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THE BOUNDEDNESS OF GENERAL ALTERNATIVE
SINGULAR INTEGRALS WITH RESPECT TO
THE GAUSSIAN MEASURE

EDUARD NAVAS, EBNER PINEDA, AND WILFREDO O. URBINA*

Dedicated to Professor Leonard Gross on the occasion of his 88th birthday

ABSTRACT. In this paper we introduce a new class of Gaussian singular in-
tegrals, the general alternative Gaussian singular integrals and study the
boundedness of them in LP(vy4), 1 < p < oo and its weak (1,1) boundedness
with respect to the Gaussian measure following (7] and [1], respectively.

1. Introduction and Preliminaries

Singular integrals are some of the most important operators in classical har-
monic analysis. They first appear naturally in the proof of the LP(T) convergence
of Fourier series, 1 < p < oo; where the notion of the conjugated function is needed!

- 1 [~ — 1 _
f@)=pvt [ LE= i L fle—y),
) , 2tan¥ =0T Jrspy>e 2tany

This notion was extended to the non-periodic case with the definition of the Hilbert
transform,

1 [ — 1 —
HWF&WJ‘ELQ@=M* FE=9) 4.
T J—0o Yy e=0 T ly|>e Y
and then to RY, with the notion of Riesz transform; see E. Stein [9, Chap III, §1],

R;jf(x) = pv. Cd/Rd Jﬁf(x—y)dy

. Y
lim € / i = vy (1.1)
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forj=1,---,d, f € LP(R?%) with Cy = WF(E;T:)I/)Z. Taking Fourier transform, we get
— s
(R f)(C) = Zﬁf(C),
and thus R;f is a classical multiplier operator, with multiplier m(y) = Cq ZI%I’
and hence P
R, = — (—A)"1/2 1.2
= g A (12)

where A = Y24, 68—:2 is the Laplacian operator and (—A)~/2 is the (classical)
Riesz potential of order 1/2.

This was later generalized to the famous Calderdn-Zygmund class of singular
integrals:

Definition 1.1. We will say that a C! function K (x,y), defined off the diagonal
of R* x R4, i.e. x # y is a Calderdn-Zygmund kernel provided that the following
conditions are satisfied:

i) |K(z.9) < 7S

ii) |5yK(x,y)| < |I,5d+f-

associated with K we define the operator T by means of the formula

Tf@) =po. | Ko fwi=tm [ K@y
Rd €20 Jjz—y|>e
with f € C5°(R%). We say that T is a Calderén-Zygmund operator if 7' admits a
continuous extension to L?(R%).

For more details on this see, E. Stein [9], [3] or [5].
The Ornstein- Uhlenbeck operator in R¢ is a second order differential operator

defined as .

1 1 62 9]
L=20— {2,V =Y [5os—min -], 1.3
2 (2, Va) ; 2 0x? xaxi (1.3)
where V, = (8%17 8%2, ce %) is the gradient, and A, is the Laplace operator

defined on the space of test functions C§°(R?) of smooth functions with compact
support on R

The Hermite polynomials in d-variables, {ﬁu}y are eigenfunctions of L with
corresponding eigenvalues A\, = —|v| = — Z?Zl v;, 1.e.

LH, =)H, = —|v|H,. (1.4)

The operator L has a self-adjoint extension to L%(v4), that will be also denoted
as L, that is,

[ Li@g@natdn) = [ f@)Lgaha(do). (1.5
R R
so L is the natural “symmetric” Laplacian in the Gaussian context.
Fori=1,2,---,d let us consider the differential operators
; 1 0
0 (1.6)

"= o 0w
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8; is not symmetric nor antisymmetric in L?(v4). In fact, its formal L?(v4)-adjoint?
is,
; 1 0 1 0
(01) = ——=e™ -,
\/§ Ox; ﬂ Ox;
where I is the identity, which can obtained simply by integration by parts. Observe
that (9%)* can be written as

(e " 1) = \2a;I

(1.7)

(@) = =l (@ie 1 1), (1.8)
Moreover, it is easy to see that
d . .
(-L) = Z;(a;)*a;. (1.9)

In analogy with the classical case (1.2), the Gaussian Riesz transforms in R?
are defined spectrally, for 1 <i < d, as

Ri=0.(~L)~'/2, (1.10)

where (—L)~'/? the Gaussian Riesz potential of order 1/2. The meaning of this is
that for any multi-index v such that |v| > 0, its action on the Hermite polynomial

H, is
. 2
RiH,/ = ﬂVjHl,,gi (111)
v

where ¢; is the unitary vector with zeros in all coordinates except for the i-th
coordinate that is one if v; > 0, and zero otherwise.
It can be proved, for details see [12], that the kernel of R; is given by

1 L —p2\12 yi —ra; - ly—rel®
Ki(z, = —m—— : - =2 dr, (1.12
(@) 7rd/21"(1/2)/0 (logr> (1 _ﬂ)@e r, (112)
and therefore, we get the integral representation of R;,
Rif(@) = pv. [ Koy (113)
1

V.— / (/1 L - i T e ‘yljrge)
P- ‘wd/21(1/2) Jra \Jo \ —logr 1 - r2)S?
xdrf(y)dy. (1.14)

In the Gaussian case, the higher order Gaussian Riesz transforms are defined
directly,

Definition 1.2. For 3 = (B1, B2, ,B4) € N4, the higher order Riesz transforms
are defined spectrally as

Rp =05 (—L)~ 112, (1.15)

2In L2(R%), % is antisymmetric, by integration by parts.
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where |8] = 2?21 B; and 95 = 5375001 - 924, The meaning of this is that for

any multi-index v such that || > 0, its action on the Hermite polynomial ﬁ,, is

RpH, = (—)W2 [Hu vi— 1) (i — B+ 1) Hyp (1.16)

if ; <v;foralli=1,2,---,d, and zero otherwise.

Observe that (1.16) follows directly from the definition of R since H, is eigen-
function of the Ornstein-Uhlenbeck operator —L, with eigenvalue |v|, and there-
fore, (—L)~181/2 [, = % WWQH

The higher order Gaussian Riesz transforms have kernel given by

ly—rz|?

1 log r 122 A8l —rx e 1-r? dr
= H -
/C[i(l’,y) 7Td/2F(|ﬁ|/2) /0 ( 1— 2 ) ﬂ(m) (1 _ rz)d/2+1 r’

for details see [12]. Therefore,

Ref(r) = p-V-/ Ks(x,y)f(y)dy

logr 122 8] y—re
= Hs| ——
77‘1/21" (181/2) /]Rd/ 1—r2 ’8(\/1_r2>

ly—rz|?
e 1-72 dr
X = it —fy)dy.

The general Gaussian singular integrals, are generalizations of the Gaussian
higher order Riesz transform. The first formulation of general Gaussian singular
integrals was given initially by W. Urbina in [11]. Later, S. Pérez [7] extend it.

Definition 1.3. Given a C'-function F, satisfying the orthogonality condition

[ Fnatan =0 (1.17)
Rd
and such that for every e > 0, there exist constants, C. and C. such that

|F(2)| < Ceel® and  |VF(x)] < Clecl®!’. (1.18)

Then, for each m € N the generalized Gaussian singular integral is defined as

_ly—ra)?

—logr iy m y—re e” 1= dr
Trmf(z /]Rd/ <1_T2) r F(m) (17T2)d/2+17f(y)dy.
(1.19)

TFm can be written as

T f (2 / Krm(x,y)f(y)dy,
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denoting,
1 logr 7712—2 ) ” e_‘yliﬁ
_ - m_l - ™
Kem(z,y) = /0 (1,&) r F(M)(l—ﬂ)d/ﬂldr
_ly=ra|?
y—rr 1—72
- / F( Vi—12 7"2> 1 — r2)d/2+1 dr (1.20)
mx e—ul(t)
= wm 7 )td/m dt,

with ., (r) = (Efff) = r™~1. and taking the change of variables t = 1 — 72,
With h (£) = @ (vT— 1) /T =, and u(t) = YA=tz=ul’

In [7] S. Pérez proved that the operator Tr,, is a bounded operator in LP(~y,),
l<p<oo

Theorem 1.1. The operators Ty are LP(yq) bounded for 1 < p < oo, that is to
say there exists C > 0, depending only on p and dimension such that

1Trm fllpy < Cllfllpqs (1.21)
for any f € LP(vq).

Now, reversing the order in (1.9), one gets another second order differential
operator, that will be denoted as L,

Zaz i) )+dI_——A + (2, V) +dI, (1.22)

and therefore,

— 1

L:L—dl:§Aw—<m,Vx>—dI. (1.23)
We will call L the alternative Ornstein-Uhlenbeck operator. The Hermite poly-
nomials {H,}, are also eigenfunctions of L, with eigenvalues X\, = —(|v| + d), i
e.

LH, =\, —d)H, = —([v| + d)H,. (1.24)

In [1], H. Aimar, L. Forzani and R. Scotto considered the following alterna-
tive Riesz transforms, by taking the derivatives (8;)* and Riesz potentials of the

operator (—L),
= (00) (L)~ /2. (1.25)
They also considered alternatlve higher order Gaussian Riesz transforms, that
is, for a multi-index 3, || > 1 taking the representation of the gradient (1.8),

18l 5
(85)* = (2‘53/2 el (9P 1=l 1)

and the Riesz potentials associated with L, these new singular integral operators
are defined as follows:
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Definition 1.4. The alternative Gaussian Riesz transform Rg for |8] > 1 is
defined spectrally as

Rpf(x) = (9)) (=L) VP12 f ().
Thus, the action of R over the Hermite polynomial H, is given by

L 1 .
ReH, = 28172 (v + d)IB1/2 Hotp,

(1.26)

using the fact that the Hermite polynomials {ﬁ,,} are eigenfunctions of L,

1 .
g Hus
(W + )71

and Rodrigues’ formula for the Hermite polynomials, and therefore,

(,f)f\ﬂlﬂHu —

d 172,

CEEE [H(w + Bi)(vi+Bi — 1) (i + d)} hyos(x). (1.27)

= 7 1
’Rgh,,(aj) =

It can be proved that the alternative higher order Gaussian Riesz transforms
have then the following integral representation,

Raf(x) =p-V-Cﬁ6“”‘2/ Ks(z,y)f(y) valdy)
R4
where

181—2 _lz—ry)?

— ! —logr\ % - T—TY e 1-r2
Ksg(z,y) =C / ri'H ( ) dr,
s(7,y) B o <1r2> 8 Vi—r2? (177,2)%-{-1

for details see [12, Chapter 9].
Now, if

K(zy) = 'K,y

L/ logr
- o[ (%)

then, R can be written as

18]=2 —|ly—rz|?

d—1 T —ry e 1-r2
r® ‘H dr
5(V1—r2) (1—r2)dt1"

|18]=2

— Y/—logr\ = 4, x—1ry
= p.v. T Hp | —=
Rpf(x) pVCB/]Rd/O <1_T2) r /3( 1_T2)

—ly—rz|?

e 1—r2

Following the same idea to define general Gaussian singular integrals we now in-
troduce a new class of Gaussian singular integrals, the general alternative Gaussian
singular integrals as,
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Definition 1.5. Given a C'-function F, satisfying the orthogonality condition
/ F(z)ya(dz) =0, (1.29)
Rd
and such that for every e > 0, there exist constants, C. and C. such that

|F(z)| < Ceel®  and  |VF(x)] < Clecl®!’. (1.30)

Then, for each m € N the generalized alternative Gaussian singular integral is
defined as

1 m—2 _ly—re|?
— —logr\ % 4. T —ry e 17
Trmf(z) = F( ) dr f (y)dy.
F, f(fE) /]Rd/o <1—7”2> r m (1—T2)d/2+1 T.f(y)y
_ (1.31)
Thus, T'Fm can be written as
Trnf@) = [ Rrnles)f )i,
where,
1 m—2 _ \y77‘m\2
Kmw) = [ (755) 7 p (Sl e
Fm\T,Y) = o \1—r2 V1—7r2/ (1 —r2)d/2+1
1 7\y7m2\2
B T—ry e 1-7
_ /0 em(r)F( 1_T2)(1_r2)d/2+1dr (1.32)

1t x— /T —ty\e ®
_ 7/ (1) ( J—

2 /o Vit t

m—2

with ¢, (r) = (;TEJ) * rd-1; and after making the change of variables ¢ =
m=2

=72, lt) = pm(VI= /YT = = (=) 7 (VT=)%2, and u(t) =

ly—vT1=tz|?

t

Observe that the hypothesis on F' for the general Gaussian singular integrals,
(1.18) and the conditions on F' for the general alternative Gaussian singular in-
tegrals, (1.30) are the same. We will prove the boundedness of T, on LP(yq4),
1 < p < oo following [7], for d > 1.

Theorem 1.2. The operators Tﬂm are LP(v4) bounded for 1 < p < oo, ford > 1;
that is to say there exists C > 0, depending only on p and dimension such that

1T Fmfllpy < Cllfllpys (1.33)
for any f € LP(yq).

In [1], H. Aimar, L. Forzani and R. Scotto obtained a surprising result: the
alternative Riesz transforms Rg are weak type (1,1) for all multi-index 3, i. e.
independently of their orders which is a contrasting fact with respect to the anoma-
lous behavior of the higher order Riesz transforms Rg. We prove that the general
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alternative Gaussian singular integrals T'p,, are also weak (1,1) with respect to
the Gaussian measure.

Theorem 1.3. For d > 1, there exists a constant C' depending only on d and m
such that for all A\ > 0 and f € L'(4), we have

a{e e Ton@ > A} <5 [ 17@hatdy).

As usual in what follows C' represents a constant that is not necessarily the
same in each occurrence.
2. Proofs of the Main Results.
In what follows we need the following technical results.

Lemma 2.1. For the function ¥ (t) = om(v/1—1)/v/1—t, considered in the
Definition 1.5 we have

i) There exists a constant C' > 0 such that

c
()] < , 2.1
[Ym(®)] < == (21)
for0<t<landd>1
ii) There exists a constant C' > 0 such that
t
m(t) = U (0)] < C———, 2.2
() = U 0)] < O (22)

for0 <t <1, and d > 1 where 1, (0) = 1, (0F) = 27 (M=2)/2

Proof. ii) It is clear, by L'Hopital’s rule that
—logv/1—1t
lim —8Y2 T i = 1/2,
t—0T t t—o+ 2(1 —¢t)

and therefore

m—2

(‘1% Vl—t) 2
m(07) = i mt)= lim = — 2~
v (0 ) tal%hq/} () tir(% VvV1-—t

(m)dfl _ 27(m72)/2.

Now,

m—2

—logVi-t) 2
|¢m(t) - ?/Jm(O)| = <t>(\/m)dl . (1/2)(771,2)/2

V31—t
- B
- m I )
where
(Flee=r) T - ()2 T
B(t) = .

t
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Clearly the function B is continuous on (0,1). Thus it is enough to prove

that lim B(¢) and lim B(t) exist, since then B is continuous on [0, 1]
t—0+t t—1-

and therefore it is bounded there.
Let us consider fist the limit lim B(t). Observe that using L’Hopital’s

t—1—
rule, can be proved that
lim (—logv1 —t)y/1—t=0. (2.3)
t—1-

m (—log V1 — 1)(m=2/2(/T=1)?"1 = 0, since

Ifm=1orm=2, li
t—1

d > 1, and therefore

lim B(t) = 0.

t—1-

On the other hand, if m > 2, and m/2 < d, then

[lim (—log VI —1)m=2/2(/T—p)d-1
= lim (—log (VI—1t)vVI—1t) (m/2-1) (VI — o,

t—1-—

Now, if m > 2, and m/2 > d, taking n such that n e N:n <m/2 <n+1
then, using L’Hopital’s rule n times

lim (—log V1 —¢)m=2/2(y1T —¢1)??

t—1—

= (5 —1) lim (—logv1— t)m/272 (V1—t)d-1!

(d—1) t=1-
- BB i (crog v (IS

as m/2 — (n+ 1) < 0. Hence,

lim B(t) = 0.

t—1—
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Now, we consider the limit lim+ B(t). Using again L’Hospital’s rule,
=0

m—2

li B(t) = li (M) 2 (m)d_l _ (1/2)(m_2)/2m

t—0+ t—0+ t

m 1) (log\/1t>?_2 <2(1t_t)+§10g(1_t)

= lim (
t—0+" 2

2 t 12

) (VI= i1

m_q
—log /1 — 2 1 1
S () @I pt (12
t 241 —t 2v1—t
Observe that using L’Hopital rule twice, we have that

1 1
. 2(1t—t) + 5 log(1—1) . 20-22 2(11—t)
lim = lm | —F—————>
t—0+t 12 t—0+ 2t
1 lit —1
= - lim . lim
4 t—0t 1 —1t t—ot t
1 I 1 I 1 1
= = lim . lim =-.
410+ 1—1 t—o+ (1 — t)2 4
Therefore,
lim B(t¢
Jm, B(0)
m —logv1—t E ﬁ—k%log(l—t) de1
= lim (= —1) [ —2Y-—" (VI—t)+
t—0+ 2 t t2

Clog T —7\"*7! 1 1
() e N
_ (% - 1) (1/2)™/2 — (d — 1)(1/2)™/2 + (1/2)™/% = (% +1- d) (1/2)m/?

i) It is enough to prove that ¢,, is bounded, i.e. there exist a constant C > 0
such that |p,,(r)] < C, for all r € [0,1] and d > 1.

Since @, () is continuous on (0, 1) it is enough to see that limJr ©m(7)
r—0

+(1/2)"

and lim ¢, (r) exist and therefore ¢,,(r) is a continuous function on
r—1-

[0,1] and then bounded. Now, from computations done in ii), we have

m—2

—1 2
lim ¢, (r) = lim ( 0gr> pd=1 = o=(m=2)/2,

r—1- r—1- \ 1 — 172
m—2

—1 2
lim ¢, (r) = lim ( 0gr> ré=1 = 0.

r—0t r—0+t 1—r2

(|
In what follows we use the same notation as Proposition 4.23 [12], see also [8],

a=a(z,y) = |z[> + |y*, b=b(z,y) := 2(z,y),
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Cly-Vi—tz? o V1—t

) =u(t;z,y) =LY 0 b— |z
u(t) = ultiz.y) ! VL g
. 2va? — b2 Va2 = Va—b |z —y|
0 a+ Va2 — b2 a Vatb lr+yl
and
a?—=b* a sy =z a? — b?
= t = —_—-— _ — —
o = ulto) 5 tg 2 2

For the proof of Theorem 1.2 we will need Lemma 4.36 [12], see also [8],

Lemma 2.2. For every 0 <n <1 and v > 0, there exists a constant C such that
if (z,y) > 0 and |z — y| > Cym(x), we have,
dt e~ vuo

1
£))1/2e—vul®) <C )

Now, we are ready to prove Theorem 1.2.

(2.4)

Proof. The proof follows the same scheme as the one of S. Pérez for Theorem 1.1,
see [7] (or Theorem 9.17 of [12]). As usual, we split these operators into a local
and a global part,

Trmf@) = Cy / K b (2, 1) £ () dy

lz—y|<dm(z)

Lo, / Ko (2, 9) f (y)dy

le—y|=dm(z)
— TF,m,Lf(x) +TF,m,G,f(:E)7

where
Trm,0f(®) =Trm(fXB, () ()
is the local part and
Trm,c,f(@) =Trm(fxs: ) (@)
is the global part of T, and
B, = B(z,Cym(z)) = {y € R : |y — x| < Cym(x)}
is an admissible ball for the Gaussian measure.

i) For the local part T, 1, we will prove that it is always of weak type
(1,1). The needed estimates follow from an idea that the local part differs
from a Calderén-Zygmund singular integral by an operator that is L' L’yd)—
bounded; in other words, the operator defined by the difference of 1T'g,,
and an appropriated approximation of it (which is an operator defined as
the convolution with a Calderén-Zygmund kernel) is L*(R¢)-bounded.

e First, observe that if F' satisfies the orthogonality condition (1.29)
and (1.30), setting

00
_ o — |22/t dt
/C(l’) _/0 F( m)e ’ td/2+1’
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then, K is a Calderén-Zygmund kernel of convolution type (see [3], [9]
or [5]), as the integral is absolutely convergent when = # 0. Making
the change of variables s = |z|/t!/? we get

—s2 .d—1
o) 2 ;7 ( 7l )e s91ds Q)
x) = =
|| x|
with 2 homogeneous of degree zero, and therefore K is homogeneous
of degree —d. Moreover, € is C'! with mean zero on S¢~!, since

/SH Q(z")do (z') / /Sd 1 —a's)do(x )efszsdflds
Q/Rd F(~y)e " ay =o0.

Therefore, by the classical Calderén-Zygmund theory, the convolu-
tion operator defined using convolution with the kernel K, is contin-
wous in LP(R%), 1 < p < oo and weak type (1,1), with respect to
the Lebesgue measure. Therefore, by Theorem 4.32 of [12], see also
Proposition 4.3 of [7], its local part is bounded in LP(v4), 1 < p < o0
and of weak type (1,1) with respect to 74.

e Second, we need to get rid of the function ,,. Using Lemma 2.1, we

can write
— 1 z—1I—ty) e v®
Rem(e) = gon) [ £ (0 0) 0

#3 [ w0 vty P (F)

dt

Set

1 _
r—1T—ty\ e *®
Ki(z,y) ::/ F( 7 y) oy dt
0 t t2

Now, about the local part we know that u(t) > |y — z|?/t — 2d, then,
using condition (1.30), we get

[ttt = vty (F0)

/wm -l [P ()| €

t%-‘rl
t le—vi=ty|? e~ u(t)
e 7

-~ Jo VI=1 15+l
B C/ eev(t)—u(t) dt
N 0 t% V31— t’

2
where v(t) = M

ev(t) —u(t) = e(v(t) —u(t)) — (1 = eJu(t) = e(|lz* — [y*) — (1 = Ju(t).

—u(t)

. Observe that
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Then,
[ttt = smton F (F) €

s [le—(—0u® gy 1ol
< Cecllal*=1y] >/ - <C’Oe/ CI
0 2 0 2

t V-t~ t 1-—1t
Set ,
1 _Sl=l
e ¢ dt
K = —_—
Q(I) /0 t% -1

e Third, we need to control the difference between K1 and the Calderén-
Zygmund kernel IC.
Claim

1+ ‘$|1/2

(Ki(z,y) — K(z —y)| < Cm

Proof of the claim We need to estimate,
K1 (2, y) = Kz —y)|

1 - o0
— 1 -t u(t) . -
/ F(m ﬁy) ed dt*/ F(y l’) edidt
0 Vi ol 0 Vi) Ett
1 _ Jo%) _ lz—y|?
— 1 -t u(t) . -
/ F(w ﬁy)ed dt—/ F(y x) edidt
fo vt t2tt to Vi tetl
to _ _ —u(t) to B 7\m—t?/I2
/ F<x \/ﬁy> ed dtf/ F(y x> edidt
0 Vit tztl 0 \/i tatl
= (I) + (ID).

Using again the notation of Proposition 4.23 of [12], and the fact that
on the local part u(t) > |y — z|?/t — 2d, there is a § > 0 such that,

1 _ _ —u(t) o0 _
/ F(x V1 ty) ed dt+/ F(y x)
to tzH+l to Vit

<

+

_lz—y|?
e t

ot

—

—
=
IN

Vit

1 ev(t)—u(t) dt o) a2 dt
¢ e_1ylz=ul®
Scl/WéJrCz/ el
to t 2z (2 to 1o+
1 o=(1=e)u(®) oo .
< Clee('m'blyﬁ)/ %d—h@/ ezt _dt
> to t% t2 to PENET
1 7(1,6)M o o
< Ce/ e(difl)f‘i;qcz/ eyttt
to t7z t2 to 1541
00675% dt
= 20/ @3
to t =2 t2
1 1 1+\x|1/2
S oy SO Ty
y to |z —y|*=
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Now, we need to bound (II).
Set w(s) =z — /1 — sy, 2(s) = y— /1 — sz, then w'(s) = 37— and
ZI<S) = 27%.

) <z'(s), Zf)> F (w\(/‘?> e’Mds’

</t w/(S) ‘VF <w(5)> |2(s)]2
>~ e t s
o | Vit Vit
+2/t 7)) |2) ‘F (w(s))‘e—”i”ds
o | Vi t Vi
Lyl ewer e
f%/ﬁ
49 S Cd R £1 O ] B P T B
0o Vi2v1—s| Vit
t
vl ! ee’%<\z|2—|y|2)—(1—e/)ﬂds
T2Vt Jo VI—s
|-'L'|/ \/7 \(/37) eel}i’(lwlz_lyﬁ)_(l_ﬁ/)ﬂds
1—s
T S,
2Vt Jo m
C|I|/ 2(8)| —a-hlE@P e e
e t e t
VI—s| Vi
Clol [*_ L ey 4= s
o9 /7 € ¢ tods+ —— P T s,
T2Vt o VI-s

On the other hand, in the local part, we have

2(5))* _ ly—vI—sef _[y—2) = (VI—s—Daf
t t t
(=) = I(VIT=s - Da)* _ (Iy—a)| = |(1 = VI =s)x])”
t t '

Y]
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Since 0 < s <t <1, we have:

1—vV1-s

< 1
t

(-2~ |VT=s-Da])* _ |y=o) ly—zlleld-vI=s)

t = t t
(y—x)?
> %—ﬂy—xﬂﬂ
_ 2
> |(y tx)\ _ a0

r—+v1—-ty\ _ T—Yy\ _lz—yl?
Fl——— e“(t)—F< )e ?
=) 7
= ds

t t ’
< Clyl / 1 e’(l’el)‘y7t1|2ds+ Clx| / 1 Jectl! ly—=?
2\/1? 0o Vv 1—s \/E o Vv 1—s
Clyl + |=|) /t 1 O e d
0

ST Vi ’
Oyl + ) i L
Vi o Vs
Clly| +|a]) _soe
- 7 2(1 — V1 —1t),

where 6 = (1%/) > 0. Hence,

In = /tOF r-VIi-ty emult) _ p (T el | dt
0 Vi Vit td/2+1
2
to 675@ (1_m) &t
< 2C +$/ at
< 20(ly[ + |=) e g =
et a0+ Jel) [ de
< 20 +x/77§7/ dt
(o + =1 0 ti/2 -t lz =yt Jo Vi
_ 200+ e
jz—ylt 0

Now, using that

2v/a? — b2 < 2va? — b2 2z +yllz -y
at+Va®—b0 "  a |2 + y|?

tp =
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we get,

0 =

Cllyl+ 1) 12 _ cmA+mn<2x+mu—y0”2

[ + [yP?
_ cmA+uD< o +y]'/? )

2 —yl9=2 \ (|22 + |y|2)"/>?

- Clyl | + y| /2
2 —yl9=2 \ (|2)? + [y[2)"/?

Clz| |z + y|'/?
+ d—1 1/2
|z =y \ (|22 + [y]?)

|z —y|? |z — y|d

o _Cll (letyl2\  Clal  (|z+yl'?
— 1 1
w—yli=2 \ (jy2)"? )z -yt \ (e2)"?
20
= oy ()
20
< gy ().

Also in the local part, we have

|z = [yl < |z —y[ < Cu, e Jy[ < Cy+ |-

Then,
C(lyl + |z]) 172 c 1/2 1/2 1
Sy T 1x, _~ ( 2 4 (C /2 )
gt < oy (O e
Clz|*? +C
o —y|t=2
C(1+ |x|1/2)
o —yld=z
and therefore,
C(1 1/2
an < O RE)
|z —y|*2
Set
1+ ||z
Ks(z,y) := %.
|z —y|*2

Observe that K3(x,y) defines a function in the variable z which is
L' (R%), uniformly in the variable y.
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Hence, writing Kz (7, y) as

- 1 /1 1— e—u(t)
Krm(z,y) = 5/0 Y (1) F ﬁx)td/%l
1 \/ﬁx e u®
= 0n(0) /0 F( ) st
1t — VI =tz e
+§/0 (Vm(t) — 1/)m(0))F( NG )td/2+1dt

- o[ LT

00 _lz—yl?
Yy—x\e T
-, P Tt
_le—yl?

500 [ r (") et
+3 [ Gt~ oo r (LT

Using the estimates above, we conclude that the local part Tr,, 1 can be
bounded as

dt.

Temif@| = Temf o))l =| [ Fem) s dy)
By (x)
< C Kz, )| f(y)] dy+0’p-v- / Kz —y)f(y) dy‘
B (x) B ()
+C Koz —y)|f(y)| dy
Bp(x)

(I) + (IT) + (II1).

By Theorem 4.32 of [12], (IT) is bounded in LP(7y4), 1 < p < oo and of
weak type (1,1) with respect to v4. So it remains to prove that (I) and
(III) are also bounded. In order to do that, we need to use a covering
lemma, Lemma 4.3 of [12]; taking a countable family of admissible balls
F.

Given B € F, if x € B then By,(z) C B, and therefore,

3 f()Ixs
(1 [2]'72) Ty
> S

(k+1) Cym(z)<|z—y|<2—kCym(z) ‘LU—

(1)

IN

Ca2' M(fxg)(@) (1 + |2[*)m(x)"/? Z o—(k+1)/2

k=0

where M(g) is the classical Hardy-Littlewood maximal function of the
function g.

IN
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On the other hand, let us consider ¢(y) = Cse=°l¥’° where Cj is a
constant such that fRd o(y)dy = 1. ¢ is a non-increasing radial function,
and given t > 0, we rescale this function as ¢ ;(y) = t=2¢(y//t), and,
since 0 < ¢ € L' (RY), {® z}>0 is a classical approximation of the identity

in R%. Then, since fol(l/\/l —t)dt < oo,

= [ Keweia= [ (f i )AL 0

L. Guwete =) ([ =)l

¢ B () (ig%wf(x_ ))\f(y)ldy-

IN

IN

Again, using the family F if # € B then By (x) C B, then, by a similar
argument as before,

/Bh(z) Ka(z —y)|f(y)] dy < C/]Rd (?1;}8@\/{(1‘7y)>|f(y)|xg(y)dy

which yields, using Theorem 4 in Stein’s book [9, Chapter II Sec. 4.], we

(I11)

get
I11) = Koz — )| d su x T
e vs 3 (e rsh@ e
< Y MUxg) s (o)
BeF

Therefore, the local part T, 1 is bounded in LP(v4), 1 < p < oo and
of weak type (1,1) with respect to v4.

ii) Now, for the global part T, ¢, we will prove that it is LP(v,4)-bounded
for all 1 < p < oco. The idea will be to exploit the size of the kernel and
treat TFM’G as a positive operator.

Observe that, from Lemma 2.1,

C
t) < .
(0] < =
Hence, using (1.30) and v(t) = \177 VISP e get
— — /1= —ut) gt
Renew)l < ¢ [ (20710
’ N t4/241 T —1

e U (t) dt
ev(t
< G / ta/2+1 /1 _ t’

for some € > 0 to be determined.
Let us take E, = {y : (z,y) > 0} and consider two cases:

e Case #1: b= 2(z,y) <0. Now, as v(t) = ¢ — 7”;&’ — |y|?
a 1-t
t

)

2a
b—|y]* <

a 2
- <o) = = — ==
L~y <o) <=,

t



/
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and so, the change of variables s = a(3 — 1) gives

eev(t)—u(t) dt

tetl V1—1t
_ el /1 e Um0 dt
0 tatl J1—t
< oleP—luP? /1 e (TIGWD at
o 0 t5+1 V-t

1 —(1—e)(e
= e|I\27\y\2+|y\275\y|2 / ¢ (d o _dr
0 tat+l V11—t

2 2 2 2
elzl"=1yl*+1y[* —elyl| o 4 1ds
—(1— d_ 1
— . ( 5)(‘?+a)<5+a)2 2
az 0 S2
2 2
efly‘ +6|:L" o d 1 S
—(1— d_ 1
———— | e P(s+a)iis
a?z 0 S2

19

—ly[>-+ell? o0 o
<& r C / e~ (1=9)sgs—1gs 1 g5~ 2 / e~ (=95 g3 -1
N a? 0 0

—ly[?+ela|® i 11 2l
- Ceeid (r(d) +a2—2p()) = C.e~ VI telz] (

a2
2 2
— —+e€|x
< Ce~ vl el

as a > % over the global region. Thus,

— x—+1-— —u®) gt
Krm(@y)| < F( y) ;
\/i t2+1 \V 1—1¢
et t —u t
< C / @)—ult) gt < Ceei‘y‘2+elz‘2.
- t5+1 1 —t
Therefore,

p
/ </ [Krm (@, )| 1f ()] dy) e~ 1P dy
R\ J By (2)NEg

p
(/ — |yl +elz|? |f(y)|dy> e 121? gg
z)ﬁEC
P
<C/ < o lvl dy> eelelPp—lal? gy

( dy)) (ep—D)laf? gy

AT / = 0f s = I,

for e < 1/p.

)

=
| F
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o Case #2: b= 2(x,y) > 0. Consider again
o~ laP | VTP

— to) = < 2 b2 1/2.
up = u(to) ) 5 < (a )
Let y € By (x
— T — \/1 —ty dt
K <
| F,m(myy” = < > t2+1 \/m
o 5,1,ﬁy‘ —u(t) gt . 1 gev(t)—u(t) gt
< =
- / t5+1 Vi—t o 3t V1t

1—e)u(t
_ Cee(|x|2—|y\2>/ e”1mou® dt
0

T 31—t

1 — (=L yu(t eui&—M
_ cee(lm|2—|y\2)/ e (51) “e 3() d
0 t =z t24/1 —t

Now, we know that

d—1 da—1 = d—1
e~ (57 )u(®) e—u(t)\ @ e—ulto) \ ¢ e~ (T3 )ulto)
a1 = < t% > < d = a1
t 2 tO tO 2

Then, by Lemma 2.2, taking v = % —e>0

[Krm(zy)| < Cel

2y e~ T ulto) /1 e(z’%)“(t)dt
tog o t2v/1—1t

— (45 u(to) ele—q)ulto)

< Ceclef-wHE 2 ;
ty? t;
—(1—€)u(to)
2_ 1,12\ €
= el
t

Thus,

p
P 2
/ ( / |Kp,m<x,y>f<y>dy> e d
Rd B§ (z)NE,
—(1—e)u(to) P
<C (/ e€(|12_yz)ed|f(y)|dy> e =1 dg
R4 B§ (z)NE, te

—(1—e)u(to) : \”
e—1Y(1z|2=1y|2) € _\yl
s (/ el =l T e dy> d.
R¢ \ JB¢(2)NE, te

Therefore, it is enough to check that the operator defined using the
kernel,

—(1—€)u(to)
XB () (Y),

K(z,y) = el 5l =1w) €
t&
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is of strong type p with respect to the Lebesgue measure. Using the
inequality ||y|> — |z[?| < |z + y||lz — y|, definition of ¢y and that, as
b > 0, then on the global region, |z + y||z — y| > d, we conclude that

~(1=)u(to) » y
e alP—ly €T L [0 052 (ulP - el?) = 5 oyl
173 te
< ide\(%—@——“;e) llyl2=12?] ;= S5 |a+yllz—y]
tg
< L elG-9- 952 larplle—yi- 452 ey
tg
= ide‘%‘”y”“—y' < Cla + y|de=owla+vllo=yl,
tg
where
(1-¢ |(1 ) (176)|
oy = —_ — —€) — .
P 2 p 9

Now, as p > 1, taking e < % we get that que oy, > 0.
Observe that the last expression is symmetric in z and y and, there-
fore, it suffices to prove its integrability with respect to one of them

/d‘m+y|defap|x+y|\zfy|dy < C+C/ (|de—eslzlla=l gy
R |

z—y|<1

+C |z 4 y|dem |7yl gy
|z—y|<1

oo
<C el dy + Cd/ r2d=le=wrgr < O,
R 0

Observe that, once p > 1 is chosen, then the operator defined using
the kernel K (z,y) is in fact LY(R%)-bounded for 1 < ¢ < oo, but for
the proof of the theorem it is enough the case p = q.

]

Now we will prove Theorem 1.3, following the proof of Theorem 1.2 in [1], (see
also Theorem 9.17 of [12])

Proof. As usual, for each z € R%, we write this operator as the sum of two opera-
tors which are obtained by splitting R? into a local region,

Bu(z) = {y € R? : |y — z| < Cam(x)},

an admissible ball and its complement By, (x) called the global region. Thus,
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Tenfl@) = Co [ Kemlwn)fwiy

lo—y|<dm(a)

€ [ Kemlow)fwldy
|z—y|>dm(z)
= Tpmof(@)+Trmaf(z),

where as before

Trm,of(@) =Trm(fXB,) (@)
is the local part and

TF,m,Gf(fU) = TF,m(fXB;(-))(fU)
is the global part of T .

We will prove that these two operators are vg4-weak type (1,1) and so will be

Trm. In order to prove that Tp., 1 f(z) is y-weak type (1,1), we will apply
Theorem 4.30 of [12]. In our case,

Tf(e) = p. | KGa)f(o)dy
with

K(x,y) = e'Rpmn(e, y)e-'W
_ly—re)?

) _
log r e -1 T —ry e 1-r2

= C F d

./0 (1—7“2) VI—12) (1-r2)s+l '

oK B logr N de1
8yj(x’y) B QC/ (1—7"2> '
_ly—ra|?

x[ —r 8F(x—ry>+F(x—ry>y]—m'J} e
L r
V1—7120y; \V1—r2 VIi—r2) 1-72 | (1—r2)2t

Now, we show that the hypotheses of Theorem 4.30 of [12] are fulfilled for this
operator. Thus, we prove that, in the local region Bj(z), we have,

IK(z,y)| <

|_7
|z —y|

and

e y)‘ Ty
There exists a constant C' > 0 such that for every y € By ()
c1 < e|y\ < C,

then
K(z,y)| < Cle” K (2, )| = CIKpm (2, y)|
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and
oK 2 12 OK Em
@wﬁSCF_Z“y’(%w-
dy; 9y,
On the other hand, on By (z), we have
— 7T 2 xr— 2 _ rT—Y) T €T —1
e_clylfﬂl — 6_0‘1"?'!"2 e*‘:}+:|m‘2675% < Cefc%’

thus by this inequality and using the hypothesis on F', (1.30), we have

_ly—ra|? clz=ryl? _ ly—re)? lz—y|?

e 1—r2 S CE e 1-r2 ¢ 1—r2 é Ceic 1—r

()

and
T —ry _ly=ra]? , ele—ryl® ly—rel? _lz—yl?
VF | —= e 1-r2 < Ce e 1-r2 ¢ 1-r2 < Ce S p—
vr ()| < :
L —logr N e_cmlify“2
K(zx, < C dr
kel < o[ (725) 7
1 1 70‘171/‘
< C /2(—1ogr) 272d7’~&—/ —_dr
- 0 1 (1- r)%“‘l
1 C
< C (1 + )
|z — yl |z —yl
and

m—2 lz—y]
oK ‘ 1 —logr 2 e ¢ 1-r
(z,y < C/( — dr
’33/]-( ) o \1-r2 (1—r)"
1 1 _clz—yl
2 |m—2 e 1—r
< C / (710g7") 2 dT+/ 7”_*_361’1"
0 T
< C 1+¥
— ‘l’-y|d+1
_c
g

From Theorem 1.2 we know that the operator TF7m7 is bounded on LP(~,) for any
p > 1. Thus, v4-weak type (1,1) of Tx 1, follows, using Theorem 4.30 of [12].

In order to prove that T, ¢ is also y4-weak type (1,1) we use Forzani’s gen-
eralized Gaussian maximal function,

B 1 |z —ryl
AAQﬂx)_0321%1U1+%33(§Jﬁ(1_r»)u4d¢<v@—wa>'ﬂyﬂvadw’

(2.5)
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where § = 6, , = m min {ﬁ, 1— r} , see Definition 4.17 of [12], and prove
that on R?\ By, (z),

Trm.cf(@)] < CMaf(z), (2.6)
with ®(¢) = e—ct”,
1 1 m=2 _Je—ry|?
= —logr d—1 r—ry\ e -
K = F —d
IKpm(z,y)] /O (1_r2> r ( %1_742) Ao
3 _lz—ry|?
0/1( logr)™ £ g
< —logr = dr
< ; g =77
2
1=¢/lal® =5 . dr
c T (e va—)y) —
* ~/Z (1—7“2)71771 (2l v ( )7 |z|(1 — r2)3/2
L el jla?
we [ S elva-rh S
1=¢/laf? (L=1%)"7 L=

Hence,
K@) = C (K (@,9) + Ko (2:9) + K )

where the inequality is obtained by annihilating the Hermite polynomial with
part of the exponential, then splitting the unit interval of the integral into three
subintervals [0,3/4], [3/4,1 — ¢/|z|?], and [1 — ¢/|z|?,1] and taking into account
that on the second one ||V (1—72)"1/2 > |z|, on the third one |z|V (1—r2)~1/2 >
(1 —72)~Y2 and |z — ry| > &z — y|, and on the last two intervals the function
—logr/(1 —r?) is bounded by a constant.

Thus, by using the definition of kernels K;m, j =1,2,3; using Fubini’s theorem

to interchange the order of integration on each operator TJF,m,G? j=1,2,3, using
the inequality

z |zl (d—1)/2 || 2\ 1
2 5s) ) < - —. .
Yd (B <r’ " s)) <Cs exp 2 (1—-13s) 2] (2.7)

see Proposition 1.7 of [12], and using the definition of Mg f with ®(t) = e~ we
get,

_lz—ry|?
m—2 € 2(177‘2)

Trmal@) = o [ [T ogn™s 0

3 :
4 m—2 2 e 20-r2
—logr)"7 el / —_—
./o (= log) re (1—=72)

C/Z(—logr) =5y Ma f(z) < C Ms f(),
0

dr |f(y)| va(dy)

N3

|f(y)|va(dy) dr

wl3|

IN
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TFm Gf(

_l= ry|?
1- C/\ﬂ 2(1 r2) d
— elol’ ¢ VAR R (R —
= // 1 yer V=TT e

x| f(y)| va(dy)

N|=

= II‘Q e— v 1 _ 2 _1/2
/3/4 ‘ /Rd (1—r2)(n-1/2 (Jz| v (1 —r%)=/%)

dr
X‘f(y)Wd(dy)W
1 f¢/l=l? dr
=Ll 3/4 1—r3r Ma f(z) < OCMa f(z),
and, finally,
=3
TF,m,Gf(x)
le—ry|?
= e’ et .
=e /]Rd/1 ez (1—12)"5 ~(Jz| v (1 =7?)72)
_5\w*yl2
e T—r
X dr |f(y)l 7aldy)
1 \(Jv ry \)
z|? 6 1-r2 o1/
N /1g/z|2 e /Rd m(\ﬂ V(1-r7) / )
el

1 W)l yaldy) dr

! 2 —ea
< m/e— V(1 — p2)-1/2 dy) d
< [ e 0= e )bty dr

1
< Claf? /1 0 Maf (@) £ OMa (o).

So, since

|TFme |<OZTFmG'f )

Jj=1

(2.6) follows. Then, using Theorem 4.18 of [12] (see also Theorem 1.1 of [1]) we
get the yg-weak type (1,1) inequality for Tr G- O

In an forthcoming paper [6], following [2], we prove that the general alterna-
tive Gaussian singular integrals T'r,, are also continuous on Gaussian variable
Lebesgue spaces under a condition of regularity on p(-).
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