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MIXING COEFFICIENT FOR DISCRETE-TIME STOCHASTIC
FLOW

E. V. GLINYANAYA*

ABSTRACT. In this paper we give an upper bound for a-mixing coefficient
for a one-dimensional discrete-time stochastic flow with respect to the spatial
parameter.

1. Introduction

A Harris flow [4] {z(u,t), t > 0},er describes a system of interacting Brownian
particles that starts form each point of the line. The most interested case is a
flow with coalescing. In this case particles in a system can meet one another and
then stick together. Under certain condition [6] on correlation between particles
the image x(-,t) (¢ > 0) of any bounded subset of R consists of a finite number
of points, so called clusters. Properties of distribution of clusters in a Harris
flow are of our interest. One of the approach to investigate coalesced flows is to
study it with respect to the spatial parameter for fixed time ¢ > 0. We already
proved [2] ergodicity of a Harris flow with respect to the spatial parameter and
obtained an upper bound for a mixing coefficient. This gives us opportunity to
apply known results like central limit theorem and law of iterated logarithm for
number of clusters in the Arratia flow (that is a special case of a Harris flow) [3].
In order to find out limiting distribution of some functional one need to know the
speed of decreasing of its variance. But we get into difficulties trying to estimate
from below the variance of the functional 3 4cqn (g, (#(0—,1) — x(0,t))?, where
O is the set of jumps of the right continuous mapping z(+,¢). To handle with this
problem we consider a discrete-time approximation of a flow proposed in [7]. Let
{&.(u),u € R},>1 be a sequence of independent stationary Gaussian processes
with E£(u) = 0 and E&;(0)&x(u) = T'(u) for every u € R and k& > 1. Define
the sequence of random processes {x,(u),u € R},>¢ by the following recurrent
equation:

Ty (u) = xp(u) + Eppr (i (u)),
zo(u) = u. (1)

The ergodicity of such discrete-time flows was discussed in [1]. In the present
paper we obtain an upper bound for the a-mixing coefficient for discrete-time flow
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2 E. V. GLINYANAYA

(1.1). In the proof we essentially use the fact that the increments ¢ in the scheme
(1.1) are Gaussian processes.

2. Main Result

Let us recall the definition of the a— mixing coefficient for a stationary random
process.

Definition 2.1. Let X (u), u € R, be a strictly stationary random process.The
a-mixing coefficient is defined by

a(h) =sup {|P{ANB} —P{A}P{B}|,Ae F° B e F*},
where F! = o{X(w), u <w < v}

We will denote by «,, the mixing coefficient for the process x,. In the next
proposition we get the recurrence inequality for mixing coefficients:

Proposition 2.2. Consider the sequence of processes {x,(u), u € R},>o that
is built on the sequence of independent centered Gaussian processes {&,(u), u €
R},>0 by the equation 1.1. Assume that the covariance function T' of processes &,
is such that supp ' C [-M, M] for some M > 0. Then

ant1(h) < ap(h)+P ig(f) |Tn(u) =z, (V)| < M
v>h’

Proof. For arbitrary sets A;, B; € B(R), ¢ = 1,...,k, j = 1,...,m define the
functions

k m
f(j):HH{ziGAi}afeRka g(g):HH{ijBj}7geR7n'
i=1 j=1
Also, for @ € R¥ denote z, (@) = (z,,(u1),...,zn(ug)). Since the collection of the

events
k
{ﬂ{mn(ui) €A}, A eBR), k>1, u; < 0}
=1

generates the o—field o(z,(u), u < 0) and the collection of the events

ﬂ{xn(uj) € B;}, Bje B(R), m>1,u; >h

j=1
generates the o—field o(x,(u), u > h), then

Ont1(h) = sup ([Bf (2 11(0))9(2n41(0)) = Bf (2ns1 (@) Bg(@nsa (0))])
v_l7>>f17
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In order to estimate «,11(h) we consider
B f (01 ()9 (2 41(7)) — Ef (211 (2)) B (041 (7))
= E(E(f (@n41(@))9 (@01 (9)) [20) Wivi o (ue) —n ()| > 7).

B (1 ()41 (0)]n) W3t ) <)

— Ef(2n41(0)Eg (2041 (V). (2.1)
Since supp I' C [- M, M], then for u, v such that |u—v| > M, the random values
&n(u) and &, (v) are independent, so

E(f(xn+1(ﬁ))g(xn+1( ))lxn)H{Vz,ﬂzn(uz) @ (uz)|>M}
= E(f(2n(@) + &1 (2n(@)))g(2n(0) + Enr1 (@0 (O))20) Wivi jla, (i)~ (ug)|> M}
= E(f(zn(@) + &1 (2n(@)))]20) E(9(2n(9) + Eni1 (2(D)))|2n)

X L3 o () —n (1) | > M- (2.2)

Denote by f(z, (i )) = E(f( (@) + Ent1(2n(@)))]zn) and let gz, (7)) =
E(9(2,(0) + &u41(zn(0)))|2,). In this term, gathering together (2.1) and (2.2),
we get:

B (@041 (2)9(@n11(7)) = Bf (2011 (2) By (i ()
~ [B(f@a @i <>>H{W,Mw_w>|>M}) Ef(w,(@
+ B(Ef @01 (@)9(@nt1 (D) |on) U3 jjen u0) a0 )

< [Bf(2n(@))§(20 (7)) — Ef (20 (@) Eg(2,(D))]

+ | B(E(f (@041 (0)g(@n11(8))[2n) = F@n(@)F(2n (D)) Wiz jla (u)—wn ()| <A1}
< an(h) +P {El,j ‘mn(ul) - xn(uj)l < M}

Taking supreme over all # € R*¥ and 7 € R™, k > 1, m > 1, we get the conclusion
of the proposition. O

)EgG (24 (V)
|

Corollary 2.3. Assume that the covariance function I' is such that suppI' C
[-M, M] for some M > 0. Then

ant1(h) < ay(h +ZP 1nf |z (u) — xp(v)| < M
v>h

To obtain an upper bound for the sum in the previous corollary we start with
k = 1. This term includes an infimum of a Gaussian process and next proposition
gives an upper bound for the term.

Proposition 2.4. Let {£(u)}uer be a stationary Gaussian process with E§(u) = 0
and I'(u) = E£(u)€(0). Assume that the covariance function I' is such that:

) T decreasing on [0,00);

2) T ( ) > =1 foru>1;
3) 1—T(u) ~u® asu%Owitha>0;
4)

(1
@
( suppI‘C[ M, M| for some M > 0.
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Then for h > M +d
o . <Cexp{_(h—d4—M) }
1}207 |£(’LL) —f('l}) +U—U| = = ﬁ(h_d_M)g ’

v>h

where d = 4\/5[0% \/10g ((g(-)+-)t (iuQ))_2du and g=1-T.

Proof. By subadditivity of the probability, we have:

P\ inf |6(u) = &(v) +u—vf <M

v>h
< P inf u) —€&w)+u—vl <M 2.3
3> N SN (O ORRETEY) BEE)
i=0 j=[h]
Let us estimate each term of this expression:

P inf inf u)—E&w)+u—v <M

{nt nt )~ )+ u—ol
<P{Euel-i—1—i,3velj+1]: {€u)—Ew) > —M+ov-u}}
<P{Euel-i—1,—i),dveljj+1]: {Ew)—Ew) >i+i- M}
=P sup  &(u)—€&w)>j+i—M

u€[—i—1,—i),
ve[j,y+1]

To estimate last probability we use Corollary 2 from [5], p. 181, which says that
if {X(t), t € T} is a centered Gaussian function then for r > 4v2D(T, $)

(r — 4V2D(T, g))

)

P{supX(t) >7‘} <1-9
T

where 0% = supy, Var X (t), D(T,e) = [ /log N(T, u)du, and N(T,¢) is the least
possible number of points in an e-net for the set (T, px) with p% (s,t) = E(X(s) —
X(t))%. We apply this result for Gaussian random function X (f') = &(t1) — £(tz)
on the set T;; = [—i —1,—14] x [4,7 + 1], t'e T. First of all, let us check that the
Dudley integral D(T,e¢) is finite. To this aim consider the metric px on T: for
{: (t]_,tQ) €T and 5= (81,82) eT
P2 (0.5) = B(X(T) — X(9))? = EXA(T) + BXa(5) — 2BX (1) X(3)
=2 2F(t1 — tz) +2— QF(Sl - 82)
— Z(F(tl — 81) + F(tg — 52) — F(tl — 82> — F(tg - 81)).

Denote by g(x) =1 — I'(z). In this terms

px (£, 5) = 2(g(tr —t2) + g(s1— 52) + g(t1 — 51) + g(ta — s2) — g(t1 — 52) — g(t2 — 51)).

Consider the set Tj; = [—i — 1, —i] x [4,j + 1] with metric po(f,5) = max{|s; —
t1],|s2 — t2|}. Denote by Bx the ball in the space (T, px) and by By the ball in
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the space (T, po). We say that for e = 2,/g(5) + & the next inclusion holds:
Bx(t,€) D By(t,9).

Indeed, let 5 € Bo(f, d), then

P (£:3) = 2(g(t1 — t2) + g(s1 — 52) + g(ts — 1)
+ g(ta — s2) — g(t1 — s2) — g(t2 — 51))
< 2(g(ts = s1) + glt2 — s2) + |g(ts — t2) — g(t1 — 52))|
+lg(s1 — s2) — glt2 — 51)])
< 2(29(8) 4 ¢'(01)[t2 — 52| + g (02)[t2 — s2]),

since ¢ increasing on [0,00) and |s; — t1| < §, |s2 — t2| < J by assumption. In
the last expression 6; € Utl —to| At — sal;[t1 — ta] V |t1 — 52|] and 0, € [|sl —
82| AN |t2 - 81‘; ‘81 - 82‘ \ |t2 - 81|], SO 01 2 ‘tl - t2| VAN |t1 - 82‘ Z h — 9 and
Oy > |s1—s2| Alta—s1| > h—0, since ty € [§,j+1], j > h,t1 € [—i—1,—i], i >0
and |s1 —t1] < 0, |s2 — ta| < 0.

By assumption, ¢’(z) < 1 for x > 1 s0 p% (£,5) < 4(g(6) + ) for h > 1+ § and
from this we have

Bo(f;8) < Bx (£:2/(6) +9)

From this conjecture we conclude that

Ve <8 (6097 (5))

where Nx (r) and Ny(r) are the least possible number of points in an r-net for the
set (T, px) and (T, py) respectively and (g(-) +-)~! is the inverse function for the
mapping § — ¢(d) + . Using obtained inequality forNx and Ny we get the upper
bound for the Dudley integral for the metric space (T, px):

D((T, px), /Wdu</ \/logNo + ) 1(f)>du

-/ \/log <<g<-> . (iu)>du

since Ny(d) = [52] Using the assumption g(x) ~ % as  — 0, we conclude that
the right hand side of the last inequality is finite.
For the process X

o® = sup Var (X) = supE(¢(u) — {(v))2 =sup(2 — 2I'(u — v)) < 2.
T T T
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1
Denote by d = 4v/2 [,* \/10g ((g(-)+ )t (iuQ))_Qdu then with Corollary 2 from
[5], p- 181 we have: for j+i— M > d

e - 41

Tij
1 (j+i—M—d)?
< — .
—\/%(Hz‘—M—d)eXp{ 4

Substitute this upper bound into (2.3) and get:

P inf [€(u) — &) +u—v]| <M

u<0,

v>h

I S 1 (h+j+i—M—d)?
< — _
N e T ;

<C

1 (h—d—M)*
Jath—d— M3 P T 4 '

O

Next theorem is the main result of this paper and it gives an upper bound for
the mixing coefficient for discrete-time stochastic flow.

Theorem 2.5. Assume that the covariance function I' is such that:

(1) T decreasing on [0, 00);

(2) T'(u) > —1 foru>1;

(3) 1 =T(u) ~u* as u — 0 with a > 0;
(4) suppT' C [-M, M] for some M > 0.

Then for h > d+ M and any k > 1:

h—M
i — < <
P u11<1£h\xk(u) zp(v)| <M _k;U( k )
v>

andforh>n(%+d)+M

1) < agh) + 3 kU ().

k=1

r— 2
where U(z) = Cm exp {—%}.
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Proof.

P < inf |ag(u) — 2x(v)]| < M

u<0,
v>h
=E|I P inf |ag(u) — 2 (v)] < M‘xk,l
{infu<0,|mk—1(u)—mk71(v)\§%71} “<%’
v>h v>

u<0,

+ 1 P ¢ inf |xg(u) — 2 (v)] < M’xk_l
{infu<0,\Ik—l(u)*ik—l(v)bckﬂ} v>%

v>h
(2.4)

Denote by U the upper bound from the proposition 2.4, i.e.,

B 1 (z —d)?
Ux) = Cm exp{—4} .

In this terms for A > r +d

P inf |¢(u) —€(v) +u—vf<r o <Uh—7).
U>h7

Then for ¢i,_1 > M +d

P\ inf |6k (r-1(w)) = &r(@r—1(v)) + 21 () — 251 (v)] < M|zp1
v>h

x 10
{infu<0’|xk,1(u)—xk,1(v)|>ck,1}
v>h
< Ulcp_1— M) .
{infu<o,\wk—l(u)—wk—l(v)|>0k—1}
v>h

Substitute this upper bound into 2.4:

P igg |zp(u) —2p(v)| <M p <P igg |xgp—1(u) — 2p—1(v)| < cr—1
v>H v>h

+U(cg—1 — M)P ulgg |xgp—1(u) — 2p—1 (V)| > cr—1
v>h7

<P ulr<1(f) |Tp—1(u) — 2p—1(v)| < cp—1 p + Ulcx—1 — M).
v>h7
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Continue the inequality with the same arguments, we get: for ¢;_; > ¢; +d and
h>c +d

P iI<1£ |zg(u) — 2 (V)| < M
v>h

<P ulg(f) |xp—2(u) — xr—2(v)| < cp—2 p + U(ck—2 — ck—1) + U(ck—1 — M)
v>h’

<P ulgg |x1(u) —z1(v)| <e1 p +U(er —c2)+ ...+ U(ek—a — ci—1)
v>h’

—|—U(Ck_1—M)SU(h—cl)—FU(Cl—CQ)—F...—FU(Ck_l—M).

If we take cop = h, ¢j = co —jh_kM and assuming % > d we obtain

h—M

i — < < .

P ulr<néb|xk(u) (V)| <M kU( 3 )
v>

Substitute this inequality to the upper bound for «,,(h) from the Corollary 2.3 we
get: for h > nd + M

an(h) < aq(h) +:2_:ij (h _kM> .

Corollary 2.6. Let h, ~n® asn — oo with a > 1 Then

n2(a—1)

an(h) < up ~n®3 exp {— } asn — oo

Proof. The theorem 2.5 gives an upper bound for ay, : for b >n (2 +d) + M

ity <+ S (1)),

k=1
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where U(z) = Cm exp {_%}. Let us estimate Y p—1 kU (A=D1

n—1 n _
ZkU(h_kM) g/ U(hM>dac
k=1 1 r
= s Py dx

" 1
=C
/1 vt — d)
C h—M—d h*M ﬁ

- T 74
Vi Jam g Py azt Y

h— M hoM_g)* h—M
_7557( ) (h—M—).
(A5 —d) n

Under assumption A ~ n® the last expression is equivalent to

2(a—1)

as n — oo. Corollary is proved. |

Note that in [2] we get the following upper bound for the mixing coefficient for
the Harris flow with local characteristic I' such that suppl’ C [-M, M]: for h > M

a(h) < 2\5/}26—*/% <(h—o)lexp {-““2@2} .

So, we can see that a(h,,) decrease to zero faster than a,, (h,,) with h,, = n®, a > 1.

References

1. Glinyanaya, E. V.: Ergodicity with respect to the spatial variable of discrete-time stochastic
flows Dopov. Nac. akad. nauk Ukr. (2015) no. 8, 13-20 (Russian)

2. Glinyanaya, E. V.: Spatial ergodicity of the Harris flows, Communications on Stochastic
Analysis 11:2 (2017) 223-231.

3. Glinyanaya, E. V., Fomichov, V. V.: The central limit theorem of the number of clusters of
the Arratia flow, Theory of Stochastic Processes 23(39)(2018), no. 2, 33-40.

4. Harris, T. E.: Coalescing and noncoalescing stochastic flows in Ry, Stoch. Process and their
Applic. 17(1984), 187-210.

5. Lifshits, M. A.: Gaussian Random Functions, Springer, Netherlands 1995.

6. Matsumoto, H.: Coalescting stochastic flows on the real line, Osaka J. Math. 26 (1989),
no. 1, 139-158.

7. Nishchenko, I. I.: Discrete time approximation of coalescing stochastic flows on the real line,
Theory of Stochastic Processes 17(33)(2011), no. 1, 70-78.

E. V. GLINYANAYA: 1. THE SCHOOL OF MATHEMATICS, JILIN UNIVERSITY, CHANGCHUN,
CHINA, 2. DEPARTMENT OF THE THEORY OF STOCHASTIC PROCESSES, INSTITUTE OF MATHEMAT-
1cs NAS oF UKRAINE, KyIv, UKRAINE

E-mail address: glinkate@gmail.com

URL: https://www.imath.kiev.ua/deppage/stochastic/people/Glynyana/Gluna.pdf



	Mixing Coefficient for Discrete-Time Stochastic Flow
	Recommended Citation

	tmp.1581713251.pdf.8dtE2

