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RENYI ENTROPY ON C*-ALGEBRAS

FARRUKH MUKHAMEDOV, KYOUHEI OHMURA*, AND NOBORU WATANABE

Dedicated to Professor Leonard Gross on the occasion of his 88th birthday

ABSTRACT. In this paper, we formulate Rényi-type entropy depending on
o € [0,00)\{1} and reference systems S on C*-algebras, and prove that the
introduced entropy corresponds to the quantum Rényi entropy defined by
Petz and S-mixing entropy given by Ohya under certain conditions. More-
over, using our entropy, we show that the complexities of the KMS state takes
different values by choosing different reference systems S for any « # 1.

1. Introduction

In classical information theory, the Shannon entropy gives the information
amount of an information source by using the probability distribution {p;} [21].
However, in general, it is difficult to obtain the correct probability distribution for
actual systems. The Rényi entropy is more widely used than Shannon’s one since
it can give the information amount for a system which {p$} (a € [0,00)\{1}) is
found [19]. Moreover, since the Rényi entropy corresponds to the Shannon entropy
when o — 1, the Rényi entropy is an extension of Shannon’s one in the sense of
the parameter a.

On the other hand, using the barycentric decomposition of states, the S-mixing
entropy was defined by Ohya as a Shannon-type entropy on the C*-algebra A
[11, 12, 22]. This entropy depends on the extreme points of S which decompose a
state on A. Therefore, one can investigate the complexity of a state in detail by
choosing §. The space S is called a reference system.

In [7], we formulated a Rényi-type entropy which depends on a € [0, 00)\{1}
and reference systems S based on the construction of the S-mixing entropy. In
this paper, we give the definition of the Rényi entropy and show several results by
using the entropy following [7].

We organize the paper as follows: In section 2, we briefly recall the notion of
barycentric decomposition. Section 3 is devoted to formulate the S-mixing Rényi
entropy. Moreover, we prove that the Rényi entropy corresponds to the S-mixing
entropy when o« — 1. In section 4 we show that our Rényi entropy equals to the
quantum Rényi entropy defined by Petz [16, 17] if S is the space of the set of all
states and « > 1. Besides, we prove that our entropy is less than or equal to the
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quantum Rényi entropy, if 0 < o« < 1. This result implies if 0 < o < 1 and the
quantum Rényi entropy takes the value 400 then one can measures the complexity
of states by using the S-mixing Rényi entropy. Section 5 is devoted to computing
our entropy for general states in several reference systems.

2. Decomposition of States
2.1. States on C*-algebras. We firstly recall the following famous theorem.

Theorem 2.1. (Banach-Alaoglu theorem) Let X be a normed space and X*
be the set of all bounded linear functionals on X. Then
X)={feX s Ifl <1} (fll = sup [f(2)], € X)

llzll=1
is weakly* compact.

Let A be a unital C*-algebra (i.e. with the identity 14) and & be the set of
all states on A. & is a closed set with respect to the weakly* topology. Due
to Theorem 2.1, & is weakly* compact. Moreover, obviously, & is a convex set.
Therefore, the following theorem holds.

Theorem 2.2. & is a weakly® compact convex set.

Let O(R) be the set of all strongly continuous 1-parameter automorphisms on
A. Similarly to Theorem 2.2, the set of all #-invariant states I(6) and (8, 6;)-
KMS states Kg(6) (8 is the inverse temperature) are weakly* compact convex
subsets of &. Therefore, one can apply the decomposition theory introduced in
next subsection to these state spaces.

2.2. Barycentric decomposition. In this subsection we briefly review the gen-
eral decomposition theory of a compact convex set.

Let S be a locally convex space, S a nonempty compact convex subset of S,
C(S) the space of real continuous functions on S, and M (S) the set of all positive
Radon measures on C(S).

The Riesz Theorem tells us that there exists a one-to-one correspondence be-
tween the positive linear functionals, L, on C(S), and the Radon measures u €
M4 (S) which satisfies u(S) = || L||, such that:

Mﬁ=/?wmmw, fece).

We identify L with its corresponding u, and write:

Mﬂ=/}wmmm, fece),

viewing the Radon measures as the positive linear functionals that they generate.
We now recall the notion of Baire measure.

Definition 2.3. The elements of the o-algebra By generated by the closed G-
subsets of S are called the Baire sets of S. A measure pg on By is called a Baire
measure.
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The restriction of a Borel measure on B to By is a Baire measure. Therefore,
a one-to-one correspondence between Radon measures p, and Borel measures du,
and Baire measures dpu is established:

Mﬂ:/}wmmm:/}wmmwx fece).

In the sequel, we will use the term “measure p” interchangeably as the above three
concepts. Denote

My(S) :={p; pe M(S), u@S) =1}
Now we introduce the notion of the barycenter of a measure p € M;(S).

Definition 2.4. Under the above notations, the barycenter b(u) of € My(S) is
given by

b(u) == /wdu(w). (2.1)
We let ¢ € S be equal to the barycenter b(u) of € My (S), i.e.

Y= /wd,u(w). (2.2)

In the above equation, we can consider that ¢ is decomposed into simpler compo-
nents of S. This decomposition (2.2) is said to be the barycentric decomposition
of 1. We define

My(S) == {p; p € Mi(S), b(u) = ¢}
My (S) is the set of probability measures p which represent . In the next sub-
section, we will show a condition of the existence of measures which represent

.
Incidentally, if ;1 € My, (S) has countable support {¢1, s, ...} then p is written

as
=Y Ny, A 20, ) A =1, (2.3)
j j

where dy,; is the Dirac measure with support {¢;}. Then the barycenter of p is

given by
b(u) = Ay
J

Under the above assumption, we denote the set of all probability measures with
countable support whose barycenter is equal to 1 € S by Dy (S), i.e.

Dy(S) = {u; b(p) =Y _Ajib; = ¢ and ¢; €S for all j}.
J

2.3. Maximal measures. We first recall the theorem which ensures the exis-
tence of the extreme points of compact convex sets.

Theorem 2.5. (Krein-Milman theorem) For a compact convex subset S of a
locally convex topological vector space S, one has
(i): exS # o,
(ii): S =co(exS),
where €o(+) is the closure of the convexr hull of ().
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Next, we state the relation between elements of S and measures.
Definition 2.6. Let p and v be Radon measures on C(S). We write
pw=<v if u(f)<v(f) forall feC(S), f>0.
By Zorn’s lemma, one has the following result [18].

Proposition 2.7. For any pu € My(S), there exists a mazimal measure v which
satisfies

= v (2.4)

We define the set of all maximal measures (2.4) by M{"(S). After these prelim-
inaries we now introduce a condition of the existence of u satisfying ¢ = b(u).

Theorem 2.8. Let S be a compact convexr set. For any ¥ € S, there exists
w € M™(S) such that

¥ = b(u)
and w(Q) = 1, where Q is a Baire set satisfying exS C Q C S.

A condition of the uniqueness of p which satisfies the above condition is as
follows.

Theorem 2.9. There exists a unique mazimal measure, for any ¢ € S, if and
only if, S is a Chogquet simplex [4, 7, 18].

Remark 2.10. Another noncommutative decomposition theory based on the Jacobi
relation has been studied intensively in recent years [1, 3].

3. S-mixing Rényi Entropy

3.1. S-mixing entropy. Since the set of all states & on a unital C*-algebra A
is a weakly* compact convex set (see theorem 2.2), one can apply the notion of
barycentric decomposition to states ¢ € &. Moreover, the set of all #-invariant
states (i.e. w06, = ) I(6) and KMS states Kg(f) are weakly* compact convex
subsets of &. According to these facts, in the sequel, we will treat the weakly*
compact convex set S.

If p € S is represented by pu € M;(S) with countable support, then one has
the coefficients A\; > 0 (32, A; = 1) (see (2.3)). From the result, Ohya defined the

Shannon-type entropy on the unital C*-algebra [12].

Definition 3.1. The S-mizing entropy of ¢ € S is defined as

Sty o (IS A 08N 0= 5 Ad, € DAS)) (Do(S) #9)
T {+oo (Du(8) =) Y

If ¢ can not be represented by countable support {¢1, s, ...}, then the mixed
state ¢ has uncountable support. Therefore, Ohya defined the complexity to be co
it D,(S) = ¢ [13, 15]. This entropy is an extension of the von Neumann entropy
[9] to the C*-algebras.



SHORT TITLE FOR RUNNING HEADING 5

Theorem 3.2. Let A be the set of all bounded operators on a Hilbert space H. If
@ is given by the density operator p, i.e.

p(-) = Trp(")
and D, (&) # ¢, the following equation holds:
S5 (¢) = —Trplog p. (3.2)

Remark 3.3. In [8], Mukhamedov and Watanabe formulated a new type of entropy
of quantum channels based on the construction of the S-mixing entropy. Using
the entropy of channels, they showed several results for entangled states. Besides,
the complexity of qubit channels and phase-damping channels were calculated.

3.2. S-mixing Rényi entropy. In [7], we generalized the S-mixing entropy (3.1)
to the Rényi-type which depends on a positive real number a # 1.

Definition 3.4. The S-mizing Rényi entropy of order o € [0,00)\{1} of p € S'is
defined by

§5(p) iz 4 I =) M log 30, A5} s =325 Aidy, € Dp(S)} (Dp(S) # 0)
" oo (Do(8) = ¢)
(3.3)

Varying two parameters a and S, we investigate the properties of the S-mixing
Rényi entropy. In the sequel, we will assume that D, (S) # ¢.

Note 3.5. Unlike the case of finite-events, the classical Rényi entropy of countably
infinite events X = {ay, as, ...} may diverge for 0 < a < 1 [6]. Therefore, we have
to carefully check the behavior of the S-mixing Rényi entropy when 0 < o < 1.
Hence we define a subset of D, (S) as follows:

1 «
D.(S) = n€Dy(S); Jae0,1), 1_a10gZ)\j <ocop.  (34)
J

We first show the basic properties of the S-mixing Rényi entropy.

Lemma 3.6. Assume that
1

—

logZ)\Jo-‘<+oo 0<a<l),
J

where \j >0 and 3_; A\j = 1. Then (1 — a)~tlog >_; Aj is a monotone decreasing
function with respect to o € [0,00)\{1}.

Proof. Let
fla) = log) X7 (a€[0,00\{1}),
faQ = o.
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Next let 0 < 6 < 1 and a3, as # 1. Due to the Holder’s inequality, we have

Oy —0)as o azyl—
DN = 3 gy
J

J
< (Z )\?1)0(2 )\?2)176.
J J
Therefore,

f(Oar + (1= 0)az) < 0f(ar) + (1 —0)f(az).

This implies that f is a convex function. Hence the following different quotient:

fla) = f(1) _ fla)

a—1 a—1

is a monotone increasing function w.r.t. « # 1. Thus (1 — a) !log DoAY Is
monotone decreasing with respect to a # 1.

Theorem 3.7. Let D, (S) # ¢. SS(p) is a monotone decreasing function with
respect to o € [0,00)\{1}.

Proof. Since (1 — a)~!log 2 A7 (=22, Ajdy; € D,(S)) is monotonically de-
creasing for @ # 1 (Lemma 3.6), we obtain the statement by taking the infimum
over all p € Dy(S). O

The following property does not require the assumption that D[,(S) # ¢.
Proposition 3.8. The S-mixing Rényi entropy of p € S has the positivity:
55(p) > 0 (3.5)
for any o € [0, 400)\{1}.
Proof. Since

Yar>1 (0<a<),
J

we have
logZA?ZO 0<a<l).
J

Hence
1

l—«

log Y AF >0,  Vaelo1) (3.6)
J

On the other hand, if « € (1, 4+00), then Zj A < 1. This implies that

1
l1—«

log» A >0,  Vae(l,+00). (3.7)
J
(3.6) and (3.7) induces that

1
SS(¢) = inf
N -

log Y A >0,  Vae0,+00)\{1}.
J
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Recall that the classical Rényi entropy is an extension of the Shannon entropy
by a # 1 [19]. Now we study the relation between the S-mixing Rényi entropy
and the S-mixing entropy when a — 1.

Theorem 3.9. For ¢ € S such that D, (S) # ¢,
lim S3(p) = 5°(p)  (O<a<l). (3.8)

Proof. Since the S-mixing Rényi entropy is a monotone decreasing function with
respect to a # 1 (Theorem 3.7), we can rewrite

: S _ s S
lim So(p) = Inf Si(p).

Therefore,

1
lim S° = f inf 1 a
al/‘nll Sa () O<Hozl<1 {2 }enD’ S)1—a ng/\]

= inf inf
{A}eDL(8) 0<a<1 1 —

logZ)\a. (3.9)
If — logz )\0‘<oo(0<a<1) then
lim — logZA” = ZAj log \;
J

(see [6]). Hence (3.9) is

inf — Ailog A
{MYEDL(S) ; 1708
Thus there holds
: S _aS
C{I/Inlsa(w)—s (¢)-
O

Therefore, the S-mixing Rényi entropy is a general extension of the S-mixing
entropy by 0 < o < 1. On the other hand, we have the following inequality when

a N\ 1.
Theorem 3.10. For any p € S,
lim S5 (p) < S%(p)  (a>1). (3.10)

Proof.

lim S¢ = supSS
Jim S (¥) sup 55 ()

= sup inf lo )\a
a>F1) {)‘ } gz

< inf su 1o /\a
= Gadi- gz

= 5%(¢).
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4. Quantum Rényi Entropy

The noncommutative-extension of the Rényi entropy is done by Petz, and is
called quantum Rényi entropy [14], [17]. The quantum Rényi entropy plays im-
portant roles in quantum information theory and quantum field theory. In the
present section, we show the connections between the quantum Rényi entropy and
our S-mixing Rényi entropy.

We briefly review the definition of the quantum Rényi entropy. Let &(#) be
the set of all density operators on a Hilbert space H.

Definition 4.1. The quantum Rényi entropy of order a € [0,+00)\{1} of p €
G(H) is given by

1
Sa(p) = T log Trp®. (4.1)

-
Before proving the following Lemma, we state Karamata inequality [5].
Theorem 4.2. Let I C R be an interval and f : I — R a convex function. Let

N C NU{oo}, and {zx1<k<n+1 and {yr}1<k<n+1 e two sequences of numbers
from I, such that:

e >0 >x3> ... andy > Y2 > Y3 > ...,
e Foralll <k < N, we have Zle T4 zzleyi,
N N
® DT =D Yi < oo
Then we have:

N N
Z f(@i) > Z f(yi). (4.2)

If f is concave on I, the inequality (4.2) is reversed.

Lemma 4.3. Let p = Zj Ajp; be the decomposition of p into pure states. For any
a > 1, we have

1 (0%
Salp) < T— log; A (4.3)
Moreover, if pn, L pm (n # m) then we obtain the equality.

Proof. Let p = >, prEr denote a Schatten decomposition (i.e. 1-dimensional
orthogonal decomposition) of p. We order the eigenvalues from largest to smallest:

pL=p2> ...,
AL > A >l

n n
Zpk > Z Aj
k=1 j=1

holds for any n € N [14]. Since o > 1, the function f(x) = x“ is convex on the
interval [0, 00). Thus, applying Karamata inequality, we obtain:

> opE =) g (4.4)
k=1 j=1

Then
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Applying first log to both sides of this inequality and then dividing both sides
by the negative number 1 — « (since @ > 1), the inequality reverses, and we obtain
inequality (4.3). If 0 < a < 1, the function f(xz) = z* is concave on [0, 00). There-
fore, Karamata inequality reverses and so, inequality (4.3) is reversed. Applying
log to both sides and dividing both sides by positive number 1 — « (since o < 1),
the inequality remains the same, and we prove again inequality (4.3). |

Using this lemma, the S-mixing Rényi entropy is equal to the quantum Rényi
entropy in the following setting.

Theorem 4.4. Assume that A = B(H), & is the set of all states on A, and a
state  is defined by the density operator p on H as ¢ = Trp. Then we have

S5 (@) = Salp),  Ya>1 (4.5)
Proof. Let p = Zj Ajp; be the decomposition of p into pure states p; and
;(-) = Trp; - .

Then one can see that ¢ = > ; Ajpj is the extremal decomposition of ¢. Moreover,
if o = Trp € exG, then the p is a pure state. Hence, by Lemma 4.3,

SS(p) =inf{(1—a)"'log Y A} =Sa(p)  (Ya>1).
0

Therefore, the S-mixing Rényi entropy is a general extension of the quantum
Rényi entropy to C*-algebras when v > 1. On the other hand, if 0 < a < 1, then
we obtain a different result from above.

Theorem 4.5. Let D,(&) # ¢. Under the above assumptions and notations,
59(p) < Salp),  Vae[o,1). (46)
Proof. 1f D,(&) # ¢ and 0 < a < 1, then the reversed inequality (4.4) induces

that ) )
1_a10g2)\§-" < 1_alogzk:p%.
J

Taking the infimum over all 4 € D, (&), we obtain the desired statement. g

This inequality tells us that one can obtain the information amount of p by
using the S-mixing Rényi entropy if S, (p) = +00.

5. The Complexity of States

We have seen that the properties of the S-mixing Rényi entropy by varying the
parameter «. On the other hand, our entropy depends on the reference system
S. Therefore, varying the extreme points in exS which decompose ¢, one can
investigate the complexity of a state ¢ in detail. In this section, we study the
complexity of states by choosing different reference systems S.

First, we recall the theorems on the decomposition of KMS states [4], [14].

Theorem 5.1. The set of all states Kg(6) on a C*-algebra is a Choquet simplez.
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Theorem 5.2. There exists a unique mazximal measure p which decomposes ¢ €
Kg(0) into exKg(8). Then p is a central measure [4].

Therefore, a KMS state ¢ € Kz(f) is uniquely decomposed into extreme KMS
states p; € exKp(0).

Theorem 5.3. For any KMS states ¢ € Kg(8) and any a € [0,4+00)\{1}, the
following inequalities hold:

(1): 527 () > 5a () when D, (1(6)) # o.

(2): 55(9) > Sa () when D (&) # 6.
Proof. (1)
The decomposition of ¢ € Kg(6) into exKg(f) is unique. We write the (orthogo-
nal) decomposition as

Y = Z)\n(pn ; Pn S eXK,B(e)a Pn 1 Pm (n 7& m)

On the other hand, since exKg(0) C I(), ¢, € exKz(f) can be further decom-
posed into the elements of exI(f). Let

On = Z MI(C”);&,(C”), 1/),(;) € exI ()
J

be the ergodic decomposition. Therefore,

o= anuk L eexI(9).
Thus
Dy(Kg(0)) 3 =Y by,
Dy (I(0)) 2 ' = > Auitf5, 0.
n,k
(a>1):

When ¢ € Kg(0) is decomposed by exI(6),

(1-a) 110gZ( n:uk )
=(1-a)log» (A)* Z (“’gn)>a'

For all @ > 1, Z ( ("))a < 1. This implies that
logZ)\aZ (,uk )a < logZ)\g -1
n
— lognE; ( nu,i”)) - log; Ay
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logz (At ))a > S5 (p).

Taking the infimum over all

=Y AapVs o0 € Do(1(0)),
n,k

we obtain
Sa () 2 S5 () (Va>1). (5.1)
(0<a<l):
Let D[ (I(0)) # ¢. From this assumption, take u/ = > )\nﬂén)éw(m €
’ . k
Di,(1(9)). For all 0 < a <1,
Z(/\ (uk ) > Z)\O‘ 1.
n,k

By the monotonicity of logarithm,
logz ( e ) >log» A
n

Hence

L () 2

— logng (x nﬂlﬁ"))a > 55 ()

Taking the infimum over all u € Dy (I(0)) D Di,(I1(0)), we obtain
SaV(p) 2 55 D(0)  (0<Va <), (5-2)

(2)

(a>1):
Let
Y= Z)\nQOna ©Yn € eXK5(0)~

Since exKg(0) C S, ¢, can be decomposed by ex&:
= aMgM P e exe.
1
Therefore, for

p= Z Aadiy 8500 € Dy (),

L (i)

holds in the same way as (1). Taking the infimum over all 4 € D, (S), we
have

1
— log, A7

SS(p) > SE@ () (Va>1).
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(0<a<l):
From the assumption, we take p = 3 )\nﬂl(") € D,(6). For any 0 <
a<l,

“log Y (™) 2 SEO ).
n,l

l1—«

Taking the infimum over all 1/ € D, (&), the proof is completed.
O

Moreover, if the pair (A, 8(R)) has R-abelianess, we can discuss the inequality

between Sé(e)(np) and S, (¢). Thus, we recall the definition below.
Let (Hy, Ty, ) be the GN S-representation defined by ¢ € &(A) and {uf ; t €
R} be the strongly continuous unitary group on ..

Definition 5.4. Let E,, be a projection from H,, to the set of u-invariant vectors.
If E,m,(A)"E, is a commutative von Neumann algebra, (A,6(R)) is called R-
abelian for .

Furthermore, we mention the following theorem. Let O,(1(6)) be the set of all
orthogonal measures [4] whose barycenters are ¢ € I(6).
Theorem 5.5. For ¢ € I1(0), the followings are satisfied:

(i): There exists p € Oy, (1(8)) whose pseudo-support [4] is exI(6).
(ii): If (A,0(R)) is R-abelian, 1(0) is a Choquet simplex. Therefore, the
above p is a unique mazimal measure.

Now we prove the following inequalities.

Theorem 5.6. Let (A, 0(R)) be R-abelian for ¢ € Kg(0),

D (&) # ¢ and D, (I(0)) # ¢
We have
85 (9) 2 8:9(p) 2 ST () (53)
for any o € [0,00)\{1}.
Proof. According to Theorem 5.5, the ergodic decomposition of ¢ is unique. Then
¢ has the unique maximal measure pu € O, (I(#)) whose pseudo-support is exI ().

Hence we can obtain the first inequality using the same way we proved Theorem
5.3. The second inequality holds from the results of Theorem 5.3 (1). O
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