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SOME EXIT TIME ESTIMATES FOR SUPER-BROWNIAN
MOTION AND FLEMING-VIOT PROCESS

PARISA FATHEDDIN*

ABSTRACT. Estimates for exit time from an interval of length 2r before a
prescribed time T are derived for solutions of a class of stochastic partial
differential equations used to characterize two population models: super-
Brownian motion and Fleming-Viot Process. These types of estimates are
then derived for the two population models. The corresponding large devia-
tion results are applied for the acquired bounds.

1. Introduction

Since the early works of M. Freidlin and A. Wentzell [22, 23], many authors
have investigated the exit problem from a bounded domain. These estimates have
offered notable insight in the fields of applications, where exit times can be trans-
lated to determining the probability of a particular quantity exceeding a specific
threshold. In finance, authors in [13] use their results on exit time to determine
the time that the stock price exceeds a particular price and if an option is not
exercised by a specific deadline. In communication theory, for example in [§8], a
radio channel is considered in which messages are transmitted between users and
the exit time is given to determine when the number of blocked users reach a crit-
ical value that would break the system. Furthermore, for applications in queueing
theory, we refer the reader to [14] and Chapter 11 of [33]. The importance of exit
problem in population models is intuitively clear. Here we consider the exit mea-
sure for well studied population models in the literature: super-Brownian motion
and Fleming-Viot process. First we consider a class of stochastic partial differen-
tial equations used in [36] to characterize the two models and give its solution’s
exit time. Since the results in [36] were achieved only in dimension one, our exit
problem is limited to this case only.

In [15] exit measure was studied for superprocesses, of which SBM and FVP
are two cases. As for the exit measure of SBM, based on ideas provided in [15],
authors in [27,32,37] considered an increasing sequence Dy, of subdomains in the
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2 P. FATHEDDIN

bounded domain of study, D and studied the probability of the process hitting
these subdomains. Authors in [24] proved that only in dimensions one and two,
boundary points of D get hit with positive probability and this probability is zero
for higher dimensions.

Moreover, for FVP, authors in [2,5,25] considered the situation in which par-
ticles are destroyed upon hitting the boundary of the domain and since the size
of the population in FVP is assumed to be constant, then at the occurrence of
this event, another particle in the domain reproduces one offspring. Investigators
in [25] further studied the control of particles hitting the boundary and estab-
lished the tightness of the average number of visits to the boundary. To the best
of our knowledge, estimates for the time of exit measure of FVP have not been
previously shown in the literature.

Also it is an interesting problem to consider exit time if there exists an attrac-
tion point in the domain. In the context of populations, this attraction point can
be interpreted as a food source. Mathematically, an attraction point is formu-
lated as a point to which trajectories of the solution converge to after sufficiently
long period of time (i.e. ¢ — o00). Following ideas from Chapter 4 of [23] we
derive an upperbound for the probability of the first time the trajectory enters a
d-neighborhood of the attraction point after a prescribed time, and also an up-
perbound for the mean exit time from the domain in the case of the existence of
an attraction point. We determine these results for the class of SPDEs and the
two population models.

The study of exit time emerged from the theory of large deviations and one
may obtain estimates on exit time using the corresponding large deviation prin-
ciple as is described in Section 5.7 of [12] and performed in [6,7,28]. Here we
use this connection to derive our estimates for the exit problem of the solutions
of class of SPDEs and population models. As mentioned above, a few other au-
thors have also examined the exit measure of super-Brownian motion (SBM) and
Fleming-Viot Process (FVP). For both models, our method and results are new to
the literature, since they rely on a direct approach based on the characterization
of the models by the unique solution to stochastic partial differential equations
introduced in [36]. In addition, to the best of our knowledge, the connection be-
tween exit measure of the two population models with their corresponding large
deviations results have not previously been given in the literature.

This article is organized as follows. We provide a brief background to the pop-
ulation models studied here along with the statement of main results in Section 2.
Then in Section 3, estimates for exit times are derived for the class of SPDEs using
their connections with large deviations. These estimates are afterwards achieved
for SBM and FVP in Section 4.
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2. Notation and Main Results

We begin by giving a brief description on the two population models consid-
ered here. Super-Brownian motion (SBM) is the continuous version of branching
Brownian motion where population evolves as a cloud and branches out like a
tree. With regards to applications in biology and sociology, super-Brownian mo-
tion has been used to investigate Brownian bug model and voter model as in [3,4].
Brownian bug model studies small organisms such as bugs that reproduce by bi-
nary fission at a constant rate and organisms move according to a random walk.
When it is assumed that the birth and death of bugs are independent of the spa-
tial distribution of the population and bugs are assumed to move according to a
Brownian motion, then the model becomes a super-Brownian motion, which in
this context is also referred to as the Felsenstein’s problem. Voter model assumes
that each individual in the population has an opinion a or b and it examines the
spread of one opinion over the other. It has been shown in [9] that voter model
converges weakly to super-Brownian motion.

As for the other population model studied here, Fleming-Viot process (FVP)
is the continuous version of step-wise mutation model, in which individuals are
grouped based on their gene type. This process initially was developed in the
study of diffusion models in population genetics in the paper [20] by Fleming and
Viot in 1979. Many authors have since considered this process to study different
biological developments for example, alleles diffusions in [17] and polarity in cells
in [26], which is the tendency of the majority of membrane molecules in a cell to
concentrate in one place, a condition that occurs mostly in yeast cells. Another
important application in biology is the modelling of parasite metapopulations by
Fleming-Viot process as in [34], where parasites are assumed to spread and infect
their host like the spread of a disease. For more applications in population genetics
we recommend [17]. The distribution of gene types is studied in FVP making it
a probability measure-valued process; whereas, SBM is a measure-valued process.
For more information and background on these population models we refer the
reader to [11,16,19,30].

We now give the stochastic partial differential equation (SPDE), the existence
and uniqueness of solutions of which were studied in [36] in dimension one and was
used to characterize SBM and FVP as unique solutions to certain SPDEs. Sup-
pose (2, F, P) is a probability space with {F;} being a family of non-decreasing
sub o-fields with the standard conditions of {F;} being right continuous and Fy
P-complete. Since super-Brownian motion is a measure-valued process, we may
denote it as {uf}, where € is the branching rate. Using uf(y) = [ ps(dz) for
y € R, this population model was given in [36] by,

t u (y) t
w) =P +ve [ [ Wi+ [ Sagmas @)
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where F(y) = foy po(dx) and W is an Fi-adapted space-time white noise random
measure on R x R with intensity measure dsda. Similarly, Fleming-Viot Process,
{ps}, where € is the mutation rate, is a probability measure-valued process, and
was characterized by

wi) = PO+ Ve [ [ (uusy = vsw) Wdads) + [ Sausmpas, (22

using, u$(y) = u§((—oo,y]) with F' a function on R and W a space-time white noise
random measure on RT x [0,1]. In [36], observing the similarities in equations
(2.1) and (2.2), the following equation,

wi) = PO+ Ve [ [ Glepasowidas) + [ Gauwas (23

was introduced, where W is an F;-adapted space-time white noise random measure
on R* x U, F is a function on R and (U,U, \) is a measure space with A denoting
the Lebesgue measure with U = R for SBM and U = [0, 1] in the case of FVP.
Furthermore, G : U x R? — R is Holder continuous and satisfies the linear growth
condition:

/U|G(a,y,u1)—G(a,y,uQ)|2/\(da) < Klui— ), (2.4)
/U|G(a,y,u)|2/\(da) < K(1+uP). (2.5)

For 0 < 8 € R, let Mg(R) be the set of o-finite measures p on R such that

/e*ml"du(x) < 0.

Let o € (0,1) and denote B, g to be the space of all functions f : R — R such
that for all m € N,

fn) — fly2)l < Ke™yr —yo|* Yyl ly2| < m, (2.6)
fly) < K vy eR. (2.7)

In [18] it was assumed that F(y) is in space Bq g, for a € (0,1), By € (0, 3) and
the class of SPDEs given by (2.3) was proved to be in space C ([0,1];Bg), where
Bg is the collection of continuous functions on R satisfying only condition (2.7).
Furthermore, it can be shown that Bg is a Banach space with norm,

1£1ls = sup e f(y)]. (2.8)
yeR

Since the existence and uniqueness of solutions achieved in [36] are limited to
one dimension, then we consider the domain of study to be the interval (—r,r) and
the first exit time to be denoted as 7¢ := inf{t : u§(y) ¢ D}. We derive estimates
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for exit times directly then use our results on large deviations with rate function,
I : Cg — [0, 00] given later in the section. For better presentation, we denote,

Lo
J(r,e,T) := sup 8ke: Cf Cav/T ,
o<t<T (rvt — C1Cy)(k — 1)

for positive constants, Cy, Cs, C5, and Cy. Using this notation, we have the fol-
lowing estimates.

Theorem 2.1. For the family, {u$(y)}eso given by (2.3), and a given § > 0,
there exists €g > 0 such that for all 0 < € < €,

a. the likelihood of the exit time of a trajectory from the domain (—r,r) to be
before a given time T is approximated by,

exp (-1 ( inf () — 5)) <P <T)<JreT),  (29)

€ \ut(y)e[—r,r]°

b. for mean exit time we have,

1
E(r9) < . :
1—exp (—¢ (infu, e(—rr It (e(y)) = 9))
Theorem 2.2. Suppose domain (—r,r) possesses exactly one attraction point
being zero, then for a given § > 0 and all € > 0 sufficiently small,
a. the likelihood of the first exit time being before a prescribed time, T is estimated

by,

(2.10)

1—J(d,e,T) < P(r°<T)
1
< J(re,T)+exp|—— inf I (u -4,
- ( ) p( € <m(y)€(—6o,6o)“ 1( t(y)) >>
b. the mean exit time is bounded by,
1

E(7¢) < ’
( ) - ]. — exp (*% (infut(y)e(—éoyéo)c Il(ut(y)) o 5))

For the next theorems regarding the two populations models under study, we
define,

< fouf >5::/Supe’ﬁ‘y'lf(y)lui(dy), (2.11)
Yy
and let
1 1
Ny = 1— sup - (K5 + Kge2Pl! ) 2.12
? KoVeT (1 + e3b1l1) ( 0<t£T ( o ) (2.12)

for positive constants K5, Kg and Kg.

Theorem 2.3. For both cases of super-Brownian motion and Fleming-Viot Pro-
cess, the exit time is approximated by,
1
8kez Cy /T
P(r*<T)< sup OVT
0<t<T (v Naot — C1C5)(k — 1)

(2.13)
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where C5 := sup,cg e~ (Bi=Polul " Moreover, the mean of the size of the population
at time t for both population models is estimated by,

Elul3 < M +6%) (KB° + KB* — KB%) +Int
+K(B— Bo)*(t +1) + KMe (\/g 4 t3/2> _ (2.14)

For completeness, we provide the results on large deviations achieved in [18]
as follows. Because of the nonlipschitz continuity nature of the noise coefficient,
G(a,y,us(zx)), the existence and uniqueness of solutions could not be obtained for
the controlled PDE, also referred to as the skeleton equation given below,

w) = Fo)+ [ [ Gapunmih@idaas+ [ Faumds (219

where hy(-) € L? ([0,1] x U,dsA(da)). As a consequence, an equivalence class was
introduced to group solutions in a suitable way. That is, let u ~; v if both u
and v are solutions to (2.3) with the same function hs(-). Then C ([0,1];Bg) / ~1
is a pseudo-metric space and to convert this space to a Polish space, another
equivalence class was applied defined by = ~9 y if d(z,y) = 0. Namely, large
deviation principle was achieved for the class of SPDEs in éB :=C([0,1];Bg) / ~1
/ ~3. For SPDE (2.3) this result was given as Theorem 2 in [18] in space Cs with
rate function I (@) = inf,eq I (u) where,

I(u) = y inf {/01 /U |hs(@)*A(da)ds : u = 'y(h)}, st u=(h),

0, otherwise.

(2.16)
Here v is a map from L2([0,1] x U, ds\(da)) to Cs with domain consisting of h
such that (2.15) has a solution, and the equivalence class of the solution is denoted
as u = y(h). As for SBM and FVP, Cameron-Martin space, H, was introduced
to give large deviations in spaces Mg := C ([0,1]; Mg(R))/ ~1 / ~2 and Pg :=
C([0,1);P5(R)) / ~1 / ~a, respectively. We provide the conditions for Cameron-
Martin space as follows. For v on the set of finite measures on R, Mp(R), the

Cameron-Martin space, H,, is the set of measures u € C([0,1]; Mp(R)) such that,

(1) po=v,

(2) the D*-valued map ¢ — pu; defined on [0,1] is absolutely continuous with
respect to time. Let fr and A*p be its generalized derivative and Laplacian
respectively,

(3) for every t € [0,1], ji — 3 A%y, € D* is absolutely continuous with respect

. d(ﬂt*%A*Ht) . 9 . .
to py with =——2=——="in L*([0,1] x R, dsu(dy)) being the (generalized)

Radon Nikodym derivative.
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In Theorem 3 of [18], large deviations was achieved for SBM with rate function,
I>(f1) = inf,c; I (1) where,

//

Similarly in Theorem 4 of [18], large deviation principle was given for FVP with

« 2
(frr — 3A% 1) (dy)
e (dy)

otherwise.

rate function, I3(t) = inf,ec, I(p) where,

//

where H,, is the Cameron Martin space with conditions involving probability mea-

2
(frr — 5A% 1) (dy)
e (dy)

I’Lt(dy)dt Zf ne ﬁuoa (218)

otherwise.

sures P(R) instead of Mg (R) and the extra condition,

<Mt7d(ﬂt—A*M)>:0_

dlLLt

For each of these results F(y) is assumed to be in space B, g, for a € (0, 3) and

3
Bo < B.

3. Exit Times for the Class of SPDEs

In this section, we derive estimates for exit times for the class of SPDEs that was
introduced in the previous section. Namely, our aim here is to prove Theorems
2.1 and 2.2. Since we have the uniqueness of strong solutions to SPDE (2.3)
established in [36], we may use its mild form,

6 = [ o - )P+ ve [ t [ [ty = 006 ) o ),

(3.1)
with the Brownian semigroup, where p;(z) = \/217t ~% is the heat kernel. Let the

= inf{t: uf(y) ¢ (—r,r)}.

Proof of Theorem 2.1: We begin by proving (2.9), where we apply a direct

M)

m &

first exit time from the domain, (—r, r) be denoted as 7

method for the upperbound based on ideas in the proof of Theorem 2 in [29] and
for its lowerbound we use the large deviation result stated in Section 2. Observe
that for a prescribed time T,

P(r>T)= P ( sup us(y)s < ) , (3.2)
0<t<T
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where we have excluded ¢t = 0 since initially the solution is assumed to be in the
domain. Using the 8 norm given by (2.8), we proceed to find,

P( sup s (®)ls > ) (3.3)
0<t<T

< P( sup supe /Yl
0<t<T yeR

/pt(y —xz)F(z)dx
R

+ sup supe Al
0<t<T yeR

\/E/Ot/U/RptS(y—x)G(a,x,uZ(x))de(dads) > r) .

Recall that F is assumed to be in B, g, space with a € (0,1) and By € (0, )
satisfying inequality (2.7) with 8 replaced by By and constant denoted here as
K. Thus,

sup e Pl /pt(y—x)F(x)da: < supeiﬁ@l/pt(y—x)Kleﬁglmldx
yeR R yeR R
1K e (B=Fo)lyl
sup e , 3.4
V2nt yeR ( )
where

Ky = /Rexp (—(y;tx)Q —(lyl - |$|)Bo) da.

Let I(t) = \/Efot J Jepe—s(y — x)G(a, z, us(x))deW (dads), then letting Cy =

%, the probability given by (3.3) becomes bounded by,

C

r ( sup supe PWII(t)| > r— sup —=sup e_(ﬁ_ﬂo)ly) . (3.5)
0<t<T yeR 0<t<T V1 yeRr

For consecutive approximations we need the following estimate which was estab-

lished in [18] as Lemma 1. For any n > 1, and 81 € (8o, 8),

M := IE( sup / |u§(x)|262'81|"”dx> < 0. (3.6)
0<s<1JR

Inspired by the proof of Theorem 2 in [29] and similarly Proposition 7 in [31], we
apply the well-known Kolmogorov criterion (see for example Corollary 1.2 in [35]).
Denoting,

P(t,t1) :==pi—s(y — ) — pt, —s(y — ),
we have for k > 2, and t; < ¢,
k

E|I(t) — I(t)|* < 25E \/E/O /U/RP(t,tl)G(a,m,ug(x))de(dads)

k

¢
+2F 1] ‘\/E/ / /ptl,s(y —2)G(a, z,us(x))dzW (dsda)
t1 U JR
=Ji + Jo.
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Using the Burkholder-Davis-Gundy and Hoélder inequalities along with inequality
(2.5) we arrive at,

(VB

T 2
J < 2k716§EA /U(/R1[07t](s)P(t,t1)G(a,x,uZ(az))dx) dads

k
2

IN

t
2F~le5 R / //P(t,t1)2e2ﬁ1‘z‘dx/G(a,a:,ug(a:))Qe_wllx‘dmdads
o JuJr R

|=

2

IN

t
2F-1e5 R / /P(t,tl)Qezﬁllm‘d:c/(1+|u§(z)|2) e 2ol dgds
0o Jr R

In the proof of Lemma 4 in [18], it was found that for a € (0, 1),

Ji(s) = / P(ty,t5)2e? 12l dy < K21l |ty — 1y, (3.7)
R

where the authors wrote P(t1,t2) as,

2—«

P(t1,t2)” = Ipr,—s(y = 2) = pro—s(y = )" [Pry—s(y — @) = pr—s(y — )|
Interval (0, 3) was used there to obtain the suitable bound. We note that each
estimate performed in achieving (3.7) also holds for @ = 1. Therefore,

Ji < 28 1es MKgeP vk — )3

where constant M is given by (3.6). Similarly,

=

t 2
Jo < 2FlE3E / / Py —s(y — 2)*e*M I de / (14 Jug(2)]?) e 21l de
t1 JR R
< e MK PR — 1|3
Leading to,

E|I(t) — I(t;)|F < 26~ Led MeP Ik (K, + Fy)|t — )5

Next we let 9 (z) = |z|* for k> 2, and p(z) = e#1¥|z? for x > 0 and denote,

T T k
I(t)—1I(t
B;:/ / H®) = 1) “Z' dtdt,
o Jo p(t—tl)
then as was shown above,

E(B)

IN

T T
(K3+K4)2’€*163M/ / It — 1|2 2k dt,dt
0 0

) k+2 & - ) .
_ { (Kd};—k}z(i)fgk+€82 MT 3§+47 Zf 73]264"»4 1S even
o —3k44 -
0, if =5 is odd
Since the preceding estimates hold for any k£ > 2, then we may assume that k > 2

is such that =24+ is even to obtain,

4—3k

E(B) < Coe*T 2.
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Furthermore, functions ¢(x) and p(z) are symmetric about 0 with v (z) being
convex and lim, o ¥ (x) = oo. Also p(0) = 0 with p(z) increasing for = > 0.
Therefore, according to Garsia, Rodemich, Rumsey Lemma given as Theorem 1.1
in [35], we have,

B

[t—t1]
ro-tw<s [ Zdple)

with n = 1 since we have dimension one. We note that this lemma is in determin-
istic setting;however, as commented in [35] it is also applicable when E(B) < co.
Since the above holds for any 0 < ¢t; < ¢, we let t; = 0 to obtain,

T
k _
sup |I(t)] < 8B%/ z*%dp(x) < 87661|y‘T2kk * B+,
0<t<T 0 k—1

We denote Cs := sup,cp e~ (B=BIll and Cy := SUp, cr e~ (B=Bo)ll then using (3.5)
and noting that B is a positive random variable, we apply the Markov inequality
as follows,

P(mmn@@mﬁ>0
0<t<T

8k 2k—2 1 Cl
T % B¥x >r— sup —=C
k-1 - O<t£T t 4)
r(k—1) z2-2 sup 0104(/{—1)112}31«)
8kCs o<t<T SkCsV/t
8kC3\/t
Sup 2—2k
0<t<T (rvt — C1Cy)(k — 1)T %
8ked CF Cyv/'T
< sup ;
0<t<T (T’\/i — 0104)(k — 1)
where we have used the concave property of ¥y ~1(x). This estimate confirms the
fact that as the given radius of exit domain becomes sufficiently large or as the

SP(C?,

(3.8)

noise goes to zero by setting ¢ — 0, one does not expect the solution to exit the
prescribed domain. Moreover, (3.8) verifies mathematically that if the prescribed
time T is zero, then the probability of exiting the domain before T is also zero.
Now denoting the right hand side of inequality (3.8) as J(r,¢e,T) and recalling
(3.2), we obtain,

Pl <1)= P ( swp uitlla>r) < I D)

0<t<T

This offers an upperbound on the probability that the solution will not exit before
time t =1T.

Relating to the large deviation result provided in Section 2 we achieve the upper-
bound employing the rate function. Namely, using,

lim inf elog P ( sup |lug(y)llg > r) > — inf I (u(y)),
=0 0<t<T ut (y)€[—r,r]°
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where u;(y) is the solution of (2.15). Then we may deduce that for a given § > 0,
and sufficiently small € > 0,

P(r*<T) > P ( sup {luz(y)lls > 7“)
0<t<T

> exp (—1 ( inf I (ue(y)) + 5)) .
€ \ut(y)€[—rr]°

Also, we may find,

P(rc> 1)

P(amn@@na<ﬂ
0<t<1

IN

P(amn@@nﬁ<@
0<t<1

1
< exp|—- inf I (ui(y)) — 90 ) .
€ \ug(y)€[-rr]

Note that by the strong Markov property of u§(y),
Pir*>k+1) = P >k1>k+1)

Eug(y) (Lresklresptr)
= ]Eug(y) (1T€>k]Eu6(y) (175>k+1|]:k))

= ]Eu(‘)(y) <1T5>kPu;(y)(T€ > ].))

< P(r*>k) sup Py, (T > 1),
ut(y)e(_rvr)

so that by an inductive argument, one may deduce that for k € N,

k
P(r>k) < ( sup  Pyuegy (7 > 1)) .

ug(y)e(=r.r)

Observe that the above estimates also hold for 7¢ > k. Thus, as for inequality
(2.10) we have,

oo (o) k
E(t¢) < ZP(TE >k) < Z sup  Pyueqy (76> 1)
k=0 k=0 \ui(@E(=rr)

1
1 —exp (= (infu, e[ D1 (u(y)) —0))
which offers another lowerbound on P(7¢ > T') as follows,

P(r°>T) < exp (_LTJ ( inf I (w(y)) — 5)) , (3.9)

€ ut (y)E[—r,7]

)

where | x| is the greatest integer less than or equal to x. O

Proof of Theorem 2.2: Suppose we have an attraction point in the domain,
which in our case we make the point zero. Part of the definition of attraction
point is the assumption that after entering its dp-neighborhood for a small enough
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dg > 0, the trajectory will never leave and all trajectories will eventually converge
to the attraction point as time goes to infinity. Hence for u§(y) starting at yo €
D UID \ [—dg, do] the exit time needs to be before entering the dp-neighborhood
of the attraction point. Letting,

71 = inf{t : ui(y) € (—dp,00)}, (3.10)

this means 7¢ < 7{. Using the results from the previous theorem, we observe that,

P(T6>T)§P(Tf>T)P<

sup s (9)s > 60) < J(60,e,T),
0<t<T

from which the following lowerbound may be obtained,
1—J(0g,e,T) < P(r¢ <T).
For ¢ < T, it is required to have T' < 77 so that,
P(r*<T<rtf) = P(T>7)-P(T>r5)

1 .
(& T) +exp <_e <u (y)el(rifao 50)° hlulw)) - 6)) ’

for sufficiently small € > 0 and 6 > 0. Using (3.9) we may also find,

IN

E(r¢) = iP(TC > k) < ip(ff > k)
k=0 k=0

> k
< e —— inf I (u -9
= kzzo Xp( € <ut<y)e(—ao,ao>c 1(ue(9) ))

1
1-— exp (7% (infut(y)E(—5o,5o)c [1 (ut(y)) - 5)) .

<

for sufficiently small € > 0. ]

We shall make the remark that in Lemma 4.2.2 and Theorem 4.4.1 of [23], the
authors assume the attraction point to be a stable equilibrium position of the
domain, which means that for every neighborhood of the attraction point there is
a smaller neighborhood so that if a trajectory starts in the smaller neighborhood,
it will converge to the attraction point as ¢ — oo without leaving the larger
neighborhood. In addition, they give the condition that (b(z),n(z)) < 0 for the
starting point  on the boundary of the domain, where b(z) is the drift of the
equation and n(z) is the exterior normal to the boundary of the domain to ensure
that the trajectories do not exit the domain. We can find the estimates in our
case without requiring these assumptions. They also use the terminology of action
functional denoted as So,r(4) given to the good rate function multiplied by the
speed of the large deviation principle.
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4. Exit Measure for SBM and FVP

Here we focus on the population models, SBM and FVP, where again we have
our setting in dimension one and consider (—r,r) for r > 0 as our domain of
study. With regards to the bounds derived in the previous section, recall that
uf(y) = [y pi(dz) and u§(y) = [Y__ p§(da) for relation between the SPDE (2.3)
and SBM and FVP, respectively. Following the inner product given by (2.11), we
use a complete orthonormal set {f;},, and sum on j, to deduce for each model,

P( sup ||pglls > 7“) = P( sup /SUPe_%‘y‘UE(y)dy > 7“2)
0<t<T

o<t<TJ gy
= 7 (s il = )
0<t<T
< J( N7l eT),
where Ny = [ sup, e PlWldy and p(dy) = uf(y)dy was applied in the first step.

Since pf is an empirical measure giving the size of the population up to time ¢,
then the exit time for the two population models may be defined as,

7€ = inf{t : pi((—r,r)°) > 1},
giving,

P(s¢>T)= P (0335#; (=00, 1) U (1, 00)) = 0) |

By the relation between SPDE (2.3) and SBM and FVP, we may deduce that for
a measurable set B,

/ 15 (y)du (y) = / 15 (y)us(dy) = p5(B).

Similar to estimates in previous section, we may find,

P(r*>T) = P (OiggTui (=00, =r) U (r,00)) = 0>

_p ( 00 [ (1 e 21 (0) + Lo () i) = o)

0<t<T

- 1P<sup / g(y)du;<y>zl>, (4.1)

0<t<T

where we have denoted,

g(y) = 1(700,77") (y) + 1(7",00) (y)

For better presentation, let

P(t,r,x) :=pe(r + x) — pe(r — ).
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Then, denoting the derivative with respect to y with a prime, we have,

(

=P |2 sup
0<t<T
+2 sup e
=P |2 sup
0<t<T

+2 sup e

sup / 9(y)dug(y) = 1>

0<t<T
2

[ow / Piy — 2)F(x)dady

[ [ [ [ st = 16t tow sy

2
21>.

2
>1
0<t<T

2

/ P(t,r,z)F(z)dx
R

/ot /U /R P(t — s,7,2)G(a, 2, uf(x))deW (dads)

0<t<T

Analogous to bound in (3.4) we determine,

2
2

/R(pt(r—l—x) —pi(r —z)) F(z)dz| < % (K5 +K662ﬁo\r\> ]

From (2.1) one may note that SBM satisfies SPDE (2.3) with U = R, A(da) = da

and
noti

G(a,y,u) = lo<a<u + lu<a<o where X is the Lebesgue measure. Further
ce that (2.2) implies FVP satisfies SPDE (2.3) with u(y) = [Y_ pf(dz),

U = [0,1],A(da) = da, and G(a,y,u) = lgey — u. In both case the relation
du$(y) = ps(dy) along with conditions (2.4) and (2.5) hold. We proceed with,

i (oiltlET/g(y)duf(y) > 1)

=P <2ﬁ sup /Ot/R/RP(t s,1,2)G(a, z,us(s))dzW (dads)

2

0<t<T

1
>1— sup - <K5 +K662B0|T|)> .
0<t<T

Applying condition (2.5), we follow estimates as in previous section to obtain,

¢ 2
sup Ve / //P(t—s,r,x)G(a,x,uZ(x))de(dads)
0<t<T 0o JrRJR
¢
< e sup / //ﬁ(tfs,r,x)Qegﬁl‘zldx/G(a,x,ui(z))%fsﬁllm‘dxdads
0<t<T Jo JRJR R
t

K? KS 35)/ 2\ —3B1]
< Ve su + 3Bl 1 4l (2)2)e 301 dads
\[0<t£T/o (\/m Vi—s ( ())
< Kov/e sup |ug()|[3, VeI (1 + > ).
0<s<T
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Thus,
P ( sw [ g(w)aui(y) > 1)
0<t<T
1 —sup L (K5 + Kge2Polrl
<P sw Jui@)5, = osist ¢ | - )
0<s< Kyv 6T(1 +e Blw)

Now by (3.8) and (4.1) we arrive at (2.13). For (2.14) we proceed as follows.
For better presentation, we denote,

h(ug(z)) = 10§a§u§(x) + 1u§(w)§a§0~

Note that pf takes values in space Mg or Pg for SBM or FVP, respectively. Let
{f;}; be a set of positive functions on y that form a complete orthonormal system
with f; € C3°(R). Using the relation, u$(dy) = u§(y)dy, we obtain,

E < p5(dy), fi(y) >3 (4.2)

=5 ( [ s (- 50) - 81, wsene ) wito)iy)

Yy

<xe ([ sgpeﬁ'y'f]‘(y)UE(y)dy>2 + &5 ( [ supe My )uit)an)
— I + L. (4.3)

2

As for I; we have,

L < K</ supe W f(y)F (y)dy>2

KR ( / [ [ sweiz ><z<y>>dyw<dads>)
ma( / / sup e () <y>dsdy)2

= I11 + 1o + L3,

2

where,

1

1 i 2

= K (/ Supe_ﬁlyfj{(y)F(y)dy) <K (/ Supe_Blny’»(y)eﬁ‘”ydy)
R v R Y

2
K (/ sup e—(B—ﬂo)ny]((y)dy)
R Yy

2
K (B — Bo)? (/R sup 6(ﬁﬁ°)'y'fj(y)dy> :
Yy

IN

IN
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Furthermore,

I

< KeE ( / / ( / sup e {7 (y)h <uz<y>>dy)2dads>
< ks [ sup e 0 1)y | W5 )21 (0)dydods )

where using the fact that u§(y) is an increasing function and uf being the size of
the population, we obtain,

2
//(10§a§u:(y)+1u§(y)ga50) fily)dyda

< //(u afj dyda—|—2/ /E) fi(y)dyda
- / £5((u) " ())da + 2 / () (@)da
- o [T rwacw 2 [ e

fo%e) 0
- —2/0 fj(y),u:(dy)—l-Q/_oo fi(y)ps(dy)

2 / £ ()s (dy), (4.4)
I KeBE t Wl £ (y)d ; (d d)
12 < ef </0 /]ngpe fily Z//f y) s (dy)

where the positivity of the integrand was observed. Turning to I3 we have,

Ly = KE( / / sup e~ £ () Au (y)dsdy>
" 2
w2 foup (4 50 i)

2
= Kt°FE (/supe_ﬁlyf]{”(y) sup u;(y)dy)
v

0<s<t

IN

giving,

2

IN

2
KPR ( [ swe57) sup uz<y>dy)
R

Y 0<s<t

2
+KpBHE (/ sup e_mylfj{(y) sup u;(y)dy)
y

0<s<t
= Ii31 + L1320 + 1133
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As for I131,

Ly < KR ( [swe gty [ sup uso? ;”<y>dy)
Yy

0<s<t
"

= — K 33sign(y)t*E (/R Supe_m‘ylfj(y)dy/ sup (us(y)?)

Y 0<s<t

fi (y)dy) :

Also,

2
Lz < KB*t°E </Supeﬁly|f]{/(9) sup ug(y)dy)
y

0<s<t

< KR ( [swe gy [ s uz<y>2f;’<y>dy)

0<s<t

IN

KPE ( ey [ s (i) 5 <y>dy) |

0<s<t

and

Lisy < Ki2E ( / sup e~ 22101 f1 () dy / sup uz<y>2f,’-(y>dy>
Yy

0<s<t

— K pBt*sign(y)E ( / Sl;pe_2’8|y|fj<y)dy /]R sup (ué(y)z)'fj(y)dy> :

0<s<t

Next for I5 in (4.2) we use the mild form and obtain,
2
12 = KE (sup = £, 4)u )y
y
2
<K </ sup e 1Y £ (y) /pt(y - w)F(x)dwdy>
y

+ K8 (Ve [supe50) [ [ [ psty = e)btuse)da (dads)ay
= Iz + Ios.

Note that,

I,

IN

2
K (/ Supe‘ﬁy'fj(y)/pt(y—:v)KleBO'“'dwdy)

2
K </ Sl;peﬁmfj(y)\}ieﬁo'y'dy)

2
K </ Supe(ﬁﬁo)lyfj(y)dy> _
t\Jr v

IN

IN

17

Since G(a,y,u) = lo<a<u + lu<a<o satisfies conditions (2.4) and (2.5) then by
applying estimate (3.6) along with Burkholder-Davis-Gundy inequality we arrive
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at,

Iz

< KE < / [ ([swevinw / pt_s<yx>h<u5<x>>d:cdy)2dads>
corl - frpeo

/R e 150) [ et x)h(ui(x))dac)Q dydads>
([ o e i

/ h(u®(z))%e™ 2 |wdxdydads)

<eKE</ /supe ﬁ\y\f
R v

(B—281)lyl
/ fj(y)ie (1+ ui(;v)Q)e_Qﬂllwdxdyds>
R

\/t—-S R
1
§6KM< NG ngpe B\ylf dy/f —(B—2p1) yldyds)

< GKM\/i (/ sup e ﬁ|y|f dy/ f —(B—281) |y|dy)
Thus from the above bounds we can form,

B (5 (dy), £; ()%
2
< K(B-fo)? ( /R sgpe—(ﬁ—ﬁo)y'fj(wdy)

+KefE (/Ot/sgpe‘zﬂyfj(y)dy/fj(y)ué(dy)dS)

K sign(y) E ( e may [ sw ()" 50 )

0<s<t

+KB*°E (/ St;pe‘%'y'fj(y)dy/ sup (us(y)?)” fj(y)dy>

0<s<t

— K BPsign(y)E ( / supe= 1 (1) dy [ s (uz<y>2)’fj<y>dy)

0<s<t
K o 2
+7 (/Supe 8 Bo)lyfj(y)dy)
Yy

+eKMV?E </supeﬁ|y|fj(y)dy/fj(y)e(Bzﬁl)mdy) .
Y
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Now summing on j gives,

1
Elully < ((6 Bo)® + >/Sur>e 2000l dy
KMV / sup e~200-80lvl gy | KB / s I3ds
Yy 0

— K %sign(y)t°E </ supe 22¥ gup (u;(y)2)”/ dy)

Y 0<s<t

+KB*°E (/Rsupe_wly sup (uZ(y)2)"dy>

Y 0<s<t

— K Bt?sign(y)E ( / sup e~ 28! sup (ug(y)Q)/dy>. (4.5)

Y 0<s<t

Notice that,

—K3sign(y)t’E (/ supe 28¥ sup (ug(y)z)”/ dy>

y 0<s<t

= —Kﬁﬁtzsign(y)E/supe_w‘yl sup uS(y)3dy
R ¥y 0<s<t

o0
= —K56t2E/ supe 281¥ gup us(y)2dy
0 Y 0<s<t

0
—|—K56t2E/ supe 2Pl sup u(y)*dy
—oco Y 0<s<t
< Kp%*M

After similar steps are performed for the other terms we arrive at,

1
Bl < K (5= 5+ 1) +eRMVE+ KE8M

t
+KBY% M — KB**M + KeﬂE/ N3 ds,
0
which by Gronwall’s inequality yields,
Ellu5lI

+K/ (( B — Bo)? ) + Mey/s + s> M (56+54 _ﬁ2)> o~ KeB(t—3) I

<(5 Bo)? + > + Mevt+ M (KB° + Kp* — KB?)

+K(B—Bo)%t +1Int + KMet? + M (KB° + K5' — K3?).

We now proceed to the case for FVP. From (2.2) one may see that FVP satisfies
SPDE (2.3) with U = [0,1], A\(da) = da, where X is the Lebesgue measure and
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G(a,y,u) = lg<y — u obeys conditions (2.4) and (2.5). Following the same lines
of reasoning as in the previous case, we note that the same estimates for I; and
I> above can be used here except for I15 which we bound as follows.

2

t ol
112 = KeE ([R ?Sllé%e ﬁ\y\f )/0 /0 (lagug(y) - uZ(y)) W(dads)dy)
2
KeE (/ / (/ sup e W £ (y) (Locue ) — uS(y)) dy) dads)
KeE (/ / /Supe 2ﬁ|y|f (y)d / lagug(y)f]’»(y)dydads)
R y
+KeE (/ / /]Rsl;pe 2/3\u\f (y)d /Ui(y)2f;—(y)dydads>

= Iio1 + I122.

IN

IN

Similar to (4.4) we obtain,
1 [ee)
/ / Locus (o fi(0)dyda = / / £1(y)dyda
0 J(us)=1(a)
1
- / £ ((u5)""(@)) da

1
- /0 fi()us (dy).
Therefore,

t
Loy < —KdE(/o /ngpet 2Pl fr(y dy/ Fiw)ps( dy)d)
= —Kesign(y)SE (/O /Rbl;pe Wty dy/ Fi(yns dy)d>
- e[ e sup e 1)y / Fy s )
+Ke,61E(/ / supe~19 1, (y)dy / o dy)d)
KﬁeE</O [swe iy [ 5wmtanas).

again by noticing the positivity of the integrand. Moreover,

IN

1122

= —Kpesign(y <///ngpe 20 (y)d /(Ui(y)z)/fj(y)dydadS)
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Now grouping these bounds yields,

E (5 (dy), £ ()5

2
< K- 50)2 </ supe_(ﬂ_ﬁ‘))yfj(y)dy)
R ¥

rcpee ([ t [swe sy [ 5wnitaas)

Y

~ Ksign(y) BeE ( / t / 1 [ swe sy [ (uz<y>2)’fj<y>dydads)

Y
"

—BPsign(y) Kt°E (/ St;pe_w'y‘fj(y)dy/ sup (us(y)?)

0<s<t

fj(y)dy>

L KPR ( ey [ s (u507)" fj<y>dy>

0<s<t

— K Bt*sign(y)E ( / Sl;pe‘w‘y'fj(y)dy / sup. (UZ(y)Q)'fj(y)dy)
2
+§ (/ sup e—(ﬁ—ﬁo)lyfj(y)dy>

KMV ( [ pitay [ fj<y>e—<ﬁ—2ﬁl>ydy) ,

which by summing on j and forming bounds on terms as was performed for (4.5)
becomes,

1
Blily < & (5= o + ) + <KMVE+ KEGPM 4 Kp'EM

t
—Kﬁ2t2M+KeﬁE/ [l s |15 ds.
0

Hence the Gronwall’s inequality gives the same result as in SBM. O
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