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THE VALUE OF INFORMATION UNDER PARTIAL
INFORMATION FOR EXPONENTIAL UTILITY

FARAI JULIUS MHLANGA* AND MBAKISI DUBE

ABSTRACT. The paper investigates the value of information to an investor
under the partial information setting for exponential utility. The only in-
formation available to the investor is the one generated by the asset price
processes and, in particular, the underlying appreciation rate of the risky
asset cannot be observed directly. Filtering theory is used to find a filtered
estimate of the underlying appreciation rate. This brings about two max-
imisation problems from which we determine the optimal expected utilities
of wealth under partial and full information, via Hamilton-Jacobi-Bellman
equations. The value of information is, therefore, calculated as the differ-
ence between the two optimal expected utilities. The effect of parameter
changes on the value of information is determined by carrying out numerical
simulations.

1. Introduction

The accessibility and flow of information can be associated with a financial
value and this value is referred to as the value of information. The value of
information which depends, in general, on the whole model, assets, strategies and
agents preferences, plays a crucial role in all behavioural sciences, but particularly
in finance, see Yang et al. [18]. In particular, Copeland and Friedman [5] used it to
make optimal informed decisions, while Gottardi and Rahi [8] used it for portfolio
management purposes.

The present paper examines the value of information of an investor by study-
ing the utility maximisation problems from terminal wealth for the cases: partial
information and full information. In our case, full information refers to the case
when the investor is aware of the appreciation rate of the risky asset, and partial
information means that the investor can observe the asset price only but not the
appreciation rate and the driving Brownian motion. The case of partial informa-
tion is more realistic as asset prices are published and are available to the public
whereas the appreciation rate and the driving Brownian motion are not.
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The optimisation setting with full information goes back to Merton [15], who
solved the problem in a Black-Scholes environment via the Hamiltonian-Jacobi-
Bellman (HJB) equation and dynamic programming. Merton’s work was extended
by several authors, see for example, Karatzas et al. [9], Cox and Huang [6],
Kohatsu-Higa and Sulem [10] and Bjork et al. [2]. However, the optimal portfolio
is characterised through a representation theorem for martingales and explicit
solutions may be obtained in very few cases.

Utility maximisation problems under partial information have been studied via
the stochastic filtering techniques and by using martingale approach, see for ex-
ample, Lakner [11, 12], Pham and Quenez [16], Sass and Haussmann [17], Yang
and Ma [19]. In addition, dynamic programming approach has been applied to
solve utility maximisation problems under various setups, see for example, Yang
et al. [18], Brendle [3, 4], Bai and Guo [1], Mania and Santacroce [14]. Lakner
[11, 12] studied the problem in general terms and derived, using martingale meth-
ods, the structure of the optimal investment and consumption strategies. Explicit
expressions for the terminal wealth and the optimal portfolio strategy are derived
in the case of logarithm, power, and exponential utilities. However, no numerical
solutions were provided. Brendle [3, 4] treated the case where the linear diffusion
maybe correlated with the stock prices and obtained explicit results for power and
exponential utilities. Sass and Haussmann [17] provided some numerical results
but the results are limited to the case where the unobserved process is a finite state
Markov process. A few papers addressed the issue of the value of information, see
for example, Yang et al. [18], Brendle [3, 4], Yang and Ma [19].

The focus of the present paper is on the value of information which is not the
case in most of the cited papers. The special feature is that the only information
available to the investor is the one generated by the asset price, and the unobserv-
able process will be modelled by a linear stochastic differential equation. The two
level of observations correspond to whether the appreciation rate and the driving
Brownian motion are observable or not. We are in the same framework studied
in Yang et al. [18] and Bai and Guo [1]. Instead of using the logarithmic utility
as in Yang et al. [18], we use the exponential utility. We illustrate how model
parameters such as the volatility and the mean risk-aversion parameters affect the
value of information. Bai and Guo [1] obtained closed-form solutions in two cases
of exponential utility and logarithmic utility. We use stochastic filtering theory to
derive analytical tractable formulae for the optimal expected utilities from which
we define the value of information. In addition, numerical results are presented.
We mention that the value of information is not explicitly computed in Bai and
Guo [1] and no numerical results are given.

The main results are contained in Theorem 4.1 and Theorem 5.1. Theorem 4.1
gives the optimal expected utility function and its corresponding optimal trading
strategy for the partial information case when the exponential utility function is
used. Theorem 4.2 is a verification result which verifies that the results in Theorem
4.1 are indeed optimal for the problem under consideration. Theorem 5.1 gives the
optimal expected utility function and its corresponding optimal trading strategy
for the full information case when the exponential utility function is used. Theorem
5.2 is a verification result which verifies that the results in Theorem 5.1 are indeed
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optimal. Definition 6.1 gives the value of information for the exponential utility
case.

The paper is structured as follows. In Section 2, we describe the market model,
the information structure and formulate the optimization problem. In Section 3 we
construct the filtering estimate for the appreciation rate. We also show how wealth
process can be reduced to a wealth process with full information via filtering argu-
ments. In Section 4 we derive the optimal expected utility and its corresponding
optimal trading strategy under partial information using the dynamic program-
ming approach. A verification theorem is stated and proved. Section 5 deals with
the optimal expected utility and its corresponding optimal trading strategy under
full information. We also state and prove the verification theorem. In Section
6, we present the definition of the value of information. Numerical results are
presented in Figures 1 — 3 in Section 7. The figures show the impact of changes
in model parameters on the value of information. Some economical and intuitive
explanations are also presented. A brief conclusion is given in Section 8.

2. Model Setup

Suppose (2, F,F,P) is a filtered probability space equipped with a filtration
F = {F}y<;<r satisfying the usual conditions, and that 7" > 0 is a fixed time
horizon. We consider a financial market with two types of assets which are a risk-
free asset (e.g a bond) and a risky asset (e.g a stock). The price at any time ¢ of
the risk-free asset is denoted by SY whereas that of the risky asset is denoted by
S;. The price of the risk-free asset SP is governed by an equation of the form

dS? = rSPdt, S = S°, (2.1)

where the interest rate r > 0 is constant. The price of the risky asset S = (S;) is
given by

dSt = St(ﬂtdt + O'thl), So =5 2 0 (22)

where the volatility o is a known positive constant and W' is a Brownian motion.
We assume that the volatility ¢ is non-singular, hence invertible. In contrast
to most of the literature on real option theory but similar to Lakner [11], the
appreciation rate process is assumed to be a stochastic process and governed by

dpy = (ki + ko)dt + BrdW} + BodW?, 0 <t < T, (2.3)

where kg, k1, 51 and B are constants and W? is a Brownian motion which is
independent of W1. If x; is negative then the mean appreciation rate process will
be an Ornstein-Uhlenbeck process with mean reverting drift.

We denote the total amount of the investor’s wealth at time ¢ with X; and
the amount invested into the risky asset with ;. The remains X; — m; will be
invested into the riskless asset. We refer to 7; as the portfolio strategy. Under the
assumption that the portfolio is self-financing, the total wealth process X; evolves
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according to the dynamics

ds sy
dX, = Wt?tt+(Xt—7Tt)57§
= (TtXt—f—?Tt(,ut —Tt))dt+7TtUthl. (24)

At each time t < T, the investor chooses the portfolio position based on informa-
tion available to them at that time. The investor’s information can be modelled
by a filtration. We describe two filtrations:

(1) Consider the case where the investor observes the asset price but not
the appreciation rate. In this setting the investment strategy should be
adapted to the filtration {G; : ¢ > 0} where

G =0(Ss,0<s<t).

This case will be referred to as the case of partial information.

(2) Consider the case where the information is generated by the noise pro-
cesses. In this setting the investment strategy should be adapted to the
filtration {F% : ¢ > 0} where

Fi=c(WHW2,0<s<t).

This case will be referred to as the case of full information.
We denote by

A = {m=(7Tshi<s<r: s €R, wis G, — adapted, (2.4)
T
has a unique solution, and / (m5)%ds < o0 a.s.} (2.5)
t

the set of admissible portfolio strategies over the time horizon [¢,T]. Let U : Ry —
R be an increasing, concave and differentiable utility function. The objective of
the investor is to maximise the expected utility from terminal wealth. Precisely,
the optimal portfolio problem is formulated as follows:

maxE [U(Xr)] (2.6)

subject to (2.3) and (2.4).

We note that, since {S;}o<i<7 is observable, it follows that {X;}o<;<7 can be
observed but {u}o<i<7 is an unobservable state process. Therefore, the problem
to be solved is that of maximising expected utility of terminal wealth over the class
of portfolio strategies that are adapted to the observable information G. This leads
to an optimal problem under partial information.

In the present paper we consider the optimisation problem (2.6) under expo-
nential utility function:

Ul)=1-e", (2.7)
where n > 0 is the risk aversion parameter and x is the investor’s initial wealth.
The additive term 1 in (2.7) keeps the range of the function between zero and one
over the domain of non-negative values for x. The exponential utility function
is one of the most used utilities to represent investor’s attitude towards risk in
portfolio optimisation. It has a constant absolute risk aversion which means that
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the investor has the same risk preferences for random outcomes independent of his
wealth.

3. Filtering Estimation for the Appreciation Rate

In this section we apply the filtering technique to estimate the appreciation
rate {u¢}o<i<r given the information flow G;. The uncertainty of the partially
informed investor over p; is described by a normal distribution with mean

my = E [11]Ge] (3.1)
and variance

ve =E |(ue —me)* |Gy (3.2)

with the convention that mg = E[ug] and vo = Var(uo).

Then, as the system (2.3) and (2.4) is conditionally Gaussian, the conditional
law of iy with respect to G, is also of the Gaussian type with mean m; and variance
v and the pair (m, ) satisfies a system of linear equations given by the so-called
Kalman filter (see Brendle [4]). Results from Liptser and Shiryaev [13] show that
the mean m; follow the stochastic differential equation

ds
dmy = (k1mys + Kko)dt + ﬂlati;_% (t — mtdt) . (3.3)
g St
Moreover, the variance ~y; satisfies the Riccati equation
d +7)?
e 2617 + 57 + B3 — huoety . (3.4)
dt Ot
We note that (3.4) is a deterministic equation on ~;.
As in Liptser and Shiryaev [13], we define the innovation process:
— 1 /dS
dw .= — (t - mtdt) , (3.5)
(o) St

where W = {W, }o<;<r is a Brownian motion with respect to the probability space
(Q,G7,{G:}o<i<r, P) for t € [0,T]. Combining (2.4) and (3.5) we obtain

dXt = (T'tXt + Wt(mt - Tt)) dt + WtUdW. (36)
Similarly, (3.3) can be written as
dmy = (k1my + Ko )dt + de (3.7)
o

We note that (3.6) and (3.7) describe the dynamics of the wealth process from the
perspective of a partially informed agent.

4. Optimal Investment under Partial Information

The investor wants to maximise the expected utility of the wealth at some
future time 7' > 0 under partial information for exponential utility. Suppose that
at time ¢ = 0 we have Xy = x > 0. Moreover, we assume that the utility function
is given by (2.7). The original problem reduces to maximising (2.6) subject to
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constraints (3.6) and (3.7), that is, under partial information, the value function
for the investor in the reduced model is then

®(t,x,m) = sup E"*"™[U(Xr)], (4.1)
Teg

where E©*™[] is the conditional expectation given that X; = x and m; = m. Let
CH22 denote the functional space of the function ®(¢,x,m) such that ®(¢,z,m)
and its partial derivatives ®;, @, Py, Py Pumm, P are continuous on [0, 7] x
Rt x R. Now we can define a differential operator L™¢:

(L™®) (t,x,m) = P+ (kim+ ko)Ppm + (riz + (M — 1r)m) Py
2
1 o+ 1
+§ (M) (I)mm + 5027Tt2q)mw + (BIU + ryt)ﬂ-t(bxm-

By using the principle of stochastic optimality, we have the following HJB equation:

ilé}g) {(L™®) (t,z,m)} =0, (4.2)

with the terminal condition
O(T, 2, m) = U(x), (4.3)

for (x,m) € Rt x R. Therefore for each (¢, z,m) we try to find the value 7} which
maximises (4.2). We now assume that H(¢,x,m) € C1'?? is a candidate solution
of the HIB equation (4.2), that is,

sup {(L™H) (t,x,m)} =0, H(T,z,m) = U(x). (4.4)
T€G
From (4.4) we find out that the first order condition for an optimal investment
strategy is given by

* (m_rt)Hac + (/610'+7t)me

= 7H,. (4.5)

Substituting (4.5) into (4.4) we get the following nonlinear boundary value problem
for H:

2
1
H; + (kym+ ko)Hp, + riaHy + = <M> Hym,

2 o
—r)H H,»)?
_(m—r)Hy + (bro + ) Hom)” _ (4.6)
202H,,,
with terminal condition
H(T,z,m)=1—¢e""". (4.7)

To find the solution H(t,z,m) we proceed as follows. We look for a candidate
solution of (4.6) in the form:

H(t,z,m) =1 — e’ "+ f(tam) (4.8)
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Substituting (4.8) and its partial derivatives into (4.6), we obtain:

F(t,m) + (mim + ro) f'(t,m) + % <ﬁ100+%2) (% (t,m) + £"(t,m))
(m—r) + (6;; Wt m)? (4.9)
We assume the solution of the form
f(t,m) = A(t)m® + B(t)m + C(t). (4.10)
Differentiation yields
f(t,m) = A'(t)ym? + B'(tym + C'(t). (4.11)
f'(t,m) = 2mA(t) + B(t), (4.12)
F(t,m) = 2A(t). (4.13)

Substituting (4.11) - (4.13) into (4.9) we obtain:

[A'(t)m? + B'(t)ym + C'(t)] + (kim + ko) [2mA(t) + B(t)]
1 2
-, (W) [2A(1) + (2mA(®) + B(1)?
((m =) + (Bro + 1) [2mA(t) + B(1)))”
202
Rearranging and grouping terms according to the order of m we obtain

A(E) + 20 A(t) + 2 (W)Q ao(e) - L 200 L0 40)

= 0. (4.14)

m2

2
+ | B (1) + s B(t) + 2k0A(t) + 2 (W) AW)B(®)

(14 2(B10 + ) A#)(Bro +7¢) B(t) — Tt)} m
o2

1
+ | C'(t) + KkoB(t) + 3 (610;%

10 tBt—?”tQ
IGLEEN >]:0_

) (24(t) + B*(1)

(4.15)

Equation (4.15) can only be identical to zero if the three brackets are identical to
zero. Using this fact we obtain the following three ordinary differential equations
for the functions A(¢), B(t) and C(t):

At) = (L+2(Bi0 + AWM (,ﬂ n <51‘70+%)2A(t)> Alt)  (4.16)

202
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(1 +2(B10 +7)A®))((Bro + ) B(t) — 1)

- <m +2 (51";%)2 A(t)) B(t) — 2k0A(t)  (4.17)

B'(t) =

Cl(t) _ ((610 + 7;)0_3;(25) — ’rt) _% (ﬂ100—+ Vt

with A(T) = B(T) = C(T) = 0. We therefore, have the following result.

) (2A(t)+ B2(t)) — ko B(t) (4.18)

Theorem 4.1. Suppose the utility function is given by (2.7). Then the optimal
expected utility for the problem (4.4) is given by

H(t,z,m) =1 — e~z "~ +f(tm) (4.19)

where A(t), B(t) and C(t) are determined by (4.16), (4.17) and (4.18), respec-
tively. The corresponding optimal trading strateqy 7} is given as:

. m—r1y+ (1o +v)(2A(t)m + B(t))
Ty = no2er(T—1)

. (4.20)

The following verification result verifies that the results in Theorem 4.1 are
optimal for the problem (4.1).

Theorem 4.2. Suppose H*(t,z,m) € C**2 given by (4.19) is a candidate solution
of the HIB equation (4.4), that is, H*(t,x,m) satisfies

sup{L™H(t,z,m)} =0, H(T,z,m) =1—e ", (4.21)
Teg
Then, ®(t,x,m) < H*(t,x,m) for any admissible strategy 7 € G. In addition, if
there exists an optimal portfolio w} € G such that

7y € argsup{L™®(t,x,m)},
Teg

then, when m = wf, ®(t,z,m) = H*(t,z,m).

Proof. Suppose O = [0,00) x [0,00), we choose a sequence of bounded open sets
O satisfying O; C O;41 C 0,1 =1,2,... and O = |J;2,0;. For all (z,m) € O,
assume that the exit time of (z;,m;) from O is denoted by 7;, when i — oo we
obtain ; AT — T.

We consider an arbitrary strategy m € G. An application of It6’s formula for
H(t,z,m) on [t,T] yields

T
H(T,xr,mr) = H(t,;mm)—i—/ L™H(s,xs,ms)ds
t

T
+ / omeHy (s, x5, ms)dW g
t

T
+/ mHm(s,xs,ms)dWS.
. o
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We note that sup,cg{L™H(t,z,m)} = 0. This implies that the variational in-
equality L™ H (t,z,m) < 0. Therefore we have

T
H(T,zp,mr) < H(t,x,m)—i—/ o Hy (8, 25, ms)dW g
t

T
+/ BLOt 0 gy .y, my )T . (4.22)
t O-
The last two terms on the right hand side of (4.22) are square-integrable martin-
gales whose expectation is zero. Hence, we have
Et’m’m[H(T, xT, mT)] S H(t, x, m)
Furthermore, taking the supremum, we get

sup EM* " [H (T, xp,mr)] < H(t,z,m).
TeG

Recalling the definition of ®(t,2,m), we have
O(t,x,m) < H(t,z,m),
which implies that
O(t,x,m) < H*(t,x,m),
Next we suppose that
E[H (TinT; TraTs M aT)] < 00
for some specific strategy 73 € G. Applying It6’s formula to H (¢, 2, m) on [0, 7; AT]

once again, we obtain

T NT
H(1i NT, oy aTs MpsaT) = H(O,a:o,mo)—I—/ L™ H(s,xs,ms)ds
0

T NT .
—|—/ omiHy (8,25, ms)dW g
0

g

T NT
+/ mHm(s,xs,ms)dWS. (4.23)
0

For some specific strategy satisfying (4.1), that is, L™ H(s,zs,ms) = 0 and the
last two terms of (4.23) are also square-integrable martingales. Hence, taking the
expectation on both sides of (4.23), we obtain

IE[,E[(Tz AT, T AT mﬂ./\T) = H(O, X0, mo) < 0. (424)

Now we set ®(t,x, m) = H(t,xz, m) for the optimal strategy 7;. Using It6’s formula
on H(t,z,m) on [t,7; A T] once more, similarly, we obtain

i NT
H(1i AT, ZojaTs MpspT) = H(t,a:,m)+/ L™H(s,xs,ms)ds
t

T NT
Jr/ omiHy (s, 25, mg)dW g
t

T NT
—l—/ mHm(s,xs,ms)dWS. (4.25)
. o
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Taking the conditional expectation, we have
H(t,z,m) =E"""[H(1; AT, Zr, a1 Mgy aT))-
Taking the limit on both sides we have
H(t,z,m) = zl_l)lrél<> EY"" [ H (7 AT, Ty T, Mo, AT )-
In addition, we have
O(t,z,m) = sug EX™ U (X7)
ne

= llim Ebem [H(TZ‘ N T, Tr; AT m-,—i/\T)]
1— 00

= H(t,z,m)

which means that 7, = 7} and we have ®(t,z, m) = H*(t,x2,m), and this completes
the proof. (Il

5. Optimal Investment under Full Information

Consider the wealth dynamics provided by (2.3) and (2.4). Suppose that, start-
ing with wealth Xy = x > 0 at time ¢ = 0, the investor wants to maximise the
expected utility of the wealth at some future time 7' > 0 under full information for
exponential utility. The utility function is given by (2.7) subject to the constraints
(2.3) and (2.4), that is, under full information, the value function for the investor
is then

O(t,x, u) = sup E“"H[U(X7)], (5.1)

TeEF
where E»##[.] is the conditional expectation given that X; = x and p; = p. As
in the previous section, we let C*>2 denote the functional space of the function
®(t, x, ) such that (¢, z, ) and its partial derivatives ®;, @5, Pz, Pp, Pop, Ppp
are continuous on [0,7] x RT x R. Now we can define a differential operator L™:

1
(L™®) (t,x, ) = P+ (rew+me(p— 1)) Py + 5027Tt2<1>m + (Kip + Ko) Py,

1
+§(612 +B22)¢;LM +510—7th)1;¢- (52)
By using the principle of stochastic optimality, we have the following HJB equation:
sup {(L™®) (t,z, )} =0, (5.3)
TeEF
with terminal condition
(T, z,u) =U(x), (5.4)

for (z,u) € RT x R. Therefore for each (t,z,u) we try to find the value mr; which
maximises (5.3). As in the previous section, we now assume that H (¢, z, u) € C1%2
is a candidate solution of the HJB equation (5.3), that is,

sup {(L™H) (1., )} = 0. H(T,x.p) = U(a) (5.5)
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From (5.5) we find out that the first order condition for an optimal investment
strategy is given by

* (.u_rt)Hx +510'qu

T = Py (5.6)

Substituting (5.6) into (5.3) we get the following nonlinear boundary value problem
for H:

1 —ry)H, + proH, 2
Ht + ’I"tLE'H$ + (Klu + KZ[))HM + 5 (512 + B%) HMIJ« _ ((lu’ t)2o—2H 61 P«) =0.
(5.7)
with terminal condition
H(T,z,u)=1—¢e"", (5.8)

To find the solution H(t,z, m) we proceed as follows. We look for a candidate
solution of (5.7) of the form:

H(t,z,pu)=1-— enae” T th(tm) (5.9)

Substituting (5.9) into (5.7), we obtain

h(t, 1) + (k1pe + ko) R/ (t, 1) + % (B2 + B3) (W (t, 1) + " (t, 1))
p—r) + Brol’(t w)]*

. 1
52 0 (5.10)
We assume a solution of the form
h(t, ) = D(t)p® + E(t)u + F(t). (5.11)
Differentiation yields
h(t, p) = D'()p* + E' () + F'(1), (5.12)
W (t,p) =2uD(t) + E(t), (5.13)
R (t, 1) = 2D(t). (5.14)

Substituting (5.12) - (5.14) into (5.10) we obtain:

[D'Op* + E'Op+ F'(0)] + (k1p + o) 2D () + B(1)
% (87 + B3) [2D(t) + (2D (t)u + E(1))?]

_[(p =) + Bro2D(t)p + E@)])?
202

—0. (5.15)
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Rearranging and grouping the terms according to the order of p we obtain

(1+2B10D(1))?] o
202 K

+ [E'(t) + s E(t) + 2ro D(t) + 2(61 + B3) D(t) E(t)

~ (1+2B10D(t))(BioE(t) — rt)] u

o2

[D’(t) 2 D(t) + 2(8 + B)DX(t) —

[P0+ moBU) + (5 + D) + 553 + BB (1)
10E —T¢
LR
(5.16)

Equation (5.16) can only be identical to zero if the three brackets are identical to
zero. Using this fact we obtain the following three ordinary differential equations
for the functions D(¢), E(t) and F(t):

(1+2B,0D(t))?

Dy = LE2BODOR o by —a(s2 + )00, (.17

o = CHATPOIRCEO 1) ) aoD(r) - 2(5%
+63)D(t)E(t), (5.18)
pie) = CoZOZI L p) - (8 + 8D — (8 + BDEX). (5.19)

where D(T) = E(T) = F(T) = 0. We therefore, have the following result:
Theorem 5.1. Suppose the utility function is given by (2.7). Then the optimal
expected utility for the problem (5.1) is given by

H(t,z,pu)=1-— e_"””er(Tit)"'h(““), (5.20)
where D(t), E(t) and F(t) are determined by (5.17), (5.18) and (5.19), respec-
tively. The corresponding optimal trading strategy 7} is given as:

. p—ri+ Bo@D@u+ E()
t = no2er(T—0) :

(5.21)
The following verification result verifies that the results in Theorem 5.1 are
optimal for the problem (5.1).

Theorem 5.2. Suppose H*(t,x, 1) € C1*2 given by (5.20) is a candidate solution
of the HJB equation (5.5), that is, H*(t,z, p) satisfies

sup{L™H(t,z,pu)} =0, HT,z,pu) =1—e " (5.22)
TeF

Then ®(t,z,pn) < H*(t,x,un) for any admissible strategy mp € F. In addition, if
there exists an optimal portfolio } € F such that

7 € argsup{L™ ®(t,z, p)},
TEF

then, when my = 7w}, ®(t,x, ) = H*(t,x, 1).
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Proof. The proof follow the same arguments as in Theorem 4.2. O

Remark 5.3. The optimal trading strategies in Theorem 4.1 and Theorem 5.1 do
not depend on the investor’s initial wealth z. The investor makes a decision by
considering the state of the market only.

6. The Value of Information

The value of information is therefore calculated as the difference between the
two optimal expected utilities under full information and partial information. We
note that the initial condition m under partial information case is determinis-
tic whereas the initial condition p¢ under the full information case is a normal
distributed random variable, see [18]. The initial value g is, however, known
to the investor at the outset so, g can be considered to be a known constant.
Under this scenario, the mean appreciation rate process and the wealth process
are independent of time and so the optimal expected utility is determined by the
present utility value and do not depend on time. Therefore, for the investor with
full information the optimal expected utility is given by E[®(0, z, 19)] where the
expectation is taken over pug. Since the form of the value function ® in (5.20)
and the density function of the normal distribution are known, it is possible to
evaluate E[®(0, z, 119)]. However, under partial information the optimal expected
utility is given by ®(¢t,x, mg), that is, the optimal expected utility depends on mg
and 7y but not on pg. The two optimal expected utilities are comparable. Hence,
we state the following definition.

Definition 6.1. The value of information, denoted by V., for the exponential
utility case is given by

oo

V :=E[®(0,z, uo)] — ®(t,x,mp) = / D(0, x, po)p(u)du — ®(t,x,mg), (6.1)

—o0
where ¢(-) is the normal probability density function with mean mg and variance
7Yo-

7. Numerical Results

In this section we show how model parameter changes affect the value of infor-
mation. We will set our baseline parameters as follows: r = 0.08, o € [0.2,0.5],
ko =0.1, k1 = 0.2, B = 0.3, B2 = 0.1, 70 € [0,0.2], 79 € [0.1,0.5], T = 1, mg = 0.2
and x = 0.4. We have chosen these baseline parameters so that we can compare
our results with those in literature, see, for example, [18].

Figure 1 illustrates the impact of changes in the parameter ¢ when the other
parameters are kept constant. The figure shows that the value of information
decreases with increase in the volatility parameter o. This is because a high
volatility leads to a high risk which decreases the value of information to a risk-
averse investor.

Figure 2 illustrates the impact of changes in the parameter v when the other
parameters are kept constant. The figure shows that the value of information
increases with increase in the value of vy, that is, the uncertainty of the mean
appreciation rate of the wealth value. We also note that when vy = 0 the value
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FIGURE 1. The effect of o on the value of information

of information is zero. This agrees with intuition, see Yang and Ma [19]. We note
that 7 is the initial uncertainty in pyg.

Value of information as a function ofy; T=1,0=0.2.:1=0.2, f,=0.3, §,=0.1, x,=0.2, K =0.1 X=0.4, 1= 0.08, m =02
0
T T T T T T T

Value of information
o
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05— -

0 0.02 0.04 0.06 0.08 01 0.12 0.14 0.16 0.18 0.2

FIGURE 2. The effect of 5 on the value of information

Figure 3 shows the value of information as a function of the risk aversion pa-
rameter 7. For low value of the risk aversion, we have low value of information.
The value of information increases with the increase in the risk aversion param-
eter. This is expected in practice as more risk-averse investors value information
more than less risk-averse investors. This intuition is also numerically confirmed
in Yang et al. [18] and Ewald et al. [7].
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Value of information as a funcion of n; T=1,0=0.2,1,=0.2, ,=0.3, B,=0.1, k,=0.2, K;=0.1 x=0.4, r= 0.08, m;=0.2
0.
T T T T T

Value of information
o
>
&
T
I

0.1 015 02 025 03 035 04 045 05

FI1GURE 3. The effect of 7 on the value of information

8. Conclusion

This paper dealt with utility maximisation problems from terminal wealth for
the two cases, partial information and full information. The investor could only
observe the asset price processes but could not observe the appreciation rate. For
exponential utility function, the optimal expected utility and the optimal trading
strategy are related to the solution of a semi-linear partial differential equation.
Explicit formulae were obtained for the optimal expected utilities and optimal
trading strategies in both cases. The formulae indicate that the optimal trading
strategies are independent of the initial wealth. The value of information has been
defined as the difference between the two optimal expected utilities. The term
Ko in the unobservable drift term does not have any influence on the value of
information. This is because this parameter is not multiplied by a variable that
produces uncertainty. Numerical results which show how model parameters affect
the value of information were presented. In particular, the value of information
decreases with the increase in volatility and increases with increase in both the
parameter 7y and the risk aversion parameter 7.

Acknowledgment. This work is based on the research supported by the National
Research Foundation of South Africa (Grant Number: 104282).

References

1. Bai, L. and Guo, J.: Utility Maximization with Partial Information: Hamilton Jacobi Bell-
man Equation Approach. Frontiers of Mathematics in China, 2, (2007), no. 4, 527 — 537.

2. Bjork, T., Davis, M.H.A., and Landén, C.: Optimal Investment under Partial Information.
Mathematical Methods in Operations Research, 71, (2010), 371-399.

3. Brendle, S.: On a Problem of Stochastic Control with Incomplete Information, Applied
Mathematics and Optimization, 58, (2008), 257-274.

4. Brendle, S.: Portfolio Selection under Incomplete Information, Stochastic Processes and their
Applications, 116, (2006), 701-723.



16 FARAI JULIUS MHLANGA AND MBAKISI DUBE

5. Copeland, T. and Friedman, D.: The Market Value of Information: Some Experimental
Results, Journal of Business, 65, (1992), no. 2, 241-266.

6. Cox, J. and Huang, C. F.: Optimal Consumption and Portfolio Policies when Asset Process
Follow a Diffusion Process, Journal of Economic Theory, 49, (1989), 3383.

7. Ewald, C.-O. and Yang, Z.: Utility Based Pricing and Exercising of Real Options under Geo-
metric Mean Reversion and Risk Aversion Toward Idiosyncratic Risk, Mathematical Methods
of Operations Research, 68, (2008), 97-123.

8. Gottardi, P. and Rahi, R.: Value of Information in Competitive Economies with Incomplete
Markets, International Economic Review, 55, (2014), no. 1, 57-81.

9. Karatzas, 1., Lehoczky, J. P. and Shreve, S.: Optimal Portfolio and Consunption Decisions
for a Small Investor on a Finite Horizon, Journal of Control and Optimization, 25, (1987),
1557-1586.

10. Kohatsu-Higa, A. and Sulem, A.: Utility Maximisation in an Insider Influenced Market,
Mathematical Finance, 16, (2006), no. 1, 153-179.

11. Lakner, P.: Optimal Trading Strategy for an Investor: The Case of Partial Information,
Stochastic Processes and their Applications, 76, (1998), no. 1, 77-97.

12. Lakner, P.: Utility Maximization with Partial Information, Stochastic Processes and their
Applications, 56, (1995), no. 2, 247-273.

13. Liptser, R. S. and Shiryaev, A. N. Statistics of random processes, Springer-Verlag, New York,
(1977).

14. Mania, M. and Santacroce, M.: Exponential Utility Maximization under Partial Information,
Finance and Stochastics, 14, (2010), 419-448.

15. Merton, R.: Optimal Consumption and Portfolio Rules in a Continuous Time Model, Journal
of Economic Theory, 3, (1971), 373-413.

16. Pham, H. and Quenez, M.: Optimal Portfolio in Partially Observed Stochastic Volatility
Models, The Annals of Applied Probability, 11, (2001), no. 1, 210-238.

17. Sass, J. and Haussmann, U. G.: Optimizing the Terminal Wealth under Partial Information:
The Drift Process as a Continuous Time Markov Chain, Finance and Stochastics, 8, (2004),
553-577.

18. Yang, Z., Ewald, C.-O. and Wang, W.-K.: A Comparative Analysis of the Value of Informa-
tion in a Continuous Time Market Model with Partial Information: The Cases of Log-Utility
and CRRA, Journal of Probability and Statistics, (2011), 1-23.

19. Yang, Z. and Ma, C.: Optimal Trading Strategy with Partial Information and the Value of
Information: The Simplified and the Generalized Models, International Journal of Theoretic
and Applied Finance 5, (2001), no. 5.

FARAI JULIUS MHLANGA: DEPARTMENT OF MATHEMATICS AND APPLIED MATHEMATICS, UNI-
VERSITY OF LIMPOPO, SOVENGA, X1106, 0727, SOUTH AFRICA
E-mail address: farai.mhlanga@ul.ac.za

MBAKISI DUBE: DEPARTMENT OF APPLIED MATHEMATICS, NATIONAL UNIVERSITY OF SCIENCE
AND TECHNOLOGY, BuLAwAYyO, PosT OFFICE Box AC 939 AscoT, ZIMBABWE
E-mail address: email :mbakisidube@gmail.com



	The Value of Information under Partial Information for Exponential Utility
	Recommended Citation

	tmp.1597267646.pdf.lWvh0

