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METHODS FOR STOKES PROBLEMS

BiN WaANG
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Louisiana State University, 2245 Patrick F Taylor Hall, Baton Rouge, LA, 70803, USA

LiN Mu*

Department of Mathematics
University of Georgia, Athens, GA, 30605, USA

ABSTRACT. In this paper, we develop a viscosity robust weak Galerkin finite
element scheme for Stokes equations. The major idea for achieving pressure-
independent energy-error estimate is to use a divergence preserving velocity
reconstruction operator in the discretization of the right hand side body force.
The optimal convergence results for velocity and pressure have been established
in this paper. Finally, numerical examples are presented for validating the
theoretical conclusions.

1. Introduction. In this paper, we consider the following viscosity dependent
Stokes equations: Find velocity u : Q@ — R? (d = 2 or 3) and pressure: p: Q — R
such that:

—vAu+Vp = f, inQ, (1)
V-u = 0,inQ, (2)
u = 0, ondQ, (3)

where v > 0 is a constant viscosity parameter and f € [L?(Q)]¢ is a given vector
field.

For standard discretizations, one typically has the velocity error measured in
H'-norm as follows:

1
_ < i _ Z i _
9 = )l < C( inf IV (u=w)la+ inf |p—aql),

here V;, and W}, denote the finite element space for approximation of velocity and
pressure. Besides, || - ||, denotes the discrete norm. Thus, if V -V, # W), the
right-hand side shows the dependency of velocity error measured in H'-norm with
respect to the viscosity. Also this dependency may introduce the effect of poor mass
conservation for small values in viscosity v.

Several techniques are proposed in the previous literature for dealing with the
above mentioned mass conservation issue. Recently, Linke et al. [5, 6, 7] proposed a
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class of discretizations, which achieves the pressure robust upper bound via modify-
ing the standard numerical schemes only by revising the right hand side assembling
load vectors but remaining the same stiffness matrix. His results are shown as
follows:

IV(up —u)llp <C inf [|V(u—w)|p
weVy,

The key component for developing the pressure-independent scheme is that discrete
divergence-free velocity test functions are mapped to exact divergence-free ones by
the velocity reconstruction operator. Then the irrotational parts in the load function
f are orthogonal to the mapped discrete-divergence velocity test functions, and thus
break the locking phenomena due to the poor mass conservation. Note that similar
pressure-robust velocity error estimates can also be achieved with divergence-free
mixed methods like [14, 3, 4].

In this paper, we shall apply the velocity reconstruction technique and apply it to
the weak Galerkin finite element methods for solving the Stokes equations. Weak
Galerkin finite element methods was first proposed by Wang and Ye for solving
second order elliptic equations on the polygonal meshes [12]. Recently, this methods
have been applied to different partial differential equations, such as [13, 10, 11, 8].
The corresponding velocity reconstruction operators belong to H(div)-conforming
finite element spaces and and are defined element-wise. Our scheme shows the
feature of in-dependency with respect to pressure. Besides, optimal convergence
rate for velocity and pressure have also been established in this paper. The paper is
organized as follows. In Section 2, we present the finite element space and numerical
scheme. The H(div)-conforming reconstruction is introduced in Section 2.5. Our
main results, including stability, error estimates are treated in Section 3. Numerical
examples are presented in Section 4 to validate our theoretical conclusions. Finally,
the conclusions and future work are summarized in Section 5.

2. Finite element space and numerical scheme.

2.1. Finite element space. Let 7T, be a simplicial mesh of the domain 2. Assume
that partition 7}, is shape regular, provided that there exists a number 7 > 0 such
that VT' € T}, contains a circle of radius pr with pp > th, where hp is the diameter
of T. Denote mesh size h := max hp. Denote by &, the set of all edges in T}, and
let &) = £,\0N be the set of all interior edges.

We define a weak Galerkin finite element space for the velocity variable as follows:

Vi ={v ={vo,vs} : volr € [Pr(T)]%, ve|c € [Pr(e)]?,e C OT},

where k > 0. We emphasize that there is only a single value v; defined on each edge
e € &,. For the pressure variable, we define the following finite element space

Wi = {q € L§(Q) : qlr € Pr(T)},

where L§(Q) := {q : [, ¢d2 = 0}. Denote by V; the subspace of V}, consisting of
discrete weak functions with vanishing boundary value; i.e.,

Vi? ={v={vo,vp} € Vs : v, =0 on 9N}.

Let [RT;(T)]¢ be a space of Raviart-Thomas element of order j on element 7. That
is, RT;(T) := [P;(T)] + xP;(T). Here the space [RT;(7)]9*¢ denotes a space with
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each column belongs to [RT.(T)]¢. The discrete weak gradient (V,,) and weak
divergence (V,,-) for space V}, can be computed on each element 7"

(vwv7 )T = _(VOa R )T + <Vb - n, >8T7 v € [RTk(T)]dXd7 (4)
(vw ©V, ¢)T = —(Vo, v¢) + <Vb - n, ¢>6T? v¢ S Pk(T) (5)
The usual L? inner product can be written locally on each element as follows
(Vuv,Vyw) = Z (Vuv, VW),
TeTh
(v’w *V, Q) = Z (vw ©V, Q)T
TeTh

2.2. Divergence-preserving velocity reconstruction. In this section, we shall
introduce the divergence preserving velocity reconstruction operator whose normal
component at mesh interfaces only depends on the face-based discrete velocities.
We denote the following two spaces:

H(div;Q) = {w e [L*(Q)] divw € L*(Q)},
Hy(div; Q) = {w e H(divQ)| v-n|aq = 0},
where n denotes the outward unit normal of 0f2.

Define the velocity construction operator as R : Vj, — [RTx(T)]¢ C Ho(div; Q)
such that, for all v = {vq, v} € V},

/TRT(V)-WdT = /Tvo-wdT, vw € [PF1(T)), (6)

/RT(V) -ngds = /vb -ngds, Vq e PF(e),e € dT, (7)
e e

where it is understood that (6) is not needed in the case of & = 0. The major
properties of Ry are summarized in Section 2.5.
2.3. Numerical scheme. We first introduce two bilinear forms as follows
a(v,w) = v(Vyuv,V,w),
b(v.g) = (Vu-v.q).
We are now ready to describe our new weak Galerkin finite element scheme for the

Stokes equations (1)-(3) as algorithm 2.1.

Algorithm 2.1. (New WG Algorithm) A numerical approximation for (1)-(3) is
to find up, = {up,u,} € VY and p, € W}, such that
a(up,v) =b(v,pn) = (£, Rr(v)), (8)
bup,q) = 0, (9)
for all v = {vo, vy} € V! and ¢ € W},. Here R (v) is defined in (6)-(7).
In the following, the standard scheme [13] as Algorithm 2.2 will be also cited for

comparison.

Algorithm 2.2. (Standard WG Algorithm) A numerical approximation for (1)-(3)
is to find up = {up, up} € V2 and pj, € W, such that
a(up,v) —b(v,pn) = (f,vq), (10)
b(up,q) = 0, (11)
for all v = {vg, vy} € V! and q € W),.
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Remark 1. The Algorithm 2.1 and Algorithm 2.2 share the same stiffness matrix
but only differ at the right hand side.

In the following, C' denotes a generic constant independent of the mesh size h
and the functions in the estimates. The notation of a < b will be employed with
the meaning a < Cb.

2.4. Preliminary results. We introduce the following discrete norms on Vj:
2 2
IvIZ: = D (IVwvlF, and [IVii7 == VWV (12)
T€7-h
Besides, we also denote:

VI, = <||VV0|2T + hzlvo —vbn%T).

TeTh
As shown in [9], the defined || - [|-norm is a norm in V2. We cite the following
lemmas.

Lemma 2.3. For any v = {vo, vy} € Vi, we have the following equivalence between
the two norms:

Culvlive < vl < Call vl
Lemma 2.4. For any v,w € V2, we have[9)]

la(v,w)| < v]vliliwl], (13)

a(v,v) = vlv|*. (14)
Denote by 7, as a projection such that m,q € [H(div, Q)] for q € [H(div, Q)]4,
and on each T' € Ty, one has m,q € [RT,(T)]¢ and the following equation is satisfied:
(V-a,vo)r = (V- mq,vo)r, ¥vo € [Pi(T)]".
For any 7 € [H(div, Q)]¢, we have
Z (=V -7,vo)r = Z (mh7, VuV)r, Vv = {vg,vp} € V3. (15)
TETh TETh

Besides, we also define 7, as a L? projection from [L?(T)]?*9 to [RT(T)]%*.

Denote The L?-projection in the finite element space Vj, is given by Qv =
{Qov, Qpv} for v € [H(Q)]9. Similarly, denote the L2-projection into piece-wise
finite element space Py(T) by IIf. When ¢ = k, we will denote the projection
operator Hﬁ by IIj,. Thus, II;, denotes the projection to the finite element space
Wh.

Lemma 2.5. The projection operators Qpn, 7n, and Il satisfy the following com-
mutative properties:[9]

Vu(Qrv) = @(Vv), Yve[H' Q) (16)

Vw - (Qrv) = I,(V-v), Vve H(divyQ). (17)

Lemma 2.6. There exists a positive constant B, which is independent of h such
that[13]

b
5Y0) S Byl (18)
o vl

for all p € W,



VISCOSITY ROBUST WG STOKES 1885

Thus, we have the following theorem.

Theorem 2.7. The weak Galerkin finite element Algorithm 2.1 and 2.2 admit one
and only one solution.

Lemma 2.8. Let Ty, be a finite element partition of Q0 satisfying the shape reqularity
assumptions and w € [H™ 1 (Q)]? and p € H"(Q) with 1 < r < k. Then, for
0 < s <1, we have [9]

D PlIw - Qow|F, < BTV |w, (19)
TETh
> PIVw = 7w (Vw7 S RO Iwli, (20)
T€Th
SonFlp—Tpld, S B2 (21)
TeTh

Let T be an element with e as an edge. For any function g € H*(T'), the following
trace inequality has been proved to be valid for general meshes satisfying the shape
regular assumptions:

g2 < C(hT1||g||2T + hT||V9|2T>~ (22)
Lemma 2.9. For any v = {vo, vy} € V}, we have]9]
2
> Ivvollz S lIvI (23)
TETh

2.5. Properties of velocity reconstruction operator. In this section, we shall
review the H(div)-conforming reconstruction operator for later use. Denote 7 as
a projection to [RTx(T)]¢.

Lemma 2.10. The operator R is divergence-preserving, i.e., for all v € Vy, the
following holds:
div(Rp(v)) =V, - v, (24)

and Rr(v)|e - n only depends on vy|. - n. Besides, for all v € V3, the following
bound holds:

[Rr(v) = vollr £ 3 A )(vo — va) -l (29)
ecOT
Proof. For all g € Pi(T), by using integration by parts, the definition of Ry(v) as
(6)-(7), and the definition of V,, - v in (5), we arrive at
(div(Rr(v)),¢9)r = —(Rr(v),V@)r + (Rr(v) n,q)or
= _(V07 Vq)T + <Vb -1, q>8T
- (vw ©V, q)Ta
and thus proves (24).
Since [Pr(T)]?> € [RTi(T))?, we have r(vo) = vg. By triangle inequality,
Cauchy-Schwartz inequality, it is obtained,
Ivo=Rr(W)I7 = | 7(vo) = Rr(v)[7
S Z hell(vo = ve) - 2.

ecoT
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Here we have applied the inequality [[©]l7 < (|} 'O|1% + X, cor hell© - n[[2)!/2
for © € RTL(T)]? and © = 7(vo) — Rr(v), I 7(vo) — Rp(v)) = 0 in the
last step. Thus the above completes the proof. O

3. Main results. In this section, we shall present the main results concerning the
convergence analysis of scheme (8)-(9).

3.1. Error equation. Denote by u and p the exact solution of (1)-(3). Denote by
ep, and € the corresponding error given by

en ={eg, e} = {Qou—up,Quu—w}, € =1l —pp. (26)

Lemma 3.1. Let (w;p) € [H'(2)]? x L2(Q) be sufficiently smooth and satisfy the
following equation

—VvAW +Vp=n, (27)

in the domain Q. Let Q,w = {Qow, Qyw} and Il p be the L%-projection of (w;p)
into the finite element space Vi, x Wh. Then, the following equation holds

(VVu(Qrw), Vuv) = (Vi - v, IInp) = (1, Ro(v)) + vlw(v) + Dw(v),  (28)
for all v € V2, where by, and Dy, are defined by

be(v) = > (mpVw — @ VW, Vo v)r, (29)
TeTh
Dw(v) = Y (vAw,vo—Rz(v))r. (30)
T€eTh
Proof. Test (27) by Rr(v) to obtain:
(m:Rr(v)) = —(rAw,Rp(v)) + (Vp, Ro(v))
= —(vAw,vy)+ (vAw,vg — Ry (v)) + (Vp,Rr(v))
= v+ Iy + I3. (31)
It follows from the integration by parts, definition of 7, and definition of V,, that
L = —(Aw,vq)=—(V:-Vw,vq) = (7(VWw), V)

= (vahW, va) + (TI'}L(VW) - VthW, va)
(VuQrw,Vyv) + (mp(Vw) — 7T (VW), Vi, v).
For the second term, we have
I, = Z (vAw,vo — Rr(v))r := Dw(v).
TET

By integration by parts, Rr(v) has continuous normal component at mesh in-
terfaces and p is continuous across interfaces, and the property of V - Rr(v), it
follows,

Is = (Vp,Rr(v))= > —(p.V-Rr(v))r + (p,Rr(v) -n)or
TET)
= > (M, V-Ra(v))r = —(Mp, Vi - v).

TeTh

Here we have used (24) in the last step. By substituting all terms I, I, I5 into
(31), we complete the proof. O
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The following is a result on the error equation for the weak Galerkin finite element
scheme.

Lemma 3.2. Let e, and €, be the errors of the weak Galerkin finite element solu-
tions arising from (8)-(9), then we have

a(en,v) =b(v,en) = tu(v), (32)
blen,q) = 0, (33)

for all v € V2 and q € Wy, where ¢y (v) = vly(v) + Dy(v) is a linear functional
defined on V.

Proof. Since u and p satisfies (27) with n = f, then from (28) we have
vV (Qpu), Vyv) — (Vi - v, p) = (£, Rr(v)) + vy (v) + Dyu(v).
The above equation gives,
a(Qpu,v) — b(v,IIp) = (f,R1(v)) + vly(V) + Du(v).
The difference of above equation and (8) gives the following equation,
a(en,v) — b(v,ep) = vlyu(v) + Dy(v) (34)

for all v € V2 and thus completes (32).
Then, we test (2) by ¢ € W, and use Lemma 2.5 to obtain

0=(V-u,9) = (V- Qnu,q). (35)
The difference between above equation and (9) yields the following:
b(en,q) =0,

for all ¢ € W},. Thus, we complete the proof. O

Lemma 3.3. Assume the finite element partition Ty, is shape regular and w €
[HET2(Q)]4, we have following estimates true for v € Vj,:

k
e S B w2Vl

~

1Dw(v)] S VB[ w 2|Vl
Proof. (36) can be found in [9]. By Cauchy-Schwartz inequality, and estimate (25),
it implies:
Dy (v) = (vAw,vo—Rr(v))
= v(Aw - I} Y (Aw), vy — Rp(v))
1/2
< vl Y dliva =il )

TET,
k
< b wllkg2llvi].

Thus, we complete the proof. O
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3.2. Error estimates. In this section, we shall establish optimal order error esti-
mates for the velocity approximation uy in a || - [-norm and L2-norm, and for the
pressure approximation p, in the standard L?-norm.

Theorem 3.4. Let (u,p) € [H}(Q)]? x LE(Q) and (up,pr) € V¥ x W), denote
the unique solutions of equations (1)-(3) and (8)-(9), respectively, and assume the
additional regularity u € [H*2(Q)]%. Then the following estimates hold:

IQuu—wunll < A*Hlullkse (38)

~

Iwp —pall < vAF Y ulge. (39)

~

Proof. Recall e, = {Qou — ug, Qpu — up} and e, = IIpp — pp. By letting v = ey,
in (32) and ¢ = €, in (33) and adding the two resulting equations, plugging in
(36)-(37), we obtain:
2
vienll® = vulen)
= ufu(eh) + Du(eh)
S vhE T ullkszllen]l,

which gives (38). Error equation (32) implies,

b(v,en) = alen, v) — Yu(v).
By combining (13), (38), definition of 1, (v), estimates in (36)-(37), we arrive at

vl < ot fulhra ) vl
and then together with inf-sup condition,
lenll < vA* [l ro-
The above completes the proof. O

Remark 2. Furthermore, if under the additional regularity assumption p € H*+!
(Q), we have the following bound for the pressure error:

lon = pll S vh*allkgz + B[Pl (40)
Remark 3. The error analysis results for Algorithm 2.2 show the following bound
if u e [H*2(Q)]4, p € HFFL(Q):
1
I wnll £ 1 (alles + 2 ol ) (a)
The term v~ !||p||x1 in the right-hand side grows unboundedly as v — 07, therefore
break the accuracy of the velocity approximation.

In the following section, we shall prove the optimal convergence rate of velocity
error measured in L2-norm, which is also viscosity independent.

Theorem 3.5. Under the assumptions of above theorem, the above elliptic reqular-
ity assumption, and f € [H*1(Q)]?, the following error estimate holds:

1Qou — wol| S A**2(|[ufles2 + [IF]l5+1)- (42)
Proof. Consider the problem of seeking (z; ) such that:
—vAz+ VO = Quu—ug, in Q
Vz = 0,inQ (43)

z = 0, on 9.
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Assume the dual problem has the [H2(Q)]¢ x H'(Q)-regularity property in the sense
that the solution (z;0) € [H?(Q)]¢x H' () and the following a priori estimate holds:

1z]l2 + [[0]]1 < [|Qou — uoll. (44)

Test the first equation of (43) by eg, by using (15), error equation (33), we have
the following;:

leol* = (~vAz,e) + (VO,e)
—I/(V -Vz, eo) - (Vw . eh,HhQ) + <(60 — eb) -n, (9 — Hh9)>
= v(mp(Vz),Vyen) + ((eo —ep) - n, (0 — I146)).

In the following, we shall estimate the terms on the right hand side of the above

equation.
Using (16), the definitions of 7, and Qq, the fact v(Vu,Vz) — (V - z,p) =
v(Vu,Vz) = (f,2z), and using V,, - up = 0 in Algorithm 2.1, we have

Z(VVZ, Vwen)r

T

= |3 ((vV2, VuQuu)r — (vVz, Vaur)r)

T

= Z ((vVz, frh(Vu))T — (vVz,Veur)r)

T

= > ((vVz,#n(Vu) — Vu),. + (vVz, Va)r — (vVz, Vus)r)

= D _((vVz— & (Vz)r, ®n(Vu) — Vu),. + (vVz, Va)r — (vVz, Vuus)r)

= D_((vVz— 7 (Vz)r, ®n(Vu) — Vu), + (vVz, Vu)r — (vVuQnz, Vius)r)

= D ((vVz—#u(V2)r, #n(Vu) — Vu) . + (f,z — Rr(Qnz))r)

T

= D ((vVz—#(V2)r, 70 (Vu) — Vu),, + (f — Qof,z — Rr(Quz))r)

T

< Chullallsh*  ullsss + CH* ezl
< ORF*(ufells + |\Z\|1)(||U||k+2 T |\f||k+1)
<

O+l (ullss + I8l ).
The above inequality and (38) imply the following:

|v(mh(V2),Ver) = |(vmn(Vz) —Vz,Vyen) + (¥Vz, Vyer)|
Chvljz|zllex |l + Ch**2||zl2(|[ullk+2 + [I£llx+1)
Ch**2zlz ([ull e+ + [1£]l5+1)-

IA A



1890 BIN WANG AND LIN MU

«10718 %1071 -300 -200 -100 0 100

FIGURE 1. Example 4.1: solution from Algorithm 2.2 (top); Algo-
rithm 2.1 (bottom).

Furthermore, by Cauchy-Schwartz inequality, definition of || - ||1 ,-norm, (21), and
Lemma 2.3, the following holds:

((eo—ep) m,0=T0,0) < C > (h'leg —ep]le) (h'/?]|6 — 6] or)
TeTh
< Chllenllynllflx
< CR*2[|uflir20])1-

Thus, by summing all the above inequality together, we arrive at

leol? < Oh’““(nzu n ||o||1) <|u||k+2 . ||f|k+1)
< ch’“+2||eo||(||u||k+z+||f||k+1),
which completes the proof. O

4. Numerical results. In this section, several numerical examples in 2D are pre-
sented to validate the theoretical results. When the exact solutions have the regu-
larity required by Theorem 3.4, we expect:

o If (uy;pp) are solutions from Algorithm 2.1 (denoted as WG 1):
— 1Qru — wy | < CA*HH|ul| 2,
— [|Qou — ug| < CRF*2||ul|p4,
— |Mup = pall < CvhFHHullg 2,

o If (up;pp) are solutions from Algorithm 2.2 (denoted as WG 2):
— [1Quu = wn | < CE*([Jullirz + v Pllks),
— |Qou —wo|| < CR**2(luflkyo + v~ Ipllrs1),
— [Mup = pall < CEM* (v]allkye + [Pllks1)-
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4.1. Test 1 (Zero flow). Let Q = (0,1)?, and the exact solutions are chosen as
follows:
Ra Ra
u=0,p=-—y+Ray——,
with Ra = 1000. Dirichlet boundary condition has been chosen for the test. It is
noted that the velocity is chosen as zero for this test. We expect our numerical
solution can produce zero solutions for velocity. However, this is not true for the
standard numerical scheme. Numerical analysis for Algorithm 2.2 shows that:

llenll < CREF (lfullns2 + v~ pll),

and thus even the problem with zero velocity will deliver a non-zero numerical
solution in velocity due to the term of pressure. Different with Algorithm 2.2,
the simulation by Algorithm 2.1 will produce a solution in velocity independent of
pressure, and we can expect a zero simulation of velocity.

We perform WG simulation (by Algorithm 2.1 and Algorithm 2.2) on N = 32
and k = 0 for the Stokes problem with » = 1. Numerical solutions corresponding
to different algorithms are plotted in Figure 1. The left panel plots the numerical
solution for first component of velocity, the middle panel plots the numerical solution
for second component of velocity, and the right panels plots the numerical solution
for pressure. As shown in this figure, the numerical solution in velocity is nothing
like zero although one can still observe convergence rate for the problem, which is
O(R¥*1) for ||Qru — uy|| and O(RF*2) for ||Qou — ug||. In contrast, the magnitude
for velocity produced by Algorithm 2.2 is around 10~!°. As the above discussions,
this validates our predictions.

10°
Py o
¢ ¢
107w o o ]
% o .
= A 4 A 4
g 10*
-
=
a * *

10 @k-0
k=1
k=2
-k =3

106 . - . . 108 | |
10" 10" 10 10 1078 1072 107 10°

FIGURE 2. Example 4.2: Error profiles and convergence results
for || - [|-norm on triangular mesh: standard scheme Algorithm 2.2
(left); new scheme Algorithm 2.1 (right).

4.2. Test 2. In this second test, we shall consider the convergence results with re-
spect to viscosity v. Let Q = (0, 1)?, and the source term f and boundary conditions
are chosen such that exact solutions are chosen as follows:

" <sin(7rx) sin(my)

cos(mz) cos(wy)) , p = 2cos(mz) sin(my).

We perform two numerical schemes for different values in v and h = 1/N with
N = 16 for weak Galerkin finite element k = 0,1,2,3. Let v = 1072,1072,107},1
and error profiles and the convergence results are plotted in Figure 2-Figure 4. Our
observations are described as following.
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10° 1072 ® ® ®
@-k=0 @-k=0
— 10%t
3C}
Q
=
- 10-5,
10710 10°8
1072 10° 1072 10°
14 14

F1GURE 3. Example 4.2: Error profiles and convergence results for
L2-norm on triangular mesh: standard scheme Algorithm 2.2 (left);
new scheme Algorithm 2.1 (right).

Figure 2 illustrates the performance for Algorithm 2.1 (right panel) and Algo-
rithm 2.2 (left panel) for the simulation in velocity measured in || - ||-norm with
respect to viscosity coefficient v. As one can see from this comparison that WG
2 will produce a solution for velocity depending on the viscosity coefficient v. As
decreasing values in v, the energy norm for velocity is increasing. Furthermore, if
v is too small, the energy norm will be unbounded. This observation validates the
convergence results as [[u, — Quu|| < Ch*(||ullxr2 + v~ Y|pllx+1). Different as
Algorithm 2.2, Algorithm 2.1 shows the robustness with respect to v. When we
reducing the values in v, in fact, the velocity error measured in H'-like norm keeps
almost the same. It shows the effectivity of our proposed numerical scheme.

The left and right panels in Figure 3 compare the behavior of velocity simulation
by Algorithm 2.2 (left panel) and Algorithm 2.1 (right panel). We have the similar
observation as above: Algorithm 2.1 delivers a viscosity robust simulation, while
the simulation of velocity through Algorithm 2.2 shows the relations depending on
viscosity.

The third experiment in this second is the validation in simulation of pressure
and the numerical profiles are shown in Figure 4. Left figure plots the performance
for Algorithm 2.2 and right figure plots the profiles for Algorithm 2.1. For this test,
Algorithm 2.2 shows the similar in-dependency with respect to viscosity. However,
the Algorithm 2.1 produce a better results for pressure as reducing values in v. This
is because of the convergence conclusions as ||[Tlyp — py °2|| < CA* 1 (v|ju|jr2 +
llpllk+1), but |[TIpp — pXVGl | < Cvh¥*1||u||pro. All these observations confirm our
theoretical proof.

4.3. Test 3. In this test, we shall consider the variable viscosity test. Let 2 =
(0,1)? and viscosity is described as
—10'3((2—0.5)%+(y—0.5)1)

Case I: ¥ = Vmin + (Vmax — Vmin)€ ,

Case 2: v = Vmin + (Vmax — Vmin) (1 — 6—1013((170.5)10+(y70.5)10))'

Source function f and the boundary conditions are chosen to match the equation
such that the exact solutions are as follows:
B 300022 (1 — x)*y?(1 — y)? — 20002%(1 — 2)*y3(1 — y)
B (—20003:(1 —2)4y3(1 — y)? + 400022 (1 — 2)3y3(1 — y)2> ’
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FIGURE 4. Example 4.2: Error profiles and convergence results for
lp—pr|| on triangular mesh: standard scheme Algorithm 2.2 (left);
new scheme Algorithm 2.1 (right).

p = m*(xy? cos(2ma’y) — xysin(2ray)) + 1/8.

In this test, we shall choose vy = 1E — 5 and vyax = 1 for testing. The profiles
for viscosity v are plotted in Figure 5 for Case 1 and Case 2.

Algorithm 2.1 and 2.2 for k = 0 are performed on the mesh with A = 1/80, and
the numerical solution for velocity are illustrated in the middle and right panels of
Figure 5. The exact solution is very similar as the numerical solutions produced by
Algorithm 2.1, so here we omit the plot of exact solutions. However, one can ob-
serve significant difference between numerical solutions by Algorithm 2.2 and exact
solutions. This test again validates that our new algorithm is a robust numerical
scheme with respect to viscosity coefficient.

4.4. Test 4. (Three-dimensional problem). Let Q = (0,1)3, u = (uy, ug, u3) with
)

u; = 1/2sin(27x) cos(2my) cos(2mz)

us = 1/2cos(2nz)sin(27y) cos(2mz)

uz = —cos(2mx) cos(2my) sin(27z)
p = sin(2rz)sin(27y) sin(27z).

In this experiment, we shall apply Algorithm 2.1 and 2.2 to three-dimensional prob-
lems on the tetrahedral mesh. The size of mesh is denoted as h and we test the
performance of lowest order weak Galerkin element with £ = 0. The numerical per-
formance and convergence test are summarized in Table 1. Optimal convergence
rates can be obtained in this table for velocity error measured in || - ||-norm and
|| - |[-norm; for pressure error measured in L?-norm by Algorithm 2.1. Although
in the simulation of Algorithm 2.2, we can still observe desired convergence rate,
the magnitude of errors is much bigger than that of Algorithm 2.1. Besides, as
reducing values in v, the error of pressure by Algorithm 2.1 is decreased. The above
conclusions again validate our theoretical conclusions.

5. Conclusion and remark. In this paper, we considered the pressure robust
scheme for Stokes equations based on the weak Galerkin finite element framework.
The scheme has the same stiffness matrix as the previous weak Galerkin scheme but
only varies at the right hand side assembling. The numerical analysis demonstrates
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FIGURE 5. Example 4.3: Profile for viscosity (left); magnitude plot
for velocity by Algorithm 2.1 (middle); magmtude plot for Algo-
rithm 2.2 (right). Top row illustrates the results for Test Case 1;
Bottom row illustrates the results for Test Case 2.
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TABLE 1. Example 4.4: Numerical results and convergence test for

k=0.
Algorithm 2.1 Algorithm 2.2
1/h |len|l Rate| |len|| Rate| |len]| Rate|| [len]] Rate| [len|]| Rate| |len]| Rate
v=1

2 [2.69E4-2 7.22 1.11E4-2 2.69E+2 7.22E 1.11E4-2

4 2.35E+4+2 0.2 | 3.46 1.1 5.70E+1 1.0 |2.35E+4+2 0.2 | 3.46 1.1 5.70E+1 1.0
8 [1.b4E+4+2 0.6 | 1.14 1.6 2.81E+1 1.0 |[1.54E+2 0.6 | 1.14 1.602.81E+1 1.0
16 [7.65E+1 1.0 2.95E-1 2.0 |[1.31E+1 1.1 ||7.65E+41 1.0 |2.95E-1 2.0 1.31E+1 1.1
32[3.83E+1 1.0 [7.39E-2 2.0| 6.55 1.0 |3.83E+1 1.0 |7.38E-2 2.0| 6.55 1.0

v=1e—-2

2 2.69E+2 7.22 1.19 2.75E+-2 7.74 1.12

4 2.35E4+2 0.2 3.46 1.1|5.77E-1 1.1 |2.35E+4+2 0.2 | 3.46 1.2 |5.70E-1 1.0
8 1.54E4+2 0.6 | 1.14 1.6 |2.81E-1 1.0 |1.68E+4+2 0.5| 1.27 1.5|2.88E-1 1.0
16 [7.65E+1 1.0 2.95E-1 2.0 |[1.30E-1 1.1 ||7.86E+41 1.1 |3.06E-1 2.1 |1.33E-1 1.1
32[3.83E+1 1.0 [7.38E-2 2.0 |6.50E-2 1.0 |3.93E+1 1.0 |7.65E-2 2.0 |6.65E-2 1.0

v=1le—4

2 2.69E+2 7.22 1.19E-2 8.92E+43 3.16E4-2 1.25E-1

4 2.35E+4+2 0.2 | 3.46 1.1|5.77E-3 1.1|5.34E+43 0.7 [9.40E+1 1.8 |7.15E-2 0.8
8 1.54E4+2 0.6 | 1.14 1.6 |2.81E-3 1.0 |4.29E+3 0.3 3.53E+1 1.4 |4.53E-2 0.7
16 [7.65E+1 1.0 2.95E-1 2.0 |1.30E-3 1.1 |2.11E4+3 1.0 | 9.11 2.0 |1.62E-2 1.5
32(3.83E+1 1.0 [7.38E-2 2.0 |6.50E-4 1.0 ||1.06E+3 1.0 | 2.28 2.0 |[8.10E-3 1.0
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that the error of velocity is independent of error in pressure and thus shows the
robustness with respect to viscosity parameters.

As the future work, we shall consider developing robust schemes for Brinkmann

equations and Navier-Stokes equations.
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