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DOMAIN OF EXOTIC LAPLACIAN CONSTRUCTED BY
WIENER INTEGRALS OF EXPONENTIAL WHITE NOISE
DISTRIBUTIONS

LUIGI ACCARDI, UN CIG JI, AND KIMIAKI SAITO*

ABSTRACT. In this paper we introduce a new domain of an exotic Laplacian
consisting of some white noise distribution-valued Wiener integrals based on
exponential distributions in a Fock space, and give a construction of a sto-
chastic process as an infinite dimensional Brownian motion generated by the
exotic Laplacians. The Brownian motion generated by the Gross Laplacian
is extended to the stochastic process generated by the Lévy Laplacian on the
domain. Moreover we give a relationship between semigroups generated by
the exotic Laplacians and the Lévy Laplacian on the new domain.

1. Introduction

An infinite dimensional Laplacian was introduced by Accardi and Smolyanov
[7] in terms of a higher order Cesaro mean and called an exotic Laplacian. In
Refs. [1] and [16], it was proved that the Lévy Laplacian can be considered as
the Gross Laplacian on a space of white noise test functionals based on Cesaro
Hilbert space. In Ref. [3], it was proved that all exotic Laplacians can also
be considered as Gross Laplacians on the test functionals and generate infinite
dimensional Brownian motions. Any exotic Laplacian is the Lévy Laplacian based
on higher derivative of white noise. This fact is obtained in Ref. [5] and therefore
the exotic Laplacians of order 2p + 1 (p € N) are the generators of the innite
dimensional Brownian motion corresponding to the p-th distributional derivative
of the standard Brownian motion. In Ref. [6] the authors proved that the white
noise (process) generated by the exotic Laplacian of order 2a (a > 0) is the a-th
distributional derivative of the white noise (process) and that the Lévy Laplacian
corresponds to the derivative of order 1/2.

The main purpose of this paper is to introduce a new domain of the exotic Lapla-
cian consisting of some white noise distribution-valued Wiener integrals based on
exponential distributions in a Fock space, and construct a stochastic process as an
infinite dimensional Brownian motion generated by the exotic Laplacian. In Refs.
[3] and [6], the authors constructed the Brownian motion in the space of white
noise distributions which is not in the Cesaro Hilbert space. In this paper, we give
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more clearly constructions of the Brownian motion in the Cesaro Hilbert space
introducing a stochastic Fock space as white noise distribution-valued Wiener in-
tegrals in the Fock space.

In Sections 2 and 3 we recall some basic notions and results in the white noise
theory as a language that prepares the ground for the applications in the following
sections. In Section 4 we discuss the similarity between the exotic Laplacian
and the Gross Laplacian. In Sections 5 and 6 we prepare an infinite dimensional
Brownian motion generated by the Gross Laplacian and the second quantization
of the adjoint of higher power of differential operator. The second quantization
gives a topological isomorphism on the space of white noise distributions. This also
gives a relationship between the exotic Laplacians and the Lévy Laplacian in terms
of the higher order derivatives of white noise. In Section 7 we introduce the Fock
space valued Wiener integrals and exponential white noise distributions. Based on
the exponential distributions we construct a Hilbert space D, 2441 Wwith a > 0 in
which the exotic Laplacian becomes a densely defined linear operator. In Section 8
we consider a densely defined self-adjoint operator in L?(R) and introduce p-norms
- lle,2a+1,p In D¢ 2g41, the completions D¢ 2441, With respect to the p-norms,
and the projective limit space D¢ 2441,00 Of spaces D¢ 2441, for p > 0. We also
introduce an infinite dimensional stochastic process {B,(t); ¢t > 0} valued in the
Cesaro Hilbert space as a-th derivative of white noise process for any a > 0. Finally
we obtain a stochastic process generated by the exotic Laplacian and also give a
relationship between the stochastic process and the semigroup generated by the
Lévy Laplacian with respect to the higher order derivatives of white noise.

2. Standard Triples

Throughout this paper, the complexification Xg +¢Xg of a real vector space X
is denoted by X¢. If there is no confusion, then for notational convenience, we use
the symbol X for the complexification X¢.

Let e = {ex}72, be a complete orthonormal basis of a separable real Hilbert
space Hg equipped with the inner product (-,-) and let A = {\;}32; be an in-
creasing sequence of positive real numbers such that

I<A<X<A<..., 5;:ZA;2<OO. (2.1)
k=1
Then we define a densely defined positive, selfadjoint operator A on (H,e) by

AL = Miler,&)er, €€ H = He.

k=1

From (H, A), by the standard construction [14, 17, 18, 25], we obtain the Gelfand
triple:

ECHCE", (2.2)

where H* and H are identified and E* is the strong dual space of F, which now
depends on the triple (H, e, A) since A depends on e and A. More precisely, for



EXOTIC LAPLACIAN 3

any p € R, we define the p-norm by
lElp = |A%¢lo, £ €H,
where | - |o is the norm on H, and for p > 0, we define
E,={¢€H : ¢, <o}

and E_,, to be the completion of H with respect to |- |_,. Then we obtain a chain
of Hilbert spaces:

...EchcEip... ,
and finally by taking
E = projlim, , (E,, E*=indlim, o E_,

we obtain the Gelfand triple given as in (2.2). The canonical C-bilinear forms on
E* x E is denoted (,-), which can be represented by (7, -).
Let @ > 1 be given. Then the Cesaro semi—norm of order « of x € E* is defined
by
N
o= Jim S T en) (@, e0)
n=1
in the sense that, when the limit exists, the semi—norm is defined by the above
limit. The Cesaro pre—scalar product of order a between x,y € E* is defined, in
the same sense, by
N

<‘T’ y>c,a = hmoo o Z (937 en)(yv en)' (2'3)

Let Hco,a be a maximal linear subspace of E* such that for any x,y € Hga
the limit given as in (2.3) exists and let N0, = {2 € H?, : (z,2)ca = 0}.
Then Hga /Ng . becomes a (complex) pre-Hilbert space with inner product (-, -)c,a
defined as in (2.3). The completion of H? /N, with respect to the norm |- |c a0
induced from the inner product (-, -)c o is denoted by H o. Then H. , becomes a
Hilbert space. We now assume that

5
Cx,o = sup {)\Z} < oo for some d >0 (2.4)
n>1 |1
(see [16] and also Theorem 2.7 in [3]). Then we can construct H. o to be an infinite
dimensional separable Hilbert space (see [16]), which is called the Cesaro Hilbert
space of order o > 0.
Let A.. be a densely defined positive, selfadjoint operator in H, . satisfying

the condition:
(A): infSpec(Ac,n) > 1 and A7} is of Hilbert-Schmidt type.

(e

Then there exist a sequence {£c o }72, satisfying that

o0
1<loay Sleaz <leas <+, [AZMfs =D L2, <o,
k=1
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and an orthonormal basis {ec a1 52, of He o such that Ac gec ok = Ceak€cak-
Then from (Hg o, Ac,a), by the standard construction [14, 17, 18, 25], we obtain
the Gelfand triple given as in (2.5) as following. For each p € R we define

9]
‘€|g,a,p = |A€,a£|<2:,a,0 = Zgifjavk <£a ec,oz,k>c,a|27 f € Hc,a~
k=1

Now let p > 0. We put Neap ={€ € Heo ¢ [€lo,a,p < 00} and define N o,—p to
be the completion of H., with respect to |- |c,a,—p. Thus we obtain a chain of
Hilbert spaces {N,; p € R} and consider their limit spaces:

-/V::,a = Projlimp%mNc,a,p, N;a = indlimp%ooNc,a,—p

which are mutually dual spaces. Note that N, becomes a countably Hilbert
nuclear space. Finally, by identifying H, o with its dual space, we obtain a complex
Gelfand triple:
Nea € Heo CNZ,. (2.5)
Throughout this paper, we always assume that for any a > 0 there exists 8 > 0
such that
@r((k+1)/2)" < €op @rlk+1)/2)" <X (2.6)
for all k£ € N, which are useful to study relationships between E* and N, (see
Remark 6 in [5], and also Theorem 2.5 in [3]), where the sequence A = {\;}32, is
given as in (2.1).

3. White Noise Functionals

Let X C $ C X* be the Gelfand triple constructed from the pair (9, A) by
standard method used as in Section 2 via the chain of Hilbert spaces:

"'%pCfJC%_p"',

where ) is a separable complex Hilbert space and A is a densely defined, positive
selfadjoint operator in §) such that X becomes a countably Hilbert nuclear space.
The norm on X, (p € R) is denoted by |- |, again.

For each p € R, let I'(X,,) be the Fock space over the Hilbert space X, i.c.,

I(X,) = {ﬁb = (fa)neo : fn € 36?”, ||¢H;2> = anfn‘?; < OO} .

n=0

Then by identifying I'($)) with its dual space, we have a chain of Fock spaces:
- CID(X,) CT(Xg)=T(®H) CT(X_,) C---
for p > 0, and a new triple
(X) = projlim,,_,  ,;T'(X,) CI'($) C (X)" = indlim, . ['(X_}). (3.1)
The canonical C-bilinear form on (X)* x (X), denoted ((-, -)), has the form:

(@.0) =D 0l (Fu, fu), @=(F)e@* o=(fa)e®). (32
n=0

where (-, -) is the canonical C-bilinear form on X* x X.
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The ezponential vector associated with x € X* is defined by
£®2 £®n
¢£(1,£,2!,...,m,... . (33)

In fact, for each x € X*, there exists p € R such that z € X, and so we obtain
that

i 2 e 2n
e || >
Iallz = nt|>=| =D 'TI; el
n=0 P n=0 ’

which implies that ¢, € I'(X,) if and only if z € X, for p € R. Therefore, ¢¢ € (X)
for any ¢ € X. It is well-known that the exponential vectors ¢¢ for { € X span a
dense subspace of (X). Hence every element ® € (X)* is uniquely specified by its
Sx-transform Sx® : X — C defined by

Sx®(8) = (. ¢¢), eX

A complex-valued function F' on X is called a U-functional if F is Gateaux
entire and there exist constants C', K > 0 and p > 0 such that

[F(E)| < Cexp (K[E[7),  €eX

Theorem 3.1 ([26, 6]). A C-valued function F on X is the Sx-transform of an
element in (X)* if and only if F is a U-functional.

Remark 3.2. Let X} be a real locally convex space such that X* = X5 +iX5 (the
complexification of X3). Then the Bochner-Minlos theorem implies the existence
of a probability measure p on X such that

/ ei(”’g)du(x) — e—%(&f)’ Eex.
X

The Wiener-Ito-Segal isomorphism between I'($)) and L?(X%, p) is the unitary
isomorphism uniquely determined by the correspondence:

§®2 §®n
¢§:(1,§,2|,..., ) e he(l) =R e x (3.4)

n!’

The standard triple obtained from (3.1) through the Wiener-Itd-Segal isomorphism
is denoted also by

(X) € L* (X5, 1) C (X)",

which is referred to as the Hida—Kubo-Takenaka space. An element of (X) (resp.
(X)*) is called a test (resp. generalized) white noise functional.

From the Gelfand triples given as in (2.2) and (2.5), we obtain the Gelfand
triples for Fock spaces by above constructions which are denoted by

(E) cI(H) C (E)", (Nea) CT(Hea) C (Nea)®

respectively.
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4. Infinite Dimensional Laplacians

Let £(2), 3) be the space of all continuous linear operators from a locally convex
space 2) into another locally convex space 3. Let X C $ C X* be the Gelfand
triple which is considered in Section 3.

A function F : X — C is said to be of class C? := C?(X) if it is twice (continu-
ously) Fréchet differentiable, i.e., there exist two continuous maps

E— F(& eXx, &— F"(§ e L(X,X"), £eXx

such that )
F(&+n) = F(E) + (F(€)m) + 5 (F"()n,n) +&(n)
for any n € X, where the error terms satisfy
lim @ — 0, neX.
t—0 t

We denote Bn the Gateaux differentiation in the direction n € X, i.e.,
~ .1 d
DyF(€) = Jim g [F(E-+n) ~ F(Q)) = 3 F(E-+m)| .

Under general regularity conditions one has

D, F(€) = (F'(€),m)
The kernel theorem identifies £(X, X*) with X ® X since X is a countably Hilbert
nuclear space. Occasionally, we will use indifferently the notations

(F"(&)n.n) = (F"(&),n@n) = F"(€)(n,n) = D2F(€)

for £,m € X.

For arbitrarily fixed a > 0 and let {eg , }72; C X be a fixed complete orthonor-
mal basis of $. Let Dom(Ag ) denote the set of all & € (X)* such that for each
¢ € X, the limit

N

~ . 1
Ap.cadx®(€) = lim D (Sx®)"(£), es. @ €5)
k=1

exists and a functional &g’c’a(S}:(I)) is the Sx-transform of an element of (X)*.
Then the exotic Laplacian Ag ¢ o on Dom(Ag o) is defined by

Agca® =57 (Ag.caSx®), P € Dom(Ag.ca).

The operators Ag 1 and Ag .o are called the Lévy Laplacian and the Gross
Laplacian, respectively, and are also written by Ay, := Ay, and Ag = Agq,
respectively.

The symbol of a continuous linear operator = € L((X), (X)*) is defined by

EE,n) = (B, dy),  EneXR.

An operator 2 € L((X), (X)*) is uniquely specified by the symbol since {¢¢ : € € X}
spans a dense subspace of (X). Moreover, we have an analytic characterization of
symbols.
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Theorem 4.1 ([24]). A C-valued function © on X x X is the symbol of an operator
2 e L((X), (X)) if and only if

(i) © is Gateaux entire,

(i) there exist C >0, K > 0 and p > 0 such that

O )| < Cexp K(IE; +nl7),  &neX.
Moreover, © is the symbol of an operator Z € L((X), (X)) if and only if © satisfies
(i) and
(ii") for any p > 0 and € > 0, there exist constants C > 0 and ¢ > 0 such that

O )| < Cexpe (€7, + ), &nek

By applying Theorem 4.1 we can easily see that Ag € L((X), (X)) (see [25, 18]).
From (2.3) by applying the kernel theorem, we define 7¢ o € (Ng o @ Neo)* by

N

(e €10 = 01 )ca = Jim 7z D)€ (41)

Theorem 4.2. Any element ¢ € (E)* N (Ne,o) is in Dom(Apy ), where H is
the Hilbert space considered as in Section 2. Moreover, if ¢ = (fn)22,, then we
have

Ancat =1+ 20+ D7ead fasa) (4.2)

Proof. The proof is a simple modification of the proof of Theorem 4.2 in [16]. Let
® = (fn) € (Nc,a). Then we can easily show that

o0

(S50)"(€)(ersex) = 3 (n+2)(n + D((ex ® )8 frra, ™),

n=0

where & is the left 2-contraction (see [25]). which implies from (4.1) that

A eaSpd(E) = Jim ZZ (n+2)(n+1)((ex ® ex)&" frya, 57
k=1n=0

= ~2
=D (4 2)(n+1)(1ea® farz, E").
n=0

Therefore, by applying (3.2) we prove (4.2). O

From Theorem 4.2 we see that

Afcad=An.co ¢<(E)NNea)-

5. Infinite Dimensional Stochastic Process Generated by Gross
Laplacian

Let X C $ C X* be the Gelfand triple which is considered in Section 3. Then
there exist an increasing sequence {{g 1} 32, of positive real numbers with g 1 > 1,
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Sy 652;@ < 00, and an orthonormal basis {eg 1 }72; C Xg of $) such that for each
p € R, the norm | - |, is constructed by

€17 = Zﬁ ples s, 5 §€H.

Let {{bx(t)}:>0}%2, be a sequence of independent (1-dimensional) Brownian
motions on a probability space (Q, F, P). Then for each t > 0, we put

t)=> bi(t)es k- (5.1)
k=1

In fact, for any p > 0, we obtain that
BB, ] = £ =0 Zﬁg?é’wl - (Z f%iﬁ’) t
—p k=1 k=1

which implies that for all p > 1/2 and for almost all w € Q, B(t,w) € X_,.
Therefore, {B(t)}+>0 is a X*-valued stochastic process.

Let y € X* be given. Then by applying Theorem 4.1, we see that there exists
a unique operator T, € L((X), (X)) such that

@(5,77) =WOHEN £ pex.
In fact, for any & € X, we obtain that
be(z +y) = (@18 —5(6:8) — W pe (),
see (3.4), and so for any £,7 € X it holds that

(Pe(- +y), ¢n)) = WOHED =T (€,0)) = (Ty¢, b))

which implies that for any ¢ € (X) C L?(X%, ), it holds that Ty¢(z) = ¢(z + y).
Hence T, is called the translation operator. Moreover, for the annihilation operator

aly) € E(( ), (X)) defined by a(y)de = (y,&)¢¢ for all £ € X, it holds that T, =
e®W) (see [25]).

65k

Theorem 5.1. The stochastic process {B(t)}ier is generated by 1Aq €
L((%), (X)), where Ag is the Gross Laplacian. More precisely, it holds that

E [Tp@¢] = e, ¢ € (X). (5.2)
Proof. For any £ € X, we obtain that
E [Tpude] = E {emm,s)} be — 3 ED g, — FBag,

and so by continuities of translation operator, expectation and the exponential of
the Gross Laplacian, we see that (5.2) holds. O

For any ¢ € (X), from (5.2) we obtain that

E [Tps)E [Tewd]] = 103866 = E [Tp(o11 9]
for all s,t > 0.
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6. Higher Order Derivatives of WN and Laplacians

In the sequel, Ny will denote the set of all nonnegative integers, i.e., Ny =
NU{0}. Let @ € Ny be given. The differential operator of order « is denoted
by 0%, i.e. 9°¢ = £(@) for any a-th differentiable function ¢, and the differential
operator of order 1 is denoted by 0.

In the following, we take H = {1}* (the orthogonal complement of constant
functions) to be the closed subspace of L?([0,1]) generated by the orthonormal
basis {e, }°; given by

ear(t) = V/2sin(2knt)
eon_1(t) = V2cos(2kmt), k=1,2,.... (6.1)
Then we have the following Lemma.

Lemma 6.1 (Lemma 3.1 in [4]). For any o € Ny and k € N, we have

e(a)( P = (—1)*/2(2km) e (t), if « is even,
2k (=1)@FTD/2(2km)eqp 1 (t), if a is odd
o) () = (—1)*/2(2km)%eqp,_1(t), if a is even,
2k—1 (=)@ D/2(2km) ey (t), if a is odd.

From now on, we consider the Gelfand triple £ C H C E* constructed in
Section 2.

Proposition 6.2 (Lemma 3.1 in [4]). Let a € Ny be given. Then the differential
operator 0% of order « is a topological isomorphism from E onto itself.

Proof. Suppose that « is even. The linearity of 9% is obvious. Let p > 0 be given.
For given a > 0, from (2.6) there exists 8 > 0 such that (27[v/2])® < A2 for all
v € N. Therefore, for any £ € E, we obtain that

2 2

€] = Xt el | = > tews ) enluy2e
v=1 D v=1 P
= APErv/2)* (e, 17 < D NP (e, )
v=1 v=1
= |§|?)+Bv

which implies that 0% € L(E, F). The bijectivity of 9% is clear from Lemma 6.1.
On the other hand, for any p > 0 and &£ € E, we obtain that
2

e v

> 1

;W<€w€>ey

< (o Gpra) 8

which implies that (9%)~! is continuous. Hence 9% is a topological isomorphism
from E onto itself. The case of odd « is similar. O

|(0°)7¢[? =
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Let K € L(E, E) be given. The second quantization I'(K) € L((E), (E)) of K
defined by
D(K)¢ = (K®"fa), ¢=(fa) € (E). (6.2)
Then for any ® = (F,,) € (E)* and ¢ = (f,,) € (F), we obtain that

((F(K)*ch ¢)) = (((I)v Z FnaK®nfn) = ((F(K*)(I)’ (b)) )

which implies that I'(K)* = I'(K*) € L((E),(E)) and Sp(T'(K)*®)(¢) =
Sp®(K¢) for all £ € E, from which we define

K := SpD(K*)S5' : Sp[(E)"] 2 Sg® — Sg®o K € Sp[(E)*].  (6.3)
Then by definition it holds that
I'(K*) = S;'KSg.
Proposition 6.3. Let K € L(E,E) be given. Then K is a topological isomor-

phism from E onto itself if and only if K* is a topological isomorphism from E*
onto itself.

Proof. The proof is straightforward from the duality. (|

Proposition 6.4. Let K € L(E,E) be a topological isomorphism from E onto
itself. Then I'(K) is a topological isomorphism from (E) onto itself.

Proof. Since K be a topological isomorphism from E onto itself, K®" (n € N)
be a topological isomorphism from E®" onto itself. Therefore, by the definition
of the second quantization I'(K) of K given as in (6.2), I'(K) be a topological
isomorphism from (F) onto itself. O

Theorem 6.5 (Theorem 3.2 in [4]). The operator T'((0%)*) is a topological iso-
morphism on (E)* into itself.

Proof. By Proposition 6.2 9 is a topological isomorphism from E onto itself.
Therefore, by Proposition 6.4, I'(9%) is a topological isomorphism from (F) onto
itself. Hence, by applying Proposition 6.4, we see that I'((9%)*) is a topological
isomorphism from (F)* onto itself. O

Theorem 6.6 ([5]). Let the sequence a = (a,)52, € C> be such that, for some
p > 0 the limit

NlﬂnooNpZ“”_ Ap(

exists. Then for each o € Ry, one has

N

1 o _ D
A e D n%an = - Ay(a) (6.4)

n=1

in the sense that the limit on the left hand side exists and the equality holds.
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Let R € L(E, E) be given. Then for each ® € (E)*, from (6.3), we obtain that

(S5T(R)2)" (€)(n,¢) = [RSE2] (€)(n,) = [Sp®)"(RE)(Rn, RO (6.5)
for all £,1,¢ € E.
Theorem 6.7. Let v > 0 and ® € Dom(Ap ). Then for any o € N,
I'((0%)")® € Dom(A g c2a++)

and it holds that

A0, T((0%))® = 1(1”2): T((0%)) Ag.on®. (6.6)

Proof. Let o be even and ® € Dom(A g ¢ ). Then from (6.5) and Lemma 6.1, we
obtain that

[SET((0%))®]" (€) (e e0) = [S50]"(0°¢) (ef, ) = S5 )" (0°€) (er 1)

where ¢; = (—1)2/2(2kx)® for | = 2k or | = 2k — 1. Hence for all £ € E, we obtain
that

N—o00

N
lim_ e S [SET((07))]” () er,er)
=1

N

1 «
= Jim i ZZ;C?[SE@}”@ &) (e, 1)

N—)oo N20z+

Z (1m)2*[SE®]" (0%¢) (e1, 1) ,

where the second equality holds since o > 0. Hence by applying Theorem 6.6, for
all £ € E, we obtain that

N
S5 (Attez04-T((09))®) (€) = (27)° (ggnoo e 2P ISE ) (07E) (e, el>>
=1

_H2m)° S

v+ 2« <N£noo NY

_ y(@2m)” o)
- 7+2OéSE T((0™)" ) Am,en®) (),

from which we obtain (6.6). The case of odd « is similar. O

[SE®]"(9%¢) (€l7€l)>

=1

The result is closed related to the result of Theorem 5.1 in [5], see also Theorem
6.1 in [4].
We introduce the Lévy Laplacian Ay o (o > 0) in terms of the higher order
derivative of white noise by
Apo® =T ((0%)")ALT((0*)*) '@

for ® € T'((0%)*)(Dom(AvL)).
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Corollary 6.8 (Corollary 5.2 in [5]; Theorem 5.3 in [4]). Let ® € Dom(Ary) be
given. Then for any o > 0, I'((0%)*)® € Dom(A g c 2a+1) and the identity:

7T2a 20
A ar1L((0%))® = T((O))ALDP = —— AL T(0%)")®
#2010 ((0%)7)® = o == T((0%))AL® = 5 —— ALaT'((9%)7)
holds.
Proof. The proof is immediate from Theorem 6.7 by taking v = 0. (]

7. An Exponential Distribution in I'(E*)

Lemma 7.1 (Lemma 5.1 in [4]). For any o € Ny and t,s € [0,1] witht —s ¢
Q\ {0}, we have

N
1 N N 7.r2a
n=1
as N — oo, where 054 is the Kronecker delta.
Proof. The proof is a simple modification of the proof of Lemma 5.1 in [4]. (]

Remark 7.2. In Lemma 7.1, if we consider the function e as trigonometric func-
tions defined on R, then (7.1) holds for all s,t € R with t —s ¢ Q\ {0}. However,
if we consider {ex}?° , as a complete orthonormal basis of {1}* in L%([0, 1]), then
our attention is limited to [0, 1].

Lemma 7.3. For any s,t € [0,1] witht —s ¢ Q\ {0} and a € N, we have

7.r2a

2a+1
Proof. The proof is straightforward by applying Lemma 7.1. In fact, for any
p>0,a € NU{0} and s € [0,1], since from (2.6) there exists § > 0 such that
(2r[v/2])® < A2 for all v € N, we obtain that

2

(64,6 9011 =

65,1‘,-

2 o0 oo
501 = Yo bel| = D@l /2P N e (1)
v=1 —p v=1

<2 Z )\;2(19—/3)7
v=1

which implies that 5§“) € E_, for p—f > 1. Then by applying Lemma 7.1, we
also obtain that

N
o a . 1 a a
(04,8 )eizurs = Jim ey D (007 ex) e, 817

k=1

B (@) ()@ (¢

= A}E}noo N2a+1 Ze

7T2a
2a+1

The proof is complete. O
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For each a € Ny and A € R, we put

V2a+1
Car = %5&‘” € E". (7.2)
Remark 7.4. Consider the equivalence relation ~ defined by s ~ ¢ for s,¢ € [0, 1]
if and only if s —t € Q. Put

S ={cs €[s] : s€]0,1]},

where [s] is the equivalence class containing s. Then by Lemma 7.3, {eq x}res
is an orthonormal family with respect to (-,-)c2q+1. We note that S is not a
Lebesgue measurable set (and so not countable).

Let {B(t) }+>0 be a standard Brownian motion on a probability space (92, F, P).
For a complex Hilbert space K and ® € L*(R;T(K)), we define the I'(K)-valued
Wiener integral [, ®(t)dB(t) as the element of L*(Q2, F, P;'(K)) characterized by

/R B(t)dB(t) = ( /R fn(t)dB(t)):o_o

for @(t) = (fu(t))nZo € I'(K).

For each x € E*, the exponential vector associated with z is denoted by &, :=
¢ € (E)*, which is defined as in (3.3). Therefore, if a € Ny and A € [0, 1], then
for sufficiently large p > 0 such that |e, x|—p < 1, we obtain that

I

2 2 2
— e—t et \ea,)\Lp < ].7
—p =

—¢2
€ H (bitea’)\

and so for each f € L*(R),

$2 o~
2

F®)Pise, , € L*(R;T(E_p)),

e

where f is the Fourier transform of f. For a € N, \ € [0,1] and f € L*(R), we
put

2 ~

L(f) = /Re*%f(t)@iteaﬁkdB(t) € (B)".

In fact, it holds that
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oo

and then for sufficiently large p > 0 such that |e, x|-, < 1, we obtain that

_t2 ‘eakz_"
5 n B(t > p
S| [ o= Fowran)| ==

_ n |6a,)\ n
—51/ IR ) A
nt

= [ttt o (7.3

/u (1) 2dt.

Let a € Ny be given. For any x € E* with |2|¢ 2441 < 00, @i € Dom(Ap o) and

E[IL(NIZ,] =E

AH,(:,OL(I)iac = _|x‘g,2a+1q)i$'
For any A € [0,1] and f € L*(R), we have IA(f) € Dom(Ap c,) and

Birealalf) = = [ #¢78 fO)Bue, dB ().
For each a € Ny and A € [0,1], we define a space €3, ,; by
Epar1 = {I\(f) : f € L*(R)} C L*(Q, P;(E)")
with the inductive limit topology given by the norms:
IEHIl|=p = BII(HIZ2 p 0.
Then the space €3, is a closed linear subspace of L*(€, P; (E)*).

Lemma 7.5. Let a € NU {0} and X\ € [0,1] be given. Then the distribution
DQi()e, . 15 an element of C(R;T'(He 2a41,c))-

Proof. We obtain that
”(I)itea P q)zsea A ”c 2a+1
- H‘bztea A ||c 2a+1 T ”(I)zsea A ||c 2a+1 2<<(I>itea,w (I)isea,x>>c72a+1
— et 4+t =2 50 (as |t — s| = 0),
where || - ||c,2a+1 is the norm on I'(H¢ 24+1,¢c), which implies the assertion. |

By the proof of Lemma 7.5, we see that ||®; c2a4+1 = €t2/27 and so it holds

that

O () Ricye,n € LR D (Hozat1.0))
for all f € L?(R). Therefore, the integral:
() = [ 200, dB(0)
R

has a meaning as a I'(H¢ 24+1,¢c)-valued Wiener integral, and becomes an element
of

o0
L? (9, P; T(Hegat1.0)) = P V! L? (Q P H?;a-i-l C)
n=0
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Lemma 7.6. For any f € L*(R) we have |[[In(f)||lc2a+1 = |flo, where
- Mlle a1 = El - lle.2at1]-

Proof. By same arguments used in (7.3) with the property that |eq xlc,2q+1 = 1,
the proof is straightforward. In fact, we obtain that

2

c,2a+1]

NIXAONE 2041 = BN 2041]
2
c,2a+1‘|

o0 . t “ ®n
[eein e in)
R n:
|ea7A|22a+1]

=F Zn!

:nZO
> 1
—F ZE
_n:O
> 1
- F Z%E
- / Ft)Pdt = / )Pt = |f2
R R
for all f € L3(R). O

/R e~ /2 F()dB(t) (ca )"

2

/ tne~t/2F(t)dB(t)
R

Now, for each X € [0,1] and a € Ny, we define €3, ; by

52)\a+1 = {I/\(f) : f S L2(R)} C LQ(Qa—P; F(Hc,2a+1,(C))

with norm ||| - |||c,2a+1 given by
IO 2041 = ENINNIE 2041), € L*(R).

Then, by Lemma 7.6, we sce that &3,,, is a closed subspace of
L2(Q,P; F(Hc,2a+1,(c))-

Lemma 7.7. Let & = fol Ly (f2)dX, IN(f2) € E3,41 for fy(-) € L2([0,1] x R). If
1

i)
0

Proof. 1t follows from Lemma 7.6 that

1 1
/0 I s 1A = / |Fa[2dn,

which implies the assertion. O

|:2:,2a+1d>‘ = 0?

then it holds that ® = 0.

Define the space D¢ 2441 by

1 1
D 2gt1 = {/o Wad\ : Uy 652)‘Q+1,/0 |||\P>\||g,2a+1d)\<oo}

with the norm |||¥|

e, 2a+1 given by

1
111 300 =/ Al

1
2 gas 10X, \If:/ Uyd\,
0
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for @ > 0. Then the space D¢ 24+1 becomes a Hilbert space with the Hilbertian
norm ||| - |||¢,2a+1, and the exotic Laplacian A ¢ 2441 defined on the linear span
of {<I>Z-tea)A },\6[071] can be extended to a linear operator densely defined on D 24+1.
We use the notation A 2,41 for the extension.

8. Stochastic Process Generated by Exotic Laplacian
Let K be a self-adjoint operator densely defined on L?(R) by K = I + ;—:2. For
p > 0, we define p-norms | - g, on L2(R) and ||| - |||c,2a+1,p o0 D¢ 24+1 by
1/2
iy =870l = ( [@+@PIFobar) €., 1 e 22(R)
and

¥llc.2a41,p := [II(I = Ac2a+1)"¥|||c.2a+1 € [0,00], ¥ € D¢ 2441,

respectively. Then for each p > 0, we can also define spaces D¢ 2q+1,p by

1 1
De2a+1,p := {/ Ly(fa)dX = In(fx) € E3, 41, / ‘fAﬁ(,pd)‘ < OO}
0 0
and define

o
]D)c,2a+1,oo = ﬂ Dc,Qa—Q—l,p
p=0
with the projective limit topology of {De¢ 2q+1,p }p>0-
The Gateaux differential operator D, (y € Hc 2+1) defined on the linear span
of {®ite, » }ref0,1] can be extended to a continuous linear operator on Dc 24+ 1,005
and the estimate

1 2 1
HDy [ v = [ DI s
0 c,2a+1,p 0
1
- / 1Dy — At P2 20s 1N
1
— [ canaus [ £+ Pty
0 R
1
< |y|g,2a+1/0 |f>\‘%(,p+l/2d>\
1 2
:|y|3,2a+1 ’/ I\(fx)dA
0 c,2a+1,p+1/2
holds.

Lemma 8.1. Let y € H; 2441 be given. Then for any ¥ € D 2441,00, the series

1
o 2k
TV =) Dy
k=0
converges in D¢ 2q41,00. Furthermore, the operator Ty, called the translation oper-
ator, on D¢ 2q+41,00 i isOMeEtric.
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Proof. We first note that for any = € H¢ 2,11, the series

oo

1
T, (I)x = Z D” = Z (x y)c 2a+1q)x - e(a: Y)e, 2a+1q)
n= O

converges in Dc,2a+1,oo- Therefore, for any p > 0, we obtain that

TR 20410
2 — 2
-F ‘/ e~ T ettt (14 2)P fy () Bire, , dB(1)
R c,2a+1

- / (L+ 22 [F(0)2dt = | %,

from which we see that for any ¥ € D¢ 241,00,

P P

for any p > 0. (]

Define an operator Ag.c, on D¢ 2q+1,00 by
1
AoV = [ D2 L(Hix
0
for ¥ = fol I(f)d\ € D¢ 2g+41,00- Then Ag e, is an extension of Ag 441 defined
on £, ., to the continuous linear operator on D¢ 244100

Lemma 8.2. The operator Ag., is a continuous linear operator on D¢ 2q+1,00
into itself.

Proof. The proof is straightforward. O

Let w(-,-) be a two-dimensional white noise. For each ¢ > 0 and a > 0, put

¢ 1
B, (t) ::/0 w(u, s)ds, Bg(t) ::/0 B, (t)eq,ndu.

Then for any £ € H 2441, we have

o= [ Buean =" [ 0m s
\/WZ(//@c usduds)(eé),>

For each k € N and ¢t > 0, put

// er(uw)w(u, s)duds.

Then {{b,,(¢) }+>0}5%; becomes a sequence of independent one dimensional Brow-
nian motions on ((E})®2, te @ pq). Then B, (t) can be expressed in the form:

B.() = YZLEL S e
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Remark 8.3. Let a € N. For any ¢ € E with ¢R)(1) = ¢®(0) = 0 for all
k=1,2,--- ,a— 1, by the integration by parts formula, we obtain that

/ B0 €)du = / B (uydu = (~1)" / 1 ((6‘1) Bult))

Therefore, from (8.1), B,(t) can be considered as time derivative of white noise:

Ly (2

B.(t) = 8u> Bu(t).

Lemma 8.4. Fort € R, B,(t) is in Heaq+1-

Proof. For any sequence {{ By (t)}+>0}22, of independent one-dimensional Brow-
nian motions { B, (t)}+>0, by the law of large numbers, we see that

Jim Z By ( B.(t)% =t (a.e.).

Therefore, by Theorem 6.6, we see that

2

1
|B (t) c,2a+1 — ngnoo N2a+1 Z<en7B
n=1

converges. This implies the assertion. (I
Then we have the following:

Theorem 8.5. The process {B,(t) : t € R} is generated by 3 Ac.e, , i-e., it holds
that . )
E[TBa(t)\II] — 280G — pzBc2a+1 U, U e De ot

For any a € Ny, the operator I'((0%)*) can be extended to a continuous linear
operator on D¢ 2441. Then we have the following:

Lemma 8.6. For any a € Ny and o > 0, we have I'((0%)*)Dc 2041 = De 2(a+a)+1-
Corollary 8.7. For anya € Nog, t >0 and ¥ € D¢ 1,00, the equality
B[Tg, ) T((9))¥] = ¢ 750 A1 () )w
holds.
9. Concluding Remark
Let I, A(f) be an n-ple I'(H 24+1,c)-Wiener integral given by

L.x(f) ;:/ e Xij= 1’7 Flte,. .. tn qu e, \dB(ty)---dB(ty)
for n € Ng, A € [0,1] and f € L2(R)®". For each n € Ny, A € [0,1] and a > 0, we
define 82 71 by

gt = {Lua(f)  f e LAR)®"} € L3(Q, P; T(Hepat1,c))
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with norm ||| - |||c,2a+1 given by

I 201 = BIIAI 2 20s1)s A€ [0,1], f € L2(R)®"

Then, similarly we see that €2a+1 is a closed subspace of L?(Q2, P; T'(Hc24+1.c))-
We also define the space Df 5, by

1 1
Monis = { [ warwegd [ |||w|3,2a+1dx<oo}

with the norm ||| - |||¢,2a41 for @ > 0 and n € Ny. Then we can define the space
[Dc,2a+1] by

[ c, 2a+1 @ ]D)c 2a+1"

For each n € Ny and p > 0, we can also deﬁne spaces D¢ 2441,p by

1 1
D32a+1,p = {‘/0 n )\(f)\)d)\ In )x(f)x) S 52a+1’ /0 |f)\‘%(,pd)‘ < OO}

where |f)\|Kp |(K®n)pf)\|0, and

00 oo
[DC,2a+l7oo] = ﬂ @D?,2a+1,p'

p=0n=0

We can obtain similar results on the space [De¢ 24+1,00] parallelly in previous section.

Let W(x) := ®;50 (the Wick multiplication operator) for z € H 2,41 with
a > 0. Then W(x) is the Weyl operator acting on LS{®;,; © € Hcaq41}-
The exotic Laplacian A, 9,41 can be extended to a continuous linear operator
on LS{W(z); « € H.2q+1} with operator norm. We can also obtain extensions
of results in this paper based on the Weyl operator. Those studies are now in
progress and will appear in a separate paper.
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