a vertex as a minor. All of these have been shown to have
a Ks-minor. Therefor.e, a 4-connected graph G has an orientation
avoiding K3 as a minor if and only if G is a minor of a double

wheel.O
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Figure 27: 53
4.2 Orienting Graphs to Avoid an S;-minor

The second digraph considered is 53, shown in Figure 27. Consid-
ering 3-connected graphs without an Ss-minor gives the following.
Lemma 4.2.1: Every 3-connected graph with no Ws-minor has ar
orientation without §3 as a minor.
Proof

Oxley provides a complete list of 3-connected graphs without a
Ws-minor [9]. Every 3-connected graph without a Ws-minor is a
minor of either Ar , Hg , @3, K222 , or H7.
Claim 4.2.1a The orientation of A; with the vertices in the k-set
oriented as sinks does not have §3 as a minor.
Proof

S5 has four vertices, so if this orientation of Ax were to have S5 as
a minor, one of the vertices oriented as a sink would not be identified
by contraction with any other vertex of A;. However, every vertex
of S3 has out-degree at least 1; therefore, this orientation of A; does
not have 53 as a minor.0O
Claim 4.2.1b The orientation of Hs given in Figure 28 does not
have §3 as a minor.

Proof
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Figure 28: An orientation of Hg without S; as a minor

Note that the vertex ab made by contracting an arc connecting
a and b in a digraph obeys the following inequalities:

1d(ab) < id(a) + id(b) — 1 and od(ab) < od(a) + od(b) — 1.

Note also that in the orientation of Hgs given, both the vertex 1
and the vertex 4 are sources, and §3 has a vertex with in-degree 3
and out-degree 3. Since there are no sources in §3, some other vertex
must be identified with 4, and some vertex with 1. Moreover, since
S5 has four vertices, only these two contractions can occur. If an
arc incident with either 1 or 4 is contracted the resulting vertex has
in-degree less than or equal to two, since no vertex has in-degree
greater than three. Therefore, if 1 and 4 are identified with two
separate vertices, there is not a vertex of in-degree and out-degree
greater than or equal to three. If 1, 4, and another vertex are joined
by two contractions the only vertex of out-degree three is the one
made by identifying 1,4, and the other vertex, but this vertex has
in-degree less than or equal to two. Therefore, this orientation of
Hg does not have 33 as a minor.O
Claim 4.2.1c The o;'ientation of Q3 given in Figure 29 does not
have S5 as a minor.

Proof
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Figure 29: An orientation of Q3 without S5 as a minor

Since @3 is cubic, at least four vertices must be joined by contrac-
tion to create a vertex of degree six. Moreover, since every vertex is
either a sink or a source in the given orientation, every vertex must
be identified with another by contraction. Therefore, to create S;
from this orientation of @3 it would be necessary to identify four
vertices to create the center of the star which has total degree six,
and to identify three pairs of vertices to create the three vertices of
in-degree and out-degree one. Thus, to end with the four vertices of
S, it would be necessary to begin with at least ten vertices. @3 has
only eight vertices. Therefore, the given orientation of @3 does not
have §3 as a minor.0
Claim 4.2.1d The orientation of K22 given in Figure 30 does not
have §3 as a minor.

Proof

Since the vertices 1 and 6 are sources they must be identified by
contraction to another vertex, and since K552 has only six vertices
these are the only two contractions that can occur. The identi-
fication of 1 with a.ny vertex adjacent to 1 results in a vertex of
out-degree four and in-degree two. The same is true for vertex 6.

Therefore, if 1 and 6 are identified with different vertices there is no
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Figure 30: An orientation of K32, without §3 as a minor

LA

Figure 31: An orientation of H- without S; as a minor

vertex of in-degree and out-degree at least three. If 1 , 6, and an-
other vertex are identified, the resulting vertex has in-degree at most
two. Therefore, §3 is not a minor of this orientation of A’ ,,.0
Claim 4.2.1e The orientation of H; given in Figure 31 does not
have 5"3 as a minor.
Proof

This orientation has three sources, and since §3 has no sources
each of these must be identified with some other (non-source) vertex.
Moreover, since H; has seven vertices, exactly three contractions can
occur in attempting to create §3. Therefore, every contraction must
use an arc incident wi‘th one of the three sources.

Furthermore, S5 has a vertex of in-degree and out-degree three.

Any of the three sources identified with any of its neighbors has
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Figure 32: A subgraph of W

in-degree two. Identifying an additional soufce will not increase the
in-degree. Therefore, one source must be identified with at least
two non-source vertices, but then at least four contractions will be
needed. Therefore, this orientation of H; does not have 53 as a
minor.O

Thus, every 3-connected graph that does not have a Wj-minor
has an orientation without an g;;—minor.l:l

Avoiding a small wheel guarantees an orientation without an S3-
minor. Every orientation of any graph with a moderately large wheel
as a minor must have an ga-mjnor, as is shown in the following
Observation.
Observation 4.2.2: Every orientation of Wy has a Ss3-minor.
Proof

The graph shown in Figure 32 is a subgraph of W, which obvi-
ously has an S3-minor.0
Corollary 4.2.3: Every orientation of a graph with a Wg-minor
has an §3-minor.
Theorem 4.2.4: There exists k, such that any 3-connected graph
with at least k vertices and an orientation without §3 as a minor is
itself a minor of A, for some n.

Proof
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Given a number n, there exists a number m such that any 3-
connected graph with at least m vertices has either W, or K3,
as a minor. Since every orientation of Ws has 53 as a minor it is
only necessary to consider the case of graphs with K3, as a minor.
Specifically it is enough to show that a 3-connected graph G, with a
K3 ,-minor but not a K3 ,,;-minor, is either a minor of A, or every
orientation of G has 53 as a minor.

Let n > 5, and let G be a graph with K3, but not K3,,; as a
minor. Suppose G is not a minor of A,. G then has a minor H
such that H is either K3, plus an edge connecting two vertices of
the size n vertex partition, or H is obtained from K3,, 4.\{z,y},
A,\{z}, or from A, by subdividing a vertex of the size three vertex
partition.

If an edge joins two vertices of the size n vertex partition, then
contracting any edge of the original K3, results in a graph with
three edge disjoint circuits meeting at a single vertex. Therefore,
every orientation of K3, plus any edge not in A, has S5 as a minor.

If H is obtained from Kj,, A,\{z,v}, A.\{z}, or from A, by
subdividing a vertex of the size three vertex partition, then H has
either K3 ,+1 or one of the two graphs shown in Figure 33 as a minor.

In the first case H has three circuits meeting at a single vertex
(indicated by the darker edges). In the second case contraction of
the dashed édge creates a minor of H with three circuits meeting
at a single vertex. 'Therefore, for n > 5, any 3-connected graph
G with a K3 ,-minor is either a minor of A,;, for some m, or every

orientation of G has §3 as a minor. O
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Figure 33: Two possible minors of A, subdivide a vertex

Clearly, there can be no large 4-connected graphs having an orien-
tation without S5 as a minor. In fact a complete list of 4-connected
graphs with such an orientation can be made.

Lemma 4.2.5: Every orientation of the graph S, shown in Figure
16, has an Ss-minor.
Proof

Let D be an orientation of S. D must have one of the partially
oriented graphs shown in Figure 34 as a minor. In either case a
graph that clearly must have an Ss-minor is easily found to be a
minor of D, as shown in Figure 35. Therefore, every orientation of
S has S5 as a minor.0
Corollary 4.2.6: Every orientation of the line graph of every cubic
cyclically 4-connected graph except K4 has S5 as a minor.

Proof '
The necessary argument to show this is given in Lemma 4.1.14

and Lemma 4.1.1.
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Figure 34: Two partial orientations of the graph S

AN

Figure 35: Minors of S which must have S5 as a minor
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Figure 36: A partially oriented minor of C?2

Lemma 4.2.7: Every orientation of CZ, ,,n > 3 has S as a minor.

Proof

As shown in Lemma 4.1.5, it is enough to show that every orien-
tation of C2 has an Sy-minor.

Let D be an orientation of C? and note that the orientation of
any odd circuit must include consecutive arcs oriented tail to head.
Therefore, in any orientation D of C2 a completion of the orientation
of the partially oriented graph shown in Figure 36 must be a minor
of D. Every completion of the orientation of this partially oriented
graph clearly must have §3 as a minor. Therefore, every orientation
of C2, .1, n >3 has S5 as a minor. O
Lemma 4.2.8: Every orientation of C2,, n > 4 has S5 as a minor.
Proof

As shown in Lemma 4.1.6, it is enough to show that every orien-
tation of C2 has an S3-minor.

Let D be an orientation of CZ. If D has two arcs, tail to head,
then the same argument given in Lemma 4.2.7 shows that every
orientation of D has a:n gg-minor.

If the first case is avoided then D must have a completion of the

orientation of the partially oriented graph given in Figure 37 as a
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Figure 37: A partially oriented minor of C?

minor. Therefore, every orientation of C2 has an §3~minor, and
every orientation of C2 , n > 4 has S; as a minor.O

Therefore, the only uncontractible 4-connected graphs that might
have an orientation without S; as a minor are CZ and K.
Observation 4.2.9: Every orientation of W? has S5 as a minor.
Proof

First note that if the contraction of any spoke of an orientation
of W2 results in a directed graph with 2 directed 2-circuits then 55
is clearly a minor of the orientation. Similarly, if the contraction of
any edge of the rim results in a digraph with two directed 2-circuits
then S is easily seen to be a minor of the orientation.

Assume that one of the triangles consisting of two spokes and
an edge on the rim is oriented as a directed circuit, and further
suppose an orientation for the axle. Without loss of generality the
partial orientation shown in Figure 38 may be assumed. Either
choice of direction for the darker edge results in a contradiction when
attempting fo complete this orientation so as to avoid having an G-
minor. Therefore, it'may be assumed that none of the triangles
consisting of 2 spokes and a rim edge are oriented as a directed

circuit. Additionally, if the contraction of the axle results in two
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Figure 38: A possible partial orientation of W}

consecutive spokes being replaced with directed 2-circuits then the
existence of an §3-rm'nor is clear.

Considering the possible orientations of the arcs incident with
a hub leaves 9 possibilities, displayed in Figure 39, each of which
quickly reaches an impossibility when trying to avoid the situations
discussed above.

Orientations 1 and 2 deal with the case of a hub having four
out (or in) spokes. In these cases the rim must be oriented as a
circuit. Assume that (2,5) is an arc. The contraction of (1,2)
then shows that (3,2) must be an arc else two directed 2-circuits
could be created by a single contraction. Similarly, the remaining
edges of the rim can be oriented. In orientation 1 the arc (1,6) is
assumed. Since the contraction of any of the four spokes incident
with 1 creates a directed 2-circuit, each of the spokes incident with
6 must be oriented as shown in Figure 39, orientation 1, to avoid
a single contraction creating two directed 2-circuits. Contracting
the axle (1,6) now creates four directed 2-circuits, and so 53 is a
minor of orientation 1. In orientation 2 the other assumption for

the axle is made. In -this case the contraction of (2,6) creates a
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Figure 39: Nine possible partial orientations of W2
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2-circuit, and to avoid creating two 2-circuits the arc (3,6) must
be the correct orientation. Now, however the contraction of (4,6)
creates two directed 2-circuits, and so Ss is a minor of orientation
2, and of any orientation where all four spokes go into or out of a
hub.

Orientations 3 through 6 deal with the issue of three spokes di-
rected out from the hub and a single spoke directed into the hub.
To avoid the triangle consisting of two spokes and an edge of the
rim being a directed circuit, (3,2) and (3,4) must be arcs. In orien-
tations 3 and 4 the additional assumption is made that (4,5) is an
arc. Since (4,5) is an arc the contraction of (1,5) shows that (5.2)
also must be an arc in orientations 3 and 4.

In orientation 3 the axle is assumed to be arc (1,6). Contract-
ing arcs (1,2) and (1,5) shows that arcs (2,6) and (5,6) may be
assumed. In this case the contraction of (3,6) creates two directed
2-circuits, demonstrating that S is a minor of orientation 3.

In orientation 4 the axle is assumed to be arc (6, 1). The contrac-
tions of arcs (1,2) and (1,5) show that arcs {6,2) and (6,5) may be
assumed. Now the contraction of (6,2) shows that §3 is a minor of
orientation 4.

In orientations 5 and 6 the arc (5,4) is assumed. In orientation
5 the arc (1,6) is also assumed. The contraction of (1,4) creates
a directed 2-circuit, and to avoid creating two directed 2-circuits,
(4,6) may be assumed. Now the contraction of (3,6) creates two
directed 2-circuits, a.nd therefore S is a minor of orientation 5.

In orientation 6, (6,1) is assumed to be an arc. Contracting arc

(1,4) demonstrates that (6,4) also must be an arc. With (6,4) as
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an arc contracting (2,6) shows that (3,6) also must be an arc. In
this case, however, contracting (3,4) creates two directed 2-circuits,
and therefore §3 is a minor of orientation 6.

Orientations 7 through 9 deal with the case of a hub having two
inward and two outward spokes. Two different cases are considered,
the first in orientation 7 and 8 and the second in orientation 9. In
orientation 7 and 8 the arcs (3,2) and (4,5) may be assumed so as
to avoid orienting a triangle created from two spokes and a rim edge
as a directed circuit. In addition, without loss of generality, the arc
(5,2) may be assumed. In orientation 7 the arc (1, 6) is assumed. In
this case the contraction of (1,2) shows that (2,6) also must be an
arc. Then the contraction of (3,6) results in two directed 2-circuits,
showing that an §3 minor must exist In orientation 7.

In orientation 8 the arc (6,1) is assumed. The contraction of
(1,2) shows the existence of (6,2). Now contracting (3,2) shows
the existence of (6,3). The contraction of (6,2) shows the existence
of (5,6). The contraction of (5,6) shows the existence of (4,6).
Now the contraction of (4,1) shows the existence of (3,4). Finally,
contracting (4,6) creates the two directed 2-circuits, showing the
existence of an S3-minor in orientation 8.

In orientation 9 the contraction of any of the rim edges (2,3),
(3.4), (4,5), or (2,5) creates a directed 2-circuit. Therefore, in an
attempt to avoid creating two directed 2-circuits every spoke inci-
dent with vertex 6 must be oriented out of 6, or they all must be
oriented into 6. This,‘however, creates a hub with all spokes going
out or all spokes going in, a case that was handled in orientations 1

and 2. Therefore, every orientation of W? has §3 as a minor.O
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Lemma 4.2.10: If G is a 4-connected graph obtained by subdivid-
ing a vertex of C2, then every orientation of G has S5 as a minor.
Proof

Let G be a 4-connected graph created by the subdivision of a
vertex of C¢, then G has one of the graphs shown in Figure 40 as
a subgraph. Note that case 3 is isomorphic to case 2, case 4 has a
C2-minor, and cases 6 and 7 are not 4-connected. Making case 6 4-
connected makes it have either case 2 or case 5 as a minor. Making
case 7 4-connected makes it have either case 1 or case S as a minor.
Therefore, it is enough to show that cases 1, 2, 5, and 8 must all
have an §3-minor.

In the first case consider the triangle (3,4,5). If the contraction
of (3,4) creates a directed 2-circuit rooted between 34 and 5, then
the triangles (1,2,34) and (34,6,7) show that S5 is a minor of the
orientation. If the contraction of (3,5) creates a directed 2-circuit
rooted between 35 and 4, then the triangles (1,2,35) and (35,6,7)
show that S; is a minor of the orientation. If the contraction of
(4,5) creates a directed 2-circuit rooted between 45 and 3, then the
triangles (45,6,7) and (1,2,45) show that S; is a minor of the orien-
tation. Since at least one of the three edges of (3,4,5) will contract
to form a directed 2-circuit in any orientation, every orientation of
case 1 has §; as a minor.

In the second case consider the triangle (2,4,6). If the contraction
of (2,6) creates a directed 2-circuit rooted between 26 and 4, then
the triangles (1,26,7) ‘and (26,3,5) show that S5 is a minor of the
orientation. If the contraction of (2,4) creates a directed 2-circuit

rooted between 24 and 6, then the triangles (1,24,3) and (24,5,7)
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Figure 40: Eight possible subgraphs of CZ with a vertex subdivided
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show that S is a minor of the orientation. Now consider the triangle
(4,5,6). If the contraction of (4,5) creates a directed 2-circuit rooted
between 45 and 6, then the triangles (2,3,45) and (1,45,7) show that
§3 is a minor of the orientation. If the contraction of (5,6) creates
a directed 2-circuit rooted between 56 and 4, then the triangles
(1,56,7) and (2,3,56) show that S5 is a minor of the orientation.
These four observations imply that the contraction of (4,6) must
result in two directed 2-circuits, one rooted to 2 and 46 and the
other rooted to 46 and 5, but now the circuit (46,7,1,3) shows that
§3 is a minor of every orientation of case 2.

In case 5 consider the triangle (4,5,6). If the contraction of (4,5)
creates a directed 2-circuit rooted between 45 and 6, then the trian-
gles (2,3,45) and (1,45,7) show that S5 is a minor of the orientation.
If the contraction of (4,6) creates a directed 2-circuit rooted between
46 and 5, then the triangles (1,46,7) and (2,3,46) show that Sy is
a minor of the orientation. If the contraction of (5,6) creates a di-
rected 2-circuit rooted between 56 and 4, then the triangles (1,56,7)
and (2,3,56) show that S is a minor of the orientation. Therefore,
every orientation of case 5 has S5 as a minor.

In case 8 consider the triangle (4,5,6). If the contraction of (4,5)
creates a directed 2-circuit rooted between 45 and 6, then the trian-
gles (1,45,7) and (2,3,45) show that S is a minor of the orientation.
If the contraétion of (4,6) creates a directed 2-circuit rooted between
46 and 6, then the triangles (1,46,7) and (2,3,46) show that S is
a minor of the orientation. If the contraction of (5,6) creates a di-

rected 2-circuit rooted between 56 and 4, then the triangles (1,56,7)
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Figure 41: An orientation of K5 without 5"3 as a minor

and (2,3,56) show that 53 is a minér of the orientation. Therefore,
every orientation of case 8 has S3 as a minor.
Therefore, if G is a 4-connected graph obtained by subdividing a
vertex of CZ, then every orientation of G has S5 as a minor.O
Observation 4.1.17 showed that the only 4-connected graph that
can be obtained from K by splitting a vertex is Wi}, which is also
the graph obtained by adding an edge to C%. Therefore, this sec-
tion ends with showing that every orientation of almost every 4-
connected graph has an Ss-minor.
Theorem 4.2.11: The only 4-connected graphs that have an ori-
entation without S5 as a minor are Ks and C2.
Proof
The fact that every orientation of any 4-connected graph besides
Ks and C? has Ss as a minor is an immediate result of Obser-
vation 4.2.9, Lemma 4.2.10, and the description of uncontractible
4-connected graphs given in [7]. All that remains to be shown is
that there is an orientation of each graph without 3 as a minor.
In the case of K consider the orientation given in Figure 41.
Only one contraction can be used in an attempt to obtain Ss, and

this contraction must identify the source with another vertex. The
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Figure 42: An orientation of CZ without S3 as a minor

source identified with another vertex, however, creates a vertex of in-
degree at most 2. As there is no vertex of in-degree and out-degree
at least 3, this orientation does not have Ss as a minor.

In the case of CZ consider the orientation given in Figure 42.
Here two contractions are all that an attempt to obtain S5 can use,
but there are two sources, and each must be identified with another
vertex. Identifying a source with another vertex only results in a
vertex of in-degree 2, so once again the vertex of in-degree and out-
degree at least 3 cannot be obtained. Therefore, this orientation of
C2 does not have S as a minor.

Therefore, the only 4-connected graphs which have an orientation

without S; as a minor are K5 and czo
4.3 Orienting Graphs to Avoid a P;-minor

Finally, consider the last of the digraphs with three 2-circuits, P,

OS>

. Figure 43: 133

shown in Figure 43.

First observe that P; has two vertex disjoint circuits; therefore,

every orientation of K, a wheel, or A,, does not have P; as a minor.
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Figure 44: Wy with a directed 2-circuit in place of a rim edge

In the case of the family of wheels, however, something interesting
can be observed.
Theorem 4.3.1: There exists n, such that any 3-connected graph
which has W, as a minor, and can be oriented to not have P; as a
minor, must be a wheel.
Proof

Suppose that G is a 3-connected graph with a Wyo-minor, but
that G is not a wheel. G must have either W5y plus an edge, or Wyg
with the hub split as a minor. If G has Wa plus an edge as a minor,
then any orientation of G must have a completion of the orientation
of either the partially oriented graphs Wjo with one edge of the rim
replaced with a directed 2-circuit or the one-sum of a directed 2-
circuit and Wjo as a minor. If G is oriented so that it has Wjg with
a directed 2-circuit in place of a rim edge as a minor, then label the
vertices of Wyg 1 through 10 and ¢, with 1 and 10 being the vertices
in the directed 2-circuit, the rest of the vertices on the rim being
numbered ig the obvious way, and ¢ being the hub of the wheel.

Consider the three contractions (5,¢) , (6,¢) , and (5,6). For any
orientation one of these must create a directed 2-circuit out of the
triangle (5,6,c). Checking all three cases (see Figure 45) quickly

shows that any orientation must have a P;-minor.
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Figure 45: Three minors of Wjo plus directed 2-circuit

Figure 46: A partially oriented minor of Wjo plus a 2-circuit.

If G is oriented to have the one-sum of Wj¢ and a directed 2-
circuit as a minor, then there must be at least 5 edges along the rim
of Wy oriented as a directed circuit. Therefore, this orientation of
G must have a completion of the orientation of the partially oriented
graph shown in Figure 46 as a minor, and P; must be a minor of
G. Therefore, if G has Wy plus an edge as a minor, then every
orientation of G has P; as a minor.

If G has Wy, with the hub split as a minor then G has Wy, plus
an edge as a minor, and so has P; as a minor. Therefore, any 3-
connected graph with a large wheel as a minor, but orientable to
not have a Pg—minor must be a wheel.O

With Theorem 4.3.1 it is easy to show the following.

Corollary 4.3.2: Fo; all kK > 40 there is an integer N such that
every 3-connected graph with at least N vertices, that can be ori-

ented to not have a Ps;-minor, is either a wheel or has a subgraph
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Figure 47: Vs and a minor of Vs which must have a P;-minor

isomorphic to a subdivision of K3
Proof

Let G' be a 3-connected graph with an orientation without P; as
a minor. Oporowski, Oxley, and Thomas show in [8] that for every
k there is an integer NV such that every 3-connected graph with at
least IV vertices has a subgraph isomorphic to a subdivision of either
Wi, Vi, or K3r. Theorem 4.3.1 shows that if £ > 40 and G has a
subgraph isomorphic to a subdivision of Wy, then G is isomorphic
to Wr. f £ > 7, then V7 is a minor of Vi, and using Lemma 2.2
it is trivial to see that the minor of Vs shown in Figure 47 has B,
as a minor. Therefore, for all £ > 40, there is an integer NV such
that every 3-connected graph with at least N vertices, that can be
oriented to avoid Ps, is either a wheel or has a subgraph isomorphic
to a subdivision of A3 .0

But while there are infinite families of 3-connected graphs that
can be oriented to not have this small directed minor, almost all
4-connected graphs must have it. Consider the 4-connected situ-
ation, and once again use the result that the only uncontractible
4-connected graphs are C? for n > 5 and the line graphs of the cu-
bic cyclically 4—connec4ted graphs, begin with the line graph of A7 3.
Lemma 4.3.3: Every orientation of L(Ks3) has P; as a minor.

Proof
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Figure 48: A partial orientation of L(A’;3)

Figure 49: A minor of L(K33) with a Ps-minor.

Note first that all the edges of L(A33) are symmetric. There-
fore, the partial orientation of L(K33) given in Figure 48 may be
supposed. Contracting the indicated edge results in a partially
oriented graph with a partially oriented graph as a minor that obvi-
ously has p:; as a minor, no matter how the orientation is completed,
as shown in Figure 49. Therefore, every orientation of L(A33) has
ﬁg, as a minor.O

Now consider the case of the line graph of (A’s\e)™, shown in
Figure 15.

Lemma 4.3.4: Every orientation of L((Ks\e)*) has P; as a minor.
Proof

Every orientation of L((K5\e)*) must have a completion of one of
the partially oriented graphs shown in Figure 50 as a minor. FEach
of these graphs has P; as a minor. Therefore, every orientation of
L(K33) has P; as a m.inor.Cl

These two results combine to show that the only uncontractible

4-connected graphs with orientations without P; as a minor are C?
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Figure 50: Two partially oriented minors of L((Ks\e)~)

Figure 51: A partially oriented subgraph of C?

for n > 5.
Lemma 4.3.5: Every orientation of C2 forn > 7 has P; as a minor.
Proof

Consider the subgraph of C? for n > 7, shown in Figure 51. It is
clear that to not have ﬁ3 as a minor it is necessary that the partial
orientation given be used. Therefore, there is a unique orientation
of C? that might not have P; as a minor, but P; may be found as
shown in Figure 52. Therefore, every orientation of C? for n > 7
has 133 as a minor.0
Lemma 4.3.6: Let G be a 4-connected graph with edge e such that
G/e is isomorphic to C2. Every orientation of G has P; as a minor.
Proof

G can be labeled s<; that it must have the graph shown in Figure
53 as a subgraph. Additionally, there must be at least two more

edges adjacent with vertex 1 and three more edges adjacent with
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Figure 52: An orientation of C2? with a Ps-minor.

7 e 1

4

Figure 53: A subgraph of G

vertex 7, and vertices 3, 5, and 6 need one more edge each. As a
first case, suppose that the edges (5,7) and (1,3) are in &, as shown
in Figure 54.

Note that if (6,7)€ E(G), then C? is a minor of G, so 7 is adjacent
to three of the vertices 2,3,4, and 5. This also shows that (1,6) €
E(G). Now consider the three possible ways to produce a directed 2-
circuit from the triangle (2,3,4). If contracting either the edge (2,3)
or the edge (3,4) creates a directed 2-circuit from the triangle (2,3,4),

then P; is a minor of the orientation of G. Therefore, the contraction

5 4

Figure 54: A possible subgraph of G
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5 2,4
Figure 55: A possible minor of G/(2,4) with a Ps-minor

e

Figure 56: Another possible subgraph of G

of (2,4) must produce a directed 2-circuit from the triangle (2,3,4). If
(3,7) € E(G), then contracting (2,4) produces a graph that clearly
has P; as a minor, as shown in Figure 55.

Thus, it may be assumed that (4,7),(2,7) € E(G), as shown in
Figure 56. In this graph consider the triangle (2,4,7). Whichever
edge of this triangle can be contracted to create a directed 2-circuit
allows P; to be obtained easily, as shown in Figure 57. Therefore,
if (5,7) and (1,3) are edges of G every orientation of G has Ps as a
minor.

Now consider the case, shown in Figure 58, where (3,7) and (1,3)

are edges of G. The vertex 7 must be adjacent to two of 2,4,5,and 6,

7

Figure 57: Subgraphs -of G contract each edge of triangle (2,4,7)
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Figure 58: G’ with (3,7) and (1,5) as edges

which gives six possibilities. Additionally, if (6,7) is not an edge of
G, then (1,6) must be an edge of G. Also, at least one of (1,3), (1,4),
and (1,6) must be an edge of G. Note first that if (1,3) € E(G), then
considering the contraction of each of the edges of triangle (3,4,5)
shows that P is a minor of every orientation of G.

Now consider the six possible sets of neighbors for vertex 7. If
(2,7),(5,7) € E(G), then the contraction of each of the edges of
triangle (2,3,4) shows that P is a minor of every orientation of G.
If (2,7),(6,7) € E(G), then the contraction of the edges of trian-
gle (2,4,6) shows that P; is a minor of every orientation of G. If
(2,7), (4,7) € E(G), then if G contains the edge (6,7) P; would be a
minor of G, so (1,6) must be an edge of G. In this case considering
triangle (3,4,5) shows that every orientation of G has P; as a minor.
If (4,7),(5,7),(1,6) € E(G), then considering triangle (2,3,4) shows
that P is a minor of every orientation of G. If (4,7),(5,7) € E(G),
but (1,6) is not an edge of G, then (1,4),(6,7) € E(G). In this
case, considering triarlgle (4,5,6) proves the existence of a P; mi-
nor. Finally consider the two cases (5,7),(6,7),(1,6) € E(G) and
(5,7),(6,7),(1,4) € E(G). In the first case consider triangle (5,6,7),
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Figure 59: The remaining case for G with (3,7) and (1,5) as edges

in the second case consider triangle (1,4,5) and the existence of a B
minor for every orientation can be easily shown.

A single possibility is left that assumes (1,5) and (3,7) are edges of
G'. This possibility is shown in Figure 59. If the contraction of (2,3)
in triangle (2,3,4), (3,5) in triangle (3,4,5), (5,6) in triangle (4,5,6),
(1,7) in triangle (1,4,7), (1,5) in triangle (1,4,5), (2,6) in triangle
(2,4,6), or (6,7) in triangle (4,6,7) results in a directed 2-circuit in
the appropriate triangle, then a completion of the orientation of
the partially oriented graph shown in Figure 48 is a minor of G,
and therefore every orientation of G would have P; as a minor. In
addition, if the contraction of any of the edges adjacent with vertex
4 results in two directed 2-circuits then ﬁ3 must be a minor of that
orientation of G. Combining these two observations results in the
partial orientation of G given in Figure 60 with (3,7) and (1,3) as
edges that might not have P; as a minor. In this case, however, no
matter how the edge (2,6) is oriented there is a contraction (either
(2,4) or (4,6)) which ;esults in two directed 2-circuits. Therefore,
every orientation of G' with (3,7) and (1,5) as edges has P; as a

minor.
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Figure 60: A partial orientation of G with (3,7) and (1,5) as edges

7 e 1 7 e 1

4 4

Figure 61: G with 7 and 1 adjacent to neither 3 nor 5

Avoiding these two cases requires either that 7 be adjacent to
neither 3 nor 5, or that 1 be adjacent to neither 3 nor 5, as shown
in Figure 61. In the case that neither 3 nor 5 are adjacent to 7,
considering the three edges of the triangle (2,3,4) shows that ﬁ;, must
be a minor of G. In the case where vertex 1 is adjacent to neither
3 nor 5, the three possible contractions of the triangle (4,5,6) show
that P; is a minor of G.

Therefore, if G is a 4-connected graph with edge e such that G/e
is isomorphic to C2, then every orientation of G has P, as a minor.
_ v
Observation 4.3.7: There exists an orientation of C? 4+ e without
a 133-m1'nor.

Proof
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Figure 62: An orientation of C2 4 e without a Ps-minor

Consider the orientation of CZ + e shown in Figure 62. Since
this orientation has a source, and there is no source in P, one of
the edges incident with the source must be contracted. This leads
to five possibilities, shown in Figure 63. Each quickly can be seen
to not have ﬁg as a minor.O
Lemma 4.3.8: Every orientation of C2 plus two edges has P; as a
miror.

Proof

Draw and label CZ plus two edges as shown in Figure 64. Note
that if any contraction of an orientation of this graph results in two
directed 2-circuits then that orientation has 1_53 as a minor. For a
first case suppose that (1,5),(3,1) are arcs of an orientation. If
(4,5) and (3,4), or (5,4) and (4,3) are arcs of the orientation then
the contraction of (3,5) results in a partially oriented graph that
clearly must have P; as a minor. Therefore, the orientations of
the edges (4,5) and (3,4) are either both into vertex 4 or both out
of vertex 4. In either case, contracting the edge (1,4) results in
a graph with a 2-circuit, and together with the need to avoid the
contraction of (2,6) créating two 2-circuits, this shows that one of the
four partial orientations given in Figure 65 is necessary. The second

partial orientation must have a Ps;-minor since the contraction of
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Figure 63: 5 minors of an orientation of C? + e

4

Figure 64: CZ2 plus two edges
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Figure 65: Four possible partial orientations of CZ plus two edges
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Figure 66: A partial orientation of CZ plus two edges

(5,6) results in two 2-circuits. Similarly, contracting edge (2,3) in
the third orientation creates two 2-circuits. Moreover, the fourth
case can be made from the first by reversing the directions of every
arc and relabeling 3 as 5, 5 as 3, 2 as 6, and 6 as 2. Therefore, the
partial orientation shown in Figure 66 may be assumed.

From here consider four possibilities. If (2,6) and (5, 6) are arcs,
then contracting (4,6) creates two 2-circuits. If (6,2),(3,2) are
arcs, then contracting (4,2) creates two 2-circuits. If (2,6),(6,5)
are arcs, then the contraction of (3,6) shows that (2,3),(3,5) must
be arcs, and then the contraction of (4,5) creates two 2-circuits.
Finally, if (6,2),(2,3) are arcs, then contracting (3,6) creates two
2-circuits. Therefore, if (1,5),(3,1) are arcs, then the orientation
must have a P3-minor. In the graph CZ plus two edges, as labeled,
the triangles (1,2,6), (1,3,5), (1,2,3), (1.5,6), (2,3,4), (2,4.6), (3,4,5),
and (4,5,6) are all interchangeable. Therefore, by case 1, if an ori-
entation is to not hav; a Ps-minor it is necessary that in all these

triangles the only edge that can be contracted to create a directed

2-circuit is the one joining two vertices of degree 5 (1 to 2, 1 to 5,
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Figure 67: A partial orientation of C¢ plus two edges with (1.5)

2 to 4, or 4 to 5). The only possible orientation with the arc (1,5)
is shown in Figure 67. Contracting (1,2) results in two 2-circuits;
therefore, this orientation has a Ps-minor, and every orientation of
C? plus two edges has P; as a minor.0
Theorem 4.3.9: The only 4-connected graphs having an orienta-
tion without Py as a minor are Ks, C2, and C2 + e.
Proof

Lemmas 4.3.3, 4.3.4, and 4.3.5 show that the only uncontractible
4-connected graphs with an orientation without P; as a minor are
Ks and CZ. In Observation 4.1.17 it was shown that the only 4-
connected graph obtained by splitting a vertex of K5 is W2 = CZ+e.
This along with Lemma 4.3.8 shows that the three listed graphs are

the only 4-connected graphs with an orientation without a P;-minor.

83

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



5 Orientations of Graphs with More Than One
of K3, S;3, and P; as Minors

This final chapter considers graphs that may be oriented to avoid
combinations of the three digraphs discussed in chapter 4. In con-
sidering possible pairings of the directed graphs Ks, S3, and P; the
primary results are given in Corollary 5.2, and Theorems 5.3, 5.4,
and 5.5. Corollary 5.2 shows that only small 3-connected graphs
can be oriented to avoid both §3 and [;}3. Theorems 5.3, 5.4, and
5.5 show infinite families of 3-connected graphs that avoid the pairs
of ﬁa and 133 or §3 and ﬁg. First consider the 3-connected graphs
that do not contain W5 as a minor.

Observation 5.1: Every orientation of K3 4 has either §3 or K4 as
a minor.
Proof

Label K34 as shown in Figure 68 and first consider the case that
none of by, b,, or bs is either a source or a sink. In this case the
contraction of the edges (ai, b4), (@2, b4), and(as, by) creates §3.

Now consider the case that both b; and b, are sinks. Contracting
the arcs (a;,b,) and (a,, b2) and the edges (a3, b3) and (a3, by) leads
to the partially oriented graph shown in Figure 69. So as not to
have a Kz-minor, either (bs,a;) and (by,a,), or (b3, az) and (by, as)
are arcs. In these two cases, however, K3 can be obtained as shown
in Figure 70. ‘

The only remaining case to be considered is that in which b, is a

sink and b; is a source. Consider the three partially oriented graphs
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b1 b2 b3 b4

Figure 68: A labeling of K34

ail,bi

a2,b2 a3,b3,b4

Figure 69: K34 contract (ay,b;), (az,b2) , (as,b3) and (a3, by)

1 atl,b1,b3
a2,b2,b ,b1,b3 a2 ,b2,b4

Figure 70: How to obtain [—{.3 from K34 with two sinks

al,b1,b2 al,b1,b2 a2,b1,b2

a2,b3@a3,b4 'a2b a3b3 a3 @

al,b3,b4

Figure 71: Three partial orientations of K34 with a sink and a source
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at,b3 al,b3

a2,b1,b4 a3,b2 a2,b2,b4 a3,bt

Figure 72: How to obtain I;;;, from K34 with a sink and a source

in Figure 71. {(bs, as),(b4, a3),{az,b3),{(az2,bs)} or the reverse of all
the above arcs must be a subset of the arcs, or there would be a
Rs-minor. In either of these cases, however, [-\}3 can be obtained as
shown in Figure 72. O
Corollary 5.2: There exists a numbern such that every orientation
of any 3-connected graph with at least n vertices must have Ss or
K3 as a minor.
Proof

By the previously mentioned result of Oporowski, Oxley, and
Thomason there exists n such that any 3-connected graph on at least
n vertices has either Ws or K34 as a minor. Therefore, by Obser-
vation 4.2.2 and Observation 5.1 every orientation of a 3-connected
graph on at least n vertices has 53 or [33 as a minor.O0

The following two results describe infinite families of 3-connected
graphs without either K3 or P; as a minor.
Theorem 5.3: For all n there exists an orientation of W, without
either ]_53 or [-\;3 as a minor. Moreover, there exists m such that if a
3-connected graph G has a Wi,,-minor and there is an orientation of
G without either 133 or ffa as a minor, then G is a wheel.
Proof ‘

In Theorem 4.1.7 an orientation is given of the double wheel

without K3 asa minor; therefore, an orientation of the wheel without
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Figure 73: An orientation of A, with no P;-minor or K3-minor

a ff;:,-minor exists. Additionally, since any two circuits of a wheel
share a vertex no orientation of the wheel can have a ﬁg-minor.
Therefore, there exists an orientation of W, with neither A3 nor B
as a minor. Theorem 4.3.1 also showed that for sufficiently large
m the only 3-connected graphs with a W, ,-minor which have an
orientation without a ﬁs-minor are the wheels. Therefore, there
exists m such that if a 3-connected graph G has a W,,-minor and
there is an orientation of G without either P; or [33 as a minor, then
G is a wheel.O
Theorem 5.4: For all n there exists an orientation of A, without
either ﬁg or K4 as a minor.
Proof
Orient A, as indicated in Figure 73, with all of the vertices of the

size n vertex partition (the vertices of degree 3) oriented identically.

Since there is a vertex which is a source, if this orientation has
either of the forbidden minors then one of the arcs incident with
the source can be contracted and the resulting graph will also have

one of the forbidden minors. The three different choices of arc to

contract result in the three digraphs shown in Figure 74.
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Figure 74: Three possible minors of the orientation of A,

In the first case the graph is A,_; with the same orientation,
and A, oriented as given has neither minor; therefore, this digraph
is going to have Ps or Ks as a minor only if one of the other two
digraphs does. The other two digraphs, however, clearly do not have
either of these directed graphs as a minor. Therefore, for all n there
exists an orientation of A, without either ﬁ3 or [—\'.'3.13
Theorem 5.5: For all n there exists an orientation of A, without
either P; or S, as a minor.

Proof

Orient A, so that each of the n vertices is a source. Since there
are no sources in either ﬁa or §3 every one of these vertices must be
identified by contraction to some other vertex of 4,, which leaves
only three vertices anci therefore neither P; nor S is a minor of this

orientation of A,,.0
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