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THE SEMIMARTINGALE DYNAMICS AND GENERATOR
OF A CONTINUOUS TIME SEMI-MARKOV CHAIN

ROBERT J. ELLIOTT*

ABSTRACT. We consider a finite state, continuous time homogeneous semi-
Markov chain X = {X¢,¢ > 0}. Without loss of generality the state space of
the chain can be identified with the set of unit vectors S = {e1,e2,...,en}
where e; = (0,...,0,1,0,...,0) € RV. The probabilistic and dynamic prop-
erties of X can be described by either a rate matrix A or a matrix which
gives the occupation times in the various states together with the probabili-
ties of jumping to a different state. For a continuous time Markov chain the
occupation times are memoryless, implying the distributions are exponential.
For semi-Markov chains the occupation times can have more general distri-
butions. The relation between these two descriptions is first investigated and
the semimartingale dynamics of a semi-Markov chain obtained in contrast
to the traditional description of a semi-Markov chain in terms of a renewal
process.

An equation giving the dynamics of the occupation times is derived to-
gether with an equation for the density of the conditional occupation time
and state. Some approximations for these dynamics are then obtained.

1. Introduction

This paper derives new results and representations for a continuous time, finite
state, homogeneous semi-Markov chain X = {X;,t > 0}. Without loss of generality
the state space of the chain can be taken to be the set S = {e1,eq,...,ex} of unit
vectors in RY.

For a continuous time Markov chain the amount of time the chain spends in any
state has an exponential distribution. This condition is relaxed for a semi-Markov
chain: these occupation times may have more general distributions.

Discrete time Markov chains have occupation times which have a geometric
distribution, a condition which is relaxed for discrete time semi-Markov chains as
discussed in our recent paper [3]. Semi-Markov chains are discussed in [5]. This
paper provides the semimartingale dynamics of a semi-Markov chain in contrast
to the description in terms of a renewal process.

In many real world applications it appears that semi-Markov processes might be
more appropriate models. However, their analysis is more technical and involved.
We hope this paper contributes to their analysis.

Received 2019-7-17; Accepted 2019-9-23; Communicated by the editors.

2010 Mathematics Subject Classification. Primary 60K15; Secondary 90C40.

Key words and phrases. Semi-Markov chain, general occupation times, generator, semi-
martingale matrix dynamics.

* Corresponding author.



2 ROBERT J. ELLIOTT

In Section 2 we first relate the dynamics and probabilistic properties of a finite
state Markov chain and semi-Markov chain when they are described by a rate
matrix or by a matrix giving the distribution of occupation times in the various
states.

Dynamics for the occupation times are obtained in Section 3. In Section 4 the
equation for the density of the occupation time is derived.

2. Dynamics

In this section we compare the dynamics of a continuous time Markov chain
with those of a continuous time semi-Markov chain.

Our processes are defined on a probability space (Q, F, P) and time ¢ € [0, c0).
The state space is identified with a set of unit vectors S = {ej,ea,...,en},

e; = (0,0,...,1,0,...,0) € RN,
2.1. Markov chain. We first consider a continuous time homogeneous Markov
chain X = {X;, ¢t > 0} with X; € S.
Write
bt = E[Xt‘XO] = (p%ap%a v 7pi\/')/ € RN

The probabilistic properties of X are usually described by a ‘rate’ matrix A =
(ajs, 1 <4, j < N) such that

Pt 4
dt Dt,
with pg = Xo given. Then p; = E[X;|X(] = e** Xy € RY and more generally for
0<s<t
E[X;|X ] = et X, .
Define the vector process M := {M;, t > 0} by
t
M, = X, — Xo 7/ AX,du € RN,
0
With = 0{X, :u<t}and 0 < s <t

t
E[M; — M|F,) = E[X; — X, — / AX,du|X,]
° t
) A / AE[X,|X,]du
S

t
=Mt x, — X, — / AeA =) X du
=0ecRrY

so M is an {F;} vector martingale. Consequently the semimartingale representa-
tion of X is, as in [4],

t
X; = Xq +/ AX,du+ M; € RN, (2.1)
0
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For i # j, aj; > 0 is the rate at which X jumps from e; to e; . Also,
N
a; <0 and Z A4 = 0.
j=1
The occupation times which describe how long the Markov chain X remains in
any state are exponentially distributed. See [1]. Write
O<n<m<...

for the jump times of X. If the occupation time in state e; is exponentially dis-
tributed with parameter A\; then

P(Tn < Tpt1 < t|XT7L = ei) =1- e_Ai(t_Tn). (22)

If, for j # 4, the probability of jumping from e; to e;, given there is a jump,is p;;
then

P(XTn+1 = €5, Tn S Tn41 S t|XTn = ei) = pjl(l - e_)\i(t_‘rn))' (23)
Also
N
> pi=1.
j=1
J#i
The rate of jumping from e; to e; at time ¢, given ¢ < 7,41 and X, = ¢;, is
then pjz)\z .

For the Markov chain X this rate is memoryless, that is, it does not depend on
Tp OT L.
However, from the previous parameterization of X the rate of jumping from e;
to e; is aji, i # j. Therefore, for i # j
aji = PjiAi -

Now the pj; only refer to non-zero jumps, that is ¢ # j, and

N
> pi=1
j=1
i
So

N N
> opidi =i =Y aji = —ai.
j=1 j=1
J#i J#i
A; is the rate at which the chain jumps from e, , (to any other state e; , i # j).
The distribution describing how long the chain stays in state e; and does not
jump is
P(Ty <t < Tnp1| Xy, =e;) = e Nlt=Tn),
Suppose N = 3. We have shown that

a1l G2 013 —A1 P22 Ppi3A3
A= |ax ax axs|=|par —A pasd3
azr az2 33 P31A1 P32l —As
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With
-1 pi2 pi3
II: = {p21 —1 po23
P31 P32 —1
A0 O
D:=10 X 0
0 0 A3
we see
A=TID. (2.4)

2.2. Semi-Markov chain. For a semi-Markov chain X = {X;, t > 0} the occu-
pation times in any state e; have more general distributions. Suppose for 1 <i < N
there is a probability distribution G; such that

P(ry <t < mpi1l Xy, =€) = Gi(t — ).

Note that G;(t — 7,,) is decreasing in ¢, or at least non-increasing, so assuming
G; is differentiable with derivative g; , g;(t — 7,) < 0. Then
P(rp < Tn1 <t X, =€) =1—G;(t —1p).
Suppose
pji = P(X7,,, = ¢;| X5, =¢€;) for i#j.

We consider only non-zero jumps so

N
D pi=1.
j=1
J#i
Then for ¢ # j :
P(X‘Fn+1 =€5, Tn < Tn+1 < th.,-" = ei) = pji(l — Gl<t — Tn>) (25)
We consider the analog of the rate matrix A = (aj;, 1 <4, j < N) for this semi-
Markov chain. From (2.5) the rate of jumping from e; = X, toe; = X, ., # 7,
given X; = X, =e€; and 741 >t is
Gt (psiGit =) _ _ pjigi(t —Tn)

Gi(t—Tn) Gi<t—7'n>

That is, the off-diagonal elements of a rate matrix for a semi-Markov chain have
the form

gilt =) GJ‘(t—T )
Now

N
iji =1
j=1

J#i
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so, as in the Markov case,

ol (t—7)
aii(t — 1) = iji i Tn

C PGt =)
i (2.6)
o gz(t - Tn)
o Gi(t — Tn) ’

This is the infinitesimal rate of there not being a jump at ¢, given X; = e; and
Tn+1 > t.

The matrix A(t — ,) = (aji(t —Tn), 1<4,5 < N) is the analog for the semi-
Markov chain of the rate matrix for the Markov chain. Unlike the Markov case
the entries now depend on (¢t — 7,,), the time since the last jump.

The semimartingale dynamics for the semi-Markov chain are

Tnt1 At
X=X, + / A(u — 1) Xudu + My € RN, (2.7)
In the book [2] we show that if 7 is a jump time with
Fy=P(r > 1)
then
tAT

dF,
Ii>-

2r + /0 Fo-

is a martingale. The martingale property of M; € RY is a consequence of this
result for each component.

3. Occupation Times

Consider a finite state, homogeneous semi-Markov chain X = {X;, ¢ > 0} with
the semimartingale representation as above:
Tn+1 AL
X=X, Jr/ Alu — 7,) Xydu + M; € RN, (3.1)
T,

n

For 1 < i < N define the process h, t > 0, by

t t
hi = / (Xu, 1) du+ / B (Xuees) (e dX,) . (3.2)
0 0

Suppose initially the chain X is in state e; . The second integral only contributes
when X jumps from e; to another state e; with ¢ # j. At the first jump time it
contributes the amount

—hi (X, _,e).

T1—
As X, _ =e¢; thisis —hL _.
However, the value of the first integral at 7 — is

hL :/ (Xu,ei)du=Ty.
0
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Consequently,
hffl = h’Zrl* - h}rlf <X717aei>
=0.
A similar argument shows that at all subsequent jump times 7, hik =0.
Therefore, h"Tk is re-set to 0 at each jump time 74, so hi measures the amount of

time the chain has spent in state e; since it last jumped to e; . That is, ht = (t—73),
given X, =e; and 7, <t < 711 . Consider

N
he:=> hi. (3.3)
=1
Then .
hy =t + / P (Xu_ ,dX, ). (3.4)
0

A similar argument shows that hy =t — 7, where 7, <t < 741 .
Consequently, we can write

a'i(tf’rk) = a'i(hz) = —Pji N N 1 %jv
J J t J Gz(ht)
i gi(hy)
i(t — ) = aii(hy) = =
and  A(h¢) = (aji(hy)).
The semimartingale dynamics of X are then
t
X, = Xo+ / A(hy)Xydu + M, € RN, (3.5)
0

4. Semi-Markov Chain Generator

As above, X = {X;, t > 0} is a finite state continuous time homogeneous semi-
Markov chain defined on the probability space (2, F, P). The state space is the
set S = {e1,e2,...,ex} of unit vectors in RY. h, is the occupation time in the
current state since the last jump. We have established the following dynamics for
X and h:

t
X, = Xo + / A(hy) Xydu + M, € RN (4.1)
0

t
he = t+ / hu (Xu_,dX,) € R. (4.2)
0

From (4.1) and (4.2) we see the process (X, ht) is Markov.

We shall use the following differentiation rules for semimartingales with no
continuous martingale part. The proofs are in [2] Chapter 14. If Z = {Z;,¢t > 0}
is a scalar semimartingale with no continuous martingale component and F' a
differentiable function

F(Zt) = F(ZO)+/Ot F,(Zu—)dZu+ Z [F(Zu)_F(Zu—)_F/(Zu—)AZu]' (4'3)
0<u<t
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For two such semimartingales:

t t
YiZ =YoZo+ | Yu_dZ, + / Zo_dY, + Y, Z); (4.4)
0 0

where
[Y, 2], = Z AY,AZ, .
O<u<t
Recall from Section (2.2) that
A(ht) = (aji, 1 S ’L', ] S N)
where for i # j

—pjigi(h;
st = ) = () = 205
L\

and for i = j

aii(t — Tk) = aii(ht) = N
Gi(ht)
Recall the state space of X is the set

S ={e1,ea....en}

of unit vectors in RV .
Suppose ¢ : S x R — R is an arbitrary C'' function. Then for A >0 :

T\
¢(Xt+A; th-A) - ¢(Xt7 h/t) — / ¢/()(u7 hu)du
t (4.5)
Y (BXuhu) = O(Xus ).
t<u<t+A
Now
N
(6(Xus hu) = S(Xums b)) = D7 (6(Xus hus) = S(Xums b)) (X €) (X €3)-
ij=1
o

Fori#j (X, e5)(Xu—,ei) = (Xu— Xu_,ej) (Xu_,e;) s0
(QS(Xua h ) ¢(X hu )) <Xu7ej> <Xu—a ei>
¢ ez,hu ) <AXu76j> <X’u.—7€i>

0) —
)) (e, hy— )) (dXu,e5) (Xu—, €;).

ej,
e;,0
From (3.5)
dX, = A(h,) Xydu + dM;
where M is a martingale so this is
= (#(e;,0) — ¢(ei, hu—)) (A(hy) Xudu + dM,, ;) (Xu—, .€;).
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Therefore
N
Z (¢(Xu7 hu—)) - ¢(Xu—> hu—)) <XU7 €j> <Xu—; ei>
7;’;:11
N
= Z (¢(ej7 0) - ¢(ei7 hu*)) <Xu*ﬂ ei> <A(hu>Xu’ €j>du
z%]#:jl
+ a martingale increment
N
= Z (¢(e5,0) — d(ei, hu—)) (Xu, €;) aji(hy)du
ij=1
i#]

+ a martingale increment.
Consequently, assuming X; = e;,

A(Xirn, hiyn) — (X, he)
t+A N
_ / & (X, ha)du +
t

i,5=1
i#]
+ a martingale term.

From this we immediately deduce:

Theorem 4.1. The generator of the Markov process (X¢, ht) is

1
klf(l) A E[¢(Xirn, hira) — ¢(Xe, he) [ X, e

WE

= ¢ (Xp, he) + ) (dlej,0) — ( Xy, hy)agi(hy).

J
J

S
S

5. Density Dynamics
Notation 5.1. Write
qi(y)dy = P(hs € [y,y +dy] and X = e;|Xo)
and
45() = (@), W), -.,a () € R,

t+A
3 / (6(6,,0) — Bless hus)) (Xun 1) agi () du

(4.6)

(5.1)

(5.2)

Remark 5.2. Suppose 0 < 74 < 7 < -+ < 7, < ... are the jump times of X.

Write {7} } for the jump times when X;i =¢€;. Then

t Tk! At A
/Of/(hs)<Xs,ei>ds:Z/; F(s — 7i)ds

; T,
T <t
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where 73 is the next jump time after T,i

= Z Tk’/\t (hT,i))

‘rkgf
If T]i <t < T this term is
(f(t = 7) = f(0).
If 7/ < 7 < t this term is
(f(mer — ) — £(0)).
Also, if s is a jump time, 7, , then hy = 0 so
f(hs) - f(hs—) = f(()) - f(he—)

Theorem 5.3. The density ¢* satisfies the dynamics

6i(y) = do(y) — /0 " i)y - /O 8%5/) ds

o) [ ([ anmawydy)ds + [ au(v)aw)ds.
0 0 0

Proof. Suppose f is an arbitrary differentiable function with compact support.
Then using (4.3) and (4.4):

(5.3)

Fhe) (Xeres) = F(0) (Xover) /f ho)Xs,e;) ds

dMsaez / f X ,€i>d8

X, AX ) (X, ) (54)

; /0 i
+ Y [f(hs) = flhs
0<s<t
+ > [f(he) = Flhe)] (—Xo, AX) (AX ;)
0<s<t

Now
(—Xs—, AXg) (AX, ;) = (AXs,e;)

so the last sum in (5.4) is:

D [f(hs) = F(hs )] (AXei)

0<s<t

If there is a jump at s hy = 0 so this is

/0 F(0) = F(hao)] (X, 1)

as X is piecewise constant. From (3.5) this is

f(0) (X; — Xo,€i) / f(h he)Xods + dM; e; ) .
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The integral here cancels the first two integrals in (5.4) so:

F(he)(Xee1) = FO)(Xy e5) /f (Xo_,e;)ds

+ / F(0) — F(ha))(Xae vei) {—es X, )

The final integral here is

- / F0) = Flha)] (Xae0) (A(he) Xuds + dM, ;)

= 7f(0) /0 aii(hs) <X3,ei>ds+ /(; f(hs)a“(hg) <XS,€i>dS

+ Martingale.

Consequently,

F(h) (X sei) = F(0) (Xy,e) /f (X, e )ds

—f<o>/0 aii(h) (X e; ds+/ F(ho)ais(hy) (X, , e ds

+ Martingale.
(5.5)

Recall ¢i(y) is the probability density associated with hs (X, e;), given Xg, so
for example

Bl (he) (X, e5) | Xo] = / T Hw)d )y

Note the domain of ¢(y) is the range of h; which is at most [0,t]; however,
we write the y integrals over [0, c0). Therefore, taking expectations in (5.5), given
Xo, we have

/OOO f)ai(y)dy = f(0) /OOO ¢ (y)dy + /Ot /OOO £ () (v)dyds
-0 [ (/OOO au(v) .i<y>dy)ds

/ / y)aii(y)ds(y)dy)ds.
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Integrating by parts, with ¢%(0) = ¢! (co0) = 0 we have

/Ooo )i (y)dy = f(0) /OOO / / ‘o @qs )ds
— f(0) /Ot (/000 aii(y)qi(y)dy)ds
i /ot ( /OOO S ()ai(y)ai(y)dy ) ds.

As f is arbitrary we see ¢' satisfies

) = 6o(y) / " i)y — / ‘9%35/) s

— do(y) /Ot (/OOO aii(y)qi(y)dy)dﬁ/ot aii(y)qi(y)ds.

Corollary 5.4. Taking marginals

[ wwar= ([ dwan [ dwan [T @wn)

= B[X:|Xo]
and

> diy)dy = p(hi € [y, y + dy] | Xo)- (5.7)
=1

6. Approximations

Suppose X = {X;, t > 0} is a finite state, continuous time homogeneous semi-
Markov chain.
Equation (5.7) gives an expression for

E[X¢|Xo].

However, its calculation using the density ¢;(y) is not straightforward.
We now suggest an approximate procedure. With

pz = P(Xt = €i|X0) = E[<Xt;€’b>|X0]
we have
Dt = (ptlvpt27 SR 7p£\/)/ = E[XtIXO] = RN

Write p; and ﬁt for Fi-measurable approximations of p; and hy, respectively.
Consider a discretization 0 < 6 < 2§ < --- < nd < (n+1)d < ... of the time
variable.

Suppose ¢t = nd. Then from (3.5)

t46
Xt+§ == Xt + / A(hu)Xudu + (Mt+5 — Mt)
t
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Taking expectations, as E[M; 5 — M;|F;] =0 € RN
46
t

Suppose we have F;-measurable approximations ﬁt and p; of h; and p; have
been found. Then from (5.1) an approximation for p;;s is

Dits =Dt + A(ﬁt)ﬁt § e RN. (6.2)

Write e;- for a related MAP estimate of X, , that is a state e;« such that p? > pf
forall j, 1 <j<N.
The recurrence (6.2) gives an expression for
~ ~1 ~2 ~N \/
Pt+s = (pt+67pt+57 S apt+§) :
Again write ej- for the related MAP estimate of X;1s, that is the state e;~ such
that p7, 5 zﬁfté for allé, 1<¢<N.
We then set hy1s = hy + 0 if i* = j* or
hiys =0 if i* # 5%

We proceed in this way so that at each time t + kh, if estimates Py, and EHkh

are known we can obtain estimates p;4 (x41)n, and ﬁt+(k+1)h . This can be used in
calculations involving p; and h; .

7. Conclusion

This paper discusses a continuous time, finite state, homogeneous semi-Markov
chain X. Its probabilistic and dynamic properties can be described by either a rate
matrix, (or @Q-matrix), or a matrix which describes occupation times in the various
states. The rate matrix gives the rates of jumping from one state to another.
The relation between these two descriptions is derived and the semimartingale
decomposition of the semi-Markov chain derived.

An equation giving the dynamics of the occupation times is obtained. The dy-
namics for the conditional expectation of the occupation time and state is then de-
rived. Finally some approximations for the dynamics are developed. Semi-Markov
processes often fit observed data better than Markov processes. The results of
this paper might find applications in fields such as signal processing and financial
modelling.
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