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R(p,q)— ANALOGS OF DISCRETE DISTRIBUTIONS: GENERAL
FORMALISM AND APPLICATIONS

MAHOUTON NORBERT HOUNKONNOU* AND FRIDOLIN MELONG

Dedicated to Professor Leonard Gross on the occasion of his 88th birthday

ABSTRACT. In this paper, we define and discuss R(p,q)- deformations of
orthogonal polynomials, basic univariate discrete distributions of the proba-
bility theory. We focus mainly on binomial, Euler, Pélya and inverse Pélya
distributions. We discuss relevant R(p, ¢)— deformed factorial moments of a
random variable, and establish associated expressions of mean and variance.
Furthermore, we derive recurrence relations for the probability distributions.
Other known results in the literature are also recovered as particular cases.

1. Introduction

Deformed quantum algebras, namely ¢— deformed algebras [16, 21, 22] and
their extensions to (p,q)—analogs [4, 5], continue to attract much attention in
mathematics and physics. Inspired by the g— deformed quantum algebras, Chung
and Kang developed a notion of g— permutations and g— combinations [9]. The
g— combinatorics and g— hypergeometric series were examined in [1, 3, 8, 18]. A
theory of (p, ¢)— analogs of binomial coefficients and (p, ¢)— Stirling numbers was
elaborated in [10, 24]. In the same vein, from the g— combinatorics, several authors
investigated the ¢— discrete probability distributions such as ¢— binomial, g— Eu-
ler, g— hypergeometric, g— Pdlya, g— contagious, and ¢— uniform distributions
[7, 17, 20]. Recently, our research group was interested in the study of quantum
algebras, and, more specifically, in the generalization of the well-known (p,q)—
Heisenberg algebras. From Odzijewicz’s work [21], we introduced the R(p,q)—
deformed quantum algebras as generalizations of known deformed quantum alge-
bras [13]. In [12], we performed the R(p, q)— differentiation and integration, and
deduced all relevant particular cases of g— and (p, ¢)— deformations. This opens
a novel route for developing the theory of R(p,q)— analogs of special numbers,
combinatorics, and probability distributions. Then, the following question natu-
rally arises: How to construct discrete probability distributions and deduce their
properties from R(p, ¢)— deformed quantum algebras?
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This paper is organized as follows. In section 2, we introduce R(p, ¢)— deformed
numbers, orthogonal polynomials, deformed factorials, binomial coefficients, deriv-
ative, and some basic notations and definitions. Section 3 is focused on R(p, q¢)—
deformed combinatorics and analogs of discrete distributions. The mean value,
or expectation, and variance of random variables of distributions are computed.
Other known results are also recovered as particular cases. We end with some
concluding remarks in Section 4.

2. R(p,q)— Deformed Numbers, Orthogonal Polynomials and
Derivatives

2.1. R(p,q)— deformed numbers. Consider two real numbers p and ¢, such
that 0 < ¢ < p <1, and a given rational function

P(u,v)
Q(u,v)’
where P and Q are polynomial functions. We assume that Q(u,v) # 0, for all
(u,v) € D* x D*, where D* := {z € C : |2z| < 1,z # 0}. Furthermore, we assume
that R(p",¢") > 0,¥n € N, and R(1,1) =0.

Define the R(p, ¢)— deformed numbers by [13]:

[MRpq) = RE"q"), neN. (2.1)

These numbers are the principal Szego-Jacobi parameters, {wy, }n>1 [23], of a ran-
dom variable X, having finite moments of all orders, whose orthogonal polynomials
with leading coefficient equal to 1, { f,, }n>0, satisfy the following recursive relation:

R(u,v) =

(X - an)fn(X) = fnJrl(X) + [n]R(p,q)fnfl(X)a (2'2)
for all n > 0; with fo(X) =1, f_1(X) =0 by convention. It follows that
fi(X) =X —p, (2.3)

where g7 is the first order moment of the random variable X. The Szego-Jacobi
parameters {a, }n>0 and the polynomials {f,,},>1 can be determined recursively
by the relation (2.2). As a matter of illustration, for n = 2, we find

f2(X) = X% — (1 + 1) X + o111 — R(p, q), (2.4)
and
ps — 2pu1fio + p
e
The first and second order moments obey the relation: ps — puf = R(p, q).

For the three main R(p, q¢)— deformed distributions investigated in this paper
(see Definitions 3.5, 3.6 and 3.7 in the sequel), we get:

a1 = (25)

(i) R(p,q)— deformed binomial distribution
fO(X):]-a fl(X):XfpoR(pnaqn)a

and

fa(X) = X? — (po R(",q") + al)X +a1po R(p",q") — R(p, q)-
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(ii) R(p,q)— deformed Euler distribution
foX) =1, fi(X) =X =0 ER(q)(—0) er(p,q(€16)
and
BX) = X2 = (0Erp(~0) crpp(ad) + o ) X+
+ o ER(p,q)(fe) eR(p,q)(elo) - R(p, Q)'
(iii) R(p,q)— deformed Pdlya distribution

MR (p=,4-2) MR (=2 ,4-2)
fo(X)=1, fAX)=X-— ’ :
[m + u]R(p*%q*’)

and
(PR (p-=,q-=) MR (p-2,q-2)
X) — Xx2_ =g Pra) 4o\ X
f2( ) ( [eru]R(pfm#qfx) 041>
MR (p2,4-2) [MRp-2,4-=
+ (p q—°) (p q=") _ R(p,q)

[m + ulr(p-2,4-2)

The characterization of these distributions is given in the next section.
The R(p, q¢)— deformed numbers (2.1) are generalizing known particular num-
bers like the following:

o ¢— Arick-Coon-Kuryskin deformation [2]

- 1—-q"
R(u,v) :=R(1,v) = T4 and [n]y = ¢
e (p,q)— Jagannathan-Srinivasa deformation [15]
U—v pt—q"
R(u,v) = pyt and [n],q = P
Define now the R(p, ¢)— deformed factorials (see [12] and [13])
1 for n=0
'R (p.g) =

R(p,q)---R(p",q") for n>1,
and the R(p, ¢)— deformed binomial coefficients

!
[m} = [m]R(nq)' . mneNU{0}, m>n
" IRk [n]'R(nq) [m — n]'R(p,q)

satisfying the relation

{m] :{ " } . myneNU{0}, m>n.
" IR(p.a) M IR
We consider the following linear operators acting as follows (see [12] and [13]):

Q: fur—Qfn(2): = fulgz),
P: fn — an(z) L= fn(pz)7

and the R(p, q)— derivative given by:
q

p—q p—
OR(p,q) = Op R(P,Q) = pP — @

. P Q
TP_Q qQR(p 14%)pq
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extending known derivatives as follows:

(i) ¢— Heine derivative [11]

Oqfn(z) = W

(ii) g— Quesne derivative [22]

Oufnle) = PELIE ),

(iii) (p,q)— Jagannathan-Srinivasa derivative [15]

8p,qfn(z) = fn(p;()p_f;)(qZ)

(iv) (p~1,¢)— Chakrabarty - Jagannathan derivative [5]

—12) — f.(qz
Oy rafulz) = T2 D02

(v) Hounkonnou-Ngompe generalization of g— Quesne derivative [14]

e

The algebra associated with the R(p, q)— deformation is a quantum algebra, de-
noted Ag(p,q), generated by the set of operators {1, A, AT N} satisfying the fol-
lowing commutation relations:

AAT = (N + 1R (p,q) ATA= (NIR (p.q)-
[N, A] = —A, [N, AT] = AT

with its realization on O(Dg) given by:
Al =z, A=0gpgy,  N:i=:z0.,

where 9, := % is the usual derivative on C.

3. Characterization of R(p,q)— Deformed Combinatorics, Binomial
Distribution, Euler Distribution and Pdlya Distribution

3.1. R(p,q)— deformed combinatorics. Given the above results, we now in-
troduce functions €; > 0, with ¢ = 1,2, characterizing the previous particular
deformations as follows:

(i) g— Arick-Coon-Kuryskin deformation
e1=1 and e =gq.
(ii) (p,q)— Jagannathan-Srinivasa deformation

e1=p and e =gq.
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We define the j**— order factorial of the R(p,q)— number by the factor:

)i Rp.a) = H R("",¢"7"), j€EN, neR
v=0

and the R(p, q)— deformed shifted factorial by:

n

(x &) y);;(p,q) = 1:[1 (x glfl + ye§*1)7 with (x @ y)%(p,q) =1,

where z,y € N, while the R(p, ¢)— deformed Euler formula is developed as:

("2") (5) n—n n

€ e 2" "y", z,yeN.

n

@O D = 2 |

k=0 } R(p,q)

Similarly, we get

(zo y);;(p’q) = H (z et - yeg—l), with (= @y)%(pﬁq) =1,

i=1

where z,y € N, and

(a:@y Z (—l)keg 2 )eg2> "Ry zy e N
Rpd) = R(p,q)

The case of g—factorial in [7, 20] corresponds to R(1,q) =1, ¢; =1 and €5 = ¢
leading to :
e The j*"— order factorial of the g— number:

j—1

g = []In vl JEN, neR
v=0

e The g— deformed shifted factorial:
n
xeay Hx+yq 1, with (ac@y)gzzl, z,y € N.
=1

e The g— deformed Euler formula:

n n )

Cony=2| | @e i apen
k=0 q

Theorem 3.1. The R(p,q)— deformed Vandermonde’s formula is given by:

n

n rk(v—n+kK —K -
[u+v}"*R(P’Q) - Z |: K :| El(v ! )ng e w[U]N,R(nq)[v]n—m,R(p7Q)v (3.1)
k=0 R(p,q)

or, equivalently,

n

n n—k)(u—kK K(v—Nn—+K
[v+ v]n,R(p.q) = Z { K :| Eg ¢ )62( * )[U]N,R(p,q)[v]nfm’R(p,q)v (3.2)
k=0 R(p,q)

where n € N.
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Proof. For n € N, let us set:

~ n
T (4 0) R(pyq) = D {

k(v—n+kr) (n—k)(u—k)
P €1 €2 [
~k=0

} U], R(p,q) [V]n—r,R(p.0)-
R(p,q)

For n =1, we have T (u; V)R (p,q) = [U + VR (p,q)- Using the recursion relation

[”] :a;{”_l] +eg“{”_” . kEN,
K IRp.a) K R(p,q) R R(p,q)

and
[utv—n+1reg Uereolln-r-1,R@a = € " [UWereoln—rRE0
+ 611J7n+ﬁ+1[U]N-%L’R(p,q)[v]n—n—l,R(p,q)v
we obtain the first-order recursion relation
iy n—1
- k(v—n+r+1 n—k)(u—k
Tn(’ll,7 'U)’R(p,q) = Z |: K :| El( )Eé ) ) [u]K,R(p,q) [’U]nfm,’lz(p,q)
k=0 R(p,q)
n—1
+ Z |: n—1 :| €§n+1)(v—n+n+l)€gn—n—1)(u—f»@)
K
=0 R(p,q)

X [ulwt1,R,0) [V]n-r—1,R(p,0)
= [utv—nt+1],  To1(uv)rpq,

with T (u; V)R (p,q) = [ + V]Rr(p,q)- Recursively, it follows that T, (u;v)Rr(p,q) =
(U 4 V]n R (p,q) giving (3.1). Finally, interchanging v and v, and replacing x by
n — K, the expression (3.1) can be rewritten in the form (3.2). O

Taking R(1,q) = 1, e, = 1 and €3 = ¢, the ¢g— deformed Vandermonde’s formula
obtained in [6, 7] is recovered as:

- n n—k)(u—~kK
it g = S [ " ] R [l
k=0 q
- n rk(v—n+kK
- Z |: KR :| q ( ) [u]ﬁﬂ[v]n—ﬁ,q7 n € N.
k=0 q

Theorem 3.2. The negative R(p, q)—deformed Vandermonde’s formula is given

by:

A i { W ]R( )ET(UMM)Eéf"*”)("*”) [Wls mp.0) V] -0 R (.0)
k=0 p,q

or

[u~+ v Rpa) = i |: _;gn ]R( )657”7'€)(u7’$)€;(v+n+’$) [W]x,R(p,0) V] =k, R(p,0)
k=0 p,q

where n € N.

Proof. 1t is proved in a similar way as Theorem 3.1. (]
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These theorems are used to formulate the Pélya and inverse Pdlya distributions
in the sequel.

We recover the negative g— Vandermonde’s formula obtained in [7] by taking
R(l,q9) =1,¢g =1and ea = ¢:

S —(n—r)(z—r)| T T
[T+ylng = E q ( X )[ o ] []k,q [Y)—n—r.q> |q( +y+1)| <1
k=0 q

- K ntw) | TN —(z
= Zq Jrens )[ K ] [x]n,q [y],n,mq, lq ( +y+1)‘ <1,
k=0 q

where 0 < ¢ < 1. The following relations hold:

]. > - n(u—k) k(v—nm ]
=Z[n+: 1} S s L DT
[U]n,R(p,q) —0 R(p,q) [u+ U]"“"R(p"”
and
1 [ n +rk—1 Kk(v—n+1) n(u—r) [“]N,R(p,q)
D 1 s g EeReD gy
[”]n,R(pyq) =0 R(p,q) [+ v]”"‘“’n(p’(”

where u,v € R.
Setting ¢; = 1 and e5 = ¢ provides the g—analogs of the formulae (3.3) and
(3.4) of [8] as :

1 = n+r—1 :| k(v—n+1) [U]K q v
= q T g <1
el o) I K v e
)
= Z |: ntr—1 ] qn(u—ﬁ) [u]f”wq ’ |q—v‘ <1
=0 k q [u+ V]ntr,q

Definition 3.3. The noncentral R(p, ¢)— Stirling numbers of the first and second
kinds, sg(p.q) (7, K,7) and Sg(p.q) (7, K, j) are defined via the relations:

n . n
. S)—in . K
[z = dlnRpa) = € @) > 5mpa) (1553 5) [ .0),
k=0

and

" “L ()i . ‘
mR(zuq) = Z 652) SR(pa) (s 53 J) [T = Jli,R(p,q)
k=0

where n € NU{0} and = € R.

This definition serves to introduce the moment factorials.

For j = 0, we obtain sg(pq)(n,;0) = sr(pq) (N, k) and Srp q)(n,k;0) =
SR(p,q)(n, k), which are the R(p,q)— deformed Stirling numbers of the first and
second kinds, respectively.

It is worth noticing that by setting R(1,q) =1, ¢ = 1 and e2 = ¢, we recover
the noncentral g— Stirling numbers of the first and second kinds, sq(n, &, j) and
Sq(n, K, j), derived in [6, 7]:

&~ lng = a~ BT sy (n,w35) [2]7,
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and
n

Z RS, (n, k3 4) [~ gy

where n € NU{0} and = € R.

Let us provide now some characterizations of R(p, ¢)— deformed binomial, Euler
and Polya distributions. Specifically, we will focus on the deformation of factorial
moments, mean values and variances of the random variable X, Stirling numbers
of the first and second kinds, and recurrence relations for the probability distribu-
tions.

3.2. R(p,q)— deformed binomial distribution.

3.2.1. R(p,q)— deformed factorial and binomial moments. We introduce now the
R(p,q)— deformed factorial and binomial moments. For that, we suppose X is
a discrete non-negative integer valued random variable, and for z € NU{0}, we
consider the distribution function g of the variable X such that g(z) = P(X = z).

Definition 3.4. The r**— order R(p, ¢)— factorial moment of the random variable
X is given by:

o0

E ([X]r,n(p,q)) = Z ] R(p,q) 9(),

T=T

while the 7"~ order R(p,q)— binomial moment of the random variable X is

provided by:
E({X} >—Z{x} g(x), reNlN (3.5)
"Irwe/ S LT IRG

For r = 1, we obtain:
e The R(p,q)— mean value of the random variable X:

HR(p,q) = E([X]R(p,q)) = Z [x]R(p,q) 9()-

e The R(p,q)— variance of the random variable X:

072%(@(1) = V([X}R(p,q)> = E([X]jz(p,q)> - {E<[X} R(p,q))] :

In terms of Stirling number, the binomial moment can be re-expresed as follows:

X > . (61 — Ez)mij . X
s[(¥)] - S ev s pman([ X ] ) 6o
J - o (Frrm=) "™ IR (pa)
and the relation between the factorial moment and its R(p, ¢)— deformed coun-
terpart is given by:

e _j (a1 —e)
E[(X);] =713 (~1)m
(0] =t 3 (- e
m=j €1
where j € N\{1}, 7 € NU{0}, and sg(p,q) is the R(p,q)— Stirling number of the
first kind.

mi BlX ) r0)

SR(pyq) (mvj) [m}R(p q)| ) (37)
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The particular case of the g— deformed binomial moment in [8] is retrieved as

follows :
()] ol ])

m=j

and the related factorial moment is linked to its ¢— counterpart by the relation:

X)l =3 Z'(—l)m—iu _ q)m‘jsq(m,j)M

)

[m],!
where j € N, and s, is the ¢— Stirling number of the first kind.
3.2.2. R(p,q)— deformed binomial distribution. The following relation holds:

é{:}wq) "W O VR = i[z

k=0

R
R(p, q)
In particular, for z = py and y = 1, we obtain
" [n " [n
> HUER LIS [ } (PO )it =1, Ypy (3.8)
K=0 [K]R(p q) b = =0 L IR(p.q) (b)
where z,y € N. The g—analog computed in [20] is deduced by setting R(1,¢q) = 1,
€1 = 1, and e; = ¢, as follows :
= n n—kw __ - n K n—k
S| swem =31 veo;
rk=0 q k=0 q
For x = pg and y = 1, we obtain
zn: " po (1ev)y Zn: po@v””zl, Vpo,
k=0 kK =
where z,y € N.
The binomial distribution comes with a random variable X taking two values,
0 and 1, the probabilities Pr(X = 1) = py and Pr(X = 0) = 1 — pg, and by
letting S, = X1+ -+ X,, be the sum of n independent random variables (X;);en
obeying the binomial law.

Definition 3.5. The R(p, q)—deformed binomial distribution, with parameters
n, po, P, and ¢, is given, for 0 <k <mand 0 < g < p <1, by:

Py = P ([Sulr(p.a) = [8lR(p.0)) = { .

K po (1 @po)R?p,q)'

} R(p,q)

For R(1,q) = 1, e = 1 and e5 = ¢, we obtain the ¢— binomial distribution
given in [20]:

RSl = ) = | 1] s 0sksmo<q<t
q

The j*"— order R(p, q)— deformed factorial moment is given by:
pR(.0) ([Snlim) = MiRGa P, TEN,
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and the factorial moment is expressed by the formula:
. (61 — EQ)j i
BR(p, =1l [ ] 2 i SR\ 1)
R(p Q) Z j Ripea) 0 617(2)+T(j7z) Rp.q) (J: 7)

where 7 € NU{0}, i € N, and s (;,q) is the R(p, ¢)— Stirling number of the first
kind. The recurrence relation for the R(p,q)— deformed binomial distributions
takes the form:

[n - ’%]R(p,q) Po

[k +1rp.a 6" — € "po

The recurrence relation for the g— deformed binomial distributions is given by:

Py, with Py= (18p0)g, -

PH+1:

n

[n — kg Po . 1
P11 = P., with Py = 1- 7).
K,+1 [I’i + l]q 1 _ qn_"po K 0 j_Hl ( po q )

Now, let us consider, for v € N, the [—order differential operator
1 g B , .
(—1)'q"2 [ = g )0 (D),
; lj *1 'R (p.a) (Z { ¢ ]R(p,q) R(p’q))

where D, := d/dg(p,q) acting on v, giving, for [ = 2, the following second order
differential operator:

1
D,)*=R D,)+ =——(R(*¢*) - R 2(Dy)>.
(0D = R0) (00.) + i (RO ) = Riv) o2(D2)
Besides, for €; > 0, with ¢ € {1,2}, such that Vp,q, 0 < g <p <1,

R(P"7Y,q"7Y) = e, " R(",¢%) + & V5 R(pY, ¢). (3.9)

Applying the R(p,q)—derivative on py to the left and right hand sides of the
relation (3.8) leads to

n

n K n—k

PoDpy > [ L( g Lo Wk e = PR ([SnlRma);
p,q

and

~ n
w3 ||
k=0

respectively. According to (3.9) and

{x} :e'f[l"_l} +e:2v—n[x—1} , KEN, (3.10)
B 1Rpq) H R(p.q) K R(p.q)

we obtain the mean value of the random variable sum .S,, as:

(po © u) R(p q) — Po Z |: :| [Tl - H]R(p q)(po © u);&:q;,

R(p,q) R(p,q)

1R (p.q) ([SnlR(p,a)) = Po R(P",q").
Besides,

n

n n—kK
HR(p,q) ([S"]?R(p,q)) = (Po Dpy)* Z [ K } 26 (1O W (pg)-
k=0 R(p q)
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Setting X = W <R(p2, ) —R(p, q)) yields the second order differential equa-

tion

n

n n—k
(po D) { K L( : (Po © Wiy = RP, Q1R (p,0) ([SnlR(p,a)) + Vs
k=0 b,q

where

— K
.
k=0
Using the relation (3.10) and the R(p, ¢)— deformed shifted factorial, we obtain

HR(p,q) ([Sn]%(p,q)) =R(p,q) :“R(P,q)([sn}R(p,q)) + ng’R(pn, qn)R(pn_la qn—l)’

and from the mean value of S,,, we deduce the variance under the form:

R(pnfn’ qnfm)R(pnfmfl’ qnfnfl)(po o u) (p oy
R(p,q)

Var ([Sulz(p.g)) = PolnR(p.q) (R(pa ) + Xpoln = r(p.q) — Po [”]R(pm) ,
where Xpo[n — 1z (p.q) > Po[P]R(p,q) — R(P,q), and

X =R(p,q) " (R(* ¢*) — R(p, ).

-
Furthermore, applying the operator pg (Dp0> to formula (3.8), we obtain

U=po
n
o(Dpo)" [ ]po oWy = IRea([SnlRe.q)-
k=0
Moreover,
r r—1
PO (DPO) (Po © u)% (p o = Po H[n — K= ilR(pq) (P0© u);l{(;,;)r’
i=0
or equivalently,
r r—1
Do <DP0> (Po S Wrpy = Po H 1" = ilr(p.g) (Po O Wy
=0

KR—T

+ o H & [=KlR(p.q) (P O u R () -

Then,

T n
s n
Po (Dp0> Z [/J (Po © )R pg) = PO H iR (p.a)

gives

HR(p,q) ([S R(zxq) = Po H
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and after computation, there follows the mean of the product S, (S, —1)--- (S, —
r+1) as
r—1

HR(p,q) ( H egi([SH]TR(p,q) - ﬁgii[i]n(p,q) ) =Py H ’R(p q)-

i=0
The particular case of the ¢g— deformation found in [20] corresponds to R(1,q) =
1, g =1, and €5 = ¢, and yields the mean value of S, :

Mq([sn]q) = Po [n]m

the variance of S, :

Var([Sh]q) = [nlgpo (1 = po),
and the mean of the product S, (S, —1)--- (S, —r+1):

uq(z_l_}:q%[sn]; - 1) =5 H[n — i,

3.3. R(p,q)— deformed Euler distribution. The R(p, q)— deformed exponen-
tial functions, denoted Eg(, ) and ey, q), are defined as follows:

(") (")
Rip,a) (2 Z R' (", q") and  ex(p,q) (2 Z RIp™, qm)

with ER(p.q)(—2) €r(p,q)(2) = 1. In the particular case where R(p,q) = 1, 1 = p,
and e; = ¢q, they provide the J agannathan—Srinivasa g—exponential functions [13]:

Z q and e, q(2 i

n

[1]p,q! n]p,q!

with By, o(—2) ep q(2) = 1.
Definition 3.6. The R(p,q)— deformed Euler distribution, with parameters n,
0, p, and ¢, is defined by:

PT(X = IE) = ER(ZM])(ig) T € NU{O},

RY(p*,q%)’

WhereO<q<p§1,O<9<1andZPT(X::c):1.
x=0

For R(1,q) = 1, involving ¢; = 1, and €3 = ¢, we retrieve the ¢— Euler distri-
bution obtained in [7]:
QJE
[2]q!
where x € NU{0},0<¢<land 0< 0 < ﬁ. The j'"— order R(p, q)— factorial
moment of X is given by

HR(p,q) ([X]j,R(m)) = ¢/ Egé) ER(p,q)(—0) eR(pyq)(E{g)a JjeN. (3.11)

Po(X =) = E,(~6)
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From the j'"— order R(p, q)— factorial moment, we get

o0 (3)
€2 6%
M([X]J}R(p,q)) = ;[x]j,R(p,q)ER(p,q)(_e) w

Using the relation

we obtain

WX rew) = e Brpa(—0) S

= 9j 6&2) ER(p’q)(—e) €R(p,q) (6]19)

Furthermore, exploiting the relation (3.11) and (3.7), we obtain the factorial mo-
ment as:

H’R(p Q) =1l Z j ZEU .7? )SR(p,q)<jai)a (312)

where

(i . .
¢’ 6£2> E’R(p,q)(_a) ER(p,q) (Ejle) (61 - 62)]71

[j]R(p,q)! 61—(%.)-0-7'(]'—1') 9

EU(j,i) =

7 € NU{0}, i € N, and sg(;,q) is the R(p, ¢)— deformed Stirling number of the first
kind. Using the R(p, q)— factorials, and after computation, we get the recurrence
relation for the associated R(p,q)— deformed Euler distributions as follows:

em
61 P

R, gy Lo With Fo = By (=0). (3.13)

PJJ-‘,—I -
The particular case of the recurrence relation for the g— deformed Euler distribu-
tions is given by:

0

—F— P, ith Py= E, (—0).
g, T )

Pypy1 =

The results for the g— deformation performed in [7], recovered with R(1,q) = 1,
€1 = 1, and € = ¢, yield the j**— order g— factorial moment of X:

“q([X]jJZ) = 9j7 JeN,

and the ¢— factorial moments:

z*Z'Z 17(]) - q(jvi)v

q

i € N, and s, is the g— deformed Stirling number of the first kind.
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3.4. R(p,q)— deformed Pélya distribution. We assume here that boxes are
successively drawn one after the other from an urn, initially containing r white
and s black boxes. After each drawing, the drawn box is placed back in the urn
together with x boxes of the same color. We suppose that the probability of
drawing a white box at the i*"* drawing, given that j — 1 white boxes are drawn
in the previous 7 — 1 drawings, is given as:

r+2( = Dlrey  m—J+1re-—49

YT st 2l DIy A u— it Urgregs)’

where j eN; i eN,0<g¢g<p<1,m=—r/z,u=—s/z, and x € N. We call this
model the R(p, ¢)— Pdlya urn model. Setting R(1,q9) =1, ¢; = 1, and €3 = ¢, we
obtain the probability for g— Pélya urn model described in [6]:

po r+e=Dly _ [m—j+1-
W s tali-1)], mtu—itl, .

Let T}, be the number of white boxes drawn in n drawings. Then, we have:

Definition 3.7. The R(p,q)— deformed Pdlya distribution, with parameters m,
u, n, p, and ¢, is defined by:

P, := Po(Ty = k) = ¥(p,q) m Y
KR R(p~%,q—%) [m + u]nyR(p_aaq_z)
_ —zk(u—n+kr) —xz(n—kr)(m—kK)
where 0 < ¢ < p < 1, K € NU{0}, ¥(p,q) = ¢ €y ,
n
x € NU {0} and ZPT(TH =k)=1.
k=0

For R(1,q) =1, ¢; =1, and e3 = ¢, we deduce the ¢g— Pdlya distribution [6]:

)

Pr(Tn _ Ii) _ q—m(n—ﬁ,)(m—ﬁ,) n [m]ﬂaq_m[u]n—mq_m
Kl M+l

where 0 < ¢ < 1, k € NU {0}, and =z € NU {0}.
The j*"— order R(p, q)— deformed factorial moment is given by:

[n]j,R(p*””,q’””) [m}j,R(p’I,q*”)
[m + u]j,R(p*J,q*’”)

#R(P,q)([Tn}j,R(p*I,q*I)) = ,JeN

Performing a similar computation like in the case of the Euler distribution, the
factorial moment is expressed by:

- I n SR(p—=,q-2)(J,1) . .
(T =301y | ] SRt ),
=i J R(p,q) (61 — € )
where v
e(;) [m]; R(p—= . g—=
P(]al) = ( : caLdt att . ,

R
7€ NU{0}, i € Nand sg(,-= 4-=) is the R(p, ¢)— deformed Stirling number of the

first kind. Besides, the recurrence relation for the R(p,q)— Pdlya distributions is
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given as follows:

I e T e N Ll P

efwim&lﬁl) [u—n+r+ I]R(p*m,q*m) [k + 1]72(17*$7q*””)

PnJrl:

with
[u]n,R(p*I,q*w)
[m + Ul R (p—=,q-7)

The recurrence relation for the g— Pdlya distributions is derived as:

—rmn
P0:62

[n_ ’i]q—”” [m_ ’{]q—mP
u—n+r+1,-0 [K+1-

z(n+m—2k—1)

PH+1:q

with

— [u}n -
PO =q rmmn >4 .
[m + ul, 4o

For x = —1, we obtain the R(p, ¢)— hypergeometric distribution:

n (], R(p,0) [Uln—r,R(p,0)
P(T=r) = o0.0)| | i) i),
( ) K IRp.a) [m + uln,R(p,q)

n
where 0 < ¢ < p <1,k € NU{0}, ®(p, q) = e'f<u7n+ﬁ) eéniﬁ)(mfﬁ) and Z P.(T, =

~k=0
k) =1.
The particular case of g— deformation obtained in [6] is characterized by the
jth— order ¢— deformed factorial moment:

[n}j,q*z [m]j,q*m

b j 6 N7
[m +u)j g—=

Hq ([T"}J}q‘*’) =

and the factorial moment:

uq[(Tn)i]zi!Z:;<—1)j—i[’” S0 [mlige

oL =q77) 77 [m 4 ulj g

where 7 € N and s;-» is the g— deformed Stirling number of the first kind.
3.5. Inverse Pdlya distribution. Let Y,, be a number of black boxes drawn
until the n** white box is drawn. Then, we have:

Definition 3.8. The inverse R(p, q)— deformed Pdélya distribution with parame-
ters n, m, u, and K is given by:
n+y—1 [m}n,R(p—‘”,q—m) [u]y,R(p—mﬂq_””)

y L2(171'41””) [m+u}n+y»73(pﬂlq*”)

P, :=P.(Yo =y) = F(p, Q)[

where 0 < ¢ <p <1,y € NU{0}, F(p,q) = e?(u_x) e;ym(m_n+1)7 x € NU {0},
and

1.

i F(p,q) [n Y- 1} [m]"»R(P‘*”,q‘“) [U]y,R(p‘”,q—m) _
t=0 Y R(p—=,q—%) [m + Uty R(p—2,q-)
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Note that the inverse g— deformed Pdlya distribution obtained in [6] can be
recovered by taking R(1,q) =1, e, = 1, e = g and F(p, q) = ¢~ ¥*("=7+1) as:

n+y— 1] (M) g—= U]y g-=

PV, =) i g |
Y = [m + gy

where 0 < ¢ < 1 and y € NU {0}. The j*"— order R(p, q)—factorial moment is
given by:

[n—j+ ”J‘,R(p*“,q*’”)[U]R(j,p*’”,q*’”)

—n+1 .
G D+ ) > o)

HR(p,q) ([Y]j,R(p*w,q*“)) =

)

where j € N and m + j # 0. Moreover, for i € N, the factorial moment yields:

”R(p,q)[(Yn)z‘] =1l Z(_l)jﬂ' [

n+j—1

] 1P i)
J R(p~*,q77)

where

P (6 - e
€ €1 € UljR(p~=,qg=)
GI(]_Z) [m +j]j,72(p*$,q*1) E;x(m—n-ﬁ-l)
7 € NU{0} and sg(,—= 4-=) is the R(p,q)— deformed Stirling number of the first
kind. The recurrence relation for the inverse R(p, q¢)— Pdlya distibutions is pro-
vided by:

IP(]a Z) = SR(p*’,q*’)(jvi)

—z(m—n+1
;" 'In+ YR (p-=.g-=) (U — YR (p—= q-=) »
Y

[y —+ I]R(pfm’qu)[m +u—-—n— y]R(pfm’qu)

Py+1 =

with initial condition

Py = E;L(u—:c) [m]n,R(;v_z#Z—x) )
[m + ulnr (== q-7)

The recurrence relation for the inverse ¢g— Pdlya distributions is given by the
formula:
q_l(m_n-H) [n + y}qﬂ” [u — y]q*“ﬁ

Py = P,, with Py=
v [y + 1]q—m [m tu—n-— y]q—”” Y

[m]n,qﬂ”
[m + ’u’]n,q—“c

4. Concluding Remarks

R(p, q)-deformed deformed numbers, orthogonal polynomials, and univariate
dicrete binomial, Euler, Pélya and inverse Pdélya distributions, induced by the
R(p, q)-deformed quantum algebras, have been investigated and discussed in a
general framework. Results for known g— deformed distributions have also been
recovered as particular cases.
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