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MULTIPLICATION OPERATORS BY WHITE NOISE DELTA
FUNCTIONS AND ASSOCIATED DIFFERENTIAL EQUATIONS

LUIGI ACCARDI, UN CIG JI, AND KIMIAKI SAITO*

ABSTRACT. We establish explicit forms of the multiplication operators in-
duced by white noise delta functions, which are closely related to the Bogoli-
ubov transformation and a quantum analogue of Girsanov transform. Then
we study the differential equations for operators associated with the multi-
plication operators by the white noise delta functions.

1. Introduction

Recently, in [3], motivated by the Donsker’s delta function [22, 13, 19, 38,
26, 29, 11], the authors formulated a new white noise delta function of an infinite
dimensional Brownian motion as a (two dimensional) white noise distribution, and
studied white noise differential equations derived by the white noise delta functions
which are associated with the infinite dimensional Laplacians, e.g. Volterra-Gross
Laplacian [1, 18], Lévy Laplacian [27] and exotic Laplacian [7]. In fact, the Lévy
Laplacian can be considered as a particular type of Gross Laplacian (see [1, 18]),
and the exotic Laplacian as a natural generalization of the Lévy Laplacian is
defined by higher order Cesaro means (see [5, 6]). In the white noise theory
[12, 13, 14, 20, 23, 32] (and references cited therein), the infinite dimensional
Laplacians with connections to heat equation and stochastic processes have been
studied by many authors from several different points of view (see [2, 7, 28, 30, 34],
[9, 10, 23, 24, 25, 35] and references cited therein).

On the other hand, the infinite dimensional Laplacians are closely related to
the quadratic quantum white noises {a¢,a; : t € R}, where a; and aj are the
pointwisely defined annihilation and creation operators, respectively. Therefore,
roughly speaking, the quantum analogues of the classical results associated with
the infinite dimensional Laplacians provide us useful tools to analyze and under-
stand some quantum phenomena.

The main purpose of this paper is to drive a quantum white noise differential
equation associated with the multiplication operators induced by the white noise
delta functions based on the Kubo-Yokoi delta function. In fact, the multiplication
operator is a quantum analogue of the white noise delta function and so it can be
considered as a white noise delta operator, and then we demonstrate that the white
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noise delta operator plays an important role in the study of quantum white noise
differential equation. For our purpose, we first construct a distribution-valued
Brownian motion for which two variable white noise functionals play an important
role. Then we establish explicit forms of the multiplication operators in the normal
ordered form from which we recognize that the multiplication operators are closely
related to the Bogoliubov transformation (see [16]) and a quantum extension of the
Girsanov transform (see [17]). The quantum white differential equations studied
in this paper provide us a strong motivation to study differential equations for
operators in an abstract level.

This paper is organized as follows. In Section 2 we recall the standard setting
of white noise functionals and construct a distribution-valued Brownian motion
{B(¢)}+>0. In Section 3 we summarize the white noise operator theory which are
needed for our main study. In Section 4 we discuss white noise delta function
d:(B(t)) based on the Kubo-Yokoi delta function on the space of test white noise
functionals (for more detail, see [3]). For notational convenience and the self con-
tained paper, we also recall the well-known notion of Hermite polynomials. In
Section 5 as a simple classical and quantum correspondence, we study the multi-
plication operators induced by the white noise delta functions and their explicit
representation in the normal ordered form. Finally, in Section 6 we drive quantum
white noise differential equations associated with the multiplication operators in-
duced by the white noise delta functions which is closely related to a Hamiltonian
equation of operators. The equation implies a different expression of the quantum
It6 formula.

2. White Noise Functionals

Let H be a complex separable Hilbert space and let {e;}%2; be an orthonormal
basis for H. Let {A\;}72, be an increasing sequence of positive real numbers such
that

l<h<h<... and Y A2 <o (2.1)
j=1
Consider a linear operator A : Dom(A) — H defined by

A= Melen,Eer, €= (er,&)ex € Dom(A) C H,

k=1 k=1
where

Dom(A4) = {g EH: > Mler ) < oo} :
k=1

Then we can easily see that Dom(A) is dense in H, and A is self-adjoint and
positive. Moreover, A is invertible and [|[A~'|| = A\ < 1, and we can also see
that A~! is of Hilbert-Schmidt class and ||A~!||gs < oo. In fact, we obtain that
o0 oo
JA s = S (A e e = 3O < oo
k=1

k=1
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For each p € R, define the norms | - |, by

(o) o
1612 = MPler, O17, &€= (en,Eex € H,
k=1 k=i
and for each p > 0, we put E, = {{ € H : |{], < oo} and let E_, be the
completion of H with respect to |-[_,. Here ||, is the Hilbertian norm on H. In
fact, ||, = | AP-|; and Ej, = Dom(AP) for p > 0. Then we construct a Gelfand
triple:
projlimFE, =t E C H C E* Zindlim E_,,. (2.2)

p—o0 p—00
Here the nuclearity of E is from the second condition of (2.1).
Now, we construct a rigging of (Boson) Fock space based on the basic nuclear
triple (2.2). For each p € R, let I'(E,) be the Fock space over the Hilbert space
E,, ie.,

0(6) = {o= o fo € B Nol} = ol e}
n=0

Then by identifying I'(H) with its dual space, we have a chain of Fock spaces:
- CI(E,) CT(Ey) =T(H)CT(E_,) C---

and we construct a Gelfand triple:

projim I'(E,) = (E) ¢ T(H) € (E)* = indlim [(E_,). (2.3)
p—r00 p—00
In fact, for the second quantization I'(AP) of AP defined by
L(AP)g = (A")*"fn), &= (fa) € D(H), (2.4)
we have || - ||, = [|[T'(AP) - ||o, where || - ||o is the Hilbertian norm on I'(H).

An exponential vector (or also called a coherent vector) associated with x € E*

is defined by
%2 z®n
¢_L:<1,$,2'7,n'7> (25)

Obviously, ¢, € (E)* and ¢¢ € (E) for all £ € E. The S-transform of an element
® € (E)* is defined by
SO(E) = (@, e,  E€E,

where ((-, -)) is the canonical C-bilinear form on (E)* x (F) which takes the form:
(@, 0) =D nl(Fu fu), @=(F)e(B), o=(fa)€(E). (26
n=0

Since {¢¢; & € E} spans a dense subspace of (E), every element & € (E)* is
uniquely determined by its S-transform S.

A complex-valued function F' on E is called a U-functional if F is Gateaux
entire and there exist constants C', K > 0 and p > 0 such that

[F()| < Cexp (K|€l}) . €€
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Theorem 2.1 ([33]). A C-valued function F on E is the S-transform of an ele-
ment in (E)* if and only if F is a U-functional.

For each ®,¥ € (E)*, by applying Theorem 2.1, we can see that there exists a
unique element of (E)*, denoted by ® ¢ ¥ and called the Wick product of ® and
W, such that

S(@oW)(£) = (SP)E(SY)(E), €k (2.7)

Remark 2.2. Let Ef be a real subspace of E* such that £* = Ef + iE;. For
the convenience, we assume that {ex}32; C Hg (see the beginning of this sec-
tion). Then by applying the Bochner-Minlos Theorem, we see that there exists a
probability measure p on Ef such that

/ ei@’&)du(x) = e_%@’&), ¢ € Fg.
B

Then the celebrated Wiener-Ito-Segal isomorphism is a unitary isomorphism be-
tween I'(H) and L?(E*, ) which is uniquely determined by the correspondence:

€®2 €®n ( /2
¢£:<1’§a2"’---7nw--'> e OO — g (@), Ce B

The Gelfand triple obtained from (2.3) through the Wiener-It6-Segal isomorphism
is denoted also by

(E) C L*(E*, 1) € (E)*
which is referred to as the Hida—Kubo—Takenaka space. An element of (E) (resp.
(E)*) is called a test (resp. generalized) white noise function.

We now consider a two variable white noise functional which is convenient for
a realization of infinite dimensional Brownian motion (see (2.9)).

Put &g := Fr ® Fr and £ := E'® E which are constructed by using the densely
defined, positive, self-adjoint operator As := A®2. Then by using the second
quantization I'(As) (see (2.4)), we can construct the spaces (£), (L?) = L*(&, p2)
and (€)*, where us is a standard Gaussian measure on & = Ef @ Ej satisfying
that

/g* ei<w’£>d:u2(w) = €xp {_;<57£>} ) 5 € S]R-

Here we denote the p-norm (p € R) on £ by the same notation ||, i.e., [£], := |A5¢|
for £ € £. We also denote the S-transform on (£)* by Ss.

From now on, as a concrete construction, we take L2(R) and Sg(R) as Hg and
Eg, respectively. Here Sg(R) is the Schwartz space of real-valued rapidly deceas-
ing C*°-functions on R, and then Ej = Si(R) becomes the space of tempered
distributions on Sg(R).

For each k € N, put

’lU,l ® ek ) tz 03 * * *
Bk(t)(w):{ _<<w %0[’;2)@% (o weEEG=Ei®E; (2.8)
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Then we can easily see that for each k € N, {By(t)}ter be a Brownian motion,
which is called a realization of Brownian motion, and then {{By(f)}ier}3>, be-
comes a sequence of independent one-dimensional Brownian motions on a probabil-
ity space (&g, p12). An infinite dimensional (Eg-valued) Brownian motion {B(¢)};cr
is defined by

)= in(t)em (2.9)
k=0

which has values in Ej} (ug-a.e.) for each ¢ € R. In fact, for any p > 1, we obtain
that

2 2

[|B =E ;ka(t)ek

JHSEACE
i e (50 = 0 o @ el

k=0

:tZ)\,fp
k=0

< o0.

In general, for each given f € Hg = LZ(R), since Fg = Sg(R) is dense in Hg, by
using the approximation procedure, we can define

o0

Zpi=) (- f @e)er, (2.10)

k=0
and then, similarly, we can see that Z; has values in E_,, (us-a.c.) for all p > 1
and Z; is a F_p-valued Gaussian random variable with mean 0 and the covariance
operator |f|2I, where I : E — E is the identity operator. More precisely, for any
¢ € E, we obtain that

E |:<Zf7<>2] = Z [< f®ek eka Z‘f®ek| ekv >
k=0
=1£13(¢, <),
and
E { —i{Z¢,C) } H E [6 L f®er) <€k,C>]

22

—iz({er,) o 2171 g
= e e odx
H \4 27T|f|0 /

:He 31515 ("k7C>2( =] /e Ay (@ iRl oz (en 0= flg(e""OZ)dx)
V27| flo

_ 6—5|f\o<c,c>_
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3. White Noise Operators

For locally convex nuclear space X, we take E or £ = E® E. Let L((X), (X)*)

be the space of all continuous linear operators from (X) into (X)*. An element

of L((X),(X)*) is called a white noise operator. Since {¢¢ : £ € X} spans a
dense subspace of (X), every white noise operator = € L((X), (X)*) is uniquely
determined by
5(5777) = <<E¢§7 ¢)77>>a fﬂ? S xa

which is called the symbol of Z. More precisely, we have an analytic characteriza-
tion of symbols.
Theorem 3.1 ([31, 8]). A C-valued function © on X x X is the symbol of an
operator E € L((X), (X)*) if and only if

(i) © is Gateaux entire,

(i) there exist C >0, K > 0 and p > 0 such that

O )| < Cexp K(|E2+]In]2),  &meX.

Moreover, © is the symbol of an operator = € L((X), (X)) if and only if © satisfies
(i) and
(ii") for any p > 0 and € > 0, there exist constants C > 0 and g > 0 such that

O, n)| < Cexpe (|7, +1Inl2,),  &neX

For each 21,2 € L((X), (X)*), by applying Theorem 3.1, we can see that there
exists a unique element of L((X),(X)*), denoted by Z; ¢ Z5 and called the Wick
product of =1 and =, such that

Z1 0 Ba(6m) = Ea (&, m)Ea(Em)e &M, € ne X

m)ZE2(&n
Theorem 3.2 (31, 8]). Let 2, € £((X),(X)*) and ©,, = E, for each n € N.
Then {=,}52, converges in L((X),(X)*) if and only if the following conditions
are satisfied:

(i) limy, 00 O, (&, n) exists for each £,m € X,
(ii) there exist nonnegative constants C, K and p (independent of n) such that
[On(&,m)| < Cexp K (Ig]; + [n];)
for allm € N and &, € X.

Moreover, {2,}22, converges in L((X), (X)) if and only if the condition (i) holds
and ©,, satisfies the condition (i ):

(ii") for any p > 0 and € > 0, there exist constants C > 0 and q¢ > 0 such that
|®n(€a77)| S Cexpe <|€|127+q + ‘n|3p) ’ 5777 € X.

For each = € L((X), (X)*), the Wick exponential wexp {Z} of = is defined by

= 1
wexp {Z} = Z EEM
k=0 "
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if the series converges to a white noise operator in L((X), (%X)*) (see [15, 17]). For
each E € L((X), (X)*) with wexp {E} € L((X), (X)*), from the definition, for any
&,m € X, we obtain that

- —(&m) (&m)
O(&m) : = wexp {E}HEm) = Y o (Bl me ) elé
k=0
— (Em+EEme &7 (3.1)

For each n € N, put

On(en =3 g = (Bemeen) e gpex
Then, by Theorem 3.2, it is obViouS that for each E € L((X),(X)*), wexp{E} €
L((%X),(X%)*) if and only if ©,, satisfies the condition (ii) in Theorem 3.2. Moreover,
for each 2 € L((X), (X)), wexp{E} € L((X), (X)) if and only if ©,, satisfies the
condition (ii") in Theorem 3.2.

Ezamples 3.3. (1) For each « € X, the annihilation operator a(x) on (X) is defined
by

a(x)ge = (r,§)Pe, €€ X
Then by applying Theorem 3.1, we can see that a(z) € L((X), (X)) (see [15, 32]).
In this case, a( Y(En) = (x, &) el&m for all £, € X. Also, for any &, € X, we
have

co@) (£, 7) = el@OHEN
from which by applying Theorem 3.1, we see that e*®) € £((X), (X)) and e**) =
wexp {a(x)}. For each x € X, the creation operator a*(x) is the adjoint operator
with respect to the canonical C-bilinear form {(-,-)), and then we have a*(z) €
()", (%)*) and ¢ @) = wexp {a*(x)} in £((X)*, (2)").
(2) For each operator K € L(X,X*), the generalized Gross Laplacian Ag(K) is
defined by

Ac(K)ge = (K&, &) ¢, £ €X.

Again, by applying Theorem 3.1, we can see that Ag(K) is extended to (X)
as a continuous linear operators in £((X), (X)), and also we see that e2¢(F) =
wexp {Ag(K)} € L((X),(X)). In fact, we obtain that

AG(K)(E,m) = (KE, €) e, eAal®)(g ) = KEOHED,

In particular, Ag := Ag(I) € L((X ),( )) is called the Gross Laplacian. The
adjoint operator of Ag(K) with respect to the canonical C-bilinear form ((-,-)
is denoted by A%(K). Then we see that A% (K) € L((X)*,(X)*) and eAc(K) =
wexp {AL(K)} € L((X)*, (X)*). In this case, we obtain that

@)(f,n) = (Kn, n)e&n | eAsE) (g ) = lKmmtEm,
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(3) For each operator K € L(X,X*), consider the function © : X x X — C
defined by ©(&,1) = (K&, n)el&™ for all ¢,n € X. Then by applying Theorem
3.1, we see that there exists a unique operator A(K) € L((X), (X)*) such that

AK)(E,m) = O(&,n) = (K& myel&m | &ne X,

The operator A(K) is called the conservation operator. Moreover, by applying
Theorem 3.1, we can see that if K € L£(X,X), then A(K) € L((X),(X)). In
particular, N := A(I) € L((X), (X)) is called the number operator. Furthermore,
for each operator K € L(X,X*), we see that wexp {A(K)} € L((¥),(¥)*) and
from (3.1), we have

wexp {A(K) (€ m) = eWEHED, e x. (3:2)

If K € L(X,X), then wexp {A(K)} € L((X), (%)).
(4) Let K € L(X,X*). Then the second quantization I'(K') of K is defined by
D(E)¢ = (K®"fa), ¢=(fa) € (X) (3-3)

(see (2.4)), and so we have

LK) (&) = (Pxe, do) = eBED, &neX.

Therefore, from (3.2), we see that

(I + K) = wexp {A(K)}. (3.4)
Also, from (3.2), we see that
wexp (~N}(&m) = 1, (35)

and hence wexp {—N} = wexp{—A(I)} =T (I — I) =I'(0) is the vacuum projec-
tion operator.

4. White Noise Delta Functions

4.1. Kubo-Yokoi Delta Function. In [21], Kubo and Yokoi proved that every
@ € (F) is continuous as a functional on E} (see also [23] and [32]), from which it
has been shown that for each = € Ej, the evaluation map

0z 2 (E) 3 @ = (02, 0)) := () € C

is a continuous linear functional and so ¢, € (E)*. The functional §, is called the
Kubo-Yokoi delta function. Then from the definition, for each x € Eg, we have

S0,(€) = (00, b)) = pe(a) = @O7EESD e e B,

from which we see that

0p = ¢z 0g_1, (4.1)
where ¢ is the Wick product (see (2.7) and also [23]) and g_1 is a generalized
white noise functional corresponding to a Gaussian measure such that Sg_ 1 &) =
e~ 2(&8) for ¢eE.
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The Hermite polynomials and their basic properties are well-known, however,
for the notational convenience, we now recall the definition of the Hermite poly-
nomials. The Hermite polynomial of degree n with parameter 02 > 0 is defined
by

ca" ipei=nlH, (0% 1) := HS (z) := (—0?)"e2.2 D" (6_?) ,
which can also be defined by the generating function:
12,2 > tTL
et = Zﬁ L
n=0

By applying the generating function, we can easily see that for any o2 > 0,

o \" z \"
caige= | — 2" [ —— ) , n=0,1,2,---.
(ﬁ) [ (ﬂa) ”2}

and by taking H,,(z) := 2" : 2" 11 /5, we have : 2" :,2= (%) H, (ﬁ) Then it

is well-known that the set {(,(0?;2)}3%, becomes a complete orthonormal basis
2

for the Hilbert space L? (R, lefwae*;?dx), where

2 N 1 . 1 T
<n(0 ,LL')— mgﬂ T e \/ﬁHn(\/iG')

For each multi-index n = (ny,n2,n3,---) € N§° and n € Ny, we put

(o9}
n[:=> "ny, T:={neNy :|n<oc}, Ly:={neT:|n=n}
k=1
and for each n € Z, we put

Hy(z) := ]f[l L/Q”lkinnk <<3€\,/6;>>} .

Then {H,; n € Z} C (E) and it is a complete orthonormal basis for (L?) =
L2(E%, p), and we have the following series expansion of 4.

Proposition 4.1 ([3]). For any « € Ej, the equality
0o = Y Hn(2)Hy
nezl
holds.

4.2. White Noise Delta Functions of Gaussian Random Variables. For
each f € L3(R), as given as in (2.10), we define a function Zy : &5 — E* by

o0

Zp(w) = (w, f @er)er, wE &, (4.2)
k=0

where Z¢(w) is well-defined po-a.e. w € &F. Also, for notational convenience, for
each f € LZ(R), let Kf: & — € be a continuous linear operator defined by

Ky =f@ (. f), €&, (4.3)
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where (y, (€, f)) = (§, f®y) for any y € E*. Then we can easily see that K} = Ky
for all f € L3(R), and we have the following proposition.

Proposition 4.2 ([3]). For any x € Ej and f € L4(R) with |flo =1,
Oa.f =Y Hu(z)Hn (Zy)
ne’l
is an element of (£)*. Moreover, the So-transform S28, ¢ of 04,5 is given by

&%ﬂ@=em<<<£ﬁ> <Kﬁ§0, cee. (4.4)

By Propositions 4.1 and 4.4, the generalized white noise functional ¢, f is con-
sidered as 0,(Zy), i.e., 0z f =: 05(Z¢).

As discussed in [3], for each t > 0, we put h; := %1[07,&)7 and then we have
|htlo = 1 for all ¢ > 0 and

Zn, = Shi®eper = —=B(t) = — B (t)er
h g( t ® ex)ex \/%() \/E<kz_% k()k)

for all t > 0 (see (2.9)). Therefore, from Proposition 4.2, for any z € Ef and ¢t > 0,
we consider a white noise delta functions ¢, (K\/t{)) and ¢, (B(¢)) as distributions

in (£)* defined by
B(ﬂ) B(t)
Ox ( =00 (Zn,) = 0ap, = »_ Hu(2)Hn (Zn,) = > _ Hy(z :
\/i ne’l ne’l \/i
On the other hand, since x € Ef can be chosen arbitrarily for 6, ¢, we can also

consider § = b and then for our convenience, we define
= he

0, (B(t)) =0 (%’?) .

Then from (4.4), for any ¢ > 0, we obtain that

S 6 (B | (€)= exp (s (6 h)) — 2imnE8))
o (5 2

Sal8 (BONE) = exp (o (6 1oa)) ~ 37

! <K1[0,t]§7£>>

for all £ € €.
For the notational convenience, for each £ € £ and ¢t > 0, put

Ie(t) = (&, 10,4)- (4.5)
Then I¢(t) is an element of E and we have (K, ,§,§) = (I¢(t), I¢(t)) (see (4.3)).
Also, for each t > 0 and = € E}, by introducing a functional e; , defined on E by

etx(n) = exp (1(56777) 2115 (n, 77>> , NEE, (4.6)
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we have Sa[6; (BO))(E) = ero(Te(t), i,

Sal6, (BOE) = xp (1o Te(0) = (T Te) ) =g, () (41
for all £ € £.

5. Multiplication Operators by White Noise Delta Functions

5.1. Classical and Quantum Correspondence. We first note that (E) is
closed under pointwise product (Wiener product). Therefore, each ® € (E)*
can be considered as a multiplication operator Me € L((E), (E)*) defined by

(Moo, @) = (2, do)), &, € (E),
see [15, 32]. Then for the vacuum vector ¢g = (1,0,0,---), it is obvious that
Mago = ® (5.1)
for any @ € (E)*. For each given ®, ¥ € (E)* and any &, € E, we obtain that
Maow(€1) = (0 0) b, 6,) = (@0 U, e6,) = €7 (Do, e )
=S (D, Gern)) (¥, Pein)

= Ma (&) My (&, m)e™ &,
which implies that

Mgoy = Mgy © My.
5.2. Multiplication Operators.
Proposition 5.1. For each x € Ey, we have

M, = e () e~ 388 wexp {fN}e*%AG @ (5.2)
1 1
= wexp {a*(x) - iAa - N— §AG + a(:c)} . (5.3)

Proof. For any &,n € E, we obtain that
(Ms, be, o)) = (Oatbe, In)) = (Oa, dcdn)) = Pe(x)Pn(x)

— (@ O @, m =36 ~5(n.n)
Therefore, by taking into account (3.5), we have
(Ms, ¢, 6n) = (e @e E3owexp (~N}e F2oc" e, ¢, ),

which implies (5.2). Since the Wick product is commutative, the identity given as
in (5.3) is immediate from Examples 3.3. (]
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We now consider the multiplication operator M;, , induced by the white noise
delta function &, ¢ € (€)* for z € B} and f € L%(R) with |flo = 1. Then by
Proposition 4.2, M5, . € L((£),(£)*) and for any &,7 € £, we obtain that

My, (€,n) = (Ms, ,6¢,60) = (00, dern)e&™

—exp (Lo (6 + 1.0 = GUE+ A+ ng) ) o

N |

— 6 exp (<x, € - Lue e f>>)
7,

<oxp (~(. £ (0. )
wexp (Lo (.00 = 5 1) 000

— (@) = K A+ (T=K p)€m =3 (K 1€.6)+(w,(6.0) (5.4)
Theorem 5.2. For any x € Ej and f € LA(R) with |f|o = 1, we have
Ms, , = @ f82) =3 AGKND (] — K p)em 380(Kp) galf@r)
= ¢ J82) =386 (K wexp {—A(Kf) }e 386K ga(f82) (5.5)

Proof. The proof of the first equality is immediate from (5.4) and then the second
equality is from Examples 3.3 by taking into account (3.4). O

Remark 5.3. From the explicit form, given as in (5.5), of the multiplication opera-
tor induced by a white noise delta function, we know that those are closely related
to the Bogoliubov transformation [16] and a quantum analogue of Girsanov trans-
form [17].

By similar arguments used in (5.4) and by taking into account (4.7), we obtain
that

Mg@)) & n) = R(3 77>em(Ig(t))e*“ﬁ(t)’lﬂ(t))et,z(In(t))

— ot (on@aa) =3 (Kug g nand +{ (1= Kagy ) €)= 35 (g y 66+ 4 (Lo, 82.). (5.6)

where e; , is given as in (4.6). Therefore, we have the following theorem.

Theorem 5.4. For any x € Eg andt > 0, we have

a" (1o, ®2) = 208G (K ) (I - 1Klm ﬂ) @ Hoalnaletelion®
¢

* 1 * 1
— e%a (1[01t]®£)6_ﬁAG(K1[0,t])WeXp {—1K1[0 4 } e_ﬂAG(Kl[o,t])e%a(l[o,t](@f).
t ,

Proof. For the proof of the second equality, (3.4) is applied. O

6. Differential Equations for Operators

From the notation given as in (4.3), we used the notation (¢, z) for { € £ = EQE
and z € E*, which means that ({,z) € E and for any y € E*, it holds that



MULTIPLICATION OPERATORS BY WHITE NOISE DELTA FUNCTIONS 13

(y, (&, z)) = (x ® y,£). Therefore, from now on, for more clear meaning, we use
the following notations:

W, (&) = @@y, 8, (y,(&2)r) = (@ T,8)

for all z,y € F and £ € &, where the subindex [ and r mean the left (contraction)
and right (contraction), respectively (see [32]). Also, for notational convenience,
for each z,y € £*, we define a continuous linear operator K, , : & — £* by

Kz>y£ =r® <y7§>l ’ f c€é. (61)

Then we can easily see that for each z,y € E*, the adjoint K , of K , coincides
with Ky ;, i.e. K, = Ky .. Also, we have Ky = Ky ¢, where K is defined as in
(4.3).

Ezamples 6.1. (1) For any = € E* and t > 0, from the definition of I,(t) given as
in (4.5), we obtain that

0 0
a(xwlf(t» = a(l’, <€7 1[0,t]>l> = <.T7 <675t>l> = <5t ®x7§> (62)
for all £ € £.
(2) For any &,n € £ and t > 0, we obtain that

ST 1,(0) = (I, 1,(0) + (o). 3 1(0))

= {(& 60, (0, Lio.e) + (& Ljo.)es (M, 0e)i)
= (Ki1.6,6m) + (Ks,.10.,6:1)
= (i + Kl ) €1)- (6.3)

Lemma 6.2. For anyt >0 and x € ER, we have

QM(;T@))(@W) = [Q(%ﬁ; t) — <(K1[O,t],a,, + Ki‘[o,t],at) 5,77> + Q(I7n;t):|

ot
x M, a0y (6,11,
where Q(x,&;t) is given as in (6.4).
Proof. From (5.6), we have
My, s (6m) = e ey (Te(®)e™ IO T e, (1, (1),

where e; (1) is given as in (4.6). Therefore, we have

exa(Ie) = exp 3. Ie) — 5 IO Te(0) )

and so by applying Examples 6.1, we have

S eualTe(h) = QU & e (Te(1),
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where

Qo) = g [ o Tel0) - 5, U0, 100

—{ B0 + 5T Te0) + 16 92.6) ~ 1 (K 06.)

1 1
= {—tz@[o,t] ® x,§> + ﬁ <K1[o,t],1[o,t]§7£>
1 1
+g<5t ® x7£> - ; <K1[07t],6t£7§> N (6‘4)
Therefore, by direct computation, we obtain that

0 —— 0 _
¢ M. (0 (6:m) = el&m [&et,w(Iﬁ(t))} e~ U I, (I,(1))

0 _
+enalTelt) | e OO e (1,(0)

0
+ﬁ@wak**mJW”[ﬁ@UAﬂﬂ

ot
= |:Q(‘T7 f; t) - <(K1[o,f,],5t + Kf[o,t],ist) 67 77> + Q($7 m; t):|
X Ms, ®@)) (&),
which gives the proof. ([l

The characterization of the convergence of sequence of white noise operators in
terms of operator symbol given as in Theorem 3.2 can be extended to the conver-
gence of continuous variable functions valued in white noise operators. Therefore,
by applying Lemma 6.2, we can prove the following theorem.

Theorem 6.3. For anyt > 0 and x € E, we have

%M&,(B(t)) = [A(x,t) — (A (Kl[o,t]ﬁt) + A (Kf[o’t],(gt)) + A*(xvt)] OMém(B(t))a

(6.5)
where A(z,t) and A*(z,t) are given as in (6.6) and (6.7), respectively.
Proof. From (6.4) and Examples 3.3, we can easily see that

Q(x,& 1) = Az, 1)(¢,m),

Q(a, ;)& = A™(,1)(&,1)
where A(z,t) is given by

1
TtQAG (Kl[O,t]vl[O,t])

1 1
+ Ea((st (24 x) — EAG (Kl[o,t]u‘st) ) (66)

1
Ae,) = = allpy @) +
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* * .
and A*(x,t) = (A(x,t))", e,

, 1 L
A'(x,t) = *tfga (1[0,15} ® )+ @AG (Kl[o,t]’l[o,t])

L. Lo
50700 w) = TAG (Kug,6.) (6.7)
Also, by applying Examples 3.3, we can easily see that
<(K1[0vﬂ’5ﬂ + Kik[o,tlﬁt) & 77> 6 = << (A (K g.6) + A (Kfm,t]ﬁt)) de; ¢">>
for all £,n € £. Therefore, by applying Lemma 6.2, we prove the assertion. [

We now consider a classical and quantum correspondence. For any given white
noise operators Z1,Z2 € L((€), (€)*) and £ € £, we obtain that

S((E10E2) ¢o) (§) = ((E10E2) g0, ¢¢)) = (E160, ¢¢)) (E200, b¢)) »
from which we see that
(E10E2) g0 = (E1¢0) © (E2¢b0) - (6.8)

For each L € L(&,E*), by the kernel theorem, there exists 77, € (€ ® E)*, called
the L-trace, such that

<TL777®£> = <L§777>7 5777 S (69)
Corollary 6.4. For anyt > 0 and x € Ey, we have
0
5% B®) = [Prta + Pae ] © 02 (B(Y)) (6.10)

where ®1,4 , and oy x are given by

1 1
q)l;t,a: = (07 E (5t - tl[O,t]) ® xa0a07 o ) )

1 1
¢2;t,K = (0,0,TKt,O,(),' : ')7 Kt = 7K1 7K1

o2 Lot T g (6.11)

[0,¢]:6¢ 9
with Ki-trace 7, defined as in (6.9).

Proof. By acting the vacuum vector ¢g on the both sides of (6.5) and using (5.1)
and (6.8), we obtain that

25, 80) = ([Al.t)~ (A (Krg i + Kiys)) + A1) 60) o8, (BE).

ot
(6.12)
On the other hand, from (6.6) and (6.7), we obtain that
[A@,t) = (A (Kigos + Kiyy6)) + A%@0)] 60 = A%(@, 0000 (6.13)

and
. (1 1 (1 1
A’ (z,t)po = |a n Or — EI[UJ] @) +Ag ﬁKl[o,t]vl[o,t] - ;Kl[o,t]ﬁz b0

= q)l;t,w + cI)Q;t,K- (614)
Therefore, by (6.12), (6.13) and (6.14), we have (6.10). O
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Remark 6.5. The white noise delta function d, (B(t)) also satisfies the equation

%5”” (B(®)) = [DB(t) T ;AV] dz (B(%)), (6.15)

where Dy, is the differential operator directed for B(t) and Ay is the generalized
Volterra Laplacian given as in [3]. In fact, the Sa-transforms of ®1. 4 © 5, (B(t))
and ®o. g © 0,(B(t)) are given by

So[®@1:t.2 © 0:(B(2))](§) = S2[P1:1,2](£)S2[0(B(2))](§)
= [1<x,lg<t>> - ;@:,Ig(t»} ot (7).

respectively.  On the other hand, the Sg—transforms of Dy,y0, (B(¢)) and
Ay o, (B(t)) are given by

SalDsgybe BONNE) = 1 (& — Te(0), (1), s (ﬁ) ,

and

Sal v, (BONNE) = |- 2, Te(t)) + ;ag(t),lg(t»] o (j{) ,

respectively. Consequently by the comparison of the above Ss-transforms we ob-
tain the equation (6.15). This means that the equation (6.10) is a different ex-
pression of the It6 formula (6.15).

7. Concluding Remark

In [3], we introduced a white noise distribution ®(B(t)) for each ® € (E)* and
t > 0 by 5 )
S2BB)IE) = (@, 0¢)), E€E,

where (Z)g is given by

Y : 1 Ie(t),I
be = Pr.)/vi (\/E> = ez (1D L) P1e(t)/ts

and obtained the following theorem as an extension of the It6 formula.

Theorem 7.1. For anyt > 0 and ® € (E)*, the distribution ® (B(t)) satisfies the
equation:

28 (B(1)) = Dy (B() + 541 (B(1)).
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This theorem means that the equation (6.5) in Theorem 6.3 gives an expression
of the quantum Ito formula for My, ) and also implies an expression of the
formula for Mg . In fact, we have the following formula.

0

Moy = [AD) = (A (Kyys) +A (K7, 5)) + AT 0] 0 Moy, (7.1)

for any ¢ € (E) and t > 0, where A(t) and A*(¢) are given by

A(t)o M@(]E(t)) = / p(z)Ax,t) o M(gr(g(t))d,u(l‘)

Eg

and
A*(t) o Mgy = /E o) A" (x,1) o Ms, (1)) dp(z),

R

respectively. The formula (7.1) can be extended to that for Mé(B(t)) by using the
limiting method.
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